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Abstract. It is proven that, for every pair {4,B} of a.n,ticommufing self-adjoint
operators, iAB is essntially self-adjoint on a suitable domain and its closure C(A, B)
anticommutes with A and B. For every self-adjoint opéartor S, a partial isometry Ug
is defined by the polar decomposition § = Us|S|. Let Ps be the orthogonal projection
onto (Ker S)1. The commutation properties of the operators Uy, Up,Uc(4,s), Pa, P,
and P4 Pp are investigated. These operators multiplied by some constants satisfy a set
+ of commutation relations, which may be regarded as an extension of that satisfied by the
standard basis of the Lie algebra su(2, C) of the special unitary group SU(2). It is shown
that there exists a Lie algebra o3 associated with those operators and that, if A and B are
injective, then % gives a completely reducible representation of su(2,C) with the heighest
weight of each irreducible component being 1/2. Moreover, the “diagonalization” of A+ B

is given.



I. INTRODUCTION

Recently S. Pedersen [2] has presented several equivalent definitions of anticommuta-
tivity of (unbouﬁded) self-adjoint operators and discussed some fundamental properties of
anticommuting self-adjoint operators (cf. also [4]).

In this paper we further develop theory of anticommuting self-adjoint operators. The
outline is as follows. In Section II, after summarizing some fundamental facts on anticom-
muting self-adjoint operators, we consider the product i{AB of two anticommuting self-
adjoint operators A and B in a Hilbert space . We show that it is essentially self-adjoint
on a suitable domain and its closure C(4, B) anticommutes with A and B (Theorems 2.3,
2.5, and 2.6). This means that for every pair {4, B} of anticommuting self-adjoint opera-
tors, we have a family {4, B, C(4, B)} of niutua.lly anticommuting self-adjoint operators.

Section III is concerned with the partial isometries appearing in the polar decompo-
sitions of A, B, and C(4, B). It is known [1, p.358] that the polar decomposition of a
self-adjoint operator A with spectral family {£,()} is of the form

A=U4lA (1.1)

with
Up=1- EA(O) — E4(-0), (1.2)

which is a partial isometry with initial space, (Ker 4)*, and final space, Ran A. We call U4
the partial isometi‘y associated with A. Let P4 be the orthogonal projection onto (Ker A4)*L.
We prove that the family & = {U4,Us, Ug(a, B): P4, Pp,P4Pg} of bounded self-adjoint
operators satisfies some interesting commutation relations (Theorem 3.5), which may be
regarded as an extension of those satisfied by the standard basis of the Lie algebra su(2, C)
of the special unitary group SU(2). In deriving these commutation relations, a formula
for U, plays an im%Ortant role (Lemma 3.1). We see that there exists a Lie algebra on
associated with 21 (Theorem 3.6). In particular, if A and B are injective, then o0 gives a
completely reducible representation of su(2, C) with the heighest weight of each irreducible
component being 1/2 (Theorems 3.7 and 3.8).
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In the last section, we consider the sum A + B in the case where B is injective.
The Hilbert space H has an orthogonal decomposition into two closed subspaces which
diagonalizes B (Thereom 4.1). We prove by an explicit construction that there exists a
unitary transformation diagonalizing A 4+ B with respect to the decomposition (Theorem
4.4).

%



II. PRODUCTS OF ANTICOMMUTING SELF-ADJOINT OPERATORS

We first recall a definition of the anticommutativity of self-adjoint operators [2](cf.
also [4]): Two self-adjoint operators A and B in a Hibert space H are said to anticommute
if exp(itA)B C Bexp(—itA) for all t € R. This definition of the anticommutativity is
symmetric in A and B (see [2]). For the reader’s convenience, we summarize as a lemma

some known facts on anticommuting self-adjoint operators.

LeMMA 2.1 (VasiLEscU [4],PEDERSEN [2]). Let A and B be anticommuting self-adjoint
operators. Then the following (i)-(vii) hold:

(i) UpAC—AUp and U4B C —BU,.
(i) Usl|A| C|A|Up and U4|B| C |B|U4.
(i) [|A] and |B| commaute.
(iv) UsUp =-UgUy,.
(v) A and |B| commute and B and |A| commute.

