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Comparison and Nuclearity of Spaces of Differential Forms

on Topological Vector Spaces

Asao Arai
Department of Mathematics, Hokkaido University
Sapporo 060, Japan
and
Itaru Mitoma
Department of Mathematics, Saga University

Saga 840, Japan

Abstract
Two types of fundamental spaces of differential forms on infinite dimensional
topological vector spaces are considered; one is a fundamental space of
Hida’s type and the other is one of Malliavin’s. It is proven that the former
space is smaller than the latter. Moreover, it is shown that, under some
conditions, the fundamental space of Hida’s type is nuclear as a complete

countably normed space, while that of Malliavin’s in the L? sense is not.



1. INTRODUCTION

Recently differential forms on infinite dimensional spaces have been
studied [1,3,4,5,16]. In [1,3] a class of infinite dimensional Dirac type oper-
ators was defined and, for each of them, an index theorem was established
in terms of a functional integral representation. In [4] we introduced a
general class of de Rham complexies based on a family of operators of de
Rham type and defined the Lapalcians associated with them. Moreover,
we proved de Rham—Hodge-Kodaira, decomposition theorems on some fun-
damental spaces of differential forms, which include as a special case the
decomposition theorem proven in [16]. Operator theoretical aspects related
to the de Rham operators defined in [4] have been discussed in [5). The
framework for infinite dimensional analysis presented in [1,3,4,5] may be a
natural one as a generalization of analysis on finite dimensional manifolds.
Moreover, one of the present authors has shown in [3] that it gives a unified
mathematical point of view for models in supersymmetric quantum field
theory [2,6,10].

In this paper we concentrate our attention on two of the fundamental
spaces of differental forms introduced in [4]; one is a fundamental space of
Hida’s type [9] and the other is one of Malliavin’s [12,18]. We first prove
the following comparison theorem : the former space is smaller than the
latter. We then show that, under cértain conditions, the fundamental space
of Hida’s type is nuclear as a compléte countably normed spé,ce, while that

of Malliavin’s in the L? sense is not.

The outline of the present paper is as follows. In Section 2 we review
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the framework of the theory developed in [4] and summarize some results
obtained there. Section 3 is devoted to the proof of the comparison theorem
stated above. The main ingredients of the proof are Khinchine’s inequalities
and estimates foi‘ second quantization operators. In the last section, we
prove the result on nuclearity mentioned above. This is done by applying
Theorem A in Appendix that gives a necessary and sufficient condition for

" a complete countably Hilbert space to be nuclear.



2. FRAMEWORK

In this section we review some results in [4]. We shall use the following
general notations. For a real locally convex topological vector space E, we
denote by E* the topological dual space of E and by < z,{ > (z € E,€ €
E*) the canonical bilinear form on E x E*. If E is a Hilbert space, we
denote by || - ||z and (-, + )z the norm and the inner product of E,
respectively. For a linear operator S, we denote by ®(S) its domain and
define

C=(5) = ngL,o(5™),

the set of C'*°-vectors of 5. |

Let B be a real locally convex topological vector space and H a separa-
ble real Hilbert space densely and continuously embedded in B. Identifying
H* with H, we have a Gelfand triplet {B*, H, B}:

B* ¢ H cC B.

Let p be the Gaussian measure on B given by

' 2
/ ' <=¢>du(z) = s , &€ B
B
The bilinear form < z,£ > can be continuously extended to all £ € H as an
element of N1 <y <00 L?(B, du). We denote the extension by the same symbol.
For ¢ = & + i&, (! = v/~1), we define < z,& >=< z,£ > +i < z,8 >.
Let K be a separable complex Hilbert space and A" (K) the n-fold

antisymmetric tensor product of XK. For f; € K sk =1,---,n, we define
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 their exterior product fi A--Afn€ A"(K) by

1, '
fihAfa= HZ(Slgn a)fa(l) ®f¢r(2) ® "'®fc(n)7

cES,
where &, is the symmetric group of degree n.

