HOKKAIDO UNIVERSITY

Title Existencg of a global §oluti0n to a semi-linear wave equation with initial data of non-compact
support in low space dimensions
Author (s) Kubota, K.
Citation Hokkaido University Preprint Series in Mathematics, 129, 2-51
Issue Date 1991-10
DOI https://doi.org/10.14943/83274
Doc URL https://hdl. handle.net/2115/68876
Type departmental bulletin paper
File Information rel129. pdf

kaido
wo¥ U"/Ls

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




Existence of a global solution to
a semi-linear wave equation with
initial data of non-compact support
in low space dimensions

Koéji Kubota

Series §129. October 1991



HOKKAIDO UNIVERSITY
PREPRINT SERIES IN MATHEMATICS

f 102:  A. Munemasa, Y. Watatani, Orthogonal pairs of *-subalgebras and association schemes, 11 pages. 1991,

f 103:  A. Arai, O. Ogurisu, Meromorphic N = 2 Wess-Zumino supersymmetric quantum mechanics, 27 pages.
1991. ‘ '

i 104: H. Takamura, Global existence of classical solutions to nonlinear wave equations with spherical symmetry
for small data with noncompact support in three space dimensions, 14 pages. 1991.

§ 105: R. Agemi, Blow-up of solutions to nonlinear wave equations in two space dimensions, 11 pages. 1991.

f 106: T. Nakazi, Extremal problems in H?, 13 pages. 1991.

# 107 T. Nakazi, p-dilations and hypo-Dirichlet algebras, 15 pages. 1991.

§ 108:  A. Arai, An abstract sum formula and its applications to special functions, 25 pages. 1991.

f 109:  Y.-G. Chen, Y. Giga and S. Goto, Analysis toward snow crystal growth, 18 pages. 1991.

§ 110:  T. Hibi, M. Wakayama, A g-analogue of Capelli’s identity for GL(2), 7 pages.. 1991.

§ 111:  T. Nishimori, A qualitative theory of similarity pseudogroups and an analogy of Sacksteder’s theorem, 13
pages. 1991.

§ 112: K. Matsuda, An analogy of the theorem of Hector and Duminy, 10 pages. 1991.

#113:  S. Takahashi, On a regularity criterion uo to the boundary for weak solutions of the Navier-Stokes equations,
23 pages. 1991.

f 114: T. Nakazi, Sum of two inner functions and exposed points in H?, 18 pages. 1991.

#115:  A. Arai, De Rham operators, Laplacians, and Dirac operators on topological vector spaces, 27 pages. 1991.

§116: T. Nishimori, A note on the classification of non-singular flows with transverse similarity structures, 17
pages. 1991,

}117:  T. Hibi, A lower bound theorem for Ehrhart polynomials of convex polytopes, 6 pages. 1991,

f 118  R. Agemi, H. Takamura, The lifespan of classical solutions to nonlinear wave equations in two space dimen-
sions, 30 pages. 1991,

f119: S, A1t§chu1er, S. Angenent and Y. Giga, Generalized motion by mean curvature for surfaces of rotation, 15
pages. 1991.

# 120: T. Nakazi, Invariant subspaces in the bidisc and commutators, 20 pages. 1991.

f121:  A. Arai, Commutation properties of the partial isometries associated with anticommuting self-adjoint oper-
ators, 25 pages. 1991. »

f 122:  Y.-G. Chen, Blow-up solutions to a finite difference analogue of u; = Au + 4!*+* in N-dimensional balls, 31
pages. 1991.

#123:  A. Arai, Fock-space representations of the relativistic supersymmetry algebra in the two-dimensional space-
time, 13 pages. 1991.

j§ 124:  S. Izumiya, The theory of Legendrian unfoldings and first order differential equations, 16 pages. 1991,

§ 125:  T. Hibi, Face number inequalities for matroid complexes and Cohen-Macaulay types of Stanley-Reisner rings
of distributive lattices, 17 pages. 1991.

§ 126:  S. Izumiya, Completely integrable holonomic systems of first order differential equations, 35 pages. 1991.

f 127:  G. Ishikawa, S. Jzumiya and K. Watanabe, Vector fields near a generic submanifold, 9 pages. 1991.

f128: A, Arai, I. Mitoma, Comparison and nuclearity of spaces of differential forms on topological vector spaces,

27 pages. 1991.



Existence of a global solution to a semi-linear wave equation

with initial data of non-compact support in low space dimensions

K631 KuBoTa
Department of Mathematics
Hokkaido University
Sapporo 060, Japan

§1. Introduction
We study the existence of global (in time) solutions to the Cauchy problem of the form

e — Au=Aluf’ in R™ x [0, 00),

(1.1) u(z,O) — f(z), u‘(z,‘[)) = g(z) for z € R",

where n = 2 or n = 3, A and p are constants with 4 > 0, p > 1, f € C3(R™) and
g € C*}(R™).

First suppose the supports of the initial data f,g are compact. For n = 3, John has
shown in [7], [8] that there exists a C? global solution of (1.1) provided

p>po(3)=1++2
and the initial data are small, where pg(n) denotes the positive root of the quadratic
(n=1)p* = (n+1)p—2=0,
and that nontrivial C? solutions of (1.1) blow up at finite time provided
1< p < po(3).
For n = 2, Glassey has obtained the similar results in [4], [5], where po(3) is replaced by
p0(2) = (3 + v/17)/2. He has also proven in [4] that the critical value p = pg(3) in three
space dimensions is the case where C? solutions of (1.1) blow up at finite time provided
the initial data are appropriately prescribed. Similar results for n = 2 and 3 are obtained
also by Schaeffer [10].

Now consider the case where the supports of the initial data f,g are not necessarily
compact. Assume

.n+1+\/(n+1)2+8(n—1)
2(n —1)

(1.2)n P> po(n) =



and

(1.3) Y ID2f() + Y |D2g(z)] S (TI%)T?? for z€R

la|S3 la|S2

hold, where » = |z|, and &, € are positive constants. For n = 3, Asakura has shown in [3]
that there exists a C? global solution of (1.1) provided

(1.4) | K> ie, pr>rK+2

p-1

holds and the constant ¢ is small,and that C? solutions of (1.1) blow up at finite time
provided

e n
(1.5) f(z)=0, g(z)g———(l_l_r)l_l_“ for z€R
with € > 0 and
2
0<Kr<<—.
p—1

Thus x = 2/(p— 1) is a critical value.

For the two dimensional case n = 2, recently, Tsutaya [11] and Agemi and Takamura [2]
have independently obtained the similar blow-up results under (1.5). Moreover, Tsutaya
(11} and the present author [9] have independently shown that there exists a C? global
solution of (1.1) provided (1.2); and (1.3) hold with (1.4) and small £ > 0.

The main purpose of this paper is to show that the results of [9] imply the global existence
also for the critical value x = 2/(p — 1), unless p =5 for n = 2 or p = 3 for n = 3. Thus it
remains open the case where either

1

p=5 and kK=< for n=2

[\

or
’ p=3 and k=1 for n=3

(see Remark 1.3 below and Theorem 5.4 in section 5).
Now, the main results of this paper are the followmg two theorems.

THEOREM 1.1. Let n = 2. Assume
(1.2), 2> po(2) = (3 +V1T7)/2
and (1.3) hold with

k2 —— for pX5,
(1.6) L
> 2__1 for p=
FT =172 P=



and the constant € small enough according as A, p and k. Then there exists uniquely a C?
global solution of (1.1).

THEOREM 1.2. Let n = 3. Assume
(1.2)s p>po(3) =1+2

and (1.3) hold with

(1.7) P

and ¢ small enough according as A,p and k. Then there exists uniquely a C? global
solution of (1.1).

