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The lifespan of classical solutions
to nonlinear wave equations

in two space dimensions

Rentaro Agemi and Hiroyuki Takamura

We consider, in two space dimensions, the initial value problems for
8?v — Au = Alul? with small initial data of compact support. It is known
that a global C2- solution exists if p > po(2) = (3 + v17)/2 and the lifespan
of a C?- solution is finite if 1 < p < po(2). In this paper we look for upper and
lower bounds for the lifespan of C2- solﬁtion. We also study the lifespaq in the

case where the support of initial data is non compact.

$1 Introduction
In the present paper we study the lifespan of solutions to initial value problems
for nonlinear wave equations of the form
O} u(z,t) — Au(z,t) = Alu(z,t)]?, (2,t) € R" x [0,0),
u(z,0) = f(2), diu(z,0) = g(z), =€ R",

where p and A are positive constants and n = 2, 3.

(1.1)

F. John [6] has proved the following remarkable results in three space dimen-
sions. The global classical solution to (1.1) exist for small initial data with compact
support provided p > po(3) = 1++/2, and the lifespan of classical solution to (1.1)
is finite provided 1< p < po(3), f =0, g > 0 (also see F. John [7], p.32). Here
Po(n) stands for the positive root of the quadratic q(n, p) = 0 where

n—~1 n+1
(1.2) q(n,p) = — P’ — 7 P—1




and the lifespan of a solution u to (1.1) means the largest T such that u(z,t) €
C*(R* x {0,T)). He also proved in {6] that the lifespan T, of solutions to (1.1)
with f(2) = ep(z) and g(z) = ey(z) is equivalent to e~? for p = 2. Recently H.
Lindblad {9] has refined this result by showing that the following limit exists for
1<p<po(3): |

km e-—p(r-l)/q(sm)T‘ .
e—+0

R. T. Glassey (3] has proved in two space dimensions that the global solution to
(1.1) exists for small initial data with compact support provided p > po(2). R. T.
~ Glassey [4] proved that if 1 < P < po(2) then the lifespan of a solution to (1.1)
is finite. Moreover, J. Schaeffer [10] proved that the lifespan is finite for critical
values p = po(2) and po(3).

The main aim of this paper is to look for the upper and lower bounds for the

lifespan in two space dimensions.

THEOREM 1. Let u, be a C*- solution to (1.1) with initial data f(z) = ep(2) and
9(z) = e9(z), wheree > 0, ¢ € C3(R?) and ¢ € C2(R?). Then there exist positive
constants €9 and C depending only on p, A,y and ¥ such that the lifespan T, of
u, satisfies the following inquality for 0 < € < &o:

T, Z/exP(Ce-(p—l)) for p=po(2),
ST P08 T, >C for 2<p<po(2), p#3,
e? TV (1og ) > C for p=3.

THEOREM 2. Let u, be a C*- solution to (1.1) with initial data f(z) = 0 and
9(z) = ey(z), where € > 0,%(z) > 0 and 9 € C*(R?). Then there exists a
positive constant C depending only on p, A and ¢ such that the lifespan T, of x,

has an upper bound:

T, < CeP(r—1)/a(2:) for 1< p<po(2)



We give here some remarks. Firstly, H. Lindblad {9] has proved for p = 2 that
if Jga¥(2)dz = 0 then lim ¢T, exists and if Joa ¥(z)dz # 0 then !i_xga(e)'lT.
exists, where a(¢) is defined by a(c)?c?log(a(e) + 1) = 0. His results are much
sharper than ours. However,‘ his method is not applicable to the case where 3 <
? < po (2) (See {9], Lemma 8.8). Secondly, making use of the method proving
Theorem 1 or the one in K. Kubota [8], we can prove simply the existence of
global solutions in R. T. Glassey [3] (see Appendix). Finally the assumption of
Theorem 2 does not require that the support of initial data is compact.

When the supports of initial data is non compact and p > po(3), F. Asakura
[2] has proved in three space dimensions the following results. Let D*f(z), DPg(z)
= O(Jz|-1~*) as || = oo (la| < 3,|8| < 2). Then the global solution to (1.1)
exists for small initial data provided x > 2/(p— 1). Moreover, he also proved that
the lifespan of a solution to (1.1) is finite if 0 < x < 2/(p — 1) and initial data
satisfy

(1.3) f(z)=0 and g(z) > e(1+]e])"1".

The next aim of this paper is to show that, in two space dimensions, the lifes-

pan is finite under the same assumption above. For global existence of solutions,
see K. Kubota {8].

THEOREM 3. Let u, be a C?- solution to (1.1) with initial data satisfying (1.3).
Then there exists a positive constant C depending only on A,p and x such that
the lifespan T, of u, has an upper bound:

2
p—-1

T.SCe("'F‘?-'f)“l for p>1 and 0<k<

For the relations between the power of ¢ in Theorem 2 and the one in Theorem
3, see K. Kubota (8].

In § 2, we define the norm to be used and formulate a priori estimate which

plays an important role in the proof of the existence theorem. Making use of a

3



pﬁori estimate, we prove Theorem 1, employing the iteration method in F. John
[6]. In §3, we prove a priori estimate mentioned above. Theorem 2 will be proved
in §4 by making use of the methods in F. John [6] and R. Agemi [1). Theorem 3
will be also proved in §5 by the same method as in §4. In Appendix, we give a
simple proof of the global existence theorem for p > po(2). |
We close the introduction, pointing out that the results similar to Theorem
3 are proved in the different way from us by K. Tsutaya’s preprint “Global exis-
tence theorem for semilinear wave equations with non compact data in two space

dimensions.”

