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Advanced Studies in Pure Mathematics

Generalized Motion by Mean Curvature
for - :
Surfaces of Rotation

Stephen Altschuler, Sigurd Angenent and Yoshikazu Giga

§1. Introduction and main results.

This note is an announcement of our recent work on regularity of
generalized evolution by mean curvature in the sense of Chen-Giga-Goto
[CGG] and Evans-Spruck [ES1] when the initial (hyper) surface in R*+1
is compact and obtained by rotating the graph of a function around
an axis. Our principal results are the regularity of an evolving surface
except at finitely many points on the axis at finitely many times and
estimates of these numbers. The details and proofs will appear in the
authors’ forthcoming paper [AAG].

Let us recall the generalized evolution by mean curvature, using
terminology slightly different from [CGG]. Let D and E be, respectively,
an open and closed set in the space-time domain [0,00) x R*+? such that -

E D D. Suppose that for some a < 0 there is a viscosity solution ¢ € K,
of

(1) ¢:-Iv¢ldiv(£—$l)=o in (0,00) X R*,

where V9 denotes the spatial gradient and 9; = 989 /8t. Here we define
K. = {¢ € C([0,00) x R**1):
(¥ — @) has compact support in [0,T] x R**!
for any T > 0}.
If
D = {(t,z) € (0,00) x R**1 : 9(1,z) > 0}
E = {(t,2) € (0,00) x R**! : 4(t,z) > 0},

then we say that D and F is respectively, the inner and outer evolution
with initial data D(0) and E(0) for the mean curvature flow problem.
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He.1;.e1 W(t) denotes the cross-section at time t of any set W in [0, c0) x
R+,

By 2 main result in {CGG], for a given bounded open set Do and 2
compact set Eq containing Dy, there is a unique inner and outer evolu-
tion with initial data Do and Ey, respectively. Moreover one can prove
that D is completely determined by Dy and independent of E,. Sim-
ilarly, B is completely determined by Fy. -As shown in [ES1] the set
I' = E\D is also completely determined by I'g = Eo\Do. We say that
T is the interface evolution with initial data I'g. The interface evolution
equals the zero-level set of ¥ solving (1). If ¢ is smooth and V¢ # 0
on I'(#), (1) implies that I'(¢) moves by its mean curvature so our gen-
eralized formulation is natural. Evans and Spruck [ES1] showed that as
long as classical smooth solution I'(2) exists, it coincides with the inter-
face evolution defined above. We point out that for motion of curves
(not necessarily embedded) there are other ways to track the evolution
through singularities [A2), [AG1]. :

We are interested in the evolution of surfaces obtained by rotating
the graph of a function around an axis. Suppose that

() Do={(z3) €R* ir <ug(a)), r=(sf+-o 4322,

with 4o € C(R), up > 0. Suppose that Dy is a bounded open set
(not necessarily connected) with smooth boundary I'o. Since Do UT,
is contained in a big ball, by comparison I'(t) must become empty in a
finite time (cf. [CGG), [ES1]). In other words there is 2 time ¢, called
the eztinction time such that I'(¢) = ¢ for ¢ > ¢, and I'(2.) # 4. We

now state our main results on regularity.

Theorem 1.1. Let Ty be the smooth boundary of a bounded open
set Do defined in (2). Let T be the interface evolution with initial data
Lo. I'() is a smooth family of smooth surfaces ezcept for possibly finitely
many times 3 <13 < +++ < iy = 1, when singularities may occur along
the azis of rotation.

According to Grayson [G1], if Dy Cc R3 is a barbell with a long,
thin handle, then the interface evolution I(t) with initial data Iy =
9Dg ceases to be regular in a finite time (before it shrinks to a point).
Theorem 1.1 says that I'(f) becomes smooth instantaneously after it
experiences singularities (although the number of connected components
of I'(t) may increase). : _

We also obtain a rough picture of the interface evolution by counting
the number of “necks” and “bulges” of D(f). Suppose that an open set
Dy is of the form (2). By the number k of necks of Dy we mean the
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number of local minima of u on the open set where ug is positive.
Similarly the number A of dulges of Dy is defined as the number of local
maxima of ug. :

Theorem 1.2, LetTg and Dy be as tn Theorem 1.1, LetT and D
be, respectively, the interface evolution and inner evolution with initial
data g and Dy.