(vi) D(A)ND(B)ND(AB)= D(A)ND(B)ND(BA) and
(AB+BA)f =0, feD(A)ND(B)ND(AB).
(vii) A+ B is self-adjoint.

Let A and B be anticommuting self-adjoint operators. Then, by Lemma 2.1(iii), we

can define a two dimensional speciral measure E by

E = Ej4 © Ep- (2.1)

Let ¥

D = U, 50 Ran E([—a,a] x [~b, ]). | (2.2)

Then D is dense.



LEMMA 2.2. The spectral measure E commutes with U4 and Usg, respectively. In partic-

ular, U4 and Ug leave D invariant.

Proor: It follows from (1.2) that U4 commautes with |4| and hence with E|4;. Lemma
2.1(ii) implies that U4 commutes with E| B|- Therefore U4 commutes with E. Similarly

one can prove that Up commutes with E. 1

For two anticommuting self-adjoint operators A and B, we define
Co(A,B)=iAB (2.3)
with D(Co(4, B)) = D(A) N D(B) N D(AB). It follows from Lemma 2.1(vi) that |
D(Co(4, B)) = D(Co(B, 4)), (2.4)

and

[Co(4, B)+ Co(B, A)}f =0, # € D(Go(4, B)). (2.5)

THEOREM 2.3.

(i) For allk € N, Co(A, B)* is essentially self-adjoint on D.
(ii) Let C(A, B) be the closure of Co(A, B). Then

C(4, B) = —C(B, 4). (2.6)

PrOOF: (i) The Hermiteness of Co(4, B)* follows from (2.4) and (2.5). We show that D
is an invariant set of analytic vectors for Cy(4, B)*. Then the assertion follows from a

variant of Nelson’s analytic vector theorem [3, X.6, Corollary 2]. Let

L = Cy(4, B)*.

We have by (1.1)
AB = U,|A|Ug|Bj,
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which, together with Lemma 2.2, implies that D C D(AB) and AB leaves D invariant.

Hence L leaves D invariant and
L f = (UaUp)***(|4||B])***f
for all f € D. Since ||U4“,||UB|| <1, we have
IZ™ £I| < a™+*b™+4|#]|

for f € Ran E([—a,a] x [-b,b]) € D. This implies that f is an analytic vector for L.
(ii) This follows from part(i) with k =1 and (2.5). N

It is interesting to find other cores for the self-adjoint operator C(4, B). For this

- purpose, we need a lemma.

LEMMA 2.4. Let A and B be anticommuting self-adjoint operators. Then, for all m,n €
N U {0}, A>™ + B*® js self-adjoint and nonnegative. Moreover, the subspace D given by
(2.2) is a core for A*™ 4 B**,

Proor: The self-adjointness of A% + B? was proved in [4]. Let
T = A*™ 4 B,

Then we have

T = IAlzm + |B|2n-

It follows from Lemma 2.1(iii) and the operator calculus for commuting self-adjoint opera-
tors that |A|*™ 4| B|*" is self-adjoint. Note that D(|4|*™)ND(|B|*") = D(A*™)nD(B*).
Thus Ty 5 is self-a.éjbint. The nonnegativity of T, , is obvious.

We have D C D(A’™ + B*"). Let f € D(A*™ + B*") and define

fr= E([-k:k]) X [_k1k])f: k €N.

7



Then, using the operator calculus with respect to the speciral measure E given by (2.3),
one can easily show that, for all k, f; € D, and

=1 Tm.n h _’Tm.uf’

as k — oo. Hence D is a core for Tma- 1

THEOREM 2.5. Let A and B be anticommuting self-adjoint operators. Then C(A4,B) is
essentially self-adjoint on every core of A? + B2,

ProOOF: By Lemma 2.4, the operator
N=A>+B*+1

is self-adjoint with ¥ > 1 and is essentially self-adjoint on D. Since A? and B? are

commuting nonnegative self-adjoint operators, it follows that
142511 + | B*£|* < |INFII*, f € D(N)=D(4*)n D(B?).
We denote by < -, - > the inner product of the Hilbert space H. For all f € D,

IC(4, B)I* =< A%f, B*f >
< (1471|1825
< 214251 + 1B A1)

1
< SINFP.
Moreover, one can see that
<C(A4,B)f,Ng>—-< Nf,C(A,B)g>=0, f,geD.