$§2 Proof of Theorem 1

Let initial data f(z) = ep(z) and g(z) = ey¥(z) be supported in |z| < k.
Then we find from [7], Appendix (also see [1]) that a C?- solution u to (1.1) with

p 2> 1is unique and
(2.1) u(z,t)=0 for |z|>t+k.

Considering this fact, we define the norm for a continuous function u(z,%) in

Qr = R? x [0, T) satisfying (2.1):

(2.2) ||| = N(|zl,t)lu(z,t)],

2,t)EQT

where
(2.3) N(r,t) = k=C0/%(¢ 4 » 4 2k)Y/ (t—7+2k)"7, 2 <p < po(2).

As is well known, a solution to (1.1) has to satisfy the integral equation of

the form

(2.4) u(2,1) = uo(2,t) + AL(|u[?)(2,1),

where

25 L)t =5, [ 'ar / -————,(t__”_")’;_;_ /l I )i,

4



and ug is a solution to a linear wave equation
82uo(2,t) — Aug(z,t) =0,
uo(2,0) = ep(2), 8iuo(z,0) = ey(z).
By definition of the operatorv L, we see that L(|u|P) satisfies (2.1) for » with (2.1).

(2.6)

Now we can formulate a priori estimate which is a core in the proof of Theorem

LeMMA 2.1. There exists a positive constant C depending only on p such that,

for any continuous fanction u(z,t) satisfying (2.1),

(2.7) IZ([«lP)]| < CH* M (k,p, T)|[ull® for 2<p<po(2),
where
| (Z_:zz_k)—q(z.r)/r log {41;_2’5 for p#3,
(2'8) M(k,p,t) = ‘ 2
T+ 2k T+ 2k
(—k—----)lla (log —k—-—) for = 3.

Let X denotes the Banach space of functions u(z,t) for which the D*u are
continuous in Qr for |a| < 2 and satisfy (2.1) and ||D®u|| < co. Here D* stands

for the space differentiation DZ2DZ3.

We shall look for a solution u to (1.1) in X, employing the classical iteration
method:

(2.9) | Unpr =g+ AL(Junl?), n€EN
It follows from Lemma 1 in [3], p.236 that a solution ug to (2.6) satisfies
(2.10) | D%uo(2,t)] < C(p, )e(t + r + 2k)"M3(t — » + 2k) /2

for || < 2 and ¢ > 0, where a positive constant C(p, ) depends on D% and
DP ¢ for |B| < 3. Hence we find from (2.2), (2.3) and (2.10) that

(2.11) |D%uol| < C(p, ¥)k e,

5



which implies ug € X. Here we have used the fact that p > 2 and t — r + 2k > k.
Assume a priori estimate (2.7). Then F. John {6] proved that the sequence

{un} defined by (2.9) converges in X if uq satisfies the inequality (56e) in [6], p.24.

Applying the inequality to our case, we know that {u,} converges in X if

1 1
(2.12) ACK* M(k,p, T)lluol”~* < vy llwall < 5

for 2 < p < po(2). Therefore we find from (2.8), (2.11) that (2.12) holds if

ACK(TEZE)~da2)r10g T",;z"e’-‘(k"C(M))"*splz, for p#3,
A0k (LB 30g TE B peaor0p g < o for p=3
and

Clp, $)k1e < %

Thus Theorem 1 is proved by taking ¢¢ small.

§3 Proof of a priori estimate

Let u be a continuous function in Qr = R? x [0,T) satisfying (2.1). Then

L(|u[?) satisfies (2.1) and hence we can assume hereafter that
3.1) r<t+k, r = |z|.

It follows from (2.2) and (2.5) that

| L([ul?)(=, )|
4 Iu”p - Pdp z 4+ pw|, 7)"?dS,
/ / m |u1=1N(I +pul,7)7dS,

The integral over the unit circle in (3.2) is equal to
2/ N((lz]* + p* + 2p|2| cos8)M/?, )2 d8
0
1
= 2/ (1= n*)"Y2N( + p* + 2pr9) Y%, 7)dy.
-1

6



Changing variables
A=(*+p* +2pmy)"%,

we find that the integra.l becomes

4 | p+,l AN(A, 7)Ph(A, p;7) 113,
where
(3.3) h(A,p57) = (P* = (A=) (A +7)* = p?).

Therefore we get from (3.2)
| Z(|=")(=,2)

2|Iull’ / / - m

In what follows, we can assume that

(3.4) /P+' AN(A, ‘r)""

lo—7| V h(A: Pt

(3.5) A<T+k,

because of (2.1).
Inverting the order of the (p, A)- mtegra.l we find that the integral in (3.4) is
equal to

r+¢-'r t—p PdP
/ dr / AN(A,7)77dA —_—
lr=t+7] IA=»] V((t = 7)2 = p?)R(}, p; 7)

(3_6) t—» t—T—2 Atr
+/ dr/ AN(A,7)7?dA —_—_—
o o , el VAG = 7 = VRN i)
= Ii(r, t) + I (r, t)a ’
where the last equality gives the difinitions of I; and I;, and we regard I, as zero
fort <.