REMARK 1.3. The presence of the irregular value p = 5 in (1.6) is due to the fact that the
decay rate of the solution to the linear wave equation (i.e. (1.1) with A = 0) has an extra
factor log((1+¢ +)/(1 + |t — #|)) for £ = 1/2. (See Proposition 2.1 in section 2).

One can easily generalize Theorem 1.1 as follows. Consider the following Cé,uchy problem

(1.8) { wy—Au=F(u) in R x[0,00),

u(z,0) = f(z), u(z,0)=g(z) for ze€R?

where f € C3(R?) and g € C?(R?). We impose the following hypothesis (H) on F.

(H) FeC*R'), F(0)=F'(0)=F"(0)=0
and there exist constants p > po(2), A > 0 such that
[P (a) — (o)

S Ap(p - Dlu — v|(max{jul, o]}~ For [ul,lo] S 1.

Note that the function F(u) = A|u|? in (1.1) satisfies this hypothesis if p > po(2).
Moreover (H) implies

|F'(v)] £ ApluP™?,  |F(u)| S AJuf? for |u[ S 1.

We now state a generalization of Theorem 1.1.

THEOREM 1.4. Assume (H) and (1.3) hold with (1.6) and ¢ small enough according as
A,p and k. Then there exists uniquely a C? global solution of (1.8).

Orne can also generalized analogously Theorem 1.2, where F(u) satisfies the same hy-
pothesis as'in Asakura [3]. |

Now, the proof of Theorem 1.1 is fairly long. The main task is to examine the decay rate
of the solution to the linear wave equation (see Proposition 2.1 below) and to establish a
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basic a priori estimate for a linear operator L defined by (1.11) below (see Lemma 4.2). A
basic tool in doing so is, as in [1], a fundamental identity (Lemma 2.3) for spherical means
which follows from the fundamental identity for the integral of a plane wave function (see
John [6], page 8) :

1
(19) [ o ese =t [ ol - 575 an
w{=1 -1
where g(s) is a continunous function of s € (—o0,0) and
on = 2V I(7) (h21)

the surface measure of the unit sphere in R*.

REMARK 1.5. Tsutaya [11] has employed Kovalyov’s result instead of our Lemma 2.3, so
that there is a loss : log(2 + |t — »|) for 0 < £ < 1 in the decay rate of the solution to the
linear wave equation. :

The plan of this paper is as follows. In the next section we study the decay rate of the
linear wave equation in two space dimension n = 2.

As is well known, a solution of (1.1) is furnished by a solution to the following integral
equation

(1.10) v = ug + L(A[u["),

where ug is the solution of the linear wave equation and L a positive hnea.r operator on

C°(R" x [0,00)) defined by

w(z + (8 —7)¢,7)

(1.11) L(w)(z,t) = %‘/; (¢ —T)dTA;|<1 N d¢ for n=2

or

(112)  L(w)(e,t) = :1-1; /0 (t — r)dr / w(z + (t — 7)¢, 7)dS¢ for m=3.

In section 3 we research how the decay rate of L(|u|?)(z,t) depends on that of u(z,t) in
two space dimensions. In section 4 we prove Theorem 1.4 by applying the results obtained
in sections 2 and 3. We also examine in section 5 lower bounds for the lifespan of the
solutions to (1.1) in the case where either (1.2), or (1.6) is violated. In section 6 we prove
Theorem 1.2. Finally we show in Appendix that the decay rate obtamed in section 2 is
optimal 1n51de the characteristic cone.



§2. The linear wave equation in two space dimensions

The goal of this section is the following estimate for solutions of the linear wave equation
with n = 2, which has been obtained in [9].

ProrosITION 2.1. Let u(z,t) be the solution of the Cauchy problem

ug—Au=0 in R? x[0,00),

(2.1) 2
u(z,0) = f(z), w(z,0)=g(z) for =ze€R?

where f € C3(R?) and g € C*(R?). Suppose (1.3) holds for n = 2. Then

(22) E |Du(z,t)| £ Coc®(rt) for (z,t) € R? x [0, 00),
lals2

where » = |z|,Co is a constant depending only on x and $(r,t) a positive valued fanction
on [0, 00) x [0,00) defined by dividing into five cases :

. .
( ViFtFry/1+|t-r| £t
log(2+4]t—-7}]) ‘ if k=1,

Vittdr/1+(t—7]

1
VIFtFr(1+)t—2[)*—(/2) 4
1 14¢ . _
-\/ﬁ:(l + log ﬁ) if k= 3
if 0<k< %—

- B(r,t) = <

1
\ (T4t
REMARK 2.2. In the appendix below we will show that the decay rate (2.2) is optimal for
0Sr=Standt21if f(z)=0 and
€
2
g(z) = (1 +1')1+"'

Moreover we note that the irregular value £ = 1/2 in (2.2) corresponds to £ = 1 in three
space dimensions (see Proposition 6.0 in section 6).

Now, as is well known, the Cauchy problem (2.1) has a unique C? solution which is
represented as

et [ gttt . 8t [ fa+if)
(2.3) (zat)—z,n_ lel1<1 1_|£|2d£+0t(27r l€l<1 1—|€|2d£)

provided f € C3*(R?) and g € C?(R?). Hence by virtue of (1.3) we have .



Su(z £ —— L
(2.4) 2 |D3u(= )| £ 5-(1+1) i< VI e (L + 2+ 2D

le|=2

for (z,t) € R? x [0, c0).

First of all we shall show

(2.5) Ialzq | DS u(=,t)| £ 25(%)1%; for (z,t) € R? x [0,1).

Let 0 £t < 1. If » £ 2, then (2.4) implies

a <& 1
S st [

la]S2
= 2¢

< 2¢(

4 )1+n.
1+t+r

If » 22, then 2r 21+t + 7 and hence
1+|e+té]21+r—1t
27

1+t+7r
2 ¥

v

so (2.4) yields |
> Isue IS S [ i,
x 14+t+2 |€|<11/1-—|£Iz

|a]<2

Therefore (2.5) follows.
From now on we assume
' t21.

Then, changing variables in (2.4) by
y=z+1t
and switching to polar coordinates
y=atpw, |o|=1,

we have

et p 1 :
2.6 : Dg t)S - | ——d d
( ) i Z I zu(z) ) = x [) ‘/"—-tz — pz P lol=1 (1 + Iz +Pw|)1+'°

l«|=2

S

We shall apply the following identity to the integral over the unit sphere.
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LEMMA 2.3. Let b(A) be a continuous function of A € [0,00). Let z € R*\0 (» 2 2) and
p > 0. Then

p+r
2.7) /1 _ e+ pul)dS, = 2 a () /Ip_’ AB(AR(A, p, 7)dA,
where
(2.8) (A py7) = (A7 = (p = 1)) =W3((p - 7)F — X3)(mm2)/2,

ProoF: Nothing that

|2 + pw| = V72 + p? + 2pz - w,

(s) = { b(/72+p*+3s) for s2 —r?—p?,
N= b(0) for s< —r?—p2,
Then g(s) is a continuous function of s € (—oo, 00). Applying (1.9) with y = 2pz, we get

therefore

1
/ 5|z + pwl)dSy = wa_y f b(v/7% + p? + 2rpy)(1 — ) *=3)/ 24y,
Jw]=1

we set

Moreover we introduce a variable of integration A instead of 5 by

A= +/r24+p% 4+ 2rpn.

Then a simple calculation yields (2.7). The proof is complete. '

REMARK. When n = 2, the lemma has been implicitly proven in [5]. For n 2 3, see the
proof of Lemma 4.1 in [1], where g(s) is not necessarily continuous.