(i) There is a u € C(R x [0,00)) with u > 0 which is smooth where u is
positive such that '

D = {(t,2,y) € [0,00) x R**! : r < u(z,1)}
I={(t,2,9) € [0,00) x R** : 7 = u(z,1),(z,?) € spt v},

(i) Let k(t) and h(t) be, respectively, the number of necks and bulges
of D(t). Then k() and h(t) are noninereasing functions which are
finite for t > 0. At the singular times 3; (1 £ § < {) the sum
k+ h must drop. In particular £ < k(8) + h(6) < k(0) + h(0) for §
sufficiently small. .

(iii) Neart=1; the setT is smooth ezcept at finitely many points on the
z-azis at the time t;. The number of such points is not greater than

(h + E)(t; = 0) = (h + k)(t7), where h(t — 0) = lim,3; A(s).

Let p(f) be the number of connected components of D(t). Since
h(t) = k(t) + p(t) by the finiteness of A and k, Theorem 1.2 (i) now

yields:

Corollary 1.3. Lett; (1 <j <) be the set of singular times in
Theorem 1.1. If h(t) is constant near t;, then p(t) must increase across
t=1;. If k(t) is constant near t;, then p(t) must decrease across t = 1.

. For example suppose that Dy is a barbell with a long, thin handle
with k(0) = 1, h(0) = 2. The number of singular times £ < 3. For
Grayson’s barbell, at the first singular time ?;, it pinches off in the
middle (at one point). In other words k(?; +0) = 0 while A(#; +0) = 2
so that p(#; + 0) = 2. Each connected component of I'(t), (¢ > ¢; near
t = ;) shrinks to a point at ¢ = #3 or t3. If £ = 1, I'(t) shrinks to a point
at #; = 1, (Proposition 2.5 (iii) and Theorem 2.8). It may happen that
I'(t) stays nonconvex for all £ < ;.

In fact applying a topological argument with our main theorems
and Huisken’s results [H1}, [H2] one can construct such a surface. The
following surface I'} is pointed out by R. Hamilton.
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Corollary 1.4. LetT3 (0 <A <1) be a surface defined by

0 < p <1 such that

r
|

ri

barbell evolution

h = 2 bulges
k =1 necks

h = 2 bulges
k = 0 necks

h = 2 bulges
k = 0 necks

? = (1-2%)(1 -2 +221).

"Let T be the interface evolution with initial data T3. There is a p,

1=0 initial surface

t=1; neck pinch

h<i<iy

instantaneous
separation
and smoothness

one component
t=1; shrinkstoa
point

another compo-
t =13 nent shrinks to
2 point -
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(i) T#(t) stays nonconvex and smooth for all ¢ < T, and shrinks to a
point at time t = T,.

oy 1 —1\1/3 =
() lim snp(;}(l:) |A®INT, - )2 =00
where A denotes the second fundamental form of T'4(t).

This gives a concrete example of 2 so-called type II singularity in
dimension greater than one (curve shortening). The singularity demon-
strated above is sometimes referred to as a ‘degenerate neck princh’. For
convex curves, type II singularities were studied in detail in [A2] and for
general curves by [Alt]. Once I'(t) becomes convex, according to Huisken
[H1], it stays convex and shrinks to a point with finite limit in (ii).

§2. Until necks pinch

We begin with various properties of a smooth family of surfaces @)
(0 < t < T) which evolves by their mean curvature. We assume that

I'(#) is compact, connected, and that it is obtained by rotating the graph
of function '

r=au(zt), ai(f)<z<ag(t), 0L5t<T

around the axis. The mean curvature flow equation is written as the
Rorizontal graph equation for u:

_ Uz _n-—l
Q) u'—l-!-(u,)’ u

Theorem 2.1 (Attracting axis). For any 7 > 0, there is a
§ = 8(I'(0),7) > O such that the mean curvature H (measured with

respect to the outward unit normal) is nonpositive at any point on I'(t).
withr <§ andt> 7.

In other words the motion is monotone near z-axis.

moving caps and attracting axis
r ' I

¢ | /N
A

a;(t) attracting axis  aft) *
moving caps
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Theorem 2.2 (Interior gradient estimates). Let u(z,t) de a
smooth solution of the graph equation, deﬁned Jorlz—z0] <, 0<t< T,
and let

§=_ inf u(z,0)

js==z0]<e

be positive. Then there is a constant C = C(6,€) such that

fia o )] € 7 0("(”" Jis

Jor all |z ~ zo| < £/2 and 0 < t < T with u(z,t) > 6.