It follows from (2 2), (3.4) and (3.6) that a pnon estimate (2. 7) in Lemma

2.1 is valid provided

(3.7) Ii(rt) < C(p)k* M(k,p, T)N(r,8)"" for j=12,

7



where M is defined in (2.8) and we denote here and hereafter by C(p) various
positive constants depending only on p.
Firstly, we investigate the integral I;. In the interval of the p-‘integra.l, we

have

At+r—p2Atr—t+r,
(3.8)

A+r+p2A+r+|A—2|>2) or 2r
Since |

1 1 1 x

it follows from (3.3), (3.6), (3.8) and (3.9) with a = [A —r|, b =¢ — 7 that

t—7 . pdp x
/].\—f| ((t=7)2 = p2)h(A, p; 7 < 2V2Vror VAWTH A=t + 7

Thus we get

T ANQ)
(3.10) hnt) < \/-./ dT~/|r—l+'r| (V7 or VAWr+A—t+ rﬂu

Introducing new variables of integration

a=714+]A, B=71-2A

and extending the domain of (@, 8)-integration, we find from (3.5) and (3.10) that

(1) A< = " /"' AN(A, )~

* (\/;or\/-)\/a—(t—r

We shall prove (3.7) for I dendmg into two cases.
Case 1: 4r >t +r+ 2k,
Since 2A = a — B < a + k in the domain of integration and, by definition,

(3.12) N(A7) = k=422 (o 4 2k)Y/%(8 + 2k)H,

we get from (3.11)
xk(P+2)/2  pttr (o + 2k)(2-P)/2

Vo i ¢__a:d/ (B+28)7"dp.

8

(3.13)  n(nt)<



Note that a — (t — r) < a + k, because of (3.1). Then the integration by parts
yields

/t+7 (a + 2k)(2-p)/2da
(3.14) t-r Va—(t-7) -

<Vt +r+2k) P2 L (p—-2) [ (a+2k)1-P/24a,

t—r
Let 3 < p < po(2). Then'it follows from (3.14) that the a-integral in (3.13)

is dominated by
2\/§(t + 7 4 2k)3-2)/3 o 2(:__—32)@ — 7 + 2k)(3-7)/2
<o(vi+ %:—z)(t o 2R)E-P)2,
Therefore, it follows from this, (1.2), (2.3) and (3.13) that
Ii(r,t) < C(p)k®+/3(t 4 4 2k)~1/3(t — » + 2k)(3-2)/2 Jog _t_"_";__z_li
(3.15) = C(p)N(r,t)"1k@+3)(=1/3p(4 _ 5 4 2k)~9(32)/? ]og

1, T+2k, _ T + 2k
S C(p)kzN(‘r, t') 1(——’3_) o2.p)/ l°g A )

t—r+2k
k

which is (3.7) for I,.
Let 2 < p < 3. Then it follows from (3.14) that the a-integral in (3.13) is
dominated by

2(V2 + %—E—i)(t +r 4 2k)21 < 2(VE + ;—’552;)(% + 3R)B-P)3,

Therefore, wé get

T+ 2k
k

I (r,t) < C(p)®+D/3(t 4 p 4 2k)~ V(T + 2k)3-7)/? 1og

T+2k T+ 2k

< C(p)k*N(r )" (—5—)~9#)/7 Jog

Let p = 3. Then, in the same way as in the above, the a-integral in (3.13) is
dominated by '

2\/5(”.,._,_2,6) 12 1 1o t+r+§:_2\/— logzt-il;sk



therefore, we get

Ii(r,t) < C3R(t + 7 + 28)~/3(log = = )

T+2k T+ 2k
k

< CR)RN (r,8)"}(——)"/*(log ——)".

Thus we have proved (3.7) for I; in Case 1.

CASE 2: 4r <t+7+2k,ie., t+r+2k <2(t—»+2k)
In this case, we choose v/X in a dedominator of the integrand in (3.11). Then

we have

(1-1')/2
(3.16)  Ii(nt) < %k(pn)/z / " (et 2k)

The a-integral in (3.16) is dominated, in the same way as in Case 1, by
tt»
(317) 2V +r 420 (1) [ (a+2k)" da.
t—r

Let 2 < p < po(2). Since (t + » + 2k) is equivalent to (¢ — r + 2k) in Case 2,
we find from (3.17) that the a-integral in (3.16) is dominated by

C(p)(t +7 + 2k)~Y3(t — » + 2k)(3-2)/3,

Therefore we have

L(r,t) < G2t 4 7 4 20)"/3(t — 5 4 2R)O- W 1og L2 2

T+2k T+ 2k
o

< C(p)k* N (r,t)™} (=)~ 9*#)/? 1og

Let p = 2. Then the a-integral in (3.16) is dominated by

2V2r(t 4+ + 2k)"Y2 410 L‘L’%’i < 2v2 +1log 2.
Therefore, we have
Ii(r1) < C(2)k* log = *,; 2k
< C(2)R* N (r, 1) (T 2k)log T+2k

k
10



Thus the proof of (3.7) for I is finished.
Next we investigate the integral I; defined for £ > 7. In the domain of the

integration, we have

t—r—p2t—-17—-(A+r)=t-r—a

t—r+p2t—7+|A—2| 227 or t—2r-45.