We shall now return to (2.6). Applying Lemma 2.3 with n = 2, we have

2.9 / v - dS. =4/ — = h(), p,7)dA.
( ) w|=1 (1+]= + pw|)its lo=1] (14 A)1+x ( P )
“Since
2 <1 for X220,

(1 + A)l-l-n = (1 + ,\)n
by virtue of (2.6) we obtain

(2.10) > ID2u(z,t)| < 2¢I(, 1)

l«]S2
with

(2.11) I(rt) = (A, py7)dA.

/\/ — p? /p ,|(1+A)

7



Moreover, since condition
lp—r|SASp+r and p20

is equivalent to
A-2|SpSA+7 and 220,

one can rewrite (2.8) with n = 2 as
_ 1
W een Y v

Furthermore we shall invert the order of the (p, A) integral in (2.11). First suppose

(212) R

r<t.

Then condition
0Sp=t and |p—#|SASp+r

is equivalent to .
0SASt+» and |A—7|Zp S minft, A +7}.

Hence the right hand side of (2.11) is divided into two parts as follows.

2 [ A
019 In=2 [T / =
9 t—2 dA At?r "
+2 T [y T il it vt

Next suppose
r >t

Then p<randt<A+7rfor0S p<tand 2 0. Therefore condition
0SpSt and |r—p|SAZr+p

is equivalent to
r—tSASr+t and [A—r|SpSt

Thus (2.11) becomes

vt t
@14)  I(rt)=2 /_t v i",\)n / - \/__h(,\,p,'r)dp it e 2t

Notice that (2.14) and the first term on the right hand side of (2.13) are umﬂed because
t—r-—]t—r|1fr<t and » —¢ = |t — | if » 2 ¢. Thus we set

9 [t oax
(2.15) Lnt)=2 /t T /A Ny \/___h(,\, p,7)dp

8



and when » < ¢,

t—r A4r .
(2.16) hrn=2 [ 22 / —L k(2 p,)dp,
X

(1 + A)K |A-7| \/ - P

where h(], p, ») is given by (2.12). Then (2.13) and (2.14) imply

(2.17) I(rt) = Ii(r,t) + Iz(r,t) for » =1t
and
(2.18) I(r,t) = Ii(r,t) for »21t.

In order to estimate the p-integrals in (2.15) and (2.16) we will also employ the following
identity which refines [5], Lemma 3.

LEMMA 2.4. Let a,b be real numbers such that 0 < a < b. Then

wl:l

/mm

ProoF: For convenience we denote the left hand side by J. Changing variable by z = p?,
we have

b? 1
v [, e

Since 4 4 g2
(= - a?)(b? oo N,
we obtain
. b + b — a? a=b?
2J = [arcsin((z — 2 )]z_a:

= arcsinl — aresin( —1)

=7

Hence the desired identity follows.

We are now in a position to prove Proposition 2.1 which is a direct consequence of (2.5)
and the following two lemmas.

LEMMA 2.5. Lett 2 1. Then
(219) Il(r,t) é Cl¢1(r.t),

where |

1 . 1
¢1(7' t) = \/1+t+7(1+|t—1|)l‘—(1/2) if w > 3

9



and C, is a constant depending only on k.

LEMMA 2.6. Letr <t andt 2 1. Then
(220) Iz(?‘, t) é C2¢2(r’t)’

where
: $(rt) if £>1%
¢a(ryt) = 1 (/2)-x <1
m(1+t—f) 1 0<I€=5

and C is a constant depending only on k.

PrOOF OF LEMMA 2.5: We shall apply Lemma 2.4 with @ = |A — »| and b = ¢ to the
p-integral in (2.15). In view of (2.12) we must estimate (A + )2 — p? from below by a
quantity independent of p. Since

A+ =p?=(A+r+p)(A+7-p)
2(A+r)A+r—t) for 0Sp=St,
A+r2(@t+7)/2 for A2 |t—7]

and
t+r2(14+t+7)/2 for t21,

it follows from (2.15) and Lemma 2.4 that

9 t4r v 1
Vi+t+r '/lt—fl (1+A)vVA+r—t

Moreover, intergrating by parts, we have

(2.21) ILi(rt) S d\ for t21.

tfr 1
dA
\/Ig ] A+ A+t

= [AAtr e +2n/t+’———”’\+'"td,\
A+ el e (LF )1

td?
2V +2v2k / (14 2)%~(/2gy,

T (I4tt)n [t=7|

since vVA+ 17—t < vA+ A for A 2 |t — r|. Nothing that
i 1

(THt+ry = QA +t+r)-7)
and ) ) . 1
pttr 21 ' (TF[t—r[)~-0O/D if x> 2
./|;_ l(l + A)—"—(l/z)dA << log ——'I'—'!'—ll_*_':_:l if k= %’

(L +t+n)t/D7 i 0<n <,

10



we therefore obtain ‘(2.19) from (2.21). The proof is complete.

PRrROOF OF LEMMA 2.6: We shall apply Lemma 2.4 with a = |A — 7| and b = A + » to the
p-integral in (2.16). Since

t* —p' = (t+p)(t - p)
2tt—A—r) for 0SpSA+r,

it follows that

1 t—7 1
(2.22) I(rt) = 7 /o QN vier=x

We shall now divide the integral on the right hand side as

t—7 (t—7)/2 t—r
/ ) = / d + / da
0 0 (t-»)/2

dA\ for »r<t and t21.

=+ I3,
so that
1
(2.23) I(r,t) = -ﬁ(Iz'l + Iz,2).

For I, 2 we have

1 = 1
I, = —/ ——dA.
Y2 S S VBT

Since the last integral equals

if 0 < x < 1/2 then

1
<2
’2 = -7 \ g —
(1+ 52)~-@/2)

<201+t —7)H/2)x,

I,

and if K 2 1/2 then
L, < 2%/2 .
E (14t —)-(/2)

Hence we o\btain

1
< ox+l
(2.24) Ips2 [ +i=7)=arm for x> 0.

11



Finally consider I ;. Suppose

t—r21.
Then
(t-7)/2 1
Iy =‘/o md/\
t—r
V t—r / @+~ A)"
and

if x>1
t—> 1 ~— 1
/ mdA_S_ log(1+t—r) if k=1
° 2-(l+t—r)"" i 0<k<Ll

Moreover £ — » 2 1 implies
t—r2(1+t—r)/2

[ 2 < 2
t—r = VT+t—7»

2 1 :
T:T\/HT if K.>1,

(2.25) Ly £ ¢ Heltion) if k=1

21+t -r)1/2-*  §f 0<k<1

hence

Thus we obtain

fort—»21.
Now suppose 0 S ¢ —r £ 1. Then

t—7 1
I, < ——d]
A ey
=2/t —7»
2v2
Vitt—r
Thus (2.20) follows from (2.22), (2.24) and (2.25), since
3t21+t+r for 0SSt and t21.

HA

The proof is complete.

END oF PROOF OF ProrosiTiON 2.1: If 0 £ ¢ £ 1, then (2.2) follows immediately from
(2.5). Now let ¢ 2 1. If & 2 1/2, then (2.2) is a direct consequence of Lemmas 2.5 and 2.6,
according to (2.10) through (2.18). If 0 < k < 1/2, we have

1

)M
Jrraro =l SA+t+rr

1
Vititr
12



hence (2.2) follows from (2.19) and (2.20). Thus we prove the proposition.
§ 3. The basic estimates in two space dimensions

In this section we study how the decay rate of L(Ju|?)(z,t) depends on that of u(z,1),
where L is the linear operator defined by (1.11). To do so we assume throughout the
present section that u(z,t) € C°(R? x [0,T)) and

M

(3.1) e S T ey o (@) € x 0D,

where » = |2, T is a positive number or T = oo, and M a constant. Moreover p, v are real
numbers with g > 0, 2 0 which will be chosen appropriately, according as the decay rate
(2.2) or p.