+ 1)

The proofs depend on the Sturmian theorem concerning the zeroes
of classical solution of a linear parabolic PDE (see [A1], [A2]). To prove
Theorem 2.1 we need the following lemma which is also obtained by
the Sturmian theorem [A4] but for the singular equation “vertical graph
equation”:

Vpy n-1

1+ (v, )? + y

where I'(t) is expressed as z = v(r,t) near the z-axis.

Y =

Lemma 2.3 (Moving caps). aj(t) > 0> a5(t) for0<t<T.

To get Theorem 2.1 we count the intersections of the graphs of u(z, 1)
and the Catenoid (n = 2) (and its generalizations for n > 3) which are
stationary solutions of the mean curvature flow equations, i.e., minimal
surfaces. To prove Theorem 2.2 we use other special solutions instead of
the Catenoid. Similar applications of the Sturmian theorem are found
in [A2, A3).

The following lemma on mtersectlons is a variant of the Sturmian
‘theorem.

Lemma 2.4 (Intersections). Suppose that I¥(t) (i = 1,2) smo-
othly evolves by its mean curvature (0 < t < T). Suppose that I"(2) is
obtained by rotating a smooth simple curve 4} in the z—r plane (r > 0)
around the z-ozis and that T¥(t) is smooth. Suppose that 4} N 47 is
compact.

() The two curves 4} and 4? intersect transversally ezcept a discrete
set of times {0 <+ < i3 <1z < 41.< T} (unless v} =43).

(ii) At cach time t; two curves 4} and 47 touch nontransversally, the
number of intersections decreases immediately afterwards.

We next apply these results to describe the picture at the time of
pinching off. Let I'g be the smooth boundary of a bounded open set Dy
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defined in (2). Since each connected component evolves independently,
we may assume Dy is connected.

Proposition 2.5. Let (0,T.) d¢ the mazimal time interval such

that the interface evolution {T'(t)}ogi<cT, with initial data To remains
smooth. .

(i) The surface T'(2) is ezpressible as
r=u(g,1), ait)<z<a(t), 0<t<T..

(ii) One of local minimal values of u(z,t) on (a1(2), a2(t)) converges to
zero ast — T, provided that ays < @24

(iii) If 61a = ag., then I'(t) shrinks to a point ast — T,. Here a;o =
limeq, a;(1), § = 1,2. (The ezistence of limits is guaranteed by
moving cap lemma.)

Part (i) is clear if we apply the intersection lemma 2.4 with vertical
lines £ = z¢ which are stationary solutions of the motion by mean
curvature. ‘

Part (ii) needs the Korevaar interior gradient estimate by Evans
and Spruck [ES2] for graphs moving by their mean curvature as well
as Theorem 2.2. If all local minima stay away from zero, Theorem
2.2 implies that I'(T,) is smooth except on the z-axis while the Evans-
Spruck estimate implies that I'(T.) is smooth near the z-axis (by using
higher regularity results [LUS]). This contradicts the definition of T,. If
a1+ = ag, and I'(?) does not shrink to a point as ¢ — T, Theorem 2.2 is
contradicted so (iii) is proved.

Theorem 2.6 (Regularity except the z-axis). Let Do and o
be as in Proposition 2.5.
(i) The function r = u(z,1) can be eztended continuously up tot =T,.
" (if) The eztended function u is smooth on the place where u > 0.
(iif) Let I’ and D be, respectively, the interface and inner evolution with
tnitial data Ty and Dy. Then

D(T.) = {(=,¥) : r < u(=,To.)}
I(T.) = {(z,9) : r = w(z,T.), e1. £z < az}

Part (i) follows from the attracting axis Theorem 2.1, the moving
caps Lemma 2.3 and the interior gradient estimate Theorem 2.2.

Part (ii) follows from higher regularity results [LUS] once the gra-
dient is estimated.