It follows from this, (3.3) and (3.9) with a = |[A —#|, b= A+ » that

‘/A-I-’ ‘ < x
n-rl VIE=7) = p)R(A,pi7) ~ 2(V2r o Vi-r-Pli-r-a
Hence we have from this and (3.6)

: x t—rp ter—r ] AN(A,r)-PdA .
(3.18) I(rt) < D) ./0 dT/; (\/f; or Vt—r—pWit—r— a

Extending the domain of («,8)-integral, we find from (3.5) and (3.18) that

t=r gt AN(A, 7)~?dp
I(rt) < = / da/h (\/ﬁ or \/t_.,__ﬂ)\/t—r—a

Since 2A = a — B < a + k, we get from this and (3.12)

wk("l"?)/2 t—r (a + 2k)(2-P)/2

(3.19) Iz(f, t) s \/_; A —-—t-:\/-;_—_—'d /‘-'(ﬂ + 2k)-1dﬂ

or

(3.20)  Iy(r, t) = Yool i

Vi—r—a « -k \/t—f—a

We first show that, for 2 < p < po(2),

xk(2+p)/2 /l—'r (a +2k)(3—p)/2d t—r (8 + 2k)™1
0

t-r (a + 2]3)(2—1-")/2 :
3.21 -7 - (s-»)/2
(3.21) / e ——da < C(p)(t— 7+ 28)

In fact,let 0 <t—» <k, i.e;, 3k >t —» + 2k. Then, by integration by parts, the
a-integral is dominated by

2T (2k)3-P)? < 2(5)(2—»/2@ — r+ 2k)B-P)2,

11



where we have used the fact that p > 2. Let ¢ — » > % which implies ¢t — » >
(t — 7 + 2k)/4. Then, breaking the integral up into two pieces, we get

(t-»)/2 (a+ 2k)(2-p)[2 : (t-+)/3
—— e da < V2t - -1/3/ 2k)(3-7)/34
[ S s (a2 Tde
4f

(t — 7 4 2k)(3-P)/3,

because po(2) < 4. On the complement,

/"" (a + 2k)(2-2)/2 2-p)/3 /“' da
(t-r)/2 Vi—r—oa (t-»)/3 Vi—r—«a

< \/2' 20P-/3(¢ _ 5 4 2k)3-2)/3,

Next we show in a similar way to the above that

=2 -
(3.22) /_ . ————mdﬂ <C(t—r+2k)" log —

In fact, le¢ 0 < t—» < k. Then, by integration by parts, the S-integral is
dominated by

2VEi—r+k k™ <6(t—r+2k)" Y3,

CLetk<t—r. Then, breaking the integral up into two pieces, we get

(t=+)/ - (t-7)/
/ TELMT 4y ¢ ey / : 8+ 20)1d8

o« Vicr—P
. - k
< 2V2(t — v + 2k)~Y?10g -t-——;:—4
On the complement,
/t-r (ﬂ + 2k)—1d . /t—r 1 dﬂ
(f—f)/’ t—r— - (‘—')/3 .‘/t—r._.a

< 2V2(t — r + 2k)"1/3,
When 47 >t + 7 4 2k, it follows from (3.19) and (3.21) that

2k
(3.23)  L(rt) < C(p)k**3(t 4 7 + 2k)~12(t — r + 2k)3~?)/2 10g T",; .

12



When 47 < t+7+ 2k, i.e., t+7+ 2k < 2(t — 7 + 2k), we obtain (3.23) from (3.20),
(3.21) and (3.22). Thus the estimate (3.7) for I; follows from (3.23), by the same
way as in (3.15). Therefore, the proof of Lemma 2.1 is completed.

§4 Proof of Theorem 2

Let u(z,t) be a C?-solution to (1.1) in R? x{0, T') with the initial data defined
in the statement of Theorem 2. In this section we shall show that if T exceeds a
certain constant we get a contradiction. This implies that the lifespan of u has an
upper bound which is expressed by such constant.

By the assumption of Theorem 2 on 9, we assume that
(4.1) ¥(20) >0 for some =z, € R2.

Throughout this section we use the following notation. Let 7 be the spherical

mean of v € C%(R? x [0,00)) about a point zo;
(4.2) B t) = — / o(20 + rw, £)dSw.
2x jw|=1
Then (4.1) yields
(43) ¥(0) > 0.
Hence one can find § > 0 so small that
(4.4) ¥(26) > 0.

As in section 2, we know that u satisfies the integral equation (2.4). Here we

employ the following lemmas.

LEMMA 4.1. Let ug be a solution to (2.6) with p(z) = 0. Then

&

27T

(4.5) Uo(r,t) > [t+] VAP(A)A for 0<it< 2.

13



(3

LeMMA 4.2. Let u be the solution to (1.1) with f(2) =0, g(z) > 0 and p > 1.
Then

A _
(4.6) W) 5o / [ VA npas
for 0 <t —» < », where

(4.7) T,e={A\7)€R}t—r <7+ALt+r, =A<t —2, 720}

These lemmas are due to R. Agemi [1].
Lemma 2 follows from the proof of (2.11) of [1]. Applying its argument to uo,
we readily get Lemma 1. For the sake of completeness, we shall review proofs of

these lemmas.