As will be seen, the decay rate of L(|u|P) depends on that of  if

1 1
0I<e< =+ —,
2 ' p

but does not if 11
K> 5 + ;.

More precisely, we will prove the following three propositions which are the main results
in this section. First of all we notice that

1 1 2 _p2—3p'—2

(3.2) 2T TP=1 2p-1)

hence (1.2), implies
1 1 2

2 p p-1
Thus (1.6) is divided into three cases provided (1.2); holds.

ProrosiTION 3.1. Assume p > 2 and

1

(3.3) 0<k< % + > particularly p(x — -;-) <L
Suppose (3.1) holds with

| 1 1,1 1 1
(3.4) P-E:V—N"E if §<R<§+—
or i

. 1

(3.5) p=rv=0 if 0<n§§.



Then
(3.6) IL(Ju?)(2,2)| £ CLMP&:(r,t) for (2,t) € R® x [0,T),

where C) is a constant depending only on p and « (but independent of T), and &,(r,t) a
positive valued function on [0, 00) X [0,00) defined by dividing into five cases:

1 .
' m\/l-i-lt—r] if 3< e < §+ 1,

(log(2+]t-2]))? : -
==y Ty i pr=3,
§ t)= 1 . 5
1(rt) = Vitttr(1+]|t—r|)Pr—(5/2) if 3<pe<3,

[y

s +leg ifith) if pr=14,
\m_tTtF;:f if 0<pr<$.

ProrosISITION 3.2. Assume p > 2 and

1 1 1
(3.7) K> 2 + ;, ie, p(s-— 5) > 1.

Suppose (3.1) holds with 4 = 1/2 and a positive number v such that

(3.8) % <v S min{x — %—, -;—}
Then
(3.9) |L(|u|P)(=,t)] £ C2MP®,(r,t) for (z,t) € R? x[0,T),

where C, is a constant depending only on p,v, and &,(7,t) a function defined by

1 .
r VIFIFr/14(t-7| if p>4
log(2+(t—7]) v
\/1+t+r\/1+|t_,| if p=4,
‘I’z(",t)=< 1 if 3<p<4,

V1ttdr(14[t—2|)(p=-3)/3

m(1+log Ly if p=3,

\m}—_ﬂﬁ' if 2<p<3.

REMARK. $3(r,t) = &y(r,t)if s =1+ % and p % 4.
PROf’OSITI\()N 3.3. Assumep > 2 and

1
ie, pk—2)=1.

(3.10) x :

I

S
2

S
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Suppose (3.1) holds with p = 1/2 and v = 1/p. Then
(3.11) |L(|[P)(2,t)| £ CsM?&3(r,t) for (z,t) € R? x [0,T),
where Cj3 is a constant depending only on p, and &3(»,t) a function defined by

Qz(?, t) if r> 4,
B3(r,t) = ¢ Ba(r,t)log(2+ ]t —12|) if 3<pS4,
- ®mt)log(2+t+7) if 2<pS3

with &, the function in the preceding proposition.

REMARK 3.4. Suppose the supports of the initial data f, g are compact. Then (1.3) holds
for any £ > 1 and hence the first estimate of (2.2) is valid. Glassey has shown in [5] that
(3.9) in Proposition 3.2 holds for p > po(2) under (3.1) with the right hand side replaced
by M&;(r,t). Notice that (p — 3)/2 > 1/p for p > po(2). Moreover it has been shown in
[1] that the decay rate in (8.9) is optimal for p > 4.

Before proving the propositions we shall state two corollaries of Proposition 3.1, the
latter of which is a complement to the proposition, because the solution of (2.1) does not
satisfy (3.1) with (3.5) for £ = 1/2. The former has been implicitly proven in [9].

CoROLLARY 3.5. Let the hypotheses of Proposition 3.1 be fulfilled. Assume (1.2); and
(1.6) holds. Moreover suppose k % 1/2. Then

1
Q+t+r)rQ+ [t =)

where p,v are the numbers defined by (3.4) or (3.5), and C is a constant depending only
on p and k.

(3.12)  |I(jufP)(=,t)| S CM? for (z,t) €R? x [0,T),

Proor: First suppose

7 SFS3 P
Then (1.6) implies
prZK+2> g
and 5 1
—_——2 R = -
pR—gZR—>
Therefore (3.6) yields (3.12) with g = 1/2,v = x —(1/2) and another constant C, because
1 1 _1
—_——e =< Z >
K 2<p=2 for p22.
Next suppose
0<kr< :
\ 2’

Then it is clear that (3.6) implies (3.12) with g = x and v = 0, since px — 2 2 & under
(1.6). The proof is complete.
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COROLLARY 3.6. Let x =1/2. Assume (1.6) holds and

(3.13) |u(z,t)| < Mw for (z,t) €eR? x[0,T).

_ Vititr
Then
log(2 +t+7)
irirr
where C is a constant depending only on p.

ProoF: Notice that (1.6) with x = 1/2 implies p > 5. Set
5
!

K = —

2p’

(3.14) IL(JulP)(z, )| < CM? for (z,t) €R? x [0,T),

so that 0 < &' < 1/2. Put

C, = sup s~ (/D log(1 + ).
821

Then (3.13) yields
1

X+t+2)"
Therefore by virtue of Proposition 3.1 with s replaced by s’ we obtain

_1__(1+10 1+_t+’_)
Jitttr S paT—y

|u(2,t)] = MC,

| L(|u*)(=,2)| £ CL(MC, )

which yields (3.14) with
1

log 2

C = Ci(Cp )P (—— +1).

The proof is complete.

The rest of this section will be devoted to prove Propositions 3.1, 3.2, and 3.3, although
the main procedures will appear in the proof of the first.

PrOOF OF PRrOPOSITION 3.1: Note that (3.4) or (3.5) implies
(3.15) p+v=-.

Moreover (1.11) and (3.1) yield

(316)  [B(aP)(e0)

< E/t(t—-r)dr %
=27 J e VI=TEP(L 4+ A)pr(L+ | = A

where we hz\we set

A=z + (¢ —7)E|.

First we deal with the case where ¢ is small.

16



LemMMA 3.7. Let 0 St £ 1. Then

4

(3.17) |\L(|ul*)(= )l S MY ({5

Jputey,
Proo¥F: It is clear that (3.16) implies

M? 1
P)(2 < — —7r)d _ d
Z(luf?)(=,0)] S - / (t=r)dr | =

Since

2x

dé

[Py
lel<t /1= [¢]? o V1-p* " Jo
= 27,

if0St<1and 0 Sr < 2then

IL(|u)(=,8)] S M7
< M?(

4

)P#+P”.
1+t+7

Next suppose 0 St < landr 2 2. Then A = |2+ (t —7)f| Z » — (¢ — 7) hence
A—727r—1t27—1 Therefore 1+ |X — 7| 2 ». Besides, 1 + A + 7 2 r. Since

2 21+t+» for »22 and t<1,

we have .

1 < 2
(T+7+A)pe(1+|r= AP = 1+t 4+
Therefore it follows from (3.16) that

Jprtey,

2

| L(|f?)(=,t) = MP(-I—_-{-_—t—_F—;

)pu+pv’

which implies (3.17). The proof is complete.

From now on we assume
t21.

Changing variables in (3.16) by
y=z+(t—-71)¢

and switching to polar coordinates
y=z+pu, |ol=1,

17



we have

P i t—T1
)l S 5 [ ar [ —eesdp
2x Jo 0o +(t-7)2-p?
X / A+7+A)7P4(1 + |7 = A)7PdS,,
lw|=1
where we have set A = |z + pw|. To the integral over the unit sphere we apply Lemma 2.3

with ,
bA)=(Q+ 7+ A)7P(1 4+ |r = A)77.