Therefore we can apply a variant of Nelson’s commutator theorem [3, Theorem X.37] to

obtain the desired result. N



THEOREM 2.6. The operator C(A, B) anticommutes with A, B, and A + B.

PRrOOP: In the same way as in the proof of Theorem 2.3, we can show that D is a set of
analytic vectors for A. We already know that C(4, B)D C D. Hence, for all f € D and
allt € R,

'4C(4,B)f = Jim_gi

with
gm = Z Wi =A™ C(4, B);.

m=0
It follows from (2.6) that
A™C(4,B)f = (~1)"C(4, B)A™ .

Hence we can write

gum = C(A, B)har

with
m=0
We have
hM->e_“Af (M-—> oo)
and

C(A, B)hyr — €*AC(A,B)f (M — oo).
Since C(4, B) is closed, we conclude that exp(—it4)f € D(C(4, B)) and
C(A, B)e™4 f = "4 C(4, B)f. (2.7)
By Theorem 2.3(i), D is a core for C(4, B). Hence (2.7) implies that
¢4 C(4,B) C C(4, B)e™i*4,

i.e,, C(4, B) and 4 anticommute. Similarly we can prove the anticommutativity of C(4, B)
and B. The anticommutativity of C(4, B) with A + B follows from that of C(4, B) with
A and B. I



ITI. COMMUTATION RELATIONS OF THE PARTIAL ISOMETRIES ASSOCIATED WITH

ANTICOMMUTING SELF-ADJOINT QOPERATORS

Let A and B be anticommuting self-adjoint operators in a Hilbert space . In this sec-
tion we compute commutation relations of the partial isometries Us,Up, and Uc(a,B) and
show that there exists a Lie algebra containing these partial isometries. If A and B are in-
Jective, then this algebra gives a completely reducible (infinite dimensional) representation
of su(2, C) with the heighest weight of each irreducible component being 1/2.

A key tool to compute products of the partial isometries associated with self-adjoint

operators is the following formula.
LEMMA 3.1. Let A be a self-adjoint operator. Then
e 13 2 -1/2
Up=s e]_.l'I.I*]_.o A(A* +¢) (3.1)

Proor: For f € Ker 4, (3.1) is obvious, since Ker A = Ker U4. Let f € (Ker A)* and
€ > 0. Then

11414% + 772F = 11 = [ NaIBLAP,

where ,
_ 1A
I i
Obviously we have
0< '"'e(A) <4

and

Jm w(X)=0, AeR\{0}.

In the present case, the spectral measure [E4(-)f]|* has no mass at A = 0. Hence, by the

dominated convergence theorem, we obtain
. 2 -1/2¢ _
e1_3.1_5_10 [A|(A% +€)"12f = F.
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Since U4 is bounded, it follows that
“gnio UalA|(A? +¢)~Y2f = UAf,
which, together with (1.1), implies that
Jim A(A 4+ ¢ 2r =1, 5.

Thus (3.1) follows. X

Remark. The partial isometry U4 has another representation given by
Uy = sgn(A)P,,

where sgn(A) = A/|A]. This follows from operator calculus as above.

Let A and B be anticommuting self-adjoint operators and € > 0. We define )
T.(A,B) = f (A2 + &)Y (p? + &)Y dE(), p), (3.2)
where F is the spectral measure given by (2.1). The operator T¢(4, B) is self-adjoint with
T(A,B) >e.
The operator calculus with respect to E gives
(42 + €)Y/3(B? + &)/? C T.(4, B)

and

Te(A,B)™! = (A? +¢)~Y/?(B? + ¢)~1/2, (3.3)

It follows that |A||B|Te(A, B)~! is bounded.
We have

C(4,B)’ | D=(A’B*) | D=(B*4%) | DC / A pP2dE(), p).

By Theorem 2.3, the operator on the left hand side is essentially self-adjoint. Hence we

obtain
C(4, BY? = / Np2dEQ, ), N (3.4)
which implies that |4||B|(C(4, B)? + €)~/2 is bounded.