Proor oF LEMMA 4.2: It follows from (2.4) that

(4.8) @(r,t) = To(r,t) + AL(Ju]P)(r,1).

Since the assumption that f(2) =0, g(z) > 0 yields %y > 0, we have
(4.9) w(ryt) > AL([uP)(r,t).

We now- employ the following fundamental identity for iterated spherical means

by F. John [5], p.81;

10) 1 v(r w
(4.10) T '[nl=1/IWI=1 (71 + pw)dSwdSy

ptr =
=2 / X _g»,
T

lo-71 VR(A, p;7)

where h(),p;r) is defined by (3.3). Applying (4.10) with v = |u|’ to the right
hand side of (4.9), we get

o (A7)

_ 24 [t T pdp A AT
@y w2 [ [ ot [ S

14
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Here we have used the Jensen’s inequality

[uff > |5 for p>1.

Note that
t—7—r<? for 0<t—7»<7r and 72>0.

Inverting the other of (A, p)-integral, we find that the right hand side of (4.11)

equals to
24 /t ./t—'r-r _ t—7
— [ dr AP (A, 7)dA —_—
* Jo Jt-res| ' A=+l VE(A, pi7)((t — 7)? - p?)
2A A+f

t—? t=—r—7
+ 24 [ 4 / AP (A, 7)dA
1] 0

® el VR, 3 7)((E = 7)% — p?)

Hence it follows from this and (4.11) that

%w(r,t)
(4.12)
t e tr t—r '
> 24 / dr AlalP (A, 7)dA — P
T Jo o Jjtmrer]| 1A=l VA(A, p57)((2 — 7)* — p?)

In the domain of (p, A)-integral of (4.12), we know that
(4.13) R(A,p57) S 122A((t =72 = (A —=7)%) for O<i—2< 7
In fact,. p <t—7 implies
F—(=n) <=7 = (A=)
Since A<t+7» p<t—7 and ¢ < 2r, we have
,\+r+p5.t+r+1-+t-'r$ 2t 4 2» < 6r.
Moreover, p > |A — 7| yields

Adr—p<A+r—|A=2|<A+r+A—7r=2\

15



Thus we get (4.13). Using the fact that

/::; \/(t——r)’— =+(t-7)2=-(A-r)?,

we obtain (4.6) by (4.12) and (4.13).

Proor oF LEMMA 4.1: As is well known, a solution to (2.6) with ¢(z) = 0 is

expressed in the form

(4.14) uo(z,t)—l \/t’:-:i_i_)-p— lol=1

Applying (4.10) with v = 9 to the right hand side of (4.14), we get

e¥(z + pw)dSw.

oM

(4.15) Ug(7yt) = —/ \/tsz-/—fl Vh(A, p;7)

As in the proof of Lemma 4.2, inverting the order of (A, p)-integral yields for
0<t—»<~»

t+r

(4.16) To(rt) = = I_,IW '\)JA/,A_,,W

Replacing ¢ — 7 by ¢ in (4.13), we obtain (4.5) by same way as in the proof of

Lemma 4.2.
Nov;r, define the region
(4.17) S={(rt)ER? 36<t+r §<t—r <25},

where 6 is the one in (4.4). Then it follows from (4.4), (4.5) and (4.17) that

— C'e
(4.18) To(r,t) > 7 for (rt)€S and t<2r,
where C’ is a constant defined by
1 13
(4.19) C'==— [ VI(A)A.
: 2% Jas

16



Since (2.4) yields

(4.20) W(r,t) > To(r, 1),

we have

(4.21) 2rt)> S5 for (nt)eS and t<2r
. 2 \ < 2r.

Let X denote the set
(4.22) T={(rt)eR?* 86<t—r<r}.

For (7,t) € X we introduce the sets

Sre={A7);t—r <A, 7H+ALt+7, §<T - )< 25},
(4.23)
Ree={(A7)it=r <A 7+A<t+r, 36<7-A<t -7}

We note that for (r,t) € 2
(4-24) Sr.ts Rr,t CTr.h Sr.t - Sa R‘r,t C DI
Hence it follows from (4.6), (4.21) and (4.24) that
Brt) > —— / va& M=Z=ydrdr for (rt)€X.
2= \/_ S»,t \/_
Changing the variables by
(4.25) a=T1+A, B=71-)],

we have for (r,) €

-—( t) S A(C')P ep /” /H.' -t ;ﬂ)(l-p)/zda.

(t-r)+ﬁ

Sincep>landa-f<a<t+r<3r,
26
a(r,t) > AV A(C) (2)@—1)/25? -»/2 / (3 —t — B)dB.

17



Here we find that for (rt)eX
Sr—t—-B2r—2r-2217/3.