Then, noting that A £ 1+ 7+ A, we obtain

(3.18) |Z([ulP)(2,t)| S M*PI(z,t),
where ,

_—2- t . t—T ) p y
(3.19) Trt) = /o d | /0 N T

ptr
y / (147 + N)PE(L + [r = A])"P*h(}, p, 7)dA
|

p—|

with k(A,p,r) given by (2.12).

Notice that the domain of (p, A)-integration in (3.19) coincides with the one in (2.11)
with ¢ replaced by ¢ — 7. Therefore, the procedure by which we derived (2.13) and (2.14)
yields that if » St —7,1i.e.,, 7 St —» then -

-T —-r+r t—r—7r Atr
/ dp/ d\ = / dp +/ d/\/ dp,
lp—7| t—‘r—rl |A=7| 0 jA—r]
and thatif » 2¢ — 7, i.e., 7 2 ¢ — » then
p+'r t—747 t—r
/ dp/ / dA dp.
, lo—r| ft—7—7| |A-|
Note that, when » > ¢, the latter case only occurs. Thus, setting

2 t t—=7+7
(3.20) L(rt) =2 / dr / (1474 AP

-‘r—rl

x (1+ | = A)) P”dA/

h(), p,7)d
. ’—(t—r)z (A py7)dp

and, when » < ¢,

' t—r t—1—7
om = [ e
0

At

h(A, p,7)d
A ’__(t—r)z (A p,7)dp

18
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with k(A p,») given by (2.12), we have, analogously to (2.17) and (2.18),

(3.22) I(r,t) = Ii(r,t) + Io(r,t) for » St
and
(3.23) I(»t) = Li(rt) for »2t.

Here we remark that the domain of (, A)-integration in (3.20) coincides with the one in
three space dimensions (see (2.12) of [3] or (6.19) below).

Now, we shall estimate I; and I, separately. From now on we will often use for conve-
nience the following notations

(3.24) ' a=1+A, B=r1-A\

Besides, by C we will denote various constants depending only on p and x.

LEMMA 3.8. Lett 2 1. Then
(325) I1(1', t) é C‘I’4('r, t),

where

1 if & 2
By(ryt) = { VIFRCH= DO if 3<pr<i+l,
’ By(r,t) if 0<peS$
and C is a constant depending only on p and k.

LEMMA 3.9. Let 0 < <1{ and ¢ 2 1. Then

(3.26) Iy(r,t) < C®s(r,1),
where . - . "
1(r i <pr<®i
Felnt) = { - if 0< <; |
V1it+t+r(1+t—r)p=—(5/3) 1 PR

and C is a constant depending only on p and k.

ProoF oF LEMMA 3.8: We shall apply Lemma 2.4 witha = |A— 7| and b=1¢ — 7 to the
p-integral in (8.20). Since

(A+2)=p2=QA+r+p)(A+r—p)
2rA+r—t+71),

we have from (2.12) and (3.24)
|

2

t—r
P 1
Z h(A, p, 7)dp <
7"‘/|‘A—"|‘/(t—'7')2“l)2 ( pr»)p"\/?\/a+r—t
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hence

t—74r

62  nes S [ar [ Qe et -0,

Jt=7-7]
Here we shall make a change of variables by (3.24). We first chaim
(3.28) | f—r|SaSt+r
flt—7—2|SASt—7+rand720.In fact, t —7—2 S X St — 71+ implies
t—r Sa=71+A S t+r. Moreover A 2 —(t—7—r)and 7 2 0 yield A+7 2 r—t+27 2 r—t.
Hence (3.28) follows. In addition,

~aSpSt—r

if A2 —(t —7—r)and a + 8 = 27 2 0. By virtue of (3.27) we thus obtain

t+r ' t—r
329)  L(n)S —= [ (1+a)*H(a+r—1t)Y2da / (1+18])*d8.
2\/; Jt—r] -
Furthermore we claim
t—7r «
(3.30) / (1+8)?dB < 2 / (1+8)™dB for a2 |t—r.
- 0

Indeed, ift 2 7 then

[ro L[

0 a
(1+18))"dp = / (1+B)"*"dB.
-a 0

~and

If » 2 ¢ then

t—r a
/ (1+]8))7"dg = / (1+8)7"da
. r—t

-

< [(a+srra.

Hence we get (3.30).
Now, since (3.3), (3.4) and (3.5) imply

(3.31) pr <1,

20



it follows from (3.30) that

t—r
[ asiap e s ey

— = 1-pv

Therefore by (3.29) and (3.15) we obtain

1 1 t+4r
3.32 ILi(»t) < —/ 1+ a) P (a+r—t)"Y2%da.
(3.32 S o [ e e

We are now in a position to prove (3.25). First suppose
(3.33) ' t22r and t21,
which implies
(3.34) 6(t—»)21+t+r.

If pk > 2, then

t4r
/ (1+a)* P (a+r—t)"Yda
jt=r|

t+r
<(1+t- r)z"‘"‘/ (a+7—1)"V2da

t—r

=(1+t-7)"P .22

hence (3.32) yields

ne22 LR
T 1—-pr(1+t—r)pr-2

Moreover by (3.34) we get
1 1

(Ltt—rp?  JTrt—r(l+t—r)pe-(/2)
V6

= VIF+t+r(1+t—r)pe-(5/2)°

A

Hence we obtain

; 1
VIFt+r(l 4]t —r|)pe-(/2)°

which implies (3.25) for px > 2, because

(3.35) Li(rnt) SC

(A+jt—r)I?* <A +t+7)57 for pr<

2o en
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If 0 < pr < 2, we also get similarly (3.35).
Next suppose

(3.36) 15t S 2r,
which implies
(3.37) 5»214+t+7.

Integrating by parts we have

(3.38)
{47

/ QA+ a) ?(a+7r—t)"V2da
I

t—7|

t+r
_[2V“+’ i +2(n——2)/ (1+a)' " Vatr—1 da.

(1 +oz)1‘"°—2 |t=2]
t+
2V + 2(pr — 2) (1 + )" a+r —t da.

= (1+t+r)pn—2 [t—r}

Therefore, if 0 < px < 2, we obtain (3.25) by (3.32).
Finally suppose

2<pn<§+1

and (3.36) hold. Then, since
Va+r—tSvV2a for aZl|t—r7|,

it follows from (3.32) and (3.38) that

2v2 1 pr—2 [ (8/2)-
"da).
L(r, t)’_ 1- pl/((1+t+r)1"° 7t N lt_,|(1+a) o)

By virtue of (3.37) we thus obtain (3.25),by dividing into two cases:
pe>5/2, pr =S 5/2.

The proof is complete.

ProoF oF LEMMA 3.9: We shall apply Lemma 2.4 with a = |A —»| and b = A + » to the
p-integral in (3.21). Nothing that

t—rt—p2t—717-A—r=t—-7—«

and
t—r+p2t—v+A—r=t—r—-3,
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we obtain

(3.39)  L(rt) < /0 T /o T 4 )R+ 18)) v

On the other hand, since

1

dA.
—r—ayt—r—pf

t—t+p2t—1
2t—(t—r) for p20 and 7=<t-—r7,
we also get

. 1 t—2 t—T—7 _ . 1
(3.40) B(nt)S /o dr /o (1 @) 74(1+ B]) >~

Moreover, since (3.24) yields a 2 |8|, we have
(1+e)' 77 < (1+ ) ~?#+9(1 4 |B])~°
for § 2 0. Changing variables in (3.39) by (3.24), we thus get
t—r
Iy(nt) S -;—/ (14 )t P+t — r — a) YV 2dax
0 ,

<[ arisy e - )

-

for § 2 0. Similarly to (3.30) we have also

[ asiy e -pyirap

pt-r .
sz aepyrte-r—p)ap
0
for 0 S a St —r,since.
t—r+B)2S(t—2-B)Y2 for B20.