A basic Hilbert space in the theory developed in [4] is

N\ (B,K) = L*(B,d) ® \"(K),

which is identified with

N (B,K) = L3(B, d; \" (K)),

the Hilbert space of A"(K)-valued square integrable functions on (B, ).
Let H, be the complexification of H. We denote by C(H,, K) the
set of densely defined closed linear operators from H, to K. Let A €
C(H, K) and P(A"(K)) the subspace (in \"(B,K)) spanned by A™(K)-
valued polynomials of the form
W(z) = Pn(< 3,61 >0+ < 0,6m )1 Av e A foy m=0,1,2,+++, (2.1)

with

£ € CP(A*4), j=1,2,---,m,
fr € C®(AA"), k=1,2,---,n,

where P, is a polynomial of order 'm. For each n = 0,1,2---, we define an

operator d, from A"(B,K) to A"*!(B, K) with domain P(A\"(K)) by

(dnw)(x) = vn+128ij(< 2,8 >, ,< 2,6 >)A§j AfiAN--Af,
=1 -
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for w of the form (2.1) and by extending it by linearity to all w € P(A"(K)).
It is shown that d,, is well-defined and closable [3,4,5]; we denote the closure
by the same symbol. One can prove [3,4,5] that

dn+1 dn = 0,

which means that the sequence {d,}32., of operators forms a complex of de
Rham type. We set d_; = 0.
The Laplacians associated with {d,}2, are defined by

Dy =didn+dnydi_y,n=0,1,2,-,

which are nonnegative and self-adjoint in A"(B, K), respectively [4] (see
(3.6) in Section 3 in the present paper).

The space of differential n-forms W< (A"(K)) of Malliavin’s type is
defined to be the completion of P(A™(K)) in all the norms |||, ,,1 < p <

00,8 =0,1,2,.-., given by

| 1/p
llwllp,e = [‘/B (T + An)sw(fb‘)“;\"(x)dﬂ(m)]
=17+ 2n)*wll 2o 5,40 A" 10

Let Wp,s(A"(KX)) be the completion of P(A"(K)) in the norm ||-||,, ,. Then

we have

WA EN = ()N, Wl A

1<p<o0
We define the fundamental space W*(A™(K)) of Malliavin’s type in
the L? sense by

W (N &) = Waa( A\ (X))-
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REMARK: The standard Malliavin’s fundamental space is given by
W (A’ (K)) (ie., 0-forms) with A*4 = I (see [4]).

A fundamental space of Hida’type is defined in terms of the I" operator
in the mathematical theory of second quantization [15,17]. It is well-known
[15,17] that for each self-adjoint operator S in H,., there exists a unique

self-adjoint operator I'(S) in L%(B, du) such that
I'(S)1=1
and

[(S):<z,&1><z,6> < x,6, >
=< 2,56 >< 2,58 > - <z, 5, >,

§J EQ(S): j=172a'°' y 1L, 17,2 1’

where : - : denotes the Wick product [17]. If S > 0, then T'(S) > 0.
We. define the operator I',(AA4*) in A™(X) by

TW(AA") = AL @ A" ® - @ AL,

n times

which is non-negative and self-adjoint.
Let
I'n =T(AA) @ T, (AA4™).

For A € C(H., K) such that A*A > 1+ ¢ with some ¢ > 0, I',, is unbounded
with I';; > 1. We define a fundamental space H,(B) of Hida’s type to be
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the completion of P(A™(K)) in all the norms |||w|||p,s,1 < P < 00,5 =
0,1,2,---,given by ‘

lHlwlllp,s = I(Z + I‘n)s“’”Li’(B,du;/‘\"(K))'

Let V2(A"(K)) be the completion of P(A" (X)) in the norm |||-|||5,s- Then

we have

H(B)= () (), V2N (x)).

I<p<o
We also define
Hapn(B)=() _, VZ(\ (X))

We remark that Hida’s space considered in [9] is Ho(B) (i.e., 0-forms) with
H = L*(R),B = 8(R)*, and A = (d/dt) —t (see [4]).



3. A COMPARISON THEOREM

In this section we prove the following comparison theorem.

THEOREM 3.1. Let
A*A>1+¢ (3.1)

with a constant € > 0. Then

Ha(B) ¢ We(\ (K)).
This theorem is obtained as a corollary of i;he following one.

THEOREM 3.2. Assume that A satisfies (3.1). Then the following hold:

(1) |
H,2(B) ¢ W=(/\"(K)).

(2)
| H,2(B) = H,(B).