Hence _
- SA(C'Y 2\(5-1)/3,9,3-5)2
©nt) 2 —5-—(3) efr .
Therefore we obtain for (r,t) €

Coe? r~3(t —r—35)3-7)2 jf 1<p<3,

(4.26) w(r,t) > {
Cp €? »—(»-2)/2 if 3<p<po(2),

where we set s = 38 and

(4.27) Co = 5‘41(5 ) (2)(1»—1)/:

Now, assume that % has more general estimate
(4.28) wrt) > Cri(t—r—s)*(t—7)"% for (rnt)eX

with C >0, ¢>1/2, a >0, b> 0. Then it follows from (4.6), (4.24), (4.25) and
(4.28) that for (r,t) € X

(1) 2 5 / VA[EA, T)PdAr

> 21\/_ AY2=2(r . A — 5)?°(r - A)"PPdAdr
Rr,t
ACP /t-' /H-' —_ 2 \/3-pq pa3—pb
2> - — 8)P¢ da.
4““/_ (t—r)-}-ﬁ 2 ) (ﬂ ) ﬁ

We divide the estimate for ¥ into following two cases.
Case 1: t—7»>2/2.
Since pg> g >1/2 and
a—pPLast+r<3Ir<6(i-r)

18



for (»,t) € T in this case, we have

3Y3-2a4Cr. b=
4x\/r(t — r)pb+ra-1/2 |

By 3r —t > # > t — », B-integral equals to

u(rt) 2 (8 — 8)*(3r — t — B)dB.

t—p pagy . _ _ (t_,_’)p¢+2
L O A ety
Hence
Wr ) > 31/"".40’(t —p — g)potd

4x(pa + 2)2/r(t — r)pbire-1/3°

CASE 2: t—r < 7/2. .
Since ¢+7>2r > 4(t~7) and 2(t — 7)+ B < 3(t — r) for (r,£) € ¥ in this

case, we have

t—r 4(t—»)

el MNP R [

9l/2-pa AP t—r
= dx\/r(t — r)pb+ra-3/2 | (8- sy*dp
S 2Y/2-P1fCP(t — 7 — 5)Potl
= x(pa + 1) /r(t - r)poteeol3

Y329 fCP(t — 7 — 5)Pat3
= 4x(pa + 2)3/7(t — 7)pbra-1/2"

Combining these two cases, we obtain

w(rt) >

(g)ll 3-pa g,

(429)  w(rt)> Cr~ Y3t —r—5)*"(t - 7)Y for (rmt) €3,

where
1
a® = pa +2, b* =pb+pg—- 7, .
(4.30) c chp 31/2-qu
. T (pa+2)? YT 4x
Using the values |
3—p

g= ,b=0,C=Co® if 1<p<3,

1 &=

(4.31)

3 NI

2
g="5",a=b=0, C=Coe’ if 3<p<po2)

19



Corresponding to (4.26), we have (4.29) with

a® _P(3 "'P) . _ p_-l_ . _ Dl/?(Coep)P
wy — T T O T G-y

D _ P
a* =2, b* = 25?—-;)——1 cr =2 ”’Z(C“)' if 3<p<po(2)

Define the sequences {a,}, {b:},{C:} ({ € N) by

if 1<p<3,

p—1 Dl/ 3Ct
= brig = o Oy =23
a1 = pag + 2, b1 = pby + 3 Gt ( 2),,

a1 =a’, by =b*, C; =C" asgiven in (4.32).

(4.33)

Then (4.29) will hold with ¢ =1/2, a* = a,, b* =b;, C* = C; for £ € N. Solving

the above sequences we have

2 2 1 |
az—(——-l- —)pt - ——, b=pt—c if 1<p<3,
(4.34) p—1 p-1 2 2
’ _ 2 2 _p=2, 1 .
a; p_lp 7 T bt— 2 v/ —-2 if 3$p<po(2).

If 1<p<3,then

3 — 2 2
par+2=( p+ )t — —.

r-1 r—1
< r( t+3 1) < 2((_'_2) l+1
If 3 <p<po(2),then
pa,+2= p—l( P —1) < 2(L + 2)pttt.

Hence it follows from (4.32) that

Dy C7
Ci41 2 4(£+2)2 2053 for 1<p<Po(2),

which implies that

1 =12)og(j +2) + 2(5 + 1)log p+log4D}
> o § : 1/2
C,> exp[p (p log C; — 2. peES) )]

20



For sufficiently large £ we have

(4.35) C. > exp [p‘ (p'1 log C; — S(p))] for 1<p<po(2),
where

’ 2. 2log(j +2) +2(5+1) log p+logdD:
(4.36) S(p) = 52_; s 2,

- We note that S(p) is finite because p > 1 and each term is positive for sufficiently
large £. Therefore it follows from (4.29), (4.33), (4.34) and (4.35) that for (r,¢) €

(4.37) (r,t) > e _\/rt:‘)z/'(,_l) exp[ptI(r, )],
where
(4.38) J(rt) =p " log C; - S(p)+
{ (3_2-—_p+ _l)log(t —r—38)— %Iog(t—r) if 1<p<3,
+
2 1log(t—r—:s)-— pz—zlog(t—r) if 3<p<po(2).

- If there exists a point (7,¢) € B such that
(4.39) J(rt) >0,

then we have %(r,t) = oo letting £ — oo, which implies that u cannot be a
C?-solution to (1.1). This contradicts the assumption that u is a C%-solution to
(1.1), so that we shall look for (r,¢) € £ which satisfies (4.39). In view of (4.38),
ift —» > 2s, (4.39) follows from

2
p-1

( log2 for 1< p<po(2).

p—2 1 2p
3 Yog(t —7) > plogC1 + S(p) + 71
Hence the definition of C}, (4.32), gives the following sufficient condition to (4.39);

g(2 71’)

- log(t —7)>1logC"¢™? for 1< p < po(2),
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where ¢(2, p) is defined by (1.2) and we set
(4.40) C" = (5°DyY)VP O leS(P)+2pl(r-1),

C) is defined by (4.27). Here we have used the following fact which follows from
the definition of D, (4.30).

