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Abstract. Let M be an invariant subspace of L2(T2) on
the bidisec. Vl and V2 denote the multiplication operators on
M by coordinate functions z and w, respectively. In this
paper we study the relation between M and the commutator of Vl
and V;. For example, M 1is studied when the commutator is self-

adjoint or finite rank.



§1. Introduction

We let T2 be the torus that is the cartesian product of 2
uhit circles in €. The usual Lebesgue spaces, with respect to
the Haar measure m of T2, are denoted by LP = Lp(Tz), and
HP? = HP(T?) 15 the space of all f in LP whose Fourier coeffi-

clents

£(5,2) = J £z, w#datdn(z, w)
T

are 0 as soon as at least one component of (Jj, £) 1is negative.

A closed subspace M of L2- is said to be invariant if
zM ¢ M and wM < M.

One can ask for a classification of an explicit description (in
some sense) of all invariant sub§paces of L2, but this seems
out of reach. 1In the previous béper (81],. the author studied the
relation between M anduﬁhé structyre of M © wM. An important
role was’played by_in%ariant-ﬁubspaces of the form'FNi)a .
—

-
where F is unimodular and H?° ¢ N < the closure of \J z°u°.
: n=0

Such invariant subspaces relate with invariant subspaces which
were studied previously in (1], [4], [3] and £217. However the
condition on M © wl:\"-In 13 a 1little unnatural. 1In this paper we will .
find natural conditions on M which imply that M is of the form FN.
Given an invariant subspace M of L2, Vl and V2 denote

the restriction. of multiplications by z and w on M, respec-
o <

tively. Put



- * *.n ‘
Ay = VIV, - VoVT - (n2 1)

and write A = A;. In thls paper we will describe invariant sub-
' ©
spaces of L% when A =0 or [\ Ker A, P wM. Mandrekar [6]
n=1

described M when A=0 and M is in H2. In fact, Theorem 2

in (6] is a corollary of (2) of Theorem 5 in [8] that was inde-
pendently proved. 1In Section 2 we study invariant subspaces un-
der several hypotheses on the restriction of Vl to the kernel of
V;. These are previously known results [8] except for one of them.
In Section 3 An'(n > 1) 41is studied using results in Sectlon 2.

In Section 4 invariant subspaces are studied when A 1is finite

rank. In Section 5 we try to prove that if A is selfadjoint then

A = 0. In Section 6 we give several examples that results in the

Ld

previous sections can be appliéd to.

2 which will be used later.

We define several subspaces of L
Let C(Tz) be the space of complex-valued continuous functions.

(< Hl or H2 is the_Set of £ (in -L2) with Fourier

series
k J. k
L a sz or L a,, 2w

j>0 9% k>0 I 7

k=0 j=0
respectively. Put AJ = HJ r\-C(TZ) for j =1. 2.

(e Ll or L2 is the set of f (in L2) with Fourier
series
zﬁajkzjwk (no restriction on J)
k=0



or

La kz'jwk (no restriction on k) ,
3=09

respectively. Put CJ =L, N C(T2) for § =1, 2.

J
(1) H, or H, 1is the set of f (in L2) with Fourier

series
kE ajkzjwk (no restriction on J)
>0
or
L a,, z9w (no restriction on k)

respectively. Put BJ = HJ N C(T2) for J =1, 2.

.. ?“7‘-.,;



*

§2. The restriction of Vl to Ker V2

Let M be an invariant subspace of L2. Put
8 =MOwWM and S, = M@ zM.
Sl = Ker V; and 82 = Ker Vi. In this section we give a new
result and results in the previous péper T8], which will be used

in this paper.

Proposition 1. Let M be an invariant subspace of L2.

#
\' is an one-to-one operator if and only if M = x. FH, + ¥ L2
2 El 2 E2

where F 1is unimodular, and XE is a characteristic function
J

2 :
of Borel set EJ on T-, xEl € L2A and XEl + sz <1 a.e..

*
Proof is in (3] and (7, pl64 -~ pl65] because: V, 1s one-to-

one if and .only if 8y = {o}.

/ ) 2

Proposition 2. Let M be an invariant subspace of L in

#
which V2 has a nontrivial kernel. \
* * 2

(1) Vl(Ker V2) = Ker V2 if and only if M = XElFEﬁ. + XEZL

where F 1s unimodular and, Xg. 1s a nonzero function in Ly
, 1

and Xp + Xxp <1 a.e..