Part (iii) depends on (left) continuity of the interface evolution I'(t)
in 1 (in the Hausdorff distance).
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Proposition 2.7 (Nonincrease of necks and bulges). Let k(1)
and h(t) de, respectively the number of necks and dulges of D(t).
(i) k(t) and h(t) are nonincreasing on [0,T.) and finite ezcept when
t=0. '
(i) There is a To such that k(t) and h(t) are constants and that u (-, 1)

has no multiple zero provided that t € (To,T..). In particular k+1 =
h.

This is another application of the Sturmian theotem [Al]. For ¢ €
(To, To) let {n;(#)}i=o and {¢;(#)}5; e, respectively, local maxima and
minima of u(z,?). Adapting the reflection argument of Chen and Matano
[CM] with Lemma 2.4, one observes that the limits

Im&() =4 and limai(t) = u;

exist for all j. We may assume a14 < 70e < €10 < oo+ < &1 < M2w < 220

Theorem 2.8 (Pinching). Suppose that ¢y, < as..
() The interface evolution T is smooth in [0, T,] xR*+? ezcept at finitely
many points

(éj410,+++,0) € R**!  satisfying u(¢j., o) =0

att = T,. In particular u(z,T.) has only finitely many zeroes con-
tained in {¢j.}5; on the interval [a1.,a2.).

(ii) Let g be the number of ;4 which are zeros of u(x, T,). Then k(T,) <
k(T, — 0) — q.

(i) A(T.) < A(T. -0).

We note that k(T,) < k(T. — 0) since Proposition 2.5 (ii) implies
g2
The following lemma is a crucial step in the proof of Theorem 2.8.

Lemma 2.9 (Single point pinching). Suppose that u(¢;., T.) =
0. If njs > & then u(2,T.) > O for all z € (€jxynja). Likewise, if
N < 41 then w(z,T.) > 0 for all £ € [njsy€j41.). Here 7 varies in
0 <Jj <k byinterpreting £o. = a4, Ekt1e = G2e. ‘

We sketch the proof for the first case. Let [a,b] be any compact
interval in (€74, mj4). There is a #; < T, such that u; > 0 on [a,8]
(11, T.). We set § = arctanu.(z,1) and observe

0:.1: ‘
6, — m > 0.
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We take a solution of the heat equation
Mt gin Mz-a), A==/(b-a)
Since @22 < 0 on (a,b) we find

o(z,t) = ee™

Pz

T+ <O

@Y1 —

Choosing £ small and applying the weak maximum principle yields 6(z, t) >
¢(z,1) on (e,b) x (#1,T.). This gives the estimate

u(z,1) 2 e~V sin(AM(z—¢)), a<z <b

by taking £ smaller. Integrating in z, we obtain

| b ' L € _y3 |
oz, 1) - u(8i(1), 1) 2 / e, )it 2 5 VT (1 - cos Az — o))

(a<z<bhti<t<T.)

since u; > 0 on (£;(£),b). Letting t — T, yields u(z, T.) >0forz €
(a,b). This implies u(z,T) > 0 on (§;j4,7j4) since (a,d) is a.rbxtra.ry By
monotonicity it follows that u(nj.,T) > 0.

Remark 2.10. We learned that X.-Y. Chen [C] has also proved a
stronger version of Lemma 2.9. Since our proof is very simple, we give
it above.

Remark 2.11. The proof shows that u; does not vanish, except at

{nju} {¢54}-

"§3. Ins‘tant smoothness of inner evolutions

The inner evolution may have many connected components at the
time T, when some necks pinch (cf. Theorem 2.6 (iii)). Fortunately
the generalized evolutions of each connected component are mutually
independent. Indeed, the theory of viscosity solutions for (1) yields:

Theorem 3.1 (Separatlon) Let D; be an inner evolution (i =
1,2). Let D be the inner evolution with initial data D,(0) U D5(0). If
DI(O) and D3(0) are disjoint, then D =D, uUD,.

To track the inner evolution after a neck pinches off we study the
evolution of each component. It is convenient to introduce the following
terminology.
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Definition 3.2. (a-domain). Let a > 0 de given and let U C
R**+! be an open set of the form

U={(=z,y) € R"f’ :r < u(z)}

Jor some 0 < u € C(R). We say that U is an a-domain if
(i) I={x e R:u(z) > 0} is a (connected) bounded interval,
(if) u is smooth on I
(iii) In the z —r plane OU intersects each cylinder 0C, with0 < p < «
exactly twice and these intersections are transverse. Here

Co={(z,v): v < p}.