Consequently we obtain

t—r

(3.41) L(rt) = /ot_’(1+a)1""‘+5(t—r—a)"/zaa/o (1+8)""~4(t—r—p)~12dp

for any 6 2 0. Analogously we have from (3.40)

(3.42) L(rt) < % /o (14 a)irro

X (t—7—a) Yda /t_’(l +B)"*~%dB
0

§
for any é§ 2 0.
In what follows we will often use the following estimate.
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LEMMA 3.10. Let0 S » <tandt 2 1. Set

t—7
J(r,t) =/o m———mda,
where a is an arbitrary real number. Then
(3.43) o J(r,t) £ C&q(r,2),
where C is a constant depending only on a and
‘/1—;———__7 if 1<a< oo,
Be(r,t) = l—"-‘\/(lz:t—;::l if a=1,

m if —~oco<acxl.
Proor: If a £ 0, we have

t—7 1
)S<(1+t—»)° —
J("" )_( + 7') o m @
=(1+t—r)"2vt—r,

which implies (3.43) with C = 2. .
In what follows we suppose a > 0. First consider the case where £ — r > 1 so that
2(t —r) 2 1+t — 7. Then, dividing the integral as

(t—7)/2 t—r
J=/ da+/ da,
o (t-2)/2

[ 2 [~ 1

< i) —— S —

J(r1t) S t—'r/; (1+a)ada
1 b=r 1

do.
+(1+‘t-T")a' 0 \/t-—r——aa

Hence we obtain (3.43). If 0 < ¢ — » £ 1, we have

we have

t—7

1
J(rt) £ —_—d
(rnt) S A rp— @
| =2/t—-r»<2

hence (3.43) follows immediately. The proof is complete.
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Néw, we shall continue to prove (3.26). First suppose
(3.44) 0<pr<3.
Then we take the § in (3.41) and (3.42) in such a way that
py.—2<6<1-.-pu and 6§20,

which is possible according to (3.15), (3.31) and (3.44). If (3.33) holds, it follows from
(3.41) and Lemma 3.10 with a < 1 that

1 1

I(rt) S C(l 1t — p)Pr-1-6-(1/2) (1 4 t — p)Pv+6-(1/2)
_ C
= (1 Ti— T)p“+pu—2
C

= VI+t—7(1+t—r)pe-(5/2)°

Hence by (3.34) we obtain (3.26) with (3.44). If (3.36) holds, by (3.42) and (3.37) we get
(3.26), as above.

From now on we suppose

(3.45) 3Spr< % + 1.
Then
(3.46) pp—1—pv>0.

In fact, this is clear provided p and v are given by (3.5). Consider the case (3 4). Then,
since (3 45) implies p > 4, we see from (3.31) that

pp—l—pv>§—2>0.

Hence (3.46) follows.
First suppose (3.33) holds. Then it follows from (3.15) and (3.41) with § = (pp—1—pv)/2
that

t—7 ,
1 2
Ip(rt) S dex)".
2(7', ) = (/; (1 + a)(pn—l)/zm a)

Hence by Lemma 3.10 with a 2 1 we have

— if pr>3
S (O L I ’
Cm'g:—t—%l)— if PR = 3.

By (3.34) we thus obtain (3.26) with (3.45).
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Next suppose (3.36) holds. Then it follows from (3.42) with § = (pp — 1 — pr)/2 that

da %

L(nt) S 5 /H x
r — — Tm————
2\ =VrJe (Q+4a)e-V/2 4 5 "

t—r 1
), wrmwn

Therefore by virtue of Lemma 3.10 and (3.37) we obtain (3.26). The proof is complete.

END OF PROOF OF PROPOSITION 3.1: 0 S ¢ £ 1, by Lemma 3.7 we obtain (3.6). Now
let t 2 1. If px 2 5/2, then (3.6) is a direct consequence of Lemmas 3.8 and 3.9,because of
(3.18) through (3.23). Let 0 < px < 5/2. Then

1
VI+t+r(14]|t —2|)pr-(5/2)

— 1 (1+ It—'rl)(slz)_pn
(A+t+r)pe-2 14t +r
1

< .
= (14t +r)pr-2

Hence (3.6) follows from (3.25) and (3.26). Thus we complete the proof.

PRrOOF OF PROPOSITION 3.2: We have only to modify a little the proof of Proposition 3.1.
Note that (3.31) is replaced by (3.8) and that (3.15) breaks down. Nevertheless Lemma

3.7 and (3.18) through (3.23) are still valid with (3.8) and p = 1/2, while Lemmas 3.8 and
3.9 are replaced by the following two lemmas.

LeMMA 3.11. Lett 2 1. Then

(3.47) I(r,t) £ C®q(r, 1),
where . )
Bo(r 1) = | VEREHEeoA P> 3,
T ®a(mt) if 2<p<3

and C is a constant depending only on p and v.

LeMMA 3.12. Let 0<» <t andt 2 1. Then

(3.48) Iz(’l',t) é CQ&(?,t),
where - .
§2 rt if p2 4

QS(T’ t) = { ? . s ’< )

Jitttr(it|t-re-o73 1 <p .

Proor oF LEMMA 3.11: We have only to modify little the proof of Lemma 3.8. Note
that ®7(r,t) = $4(r,t) if we set

1 1,
(3.49) K=ot > ie., pr = §+ 1.
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Moreover (3.29) and (3.30) are still valid with g = 1/2 and pv > 1. Since now

@ 1
-pV <
[ a+piss ——,
we have
Loty s — L [T 1 @)t — 1)
002 T e ’

which coincides, except the constant, with (3.32) for x satisfying (3.49). Therefore we
obtain (3.47) analogously to (3.25). The proof is complete.

ProoF oF LEMMA 3.12: We have only to modify a little the proof of Lemma 3.9. Note
that &g(r,t) = ®5(r,t) with (3.49) if p & 4. Moreover (3.41) and (3.42) are still valid with
p=1/2 and pv > 1. We shall take § = 0. First suppose (3.33) holds. Then by (3.41) and
Lemma 10 with a = (p — 2)/2 or a = pv we get (3.48), because (3.34) implies

Q+t—r)" V2 S VB +t+7)" Y2,

Next suppose (3.36) holds. Then by (3.42) and (3.37) we obtain (3.48), as above. The
proof is complete.

END OF PROOF OF PROPOSITION 3.2: The desired estimate (3.9) is a direct consequence
of Lemmas 3.7, 3.11 and 3.12, since ®3(»,t) S ®,(r,t) for 2 < p < 3. Thus we prove the
proposition.

Proor oF ProPoOSITION 3.3: We shall modify the proof of Proposition 3.1. Note that
(3.31) is replaced by

(3.50) pv=1. \
Then (3.15) through (3.23) are still valid with g = 1/2. However, Lemmas 3.8 and 3.9 are

replaced by the following two lemmas.

LEMMA 3.13. Lett 2 1. Then
(3.51) | Ii(r,t) £ C&y(r, 1),

where e
Bo(r,t) = { (4= L P> 3,
3(r,1) if 2<p<3
and C is a constant depending only on p.

LEMMA 3.14. Let 0 <r <t andt 2 1. Then
(352) Iz(')’,t) é C@lo(‘r,t),

where i
B10(r, ) {%(r’t) if p24,
w0t =3 ___togarer)
, Vitttr(l4t—2)P—3)/2 if 2<p<4
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and C is a constant depending only on p.