By By -

%

(2) Vl(Ker V;) ¢ Ker V, if and only if M = FH? for some
unimodular function F.

Proof. Theorem 5 in [8] shows that 2S; =8, (or z3; ¢ S;)

if and only if M has the form : M = xg FH) + xE2L2 in (1) (or

the form : M ="FH? 1in (2), respectively). This implies the pro-

' %
position because Ker V., = S

2 1



1 and 2/
By Propositi

ons ” ,we are interested . in an invariant subspace
such that Ker V2 1s not invariant under Vl'
Proposition 3. Let M be an invariant subspace of L2 in
*
which V2 has a nontrivial kernel.

*
(1) There exists a nonzero function f in Ker V2 such

that V?f.‘ belongs to Ker V2 for any in’ceger n,g* if and only if
=V (311

2 when n < Of)
M= Xg FEH_ + Xg L where F is unimodular, and ' XE is a2 non-

1 2 1
zero function in Ll and XEl + sz <1 a.e..

(2) There exists a function f 1in Ker V; such that V?f
belongs to Ker V; for any n > 0 and fo is not in Ker V;

for some £ < 0 if and only if M = FN where N is an invariant

2

subspace which contains H and 1s contalned properly in Hl,

and § {s unimodular.
(the hypothesi#)
raof. (1) wupderVthat [f| > 0 a.e., and (2) were proved

in (€, Theorem 6]. We will prove (1) in general. Put M, =

N w'¥ *hen M = ( ..z @w S: )@M Let D be the largest
n>0 n>0 .

close? s.bspace of S, with 2D ¢ D. If we let D3 = 56D,

= L0 = ‘ :
D, = f‘\‘.D and D, D@D, then

SR

M=( I ®@vD)®( I @ WD,y @

n>0 - n>0

( I @wD)@M

n>0



Since 2D, = D,, by [3] and [7, pl6l4 ~ pl65]
’ 2
( I ®Dw) ®M, =x; F.H, ®xgp Foll, @ xs L

n>0 2 1 E; 171 E, 2 2, Eq

+ X <1 a.e. and +
1 B3 £,

XE3 <1 a.e.. If there exists a nonzero function f in Ker V

where XEJ e Ly U=1,2), x

*
2

*
such that 2z°f belongs to Ker V2 for any integer n, then Xg
1

1s nonzero. Since Xg (FlM@ lHl) is invariant under multiplica-
1

M= xg FiH,;.

tion of w, xEl(F‘lM@ lHl) é{O} and hence xg .

1

Since xElM c M, (1 - XEl)M < M and M = XE]_M@ (1 - xEl)M. We

can prove z(1 "'.XE M = (1 - Xg )M.. For zAl(l - xEl)M c (1 - Xg
1 1

ahd
[zA (1 - Y] = (1 - YL, 3 Z(1 - ).
1 Xsl . XEl 1 XEl

Therefore z(l - Xg M c (1 - Xg )M and hence z(1l - Xg M =
1l 1 1

(1 - xEl)M. Hence

2
(L - Xg M=%z Fy H, + Xz L
E, Ey 471 Eq

where X. e L Xg. * Xg <1 a.e. and F, is unimodular.
Ey 1> Ey E3 - . 4
Thus M has the form xE'F [[-Il + xE"L2 for some unimodular F

where xp' = xEl + XEu and xg" = Xg

3

™



)
§3. Commutator of V? and V2

_ * ¥ n _
Put A, = ViV, - V,V7 (n > 1) and write A = A,. The fol-

lowing trivial lemmas are important.

- 00 ’
Lemma 1. AV, =0 for any n > 1 and hence [\ Ker A, 2 wM.
n=1

#
Lemma 2. For any f in Ker V s L[ e Ker An if and only
ir zf e Ker V* |

2 L]
% *
Proof. When f € Ker V,, if f ¢ Ker A  then v2v§f =0
* ¥
and hence =z"f € Ker V2. Conversely if z'f e Ker V2 then
- vhv¥e |
Anf = V1V2f = 0.
In general An is a nonzero operator{#} .
fEHé structure of M 1is simple " when A =0 or MNKer A ;
wM. The following theoremsiare corollaries of (8, Theorem 5].

» which make this precise]

Theorem 4. Let M be an invariant subspace of 1.2 with

A =.0.. Then one and only one of the following occurs and vice versa.
: )
(1) M=y, FH, + X, L° where ¥ is in Ly, Xp + Xe < 1
El 1 E2 El 1’ El E2 -

a.e. and F 1s unimodular.
2

(2) M= yx. FH, + - L

By 2 2

a.e. and F i1s unimodular.