(4.41) Dy > Dy for g2>1/2.

Recall that ¢(2,p) < 0 for 1 < p < pg (2). Therefore, setting ¢t = 27, we find that
(4.39) follows from |

t> Ce?(e-1/432) for 1< p < po(2),

where

C = 2(C")1-?) 32),
Thus we conclude that T has to satisfy
T< Cer(r—1)/q(5.p).

This completes the proof of Theorem 2.

§5. Proof of Theorem 3

In this section we shall prove Theorem 3 by using the same argument as in

the proof of Theorem 2.

Let u(z,t) be a C?-solution to (1.1) in R? x [0, T’) with initial data satisfying
(1.8). In the definition of the spherical mean, (4.2), we set zg = 0. Define the set
(5.1) Y={(nt)eR} s<t-r<r} .
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for some fixed constant s > 0. By virture of Lemma 4.1, (4.5), we have for

(rnt)e¥

i+

v d
To(rt) > —= ox \/- AP(A)
H-r
2 > f \/X(1+,\)"“1d,\
> = 1 )n+1 /H‘, A"“llsz
—2x'1 + F] NN )
If 0<x<1/2 then
1 +1 € t+r
* d\
W(nt) 2 21r(1+a) Vr(t+r)et1/2
_];_ )n+1 €

= 3z 1+a .

If £>1/2,then

N 1 bl Tys-1/2
w2 e () Vit - )“""’[ t+f ]
1 +1 €
x 1,6~ —
> w(2n—1) 1+a) Vr(t — )13 min{l, 2
1 2 r+1 d
2 g min{g—7. (3 Vr(t — 7l

Hence we obtain for (r,t) € &'
| Coe

~ f 0<k< -;—
— r
(52) w02l " g
V- e
where C) is a constant defined by
(53) Co = 5= min{|s—, 1} (;2—)"*"
) °7 3x M + s )

For (r,t) € &' we find that

r* S rK+1/2(t —p— 8)—1/2.
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Therefore it follows from (4.20) and (5.2) that
Coc(t —r — s)1/3
- pr+l/2
(54) u(r,t) > { Coc
\/‘;(t - ,)n-l/ 2
Now, as in the proof of Theorem 2, assume that ¥ has more general estimate

(4.28). Hence we have (4.29), (4.30) for (r,t) € X'. Using the values

if 0<rx<i,-

if l¢>%.

: q=n+-1-,a=l,b=0,C=Coe if 0<n51,
(5.5) I ) e
q=§,a=0,b=n~§,C=Coe if ~>-§
corresponding to (5.4), we obtain (4.29) with
66 a'=12'i+2, b‘=pn+?—;—1-,C'=D'(‘;/léz_*(_02;i)p if o<~g%,
@ =2 b =pn—%, c*=£‘-’-’(TC°-fZ if n>%.

Define the sequence {a;}, {6:}, {C:} (£ € N) by (4.33) in which (4.32) is
replaced by (5.6). Solving these sequences we get

1 1 1
at:(___.*_lpt__z_.’ bt=(n+—pt—- if 0<x<o,
- 9 -1 2 2 2
(5.7)
= 2 — 2 b—nt—l if K>l
If 0<k<1/2, then
'/ 2 1 2 L+1

If K > 1/2, then
pact2= 2ot ) <a(t4 2t

Thus, in the same manner as the proof of Theorem 2, the estimate for %, (4.37),
in which J is replaced by J', holds for (r,t) € B'. J'(r,t) is defined by

(5.8) J'(r,t) =p~tlog C; — S(p)+
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DO =

(== + 1) log(t = r = s) = (x+ 3) log(t—7) i 0<r<
+ p-1"2 2

log(t —»—8) — x log(t —») if l¢>l,

2
p—-1
where S(p) is the one in (4.36). J'(r,2) > 0 which lead to the contradiction as in

section 4 follows from

' (p 2 T ) log(t — ) > log C'e~! for (rnt)€X and t—2r>2s,

where
C' = ((p/2 + 2)* D)2 Cy1eS)+20/(0-1)

because (4.41) is still valid in this section though Cj is defined by (5.3). Therefore,
setting ¢ = 27, we find that J'(»,t) > 0 for (»,t) € ' follows from '

2
p-1

t>C 77" for p>1 and 0<k<

where

C =2(C") =77,
Thus we conclude that T has to satisfy
T SVC e(’f‘?a'l')_’.
This éompletes the proof of Theorem 3.
Appendix
In Appendix, we give a simple proof of the global existence of solutions to

(1.1) with p > po(2). Following R. T. Glassey [3], we define the norm for a

continuous function u(z,t) in R? x [0, o) satisfying (2.1):

(A.1) lull = sup  N(lz|,t)|u(=, )],
(=,t)ER3Ix[0,00)
where
N(rt) = .
(A.2) E=9" Y3t 4 r 4 26) V3t — 7 + 2k)7 for p> po(2), p#4
-1 1/2 2., t—7+3k !
E=HE 4 » +2k)3(t — » + 2k) (logT) for p=4
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and

g= ;3 for po(2) <p<4,
(A.3)

q=-;- for p>4.