Proor oF LEMMA 3.13: We shall modify the proof of Lemma 3.8. First we observe that
(3.29) and (3.30) are still valid with g = 1/2 and pv = 1. Moreover (3.30) and (3.50) imply

t—r
[ a+18)d8 < 21051 + 0.

Therefore we have from (3.29)

t+

\/— (1 + )"V (log(1 + a))(a + 7 — 1)/ 2dar.

(3.53) Ii(r,t) S

First suppose (3.33) holds. Then
1 t+r
Li(nt) S _ﬁ(l +t—2) P log(1+t+7)) [ (a+7—1t)"Yda,
t—7r

since p > 2. By (3.34) we therefore obtain

log(1+t+7r)
(1+1t+r)p-2)/2

(3.54) L(rnt)SC

provided p > 2 and (3.33) holds. If 2 < p < 3, then (8.54) implies (3.51). If p > 3, we have

log(2 + |t —7])
T+ e= e

log(1+1t+7)

(14t +2)p-3)/2 = =C

(3.55)

because the function
[1,00) 5 8 —> s(3~P)/2]og s

is decreasing for s > exp(2/(p — 3)). Therefore (3.54) yields (3.51) for p > 3.
From now on we suppose (3.36) holds. Integrating by parts we have

t+r
/ (14 &) PV (log(1 + @))(a + 7 — t) "M *dax
It

—7
t+r

= [(1+ )P/ (log(1 + a))2va+r 1],

t+47

- {(1 4 )P/ %10g(1 + a)}Y2va + 7 — £ da.

lt==|

Since

—{(1+ )P/ 1og(1 + @)} £ —-—(1 + o)~ /D 1og(1 + ),
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by (3.53) we get, as before,

log(14+¢+7)
(14t +7)#-2/2

1 t4r
+V2(p - 2)7_; [ I(1 + )(-?)21og(1 + a)da.
t—r

(3.56) Li(rt) S 2V2

I 2 < p <3, by (3.37) we get (3.51), since the last integral is dominated by

' t+7r
log(1+1¢+7) (14 a)t-P)/2gq,

ft—7

Now suppose
p>3.

Integrating by parts we have

t47
/ (1 +a)1=P)/?1og(1 + a)da
|lt—

7|
t+»

= —[(1 + )P 2]og(1 + )] Itt+,fl o 2 —3 (1 + a)*-P)/?q
e

S 25 (1|t = )P g1+t = o)) = (=2 (1 + )Y
2

<2
—p-3

(14 [t —#|)BP/2{log(1 + |t — |) + 173}'

Therefore by virtue (3.37),(3.55) and (3.56) we obtain (3.51) for p > 3. The proof is
complete.

Proor oF LEMMA 3.14: We have only to modify a little the proof of Lemma 3.9. Note
that (3.10) implies

p
=241

Moreover (3.41) and (3.42) are still valid with (3.50) and p = 1/2.

First suppose
' 2<p< 4

Then we take § = 0 hence (3.41) and (3.42) become, respectively,

’ < t—» 1 t—r : 1
(3.41) I,(r,t)=/0 (1+a)(r-2)/z¢t-r-ad“/o N

and

1 t—r 1 t—r 1
3.42)' L(rt) S — d dp.
(3.42) 2(mt) = \/7/0 (1+a)e-22/f =7 —a a/; 1+p P
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Therefore, if 2 < p < 4 and (3.33) holds, by virtue of (3.41)' and Lemma 3.10 witha S 1

we obtain
log(2+t—7)

VT (= G
which together with (3.34) yields (3.52). If 2 < p < 4 and (3.36) holds, using (3.42)' and
(3.37) instead of (3.41)' and (3.34) we get (3.52). Analogously we obtain (3.52) for p = 4.

Next suppose p > 4. Then (3.46) is still valid with g = 1/2 and pv = 1. Therefore,
analogously to the proof of (3.26) we obtain

L(rt)SC

1
Iy(rt) £ C———m——m—v—,
2(rt) = Vitt+r/1+t—1»r

because now
pe—1

2

p
=>1.
4>

The proof is complete.

END oF PROOF OF ProPoSITION 3.3: If 0 S ¢ £ 1, then (3.11) follows immediately from
Lemma 3.7. If £ 2 1, then (3.11) is a direct consequence of Lemmas 3.13 and 3.14, because
®10(r,t) S ®s(r,t) for 2 < p < 3. Thus we prove the proposition.

§4. Proof of Theorem 1.4

For a continuous function u(z,t) € C°(R? x [0, 00)) we difine a norm of u by

(41) lull = sup )Iu(z,t)l‘l’(r,t),

(=,t)ERI%[0,00

where ¥(»,t) is a positive valued function on [0,00) x [0, c0) defined by dividing into five
cases.

CASErlz Let 11 ]
' < 3= d
0<K,.___2+p and nz\-\-z.
Then
(4.2) ¥(r,t) = (1+t+r)“(1+|t—r|)”,

where p,v are the numbers given by (3.4) or (3.5) with

Nl

_ L v-—l f —1+
B= g =3 or k=3

Note that (1.2); implies p > 2 and hence

1 1
4.3 Judr Wt .
(4.3) 2+p<1
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CASE 2: Let

1 1

-+ -<k<l

2 p
Then
(4.4) U(rt)=v1+t+r(1+|t—7|)
with

v =min{k — % —3}

Note that (1.2); implies

1 »p-3
4. - —
(4.5) > <
which yields (3.8) for the above v.
CasE 3: Let k > 1. Then
(4.6) ‘Il(r £ = —
. Q2("'at)
where &, is the function in (3.9).
CasE 4: Let k = 1/2. Then
Vi+t+or

(47) ‘I’(’I‘,t) = log(2+—t+r)
Case 5: Let kK = 1. Then

/ (/TR sy
(4.8) U(r,t) = Tog(z+[t—7]) P=%

VIFt+r (Q+(t =232 if po(2) <p<4

We now introduce a Banach space X defined by
(4.9) X = {u € C°(R? x [0,00); DZu € C°(R? x [0,0)) and || DZu|| < 00 for |e| £ 2}.

Then Proposmon 2.1 implies.
LaMMA 4. 1 Let ug be the solution of (2.1). Assume p > 2 and (1.3) holds. Then u, € X.

The following lemma will play a basic role in the proof of Theorem 1.4.
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LEMMA 4.2. Let L be the linear operator defined by (1.11). Assume (1.2); and (1.6) hold.
Suppose u € C°(R? x [0,00)) and ||u|| < co. Then

(4.10) (P £ Cellulf?,

where C4 is a constant depending only on p and k.

Proor: Case 1: If

1 1 1
0<n<-§+; and nési,

then (4.10) is a direct consequence of (4.1), (4.2) and Corollary 3.5 with M = ||u|| and

T=o0c0. '
~ Lol.1
=3+
then (4.10) follows immediately from Proposition 3.3, because of (4.5).

CASE 2: Since (4.4), (4.5) and assumption

K>1+1
2 p

imply (3.8), by virtue of Proposition 3.2 with M = ||u|| we obtain
(4.11) |L(|[P)(=, )| (7, t) £ C|lu|*B2(r,t)¥(r,t) for (z,t) € R? x [0,00),

where C is the constant in (3.9). Moreover (4.4) yields that ®,(»,¢)¥(,t) is bounded.
Hence (4.10) follows from (4.11).