IA
=

E where Xg is in L2, XEl + sz

1

g
(3) M =¥ ror some unimodular function.
Conversely, if (1),(2) or (3) holds for an invariant subspace

M of L2, then A = 0.



Proof. If M has the form (1) then 82 = {0} and hence

L% .
A =0 because A*Vl = Q. Therefore A =0. If M has the

form (2) then S, = {0} and hence A = 0 because AV, = 0 by
Lemma 1. If M has the form (3) then le c Sl and hence

# * #
Ker V2 C ker Vz. Therefore A =0 on Ker V2 and A =0

V1
because AV2 = 0. Conversely suppose A = 0. Then le < ‘Sl'
If Sl = 0, then by Proposition 1, M has the form (2). If

Sl # 0, then (since zSl < Sl) Proposition 2 implies that M

has either the form (1) or the form (3).

Mandrekar [6] considered Theorem 4 when M is in Hz. Then

[--] (- -
since N\ z"H? = N w2 = {0}, M has the form (3). Now we
n=1 n=1 .

wish to consider invariant subspaces with A # 0.

Theorem 5. .Let M be an invariant subspace of L2 such

(-~}
that ﬂ Ker An ; wM. Then one and only one of the following
. n=1 ' ’
holds. T e

(1) M=x F B, + Xg L% where Xg. 1s a nonzero function

1 2 1

in Ll’ Xg. + Xg_ S l a.e. and F is unimodular.
1 2

(2) M FN where N 1is an invariant subspace which contains

H2 and is contained properly in lHl, and F is unimodular.

LE
Conversel?; if (1),(2) or (3) holds for an invariant subspace

M of L2, then [\ Ker A D wM.
n=1 n .+

- 10 -



-}
Proof. Suppose [\ Ker A, 2 wM. Then there exists f # 0
n=1 *

(-]
in (/\ Ker A) © wM. In particular, f € Ker V,. By Lemma 2,
n=1 A

*
z?f ¢ Ker V2 for n > 0, so by Proposition 3, M 1s of either
the form (1) or the form (2). Conversely if M has the form (1),

*
~then A =0 by Theorem 4. Then V2 commutes with Vl’ so it

2

commutes with every power of Vl’ hence An =0 for n > 1.
Thus [\ Ker An = M. Since Xg is a2 nonzero function, M # wM
n=1 1 e
because M@ wM = xp FL,. Therefore [\ Ker A, 2 wM. If M has
b 5 1 n=1 ’ .
the form (25,;of‘ Proposition 3 there exists a function f in Ker V,

'such that 2z"f e Ker V; for any n > 0. By Lemma 2, f € Ker Al
%
while f 1is orthogonal to wM because f & Ker V2. Therefore

1’f_}ll{er An ; wM.

- 11 -



§4. Finite rank commutator
. describes those)
Theorem 4 ~ invariant subspaces with A = 0. Now we are

interested in invariant subspaces in which A has.finite rank.

The following lemma was pointed out to the. author by Professor

implies)
K.Takahashi. It A =0, then A = 0.

n

, *
Lemma 3. VA =A , for n >1 and hence Ker A, <

Ker & _,.

Proof is clear.

Proposition 6. Let M be an invariant subspace of L2.

*
(1) If dim Ker V2 is finite then An is finite rank r.»
- co

sup r, <=, and (\YKer A_ = wM.
n ° ’ - n=1 n '

%
(2) Suppose dim Ker V2 is infinite. If A_ 1is finite

n
(-~
rank r  and sup r < = then () Ker A, 2 wlM.
n n=1l ‘
Proof. (1) By Lemma 1 A, is finite rank r, and r_ <
* (-~
dim Ker V2. BY Lemma 2 if N\ Ker An Q wM, there exists a
. n=1

nonzero function f such that f ¢ MEOwM and z'f & MO wM

. o %
for any n > 0, and hence this implies that dim Ker V2 is in-
finite. (2) By Lemma 3 and hypothesis, r, < T4 SO ultimately,
H - L L.
r,, 1s constant. Also r, = dim (Ker An).’ while (Ker An+l)

contains (Ker An)*, so ultimately (Ker An)*V does not change with

(Ker An =)
n. But then neither does Ker A,- In other words,YKer A, if

0

n > n,. Hence f\ Ker An = Ker Ah for some n, > 1. Therefore

n=1 0

- 12 -



- -]
if N\ Ker A_ = wM then Ker A_ = wM and hence (Ker A_ )+ =
n=1 n ) )

* *
Ker V2. Since dim Ker V2 is infinite, this contradicts the
(-]
hypothesis that A is finite rank and hence () Ker A, D WM.
' 0 n=1

Corollary 1. Let M be an invariant subspace of H2. If

(-]
An is finite rank r, and sgp r, <= then 1L\:LKer An Q wM.