11



LEMMA 3.2. We have

s lim {14||BIT.(4, B)™* - |4||BI(C(4, B) +)7*} =0. (3.5)

Proor: We have for all f € H

I{I4]|BIT(4, B)™" - |Al|B|(C(4, B’ + €)™ /*}f||* = / we(A, p)d|| E(A, p) ]I,

Au20

where 2

we(A, ) = Ap T
R /s s Ry
It is easy to see that .
lwe(A, )] < 4
and*
| GEI_Eowe(At B)=0, Ap>0.

Hence, by the dominated convergence theorem, we obtain (3.5). N

For a self-adjoint operator A, we denote by P, the orthogonal projection onto
(Ker A)*.

LeMMA 3.3. Let A and B be anticommuting self-adjoint operators. Then :

(i) P4 and Pg commute.

(i) P, and Up commute and Pg and U, commute.

ProoF: Since Ker A = Ker |4, it follows that

P Py = Py,

Note that Py = E,AI((O, 0)). Since B4 and E|p| commute, part(i) follows.

The proof of Lemma 2.2 gives that Ug commutes with E) 41 and hence with Pm. Thus

Up commutes with P4. It follows from symmetry in 4 and B that Pp and U4 commute. X

12



THEOREM 3.4. The following formulae hold:

~ UaUp = =iUg(4,n)- (3.6)
Uc(a,B)yUs = —iP4Up = —-iUg Py (3.7
Uo(a5)Us = iPsUs = iU4Ps. (3.8)

Proor: It follows from Lemma 2.1(v) that
(A’ +¢€)"Y?B c B(A® +¢)V/2,
Using this fact and formula (3.1), we have

UaUp =s- lim A(A? +€)"Y2B(B? 4 ¢)~Y/?
€—
=s—lim ABT.(A, B)™!
= s — im U, Up|Al||B|T.(4, B)™*.

It follows from (3.5) and the boundedness of U4Up that
s lim {U4Us|4]|BIT.(4, B)* — UAU5|4|| BI(C(4, BY? + 92} =o.

Hence

UaUs =5~ lim UsUs|4||BI(C(4, B) +¢)7/%,
which implies that for all f € D and g € H,

<f,UsUpg>=s— EEI_EO <|B||A|UsU4f, (C(4, B)z + 6)-1/29 >
=s— lim <iC(4,B)f,(C(4,B)* +¢) /g >
=s— lim < f,(=i)C(4, B)(C(4, B)* +¢) "7 >

3

=< f,—iUc(4,)9 > .

Thus (3.6) follows.

13



Let f € D. Then A(A? +€)~Y/2f € D and hence

C(4,B)A(A? +¢) Y2 f = iABA(A? + ¢)~Y/%f
= —iBA’(A® + ) /3f
= —iUp|B|A%(A? + ¢)~1/2f.

Using the commutativity of Up with |C(4, B)|, which follows from Theorem 2.6 and

Lemma 2.1(ii), we have

Uca,B)Usf = elil_fl}o C(A, B)(C(4,B)* + €)' 2 4(A? + €)*/7f
= lim (C(4, B)* + €)"Y20(4, B)A(A? + €)~1/2f

= —iUp HEm fu

e¢—+0

" where

fe=(C(A, B)* +¢)7/*|B|A*(A? + ¢)V/2F.
The operator calculus with respect to the spectral measure E gives

fe= '/.‘\.MZo ue(Aal‘)dE(Ail‘)f’

where ,
) = e TS
We have
le(Xp) <1, Ap20,
and

¥ Jm o (A p) =1, Ap>0.

¥

Let f € (Ker A)* N (Ker B)*. Then, for all Borel sets M C R,

1E({0} x M)f||* = || B(M = {0})]|* = 0.

14



Theorefore, by the dominated convergence theorem, we obtain
lim f,=f.

e—+40

Thus
Uc(a,B)Uaf = —iUsf.