We shall prove Theorem 3.2. For this purpose we need some prelimi- |

naries.

LEMMA 3.3 (KHINCHINE'S INEQUALITIES [18]). Let {;(w)} be a coin toss-

ing sequence, i.e., a sequence of i.i.d. random variables with

P(i(w) =1) = P(vi(w) = ~1) = 1/2,
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where P denotes the probability measure contrblling 7i(w),t = 1,2,---
Then the following hold:

(1) Let {a;}32; be a sequence of real numbers and 1 < p < oo.
Then there exist positive constants c;(p) < 00,j = 1,2, such

that

O la: PP < @B Y. wlewas ]

i=1
<a@Qlalrr (32

(2) Let {a;;} be a double sequence of complex numbers such that
for all n = 1,2,--, the matrix (am;mj)lsi,jsn is positive
semi-definite and let 1 < p < co. Then there exists a positive

constant C(p) < oo such that

EI(Z:1 Yi(w)i(w)ai;)P?] C(P)(Z; ai;)?’2. - (33)
ij= i=
Let {T;}1>0 be the Ornstein-Uhlenbeck semigroup on L2 (B,dp):

Ty = T(e™).
Then T; ! exists and is given by

T, =T(e).
Since ;™! is self-adjoint, it has a nlatural extension to A"(B, K) as

T =TI =T(e) ® I, (3.4)'

where I denotes identity.
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LEMMA 3.4. Suppose that (3.1) holds. Then, for each t > 0 and s =
0,1,2,.--, there exist positive constants § and C such that for all w €
D(T5),

IZ7 (1 + A wllp s,z < O+ T ull popry  (35)
Before proceeding to the proof of this lemma, we recall some facts

obtained in [4]. We have the orthogonal decomposition ( the Fock-Wiener-

It6 decomposition ):

N\'(B.K) = 65 o2m(@ o \ (K),

where £,,,(H) is the closed subspace generated by :< z,£; > -+ < z, f;n >:
& € H,j=1,2--- ,m. In [4](cf. also [1,3]) we proved that

A, =dT(A*A) @I +I® dT,(A4"), (3.6)

where dI'( - ) and dT',( - ) denote the second quantizations in L?(B, u) and
A" (K), respectively [14,15,17]. Let

Fun = Em(H)® N\ (X).

The nonnegative self-adjoint operator A, is reduced by each Fp, , ; we
denote the reduction by A, ,,. The operator An,m has a spectral represen-

tation as is shown in the following [4]. Let

;o
4;=1Q® - QIQAARI® -1, j=1,2,-~,m,

and

k )
Br=I® - QIQAA*®I® ---QI, k=1,2,--- ,n.
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Then, {4;®I, I®Bx| j=1,2,---,m, k=1,2,--- ,n} is a family of
commuting self-adjoint operators in F,, ,. Hence, by the spectral theorem
for self-adjoint operators, there exists a unique family {E(\,v) | A €

R™, v € R"} of projection-valued measures on R™ x R™ such that

An,m = /(i /\j + iuk)dE()\,u).
: j=1 k=1

Also the operator I, is reduced by Fm,n; we denote the reduction by I'nm

Then we have

o= [ )(HVL)dE(f\ )

=1

Now we are ready to prove Lemma 3.4.

PROOF OF LEMMA 3.4: We need only to prove (3.5) for all w € PN (K)),
because P(A"(K)) is a core for (14+T,)%,s =1,2,---. Let w € PN™(K)).
We denote by Q,, the orthogbnal projection from A"(B, K) to Fpn ». Then

we ha.ve

[ 1(I+An)’w|| o0 = Z 10nTT (I + Bn) ol n 5 1)

m=0

Since Qm, 1 and A, are mutually commutative, we have
QnT7 (I + An)'w = e™ (I + Dnym)* W,
with w,, = Q,w. Hence we obtain
”Ti_l (I+ A ) w”/\ (B,K) — Z evmi”(I'l' An m) wm”.‘F . (37)
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Let o(T') denote the spectrum of operator T'. It is well-known [7] that
for any T € C(H,., K),

o(T*T)\ {0} = o(TT™) \ {0}. (3.8)
Applying this fact to T' = A, we have for all (A, ,AnsV1, " ,Um) €
supp F
M,k 2 14¢€ j=1,--- ,m, k=1,---,n