We notice that the norm is slightly modified the one in [3].
We shall show the following lemma which assures, by the method in §2, the

global in time existence of solutions to (1.1) with small initial data.

LEMMA A.l. There exist a positive constant C depending only on p such that
(A4) L)l < CE[uliP,  p > po(2),

for any continuous function v in R? x [0, co) satisfying (2.1).

ProoF: The proof will be done by same method as in §3. In order to show a

priori estimate (A.4), it is enough to prove, instead of (3.7),
(A.5) Ii(nt) < CE:N(r,t)"! for j=1,2,
* where the I; are defined in (3.6).

We first treat the integral Iy. When 4r > t 4+ 2k, we get, instead of (3.13),

wkPItP[3 LT (o 4 2k)(3-p)/2

(A.G) ' Il(r,t)s -8—\/-2_1.—- e, mda[’. (ﬂ+2k)-1’9dﬂ

for p# 4
The B-integral for p=4 is
t=p
- + 3k
(A7) (p+ 20 (og 22 Ry,

Since p > po(2) > 3, it follows from (3.14) that the a-integral in (A.6) is dominated
by
2(v2 + %:—2—)@ — 7+ 2k)3-2)2,
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Note that pg > 1 for p > pg (2). Then the B-integral in (A.6) is dominated by

kl-re
pa—-1

[e+2m7as =
-k

The B-integral (A.7) is also dominated by

Ck—!

- *® | -24§ -
Ck “/;h(ﬂ+2k). 648 = 15

for some small § > 0 and for some C > 0. Hence we get
(A-8) Ii(nt) < C(p)k™?/3(t + » + 2k)~Y2(t — » + 2k)(3-2)/2,
Since

(t—r+ 2PV <3002 g ps g
t—r+ 3k
"k

we conclude from (A.8) that (A.5) for I is valid.
When 4r < ¢+ r + 2k, we get, instead of (3.16)

log >log2 for p=4¢4,

. T (o + 2k)1-2)/2 b=
A9 Ii(7,t) < —kpetr/2 / — 4 + 2k)"?44,
( ) 1("" ).. ) - m a | ()6 ) B

for p#£4

The B-integral becomes (A.7) for p = 4. Since p > po(2) > 2 and (¢ + » + 2k)
is equivalent to (t — = + 2k), it follows from (3.17) that the d-integral in (A.9) is
dominated by "

C(p)(t + 7 + 2k)~Y2(t — » + 2k)3-P)/3,

Hence we also conclude in the same way as in the above that (A.5) for I; is valid.
Next we treat the integral I;. Making use of the method deriving (3.21), we

find that the a-integral in (3.19) or (3.20) is dominated by
Clp)(t — = +2k)*2V2 for po(2) <p <4,
(A.10) C(p)(t — 7+ 2k)~1/2 1og t_—rkL3_l_c_ for p=4,
C(p)kAP/3(t —» 4 26)"Y3 for p>4.
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- When 47 > ¢ + 7 + 2k, we get, instead of (3.19),

xkpatr/3 pt-r (a + 2k)(2-p)/2 t—r —pq
87 / Vi =g ), (BB

for p#4.

(A.11) Iy(r,t) <

The B-integral becomes (A.7) for p = 4. Since the S-integral in (A.11) is dominated
by C(p)k!~?4, we find from (A.10) and (A.11) that (A.5) for I; is valid.
When 4r < t+7+2k, ie., t+7+2k < 2(t — 7 + 2k), we get, instead of (3.20),

t—r 2% (2-p)/2 t—7 2k) P49
(A.12) I(»,t) < k"""/ 3 -/o (a\-/'-tsz da %dﬂ
for p#4
The B-integral for p=4 is
t—r -
(A.13) ' /_ :. %a p s B3k

Making use of the method deriving (3.22), we find that the S-integrals are domi-
nated by

- (A1g) C(p)k*~P9(t + = + 2k)~2/2,

We give here the proof of (A.14) for the critical case where p =4 and ¢ — » > k,
which implies ¢ — 7 > (¢t — » +2k) /4. We find that, for some C > 0 and some small
§> 0, the integral (A.13) dominated by |
Ckr™* /‘-’ wd‘g.
-k t—r-— B

Then, breaking the integral up into two pieces, we get

_ (g_,)/g (ﬂ+2k)_z+5 ) _ ©o _
§ -8 _ \-1/2 2+6
Ck /.;. Vie=p P < V2Ck™¥(t -~ 1) _,{ (6 +2k)""""dp

1
_2‘/-0'; ————(t—r+2k)?

4Ck~?

<

=(t+r+ 2k)~1/2,
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On the complement,

t—2p . 2k)—2+6 t—17p -248 pt-r dﬂ
Ck~* j B2) " " 15 < okt + 2k / —_—
(t-ry2 VE—r-8 & 5 ) -ryy2 VE=r-F

< Ck=522-8(t — » + 2k)*3/2,
< CV22 ikt + » + 2k) Y2,

Here we have used that (£ — » + 2k)’™! < k%=1, Therefore, we conclude from
(A.10), (A.12) and (A.14) that (A.5) for I, is valid. Thus the proof of Lemma A.1

is completed.
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