It is obvious that, for f € Ker AUKer B, f, = 0 andk hence Ug(4,B)Uaf = 0. For all
f € D, we have

f=PaPpf+Ps(1—Pp)f+(1—Pa)Psf+(1— Pa)(1- PB)f-
Note that P4Pgf € (Ker A)* N(Ker B)* and
P,(1— Pp) € Ker B,(1— P4)Pg € Ker A,(1 - P4)(1 — Pg) € Ker ANKer B.
Hence it follows that, for all f € D,
 Uo(a,ByUaf = —iUpPaPpf = —iPsUsPsf.
Moreover, we have Ug Pgf = Up f, because Ker B = Ker Up. Hence we obtain
Uca,B)Uaf = —iPoUpf = —iUpP,f.

Since D is dense, this equation extends to all f € H. Thus (3.7) follows.
Formula (3.8) follows from (3.7) with A (resp. B) replaced by B (resp. A) and the
fact UC(A,B) = —UG(B,A)- |

Let A and B be anticommuting self-adjoint operators and define

Ua .Us Uc(a,B)
)

X]_ = 17, Xz = z-;—, X3 =1 ) (39) ’
%r, Y1=1, Y; = Pg, Ys; = Py, Yy = Py Pg. (3-10)
For bounded linear operators X,Y on H, we define
[X,Y]=XY -YX. (3.11)

15



THEOREM 3.5. The following commutation relations hold:

S
(X5, X0 =D eueXeYj, i k=1,2,3, (3.12)
=1

[X;,Ym] = [Ym, Yal =0, §=1,2,3, m,n=1,2,3,4, (3.13)

where €j5, is the Levi-Civita symbol with €;55 = 1.

Proor: This follows from Lemma 3.3 , Theorem 3.4 and the fact that U AUp = -UgUy,

for any two anticommuting self-adjoint operators 4 and B(Lemma 2.1(iv)). &

The vector space of all bounded linear operators on # is a Lie algebra with the Lie
bracket [ -, - ] given by (3.11). We denote it by £(H).

THEOREM 3.6. Let o C £(H) be a subspace spanned by XY, k=1,2,3,m =1, 2, 3,4.
Then 90t is a Lie subalgebra of £(H).

ProoF: We need only to show that [m2,9] C sm. By Theorem 3.5, we have for j, k =
1,2,8, and myn=1,2,3,4

3
[X5¥m: XaYa] = [X;, Xa) VYo = 3 €0 X0Y; Y Y.
{=1

It follows from (3.10) that there exists a number a(j,m, =) € {1, 2, 3,4} such that
Y;'men = Ya(j,m,u)'

Hence [X;Y,,, X,Y;,] € mt. Thus o is a Lie algebra. B

As is well-known, the Lie algebra su(2,C) of the special unitary group S U(2) is the
set of 2 x 2 comple_;&fi,skew-Hermitian matrices of trace zero and has a basis {e;}3=1 which

satisfy the commutation relations

3
lessen] = D ejner, jk=1,2,3. (3.14)
{=1

16



We define a linear map p : su(2,C) — £(H) by
s 3
p(Za,-e,-) = Za,'X,-, a; €C,5=1,2,3. (3.15)
i=1 j=1

THEOREM 3.7. Suppose that A and B are injective. Then p is a faithful representation
of the su(2,C) with Ran p = om. '

ProoF: Under the present assumption, we have Py = Pg = 1. Hence Y, = 1, m =
1,2,3,4. Thus (3.12) and (3.13) reduce to

3
(X5 Xu) =D ueXe, ,5,k=1,2,3. (3.16)
=1

Therefore p is a representation of su(2,C). The map p is injective, since X;,j =1,2,3 are

linear independent. Hence p is faithful. I

If the Hilbert space H is infinite dimensional, then p is an infinite dimensional repre-
sentation of su(2,C). We analyze the structure of this representation in detail. We prove

the following theorem.

THEOREM 3.8. The representation p of su(2,C) is completely reducible and the heighest

weight of each irreducible component of it is 1/2.

To prove this theorem, we prepare some lemmas. We denote by ¢(S) the spectrum of

operator S.