Proposition 3.3. Each connected component of D(T,) is an a-
domain for some a > 0.

This follows from Theorems 2.6, 2.8 and Remark 2.11.
We next study the regularity of an inner evolution starting from an
a-domain. : '

Theorem 3.4 (Instant smoothness). Let U be an a-domain
and let D C [0,00) X R®**+! be the inner evolution with initial data U.
Then there is a T > 0 such that D(t) is a smooth hypersurface for
0 <t < T. Moreover D is smooth in [0,T) x R**+ ezcept on the z-azis
att=0.

To prove the instant smoothness theorem, we first approximate U by
a nondecreasing sequence {U;}$2,; of smoothly bounded a-domains from
inside. This can be obtained by smoothing U near the axis. If the D; are

- the inner solutions with initial data Uj, the theory of viscosity solutions
for (1) implies that the nondecreasing sequence D; approximates D from
the inside.

We then show that for some #% > 0 and 0 < B < « the Dj(t) are
smooth B-domains for ¢ € (0,%o). The choice of {5 and B is independent
of j. This is a crucial step in the proof and we rely on the Sturmian
theorem to establish it.

We next use the interior gradient estimates in [ES2] for graphs mov-
ing by their mean curvature, and prove that the 8D;(t) are uniformly
smooth for 0 < ¢ < ¥y near the axis of rotation. This leads to the
smoothness of §D(t) near the axis for 0 < # < #o. The regularity away
from the axis is easier to prove (even up to ¢ = 0). Indeed, one obtains
the (interior) gradient estimate (Theorem 2.2) and higher derivative es-
timates [LUS] for (3) up to initial data if « > § > 0.
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Let us state the crucial lemma for our argument. Let V be a
smoothly bounded domain in R*+!, Let {I'\(Z)} be the interface evo-
lution with initial data V. Let (0, Ty) be the maximal interval during
which the solution I'(¢) remains smooth.

Lemma 3.5. LetV be a smoothly bounded a-domain and let D C
[0,00) x R**1 J¢ its corresponding inner evolution. Then there ezists a
ty € (0,Tv] such that D(t) is a-domain for all 0 <t < 13, where

a(t) = a2 = 2(n —1)t.

If W D V is another a-domain, then we can choose 1S, 2' i%. In
particular, it follows that Tw > 15.

For the proof we examine the intersections of the cylinder 9C, and
dD(t) in the z — r plane.

Remark 3.6, Once smoothness of D(2) is established in Theorem
3.4 it is easy to discuss the disappearance at a time of singularity of
necks and bulges. Actually the statements of Proposition 2.7 hold even
if initial data D(0) is an a-domain with singularities on the z-axis.

Combining the main results in §2 and §3 one can prove Theorems
1.1, 1.2 and Corollary 1.3 with I" replaced by 8D, the boundary of D in
[0, 00) x R**1, At the first time #) = T, when 8D loses its smoothness,
D(T,) consists of disjoint a-domains by Proposition 3.3. By the instant
smoothness and separation we see D(2) consists of disjoint smooth do-
mains for ¢ € (1;,T -+ 1;) with some T' > 0. By the moving cap lemma
9(D(t)) consists of disjoint smooth surfaces for ¢ € (#;, T + ;). Count-
ing bulges and necks one concludes Theorem 1.2 (ii). The statement
of Theorem 1.2 (iii) is essentially included in Theorem 2.8 (i) provided
that T is replaced by 8D. By Theorem 1.2 (ii), one concludes that the
number £ of singular time is finite in Theorem 1.1 if I’ = 8D. We will
not give the detailed proof of Theorems 1.1, 1.2 and Corollary 1.3.

The condition I' = 8D is not always fulfilled. Indeed Evans and
Spruck [ES1] constructed a counter example by giving an initial data
like “figure eight” in the plane. In their example 8D is strictly smaller
than I'. However, if the motion is monotone, then I' = 8D always holds.
For example if the initial (outward) means curvature is negative, then

we see I' = 8D.
§4. Regular evolution

We say the inner evolution D is regular if its closure D is an outer
evolution. If D is regular, it is easy to see that I' = 8D where I is the
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interface evolution with initial data I'(0) = 4D(0). The following result

implies that Theorems 1.1, 1.2 and Corollary 1.3 hold for I instead of
oD.