‘Hence

m n m+n _

; g (1+€)m+n—1 (H] 1A )(Hk lyk)

< C(ITq A5) (Mo ),

where

= (1 + €) sup ze~=108(1+9) < o,
x>0

Therefore, putting
| C, = (max{1,C})*,

we have

the right hand side (RHS) of (3 7)

=3 e | (1+ZA +Zw S d|EQ, )onll,.,

m=0

< Zezmic / (14 () (M ) B, oo,

—C, > e+ Lnm)'wml, .,

m=0

= G| (I + FnV“’”j\"(g,I()'
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Let r be an integer satisfying

t
S —_
r= log(1+¢)’

so that
621 < (1 + 6)21-.

Then, for all § € P(A"(K)), we have by (3.4)

||T,‘10||7\,.(B,K) = (01ﬁ_29)A"(B,I{)
= (0,T(e*") ® I10) A (B,x)
<O, T((A"4)*) 1 OA"(8,x)
= (0,T(A"A)" @1 6) An(5 1y
< (B,Fi"@)/\“(B,K)
<6, (1+ I‘n)zre)/\"(B,K)
= 1+ Ta) 8l o 5 1y

It is easy to see that for all s, (1+T,)? leaves P(A"(K)) invariant. Hence,
taking § = (1 + I',)*w, we obtain
”T!l—l (1 + Fn)swll7\"(3’[{) S ”(1 + I‘n)ﬁw”:}\"(B,I\') '
‘with 8 =r +s. Thus (3.5) follows. N
PROOF OF THEOREM 3.2:

(1) Let {g:}$2, be a complete othonormal system (C.0.N.S.) of A" (K)
and ¢ € P(A"(K)). In what follows, C;,5 = 1,2,--- , denote constants.
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Let
bi(2) = (I + Ba)*0(2),90) pncry

Then we have by (3.2)

p/2
I+ B0 0@ gy = (Z (o) 12) |
i=1

By the hypercontractivity of Ty, there exists some tp such that

2

-

0 () »/
/ PIOUICIE ( i I;%(w)ﬂ}]bj(w)lgflﬂ> .

Hence we obtain

' p/2
16115, < C1E [(/E | > %i(w) T bi(=) Iz.d#(fv)) } :
i=1

By using (3.3), we have

o | "\ P/2
E[(/Blg’ri(w)ﬂfb:(w) |2 dﬂ(fﬂ)) }

r/
= (Z w)'yj(w)/ Ty bi(2) T35 bj (x)dp(a ))

2

o »/2
<G (2/3 | T bi() |2 dﬂ(-’ﬂ))
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Thus we obtain

| ) y
18ll5,s < Cs (Z /B | T3 7bi(2) |2dﬂ($)>
i=1
= GS[IT5" (T + 80) 0l A~ 5,10y

f,

which, combined with Lemma, 3.4, gives

This means the desired result.
(2) The method of the proof of this part is similar to that of part (1).
Hence we give only the outline of the proof. Using Lemma 3.3, we first

show that for all p and s, there exists a constant to > 0 such that for all
w € P(A"(K)),

llwlllp,s < CslITi5* (7 + Ta)'wll Az, (3.9)

Then, in the same way as in the proof of Lemma 3.4, we can see that the

RHS of (3.9) is dominated by

Coll(I +Ta)oul| g (5,10) = Collllllz,5

with some # > 0. This result implies that H n,2(B) C H,(B). The opposite

inclusion relation is obvious. Thus-the desired result follows. N

16



4. NUCLEARITY

In this section we investigate the nuclearity of the complete countably

normed spaces W3°(A"(K)) and H,,(B). We prove the following theorems.

THEOREM 4.1. Let dim H = oo. Then, for any A € C(H.K),
Ws°(A™(K)) is not nuclear.

THEOREM 4.2. Let A € C(H.,K) and (3.1) be satisfied. Suppose that
the spectrum o(A*A) of A*A is purely discrete with o(A*A) = {2,
(A1 £ A2 < -+ )( degenerate eigenvalues are counted repeatedly) and there
exist constants C > 0 and o > 0 such that for all sufficiently large k,’

A > Ck“.

Then H,(B) is nuclear.