LeMMA 3.9. Let A and B be anticommuting self-adjoint operators and injective. Then :

(1) Ua, Ufg":’and Uc(4,B) are unitary operators.
()
o (Us) =0 (Us) =0 (Ug(a,m) = {-1,1}. (3.17)

17



PrOOF: (i) In general, if a self-adjoint operator is injective, then the associated partial
isometry is unitary. This easily follows from the definition of the polar decomposition.
Hence the assertion about U4 and Up follows. If f € Ker Uc(a,p) = Kér C(A, B), then
we have from (3.16)

(UAUB - UBUA)f =0.
Since U,Up = -Up U4, we obtain
UaUpf =0,

which means that Upf € Ker Uy = {0}, i.e,, Ugf = 0. Hence f = 0. Thus Uc(a,n) is
injective and hence unitary.
(i) Since U4 is self-adjoint and unitary by part (i), either 1 or —1 is contained in

o (Ua). Let 1 €0 (Ua) and Usf = f (f # 0). Then
UpUaf =Usf.

The left hand side is equal to —U4Up f. Since U f # 0, it follow that Up f is an eigenvector
of U4 with eigenvalue —1. Hence —1 € o (U,). Similarly, one can show that, if —1 €
o (Ua), then 1 € o (U4). Thus (3.17) follows. N

Let A and B be anticommuting, injective self-adjoint operators. The Weyl canonical

basis of the representation p is given by the triple {H, E,, E_} defined by

1, 1 .
By =3(iX1-X,) = —7(Ua +iUs),
E_=iX1+X,= -;-(—UA +iUg)

. 1
H= 1X3 = —EUG(A'B).

These operators satisfy the following commutation relations:

[H, By] = By, [H,B.]=~E._, [E+,E_] = H. (3.18)
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Note that

1
El=0,H'=3,

B = %E_. (3.19)

Moreover, we have from (3.17)
o(H) = {%} (3.20)
Let

K: ={f € H|Ug(a,5)f = ¥F}
—{feH|Hf= i-;- 1} (3.21)

Then we have the orthogonal decomposition

H=K;®K_. (3.22)

LemMmA 3.10. The operator E_ (resp. 2E.) is a unitary operator from K. (resp.X_)
onto K_ (resp. K4 ).

Proor: Let f,g € K;. Then we have from (3.19) and the last commutation relation in
(3.18)

<E_fiE.g>=2<f,BELE_g>=2< f,Hg>+2< f,E_E.g>
=<f9>+2< f,E_E.g>.

The first commutation relation in (3.18) implies that HE,g = (3/2)E,g. But, by (3.20),

3/2 cannot be an eigenvalue of H. Hence E,g must be zero. Thus we obtain

¥
) <E—f7E—g>=< f’g>)

i.e., E_ is an isometry from K; to KX_. Similarly we can show that 2E; is an isometry

from K_ to K. To prove the surjectivity of E_, let h € K_ and f = 2E,h. As in the
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case of F.g, we can show that E_h = 0. Using this fact and (3.18), we see that f € K,

and

E_f=h

Hecne E. is surjective. Thus E_ is unitary from X, to X.. Similarly we can prove that

2E, is unitary from K_ to £,. I

PROOF OF THEOREM 3.8: Let {£,}2%, be the complete orthonmormal system (C.O.N.S)
of K;. Then, by Lemma 3.10, {E_f,}3%, is a C.N.O.S of K_. Therefore {f,, B- £},
forms a C.N.O.S of H. Thus we obtain the orthogonal decomposition

7{ = $1°;°=1Hﬂ

with .
Ha = {afn +BE_f,]|a,B € C}.

Note that H, By leave H,, invariant and p is irreducible in #, with the heighest weight
1/2. Thus the desired result follows. N

e
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IV. DIAGONALIZATION OF THE SUM OF TWO ANTICOMMUTING SELF-ADJOINT

OPERATORS

In [2, Corollary 3.3] it was shown that, for all injective anticommuting self-adjoint

operators A and B in a Hilbert space H, there exists a decomposition

H=H, @ H = (Z:‘) (4.1)

into orthogonal closed subspaces H. such that
, 0 Ljae®
A= 5,
al, 0

B B, 0 ,
0 -aB,a*

where @ is an isometric isomorphism mapping from X, onto H_ and B, and L, are

and

injective nonnegative self-adjoint commuting operators on #, (Remark: our A (zesp.B)
is B (resp. A) in [2,Corollary 3.3]). This theorem can be generalized to the case where 4

is not necessarily injective.