Theorem 4.1 (Regularity). Let Do be a bounded open set de-

fined in (2) with smooth doundary. Then ihe inner evolution D with
initial data Dy is regular.

Since 8D is smooth except at finitely many times, we only need
to prove that D is the outer evolution across any singular time. By
Theorems 2.6 and 2.9 we observe D is the outer evolution until the
singular time (denoted T.). Theorem 4.1 is now reduced to:

Theorem 4.2. Let D(T,) be as in Theorem 2.6. Let D be the
inner evolution with initial data D(T,). Then for some o > 0, D is the
outer evolution in [0, %) x R**! with initial data D(T,).

We give a general criterion so that D is the outer evolution.

Lemma 4.3 (Regularity criterion). Let U be a bounded open -
set in R which may be written as the union of a finite number of
disjoint open sets Ul ..., U, Denote the inner evolutions with initial
data U and U’ by D and D' respectively (1 i < k) and let B be the
outer evolutions with initial data U, Suppose ihat

(4) E =D' in[0,1)) x R* for some 1, > 0.

Suppose that we are given a sequence of open covers {U},---, Uj}a21 of
U which satisfies -

(5) UidUly end U= (U} for i=1,2,-;k.
. a2l
(6) The U,.--,U% are pairwise disjoint for i =1,2,+-, k.

Finally, let 5 be an outer evolution for which a double sequence {ia,z}a,(21
exists such that 1,1 1 0 as L — o0 and

(7) E(te ) Cc Utu...u U,
Then D = E in (0,1,) x R*+,

This can be proved by a general theory of generalized evolutions.
We apply Lemma 4.3 with U = D(T.) to prove Theorem 4.2. Let U?
(1 <1 < k) denote the connected components of U. Then property (4)

follows from the following lemma because each U is an a-domain by
Proposition 3.3.
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Lemma 4.4. Let Dy be an a-domain. Then the inner evolution
with initial data Dy is regular in [0,25) X R**! for some 45 > 0.

As in Theorem 3.4 one can prove that the boundary of the outer
evolution E with initial data Dy is smooth for a short time (0,%). Ap-
plying the maximum principle we observe 8E = 8D in (0,%) which
yields Lemma 4.4. . ' :

We now go back to sketch the proof of Theorem 4.2. It is easy to
find a sequence {U2,++,Ut}ap1 satisfying (5), (6) such that Ui is of
the form (2) with smooth boundary. One may arrange Ul 5 U¥ outside
z-axis.

To apply Lemma 4.3 it remains to show (7) where E is the outer
evolution with initial data U. We say £ is a pinching point if w§,T.)=0
and e1. < ¢ < ag. where a;s (i = 1,2) is defined in Proposition 2.5.
Since t > E(1) is left continuous and the motion is monotone near a-
axis (by the attracting axis Theorem 2.1), (7) is fulfilled provided that
no pinching point belong to E(t) for ¢ > T,. Fortunately, we have:

Lemma 4.5. Let E be the outer evolution with initial data U =
D(T.). Then E(t) contains no pinching points (of U) for t > 0.

Our remaining task is to prove Lemma 4.5. We just mention a
crucial lemma on the shape of D(T,) near a pinching point.

. Lemma 4.6 (Near a pinching point). Let§ be a pinching point.
Then for € > 0 there is § > 0 such that |z — €| < & implies that

u(z, T,) < &|lz — §|.

This can be proved from the asymptotic behavior of u near ¢ ob-
tained by Huisken [H2], and a comparison with a cylinder suggested
by Nlmanen. In [H2] Huisken proved that the interface asymptotically
looks like a cylinder near a pinching point under the assumption that
the mean curvature H of the initial surface is everywhere negative and
that n = 2. However, it turns out this assumption is unnecessary if we
use the attracting axis Theorem 2.1. '

After this work was completed, we were informed of recent work
by H.M. Soner and P.E. Souganidis [SS] closely related to §4 in this
paper. They extended the above mentioned result of Huisken without
assuming H < 0 for the initial data under a symmetry assumption which
forces the neck to not move at all. Although not stated explicitly, they
apparently proved a statement similar to Theorem 4.1 but also under
more assumptions as well as a symmetry assumption on the shape of the
initial surface.
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