REMARK: The spectrum of a self;adjoint operator is said to be purely dis-

crete if it consists of only isolated eigenvalues of finite multiplicity.
We first prove Theorem 4.1. For this purpose we prepare a lemma.

LEMMA 4.3. Let dim H = oo. Let S and R be nonnegative self-adjoint

- operators in H, and K, respectively and

L=dI'(S)®I+IQdl,.(R).
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Then, for any v > 0, (I + L)~7 is not trace-class on \"(B, K).

PROOF: Suppose that for some 4 > 0, (I + L)~7 were trace-class on
A"(B,K). Then o(L) is purely discrete and hence so are ¢(S) and o(R)
(14, §VIIi.10]. It follows also that the number of the distinct eigenvalues of
S is infinite (if-it is finite, then the cardinality of the C.0.N.S. consisting
of the normalized eigenvectors of S is finite, which implies dim H < 00).
Hence let o(S) = {A:}§2; with 0 < A; < A2 < -++ (each eigenvalue may
be degenerate with a finite multiplicity). Then A\ — oo as k — co. By the
functional calculus for self-adjoint operators, one can easily show that for
allt>0
e < (I + L)

with
el |
6= t—_y-sup(:z:"e"”) < 00.
This inequality implies that e~*Z is trace-class for all ¢ > 0. Let o(R) =
o0 <y < <)V < o). By a general theorem on the

spectrum of tensor products of self-adjoint operatros [14,§VIII.10], we have
U(drn(R)) = {Vi; + "°+Vinlila"' ain = 112,”' 721 7',: ik forj:lé k}'

Hence .
Tr e~ 140n(R) > o=t(nitetrn) = Cy. (4.1)

Similarly we have

O'(dF(S)) = {O}U(U?;l{}‘il T +)‘inlila"' yin = 1,2,--- :})
= U {k1hi + -+ EnAn]k; > 0,7 =1,2,--- ,N}.

18



Therefore

o0

Ty ¢=9T(S) > Z e—1(k2dat oty 412N 41)
k2, kn 41=0
1
HN+1(1 __1,\“) *

n=2

Using (4.1) and (4.2), we obtain

Tr 8—1L = Tr e—idP(S)Tr e—idP,,(R)
Ci
Z HN+1(1 _ e—i/\n).

n=2

By the functional calculus for self-adjoint operators, we have

I+ L) = -—1— | e Le~tgr-14gt
I'(v) Jo

(4.2)

(4.3)

where I'(z) is the gamma function and the integral is taken in the operator

norm topology. Let {U,,}°_, be a C:0.N.S. of A" (B, K). Then we have

foral M >1

m=1

Hence, by Fatou’s lemma and (4.3), we obtain

Te(I+ L)~ > —L)-/ Tr e~tLe—t7~14s

e 1710,
e / IV = emtan)
On the other hand, we have
| N+1
[T @ =e*) < DytV,
n=2

19
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where

o= (1) s (5] <

n=2

Hence

Te (I+ L)~ > / Cie~ 't~ N+tr-14z,
0

DnT(7)
Since N is arbitrary, we can take an N such that N — 4 > 0. Then the
integral of the RHS of the above inequality diverges to +oco. Hence Tr(I +
L)~ = 400, which contradicts the assumption that (I + L)~7 is trace-

class. I

PROOF OF THEOREM 4.1: Using formula (3.6) and applying Lemma 4.3
with § = A*A and R = AA*, we conclude that for any v > 0, (I + A,)~7
is not trace-class on A\"(B,K). This result implies that for any a > 0,
(I + Ay)~* is not Hilbert-Schmidt. Then an application of Theorem A in
Appendix in the present paper gives the conclusion of Theorem 4.1. N

To prove Theorem 4.2, we need the following lemma.

/
/

LEMMA 4.4. Let {u}f2, be a nondecreasing sequence with the following

properties:

(1) p1 > 1.
(2) there exists a number ko such that for all k > ko, pg > Ck®

with constants C >0 and a>0.
Then,

1 |
113502_:—{_ . (4.4)
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In particular, there exists a constant ty such that for allt > to

(:4.5)

We can take N such that CN® > 1. Then the RHS of (4.5) converges to 0
as t — 00. Thus (4.4) follows. N

PROOF OF THEOREM 4.2: By Theorem 3.2(2), we need only to prove that

H,2(B) is nuclear. We shall show that for some v > 0, I';7 is trace-class
on A™(B, K) and hence Hilbert-Schmidt. Then the nuclearity of H, 2(B)

follows from an application of Theorem A in Appendix in the present paper.