Proof. If dim Ker V; is finite, by [8, Therem 3] there
exists a nonzero function g in L such that gM¥ < M and
g ¢ H . By [2, Proposition 3] this implies that M ¢ HZ, so
dim Ker V; is infinite. (2) of Proposition 6 implies the corollary.

Corollary 2. Let M be an invariant subspace with Nz =
n=1

{0} then the following (1) and (2) are equivalent.

%
(1) dim Ker V, =, A 1is finite rank r_  and sup r
n n n

n

(2) M =FN for some unimodular F and some invariant subspace
‘with N =K® G ¢ H;. Moreover NO wN = (K@ wK) @ Hl and
S 4is the- largest closed subspace of finite codimension r of

N©wN. such that 2zS = S then S 2 Hy.

Proof. (1) = (2). By (2) of Proposition 6 [\Ker A_ 2 WM
» n=1
and hence by hypothesis and Theorem 5 M has the form FN. If we

- 13 =~



«®
put S = [N\ Ker A 1@ wM, then by Lemma 2 s' 1is the largest
n=1

closed subspace of Sl = M@ wM with zS' < S', and by hypothesis
dim (Sl ) S') =r <=. Put S =PFS' then S 1is the desired sub-
space and (2) follows. (2) = (l1). By hypothesis of (2), FS is

the largest closed subspace of Sl with 2PFS ¢ FS and hence FS =

[N Ker A, 1@ WM. This implies (1).
n=1 '

;}S"..
L

- 14 -



§5. Selfadjoint commutator
In this section we will study the following conjecture : If
*

A=A then A = 0. Unfortunately we could not do it. However

we will give a few partial answers.

Lemma 4. A_ = £ v 1-Javd. 1r A = 2" then a = v0-1,
no 420 1 1 n
and hence Kef An = Ker A.

Proof. For any n > 1

- # ¥ e
Ay = V1 l(Vlvz) - (V7 l)vl'
- % -1 %
= v vyvy) - (T - Ano1)Vy
= v+ AV,
n"'l n_l_J J s *
and hence A = I V AVve. If A = A then AV, = 0 and
n 5=0 1 1 1
' . _ «n=-1 '
hence An = Vl A.

Propositiqn 7. Suppose M 1s an invariant subspace with

(1) Aﬁ =0 for any n > 1.

(2) If A 1is finite rank r then An is also finite rank

r for any n > 1.

*®

(3) If Ker V. A Ker Vi = {0} then A = 0.
1 N

® N

o [~ -]
(4) If Ker V; N Ker V2 # {0} then I\ Ker An 2D wM.
; n=1l *

- 15 -



Proof. (1) If A =A" then A2 = vilavila =0 for

n>1 by Lemma 4 because A*V1 = 0. (2) 1is clear by Lemma 4.
Since AV, = AV,.= 0, A =0 on [zM + wM], that is, the closed

linear span of 2zM + wM.
N

% *
(;;ﬁrKer Vy N\ Ker v, = {0} then M = [2M + wM] and hence A = 0.
' # )
Suppose Ker Vl N Ker V; # {0}, If zM & wM then [2zM + wM] 2
. [--]
wM and hence Ker A 2 wM. By Lemma 4 [\ Ker A 2 wM. It does
, n=1
not happen that zM < wM (pointed out me privately by Professor

*

K.Takahashi). For if f ¢ Ker Vl

# *
N\ Ker V2 then A = A implies

*V ¥
V2 lf = V1V2f.

If zM € wM then V;Vlf = wzf, and hence
# #
hell = (I vavge il = Il viv,e 1.

& - : - -
Thus Vlvzf = zwlf, and so wzf = zwf, hence f

2 2

z° = w in a set of positive measure).

r—

0. (Otherwise,

*
w2 don't know whether if A = A then A = 0. However there
exist a lot of invariant subspaces such that A is unitarily -
*
equivalent to A and A # 0 (see Example 2). Put Uf(z, w) =

f(w, z for any f in L2, thén U 4is a unitary operator on
L2 art U2 is the identity operator I on L2. Let M be an in-

variar: subspace which is invariant under U. Then U is isomet-

ric ¢~ M and U2 =1 on M. Hence U can be assumed to be a

unitar; cperator on M.