THEOREM 4.1. Let A and B be anticommuting self-adjoint operators and B be injective.

Then there exists a decomposition (4.1) such that

4 0 a‘L&—) A .9
- aLS:) 0 , (+2)

By 0
2= (" S ) (43

where a is a partial isometry from Hy to H.., By (resp. B_) and LS:') (resp. LE{)) are

nonnegative self-adﬁ)fnt commuting operators in . (resp. H_), and B_ is a nonnegative

and

self-adjoint operator in H~ with aB, C —B_a.

The proof of this theorem is similar to that of [2, Corollary 3.3]. Hence we omit it.
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We consider the sum

T=A+B

(4.4)

of anticommuting self-adjoint operators A and B. The purpose of the rest of this section

is to show that T’ can be diagonalized with respect to the decomposition given in Theorem

4.1. Let A and B be anticommuting self-adjoint operators and B be injective. Then the

operator

A = arctan(]4)|B|™1),

(4.5)

defined by the operator calculus with respect to the spectral measure E given by (2.1),is

a bounded self-adjoint operator.

LEMMA 4.2. Let A be given by (4.5), Then

sin A = |A|(4? + B?)~1/2,
cos A = |B|(A? + B%)~1/2,

Moreover,

[Xj,A] = [Ym,A] =0, §=1,2,3,m=1,2,3,4,

where X; and Yy, are defined by (3.9) and (3.10).

PROOF: Since o(A) C [0,7/2], we have

sinA = tan A(1 + (tan A)?)~1/2,
cosA = (14 (tan A)?)~Y/2,

It follows from operator calculus that

y_.'l

" 1AI(A? + B?)"Y? ¢ tan A(L + (tan A)?)- 12,

(4.6)
(4.7)

(4.8)

It is easy to see that the operator on the left hand side is 2 bounded self-adjoint. Hence

(4.6) follows. Similarly we can prove (4.7).
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The commutation relations (4.8) follow from the commutativity of E with U4, Ug,

Ua(A.B),PA,and Py (= 1). |

Since —iX3 and A are commuting bounded self-adjoint operators, —iX3A is bounded

and self-adjoint. Hence the operator
V =eXs4

is unitary.

LEMMA 4.3. Let A be given by (4.5). Then

VX1V_1 = (1 - PA)X1 + PA(X1 cosA + X, sinA),
VX,V l=(1-Py)X, + Py(—X;sinA + X; cosA),

PrOOF: Since X3A and X; are bounded, we have

vEv-i=Y %(aanA)“Xh

n=0

where

(2dX)°Y =Y, (adX)"Y =[X,(adX)*"'Y], n > 1.

It is easy to check that

(adX3A)*"1X, = (—1)*~1A2"-1X,P,,
(adXsA)* Xy = (—1)"A® X, Py, n> 1.

Thus (4.10) follows. Similarly, using the formulae

(&dX3A)2n_1X2 = (—l)nAzn_IX].PA,
(adX3A)2nX2 = (—l)nAzn.Xz.PA,

we can prove (4.11). K

23

(4.9)

(4.10)
(4.11)



THEOREM 4.4. Let A and B be anticommuting self-adjoint operators and B be injective,
Then
VTV~! = P,Up(A* + B?)*/? + (1 - P,)B. (4.12)

In particular, if A is also injective, then

VTV~! = Up(A? + B?)/2, (4.13)

PROOF: we can write
T = -2i(X;]|A]| + X.|B|).

Since V' commutes with |4] and |B|, it fo]low§ that
VIAlV-'=|4], V|B[Vv~!=|B|.
Hence, for all f € D(A4) N D(B), we have
VIV™'f = —2i(VX1 VY A|f + VX, V™Y Blf).

Putting (4.10) and (4.11) into the right hand side and using the fact (1—P4)|4] =0, we
obtain (4.12). If 4 is injective, then P4 = 1. Hence (4.12) gives (4.13). n

One can easily see that the right hand sides of (4.12) and (4.13) are diagonal with

respect to the decomposition given in Theorem 4.1.
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