Under the present assumption, the spectrum of I', is purely discrete.

By (3.8) we have

(,—(I‘n) - {1} U, {)‘il "'Aim)‘jl "'/\jnlila"' i,
jl,"' :jn = 1)2,"' 3 7jk #j(’k #‘f}
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Let 0(I's) = {Ep}521(1=FE1 < E; <-++). Then

1

=Y
1 EP

1 = 1
"1+Z Z ()‘ cee i )Y Z (Moo A7

, A
m=1iy,,ip=1 JkF#Je,k#L n

M8

b
il

<1+ f(y)m Z fnm, (4.6)

m=1

where
= 1
fn=>Y .
k=1 Ak
By Lemma 4.4, there exists a constant 49 > 0 such that for all ¥ > 7o,

f(r) <1

Hence, for such a +, the RHS of (4.6) is finite, which implies that o7 is
trace-class on A"(B, K). i
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APPENDIX. NUCLEARITY OF A COUNTABLY HILBERT SPACE

Let T be an unbounded self-adjoint operator in a Hilbert space 5 such
that T' > 1. For each n = 0,1,2,---, the domain ©(T™) becomes a Hilbert

space with the inner product

(f7g)n = (Tnf’Tng)b ’ fvg GD(Tn)'

Obviously the sequence {5 }32 of Hilbert spaces is monotone decreasing
and the vector space

Heo = nz.;of)n

becomes a complete countably Hilbert space with the system {0l =320
of norms [8]. The aim of this appendix is to give a necessary and sufficient

condition for $, to be nuclear. We prove the following theorem.

THEOREM A. The countably Hilbert space $o is nuclear if and only if

(C) there exists a constant o > 0 such that T~ is Hilbert-
Schmidt on 5.

REMARK: This fact may be well-known, but we have been able to find no
literatures which state it. For the sake of completeness, we give a proof of

Theorem A.

PROOF: For each pair {m,n} with n > m, we define J* : $, — $,, to be

~ the natural embedding mapping:

Inf=f [€Hn.
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Let m be fixed. It is easy to see that the adjoint (J2)* : $, — H5, is given
by
(Jn )* —_ T2m—2n
i .

Hence we have

(JR)Jrf=Tim=2nf  feg . (A.1)

Now suppose that $o, is nuclear. Then, there exists an n such that the
self-adjoint operator (J2)*J=Z on %, is Hilbert-Schmidt. Hence, by (A.1),
T~ with o = 2n — 2m is Hilbert-Schmidt on %,. Therefore there exists
an orthonormal system (O.N.S.) {$x}2; of %, and a sequence {\;}$2; of

positive numbers such that

T=f =Y Ml Fudrs FESm  (A2)

k=1

in the strong topology of %, and

Y M < oo (A.3)
k=1

Let
Ve =T"¢x

Then {9}, is an O.N.S. of 5. Since T™ is self-adjoint on & with T > 1,
the range of T™ equals 5. It then follows from (A.2) that

T f = Z/\k(%bk,f)fs Ve, [€89,
k=1 ‘
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in the strong topology of 5, which, together with (A.3), means that T—¢ is
Hilbert-Schmidt on $5. Thus condition (C) is necessary.

We next show that condition (C) is sufficient. Suppose that for some
a > 0, T~ is Hilbert-Schmidt on % . Take n such that n > m + (a/4).

Then T-(4n—4m—2) is hbounded on 5 and hence

T4(m—n) — T—aT—(4n—4m—a)

is Hilbert-Schmidt on 5. Therefore, for each C.0.N.S. {ex}{2, of %, we

have

m | H
> NITHm =My |2 < o
k=1

Let fx = T "ex. Then {f}{2, is a C.O.N.S. of 55, and we have
2T ™Yl = DT el < oo,
k=1 k=1

which means that 72(™=7) is Hilbert-Schmidt on $,,. It follows from this
fact and (A.1) that J% is nuclear. Thus $, is nuclear. N
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