&

L 2
~Pfroposition 8. 'Let M be an invariant subspace of L

B
whicr .: invariant under U. Then V.U = UVl and UA U = A.

2

- 16 -~



' §6. Examples
In the previous sections, invariant subspaces M, which
[--]
satisfy f\ Ker An 2 WM, were important. 1In this section, we

n=0
will give several examples of such invariant subspaces.

on trivial) |
Example 1. Suppose M 1is a“ invariant subspace in H2. Let

2 with range H2@M, and

R be the orthogonal projection in L
let the operator JZ on H2C)D4 be defined by J,f = R(zf). 1If

JZ 1s of finite rank n then there exists an analytic polynomial
p bf z of degree n such that p(SZ) = 0 and hence p(z)H2C M.

The inner part of p(z) 1is a figite Blashke product F = F(z) of

because M # H<.)
degree m-.and m Z 0 - Tnce FH° is in H N = FM 1lies

l,
between H2 and Hy. Then M =FN, N = K@®H? and dim KO wK <

Ke © @ (FH. O H)w
'J=0® 101

®
and renze dim K@ wK <'dim (FH, © H;). By Theorem 5, [\Ker A_ 2
n=1
wM an: by Corollary 2 A is finite rank r, and sup r, < m.
. n

2

Since ' ttm (H2@M) < = and dim (H2@ FH?) = », M # FH® and

hence: :im KQWwK # 0. By Corollary 2, 0 < sup n, <m. For if
n
sup r_ + 0 then (KO wK) @ Hl is an invariant subspace under

n
the r..:iplication of z and (KO wK) ® Hl - FHl. . By
Beurli-.'s theorem (cf. (4, pl])

- 17 -



(K © wk) @Hl = EHl

and q 1s nonconstant finite Blaschke product of degree <m

because K@ wK # {0}. Therefore N = c';Hz. If gq#F then M =

2

GH™ and m > £ = degree of G where G = Fg. Hence J, 1is of

finite rank £. This contradiction implies that 0 # sup r,- By
‘ n
Theorem 4, M does not have the form qH2 for any unimodular q.

This 1is known in [2, Corollary 2].

2, of finite

Example 2. If M is an invariant subspace in H
codinension n, then by Example 1 M = FlNl = F2N2 where Fl and
F2 are finite Blashke products of 2z and w, respectively, and
H2 C NJ C MJ (3 =1, 2). Theﬁ both A and A* are finite rank
of degree n $n and m# 0. By {8, Theorem 3], dim Ker V; =
dim Ker Vi = », By Example 1, M does not have the form QHz
for any unimodular q. Put M = [zH2 + wH2] then M 1is of finite
codimension 1. Moreover M 1is invariant under U. Hence A is

%
rank one and UA U = A.

Eiample 3. Let M be an invariant subspace of L2. Invar-
iant subspaces M which satisfy w'M D zM for any n > 1 or
z™ O wM for any n > 1, were studied in [3], (4] and [7]. 1In
general, if wM DO zM AVl = Ol _For AV2 =0 by Lemma 1 and hence

AVl = 0 Dbecause V2M :5'V1M. Hence by the first part of Lemma U4
Ay =VI™'A. THius Ker A_=Ker A for any n> 1. If WM > a
for any n > 1 1t is known (see [7]) that

M= q(H2® z. H,)



or
M = xg Hy @ xg L2
-1 2
where q 1is unimodular, xEle Lo and xEl + XEZ <1 a.e..

%
Hence if wM #M then MO WwM = {q}, dim Ker Vs

and An 1s rank 1 for any n > 1. If z™ > wM for any n > 1,

= 1, Ker An=wM

-}
by Proposition 6 then (N Ker A 2 wM and M @OwM = q(H; @ zR,)
. RS )

for some

unimodular q. In (3], the authors considered generalizations

of the above invariant subspaces. That i1s, for any fixed £ > 1

M satisfies wnM o] z!' £

M for any n>1 or z'™ D w°M for

any n > 1. They described completely such invariant subspaces

and shcwed that 1f 2M # M or wM # M then M = FN, where F

is unt-:dular, and B, O N D 2t £

. lHl or Hg O N DO w IH2 .
Hence 17 zM # M and z™M D w*M then /\ Ker A, 2 WM.
n=1 :

- 19 -
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