CAse 3: Since (4.3) and assumption £ > 1 imply (3.7), we take a positive number v
satisfying (3.8) in such a way that

1 .1 p-3
;<V<m1n{—, %},

which is possible according to (4.5), and set

C, =1+ sup s*~(/Dlog(1 + 5).
521

By (4.6) we have then
Vi+t+r (1+t—7))" £C,¥(n1)

hence (4.1) yields

1
u(z,t)| < C,||u
| (e S Gl T

for (2,t) € R? x [0, 00). By virtue of Proposition 3.2 with M = C, ||u|| we therefore obtain
(4.10).
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CASE 4: The desired estimate (4.10) is a direct consequence of (4.7) and Corollary 3.6.
Cask 5: I po(2) < p < 4, we take v = (p — 3)/2 in Proposition 3.3. Then (4.8) yields

1
z,t)| £ |Ju]|l ——=
(et} = el T+et+r(Q+]t—7))

for (z,t) € R? x [0,00). Nothing that (4.5) implies (3. 8), we obtain (4.10), since
&,(r,t)¥(rt)=1for3<p<4.
Next suppose p 2 4. Then (4.8) yields

log(2 + |t —7|)
Vitttr/I+lE—7

for (z,t) € R? x [0, 00). Hence, taking v = 1/3 so that (3.8) holds, we have

|u(z,t)] = ||

1

lu(z,t)] < Cl““”\/ﬁ——'t__i: (1+|t- ,'.I)l/a’

where
Cy = sup s~ %log(1 + s).

By virtue of Proposition 3.2 we obtain therefore
|L([u[?)(2,2)| = C(Crl|ull)? 22(r,2),

which yields (4.10) for p 2 4. Thus we prove the lemma.

ProoF oF THEOREM 1.4: The procedure is analogous to Glassey [5] or Asakura [3],
because of Lemmas 4.1 and 4.2. It is well known that, if a function u(z,t) € C?*(R? x[0, 00))
satisfies the following integral equation, like (1.10),

(4.12) , u = ug + L(F(u))

with the operator L defined by (1.11), then u is a solution of the Cauchy problem (1.8)
(see for instance [3], Proposition 2.2). Besides, the uniqueness of a solution to (1.8) is also
valid (see for instance John [8], Appendix 1).

To look for a solution of (4.12) we difine a sequence of functions by
Ur41 = Yo + L(F(u,,)), k g 0,
where up is the solution of the Cauchy problem (2.1). Note that operators D, and L
commute. Moreover it follows from (4.2), (4.4) and (4.6) through (4.8) that ¥(r,t) 2 1,
because log(1 + s) < s for s > 1. Hence (4.1) yields
|u(z,t)| £ |lu|| for (z,t) € R? x [0, c0).
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In addition, we have
I 1 lol*=° £ lull®]lolI*™® for 05651

Thus, if the norm of ug is so small that
1
(4.13) PP AC[uwolP™ 1 and luol| £ 3,

where Cj is the constant in Lemma 4.2, one can exactly follow [5], pp. 257-260 or [3], pp.
1477-1480 and hence find a solution u € X of the integral equation (4.12), where X is the
Banach space defined by (4.9). Furthermore, by virtue of Proposition 2.1 we get

lluol| £ CoCye,

where C, is a constant depending only on p. Therefore we obtain (4.13), taking & small
enough according as A,p and x. Thus we prove Theorem 1.4 and hence Theorem 1.1.

REMARK 4.3. Let v € X be the solution of the integral equation (1.10), where X is the
Banach space defined by (4.9). Suppose the assumptions of Theorem 1.1 are fulfilled. Then
one can see that the decay rate of u — ug is better than that of u. For instance consider
the case where 1 1 1

§'<R<§+;.

Define another norm by

llll?llll=( sup )(IV(z,t)I/‘IH(T,t)),

2,t)ER3Ix[0,00

where ®; is the function in Proposition 3.1. In view of (4.1) and (4.2) with 4 = 1/2 and
v =k — (1/2) we find from (3.6) with M = ||u|| that

(Il — woll| = AC[lull?.

Note that the ratio of the decay rate of (u — ug)(z,t) to that of u(z,t) is given by
®1(r,t)¥(r,t). For example, if 5/2 < px < 3, then

: 1
§I(T,t)‘1’(’)',t) = (1 + It - rl)(p-—l)n-—z !

§5. The life span in two space dimensions

In this section we study lower bounds for the lifespan of solutions to the Cauchy problem
(1.1) with n = 2 and p > 2. To this end we assume throughout the present section that
(1.3) holds for n = 2. By the lifespan we mean the least upper bound of the set of positive
numbers T such that there exists a C? solution of (1.1) with the time interval [0, co)
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replaced by [0, T). We also denote the lifespan by T'(¢). Agemi and Takamura have shown
in [2] that T(e) is finite under (1.5). More precisely, they have given an upper bound for
T(e) by

T(e) < C(-€1-)1/<:37-~) for p>1.

(See also Remark 5.5 below).

Now, we have already shown that T'(¢) is infinite provided the hypotheses of Theorem
1.1 are fulfilled. So, we shall study lower bounds for T'(¢) in the case where (1.2); or (1.6)
is violated. Note that the case can be divided into the following four ones.

1 1
(5.1) 2 < p < po(2), o<~.<§+% and k7,
(52) 2<pSp(2) md mZgHo,
(5.3) >po(2), 0<r<—— and k%3
¢ p pO 3 K p_]. 2
and
(5.4) n=-1-<—-2—- (hence 2<p<5).‘

25 p~-1 =

Note that (3.2) yields

(5.5) | -1—+15—— for p = po(2)
2 ' p

and

(5.6) 1+l> for p> po(2)

8 3ty > 51 ©r P>m(2):

Moreover (5.4) with p = 5 is related to the irregular value in (1.6).
The main results in this section are the following four theorems.

THEOREM 5.1. Let (5.1) hold. Then

{T(e)’—@-l)" 2 C(iyt if pri$,

5.7
67 T(e)®-?) () log T(e) 2 C(L)P~1 if pr=$

for 0 < € < €9, where C and ¢ ére positive constants depending only on A, p and k.
THEOREM 5.2. Let (5.2) hold. Then

| {T(e)«mogT(e)zce)r-l it pis,

(5.8) .
T(e)*3(logT(e))* 2 C(X)? if p=3
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for 0 < ¢ £ €9, where

1 p—3__p2—3p—2

(5.) o) =3 -2 =
and C, ¢q are positive constants depending only on A and p.
REMARK. If |
’ K= 1 + 1
=5+

then 2 — (p — 1)x = ¢(p). Moreover we have g(p) = 0 for p = po(2).
THEOREM 5.3. Let (5.3) hold. Then (5.7) is valid.

THEOREM 5.4. Let (5.4) hold. Then

{ log T(e) 2 C(L)4/ if p=S5,

5.10
(5.10) T(e) =P 2(log T(e))P~* 2 C(2)P-! if 2<p<5

for 0 < € X €9, where C, ¢ are positive constants depending only on A and p.
REMARK 5.5. It follows from Theorem 5.1 and [2], Theorem 3 that

O S T(e) £ €1(3) 5

for small € > 0 and some positive constants C, C', provided (5.1), (1.5) hold and px X 5/2.
Moreover (5.8) is the same lower bound as in [2], Theorem 1 except the constant C, since

2 _3p_2
q(2:p)=p_§£__"

Notice that the upper bound in [2], Theorem 2 is better than the one in Theorem 3 when
1 < p < po(2) and

2
St -<r<—,
P p—1
because (3.2) implies
1 1 2 Q(2’p)
-— + - —
2 p p-1 p(p-1)
hence ( 1) 0
p\p— -1
- —
q(2,p) (p 7"
for such x.

The rest of this section will be devoted to prove the above theorems. The procedure

is similar to the one in the proof of Theorem 1.4. For a continuous function u(z,t) €
C°(R? x [0,iT')) we define, as (4.1), a norm of u by

(5.11) lx|| = sup lu(z,t)|¥(r,t),
(=,t)ER3x[0,T)
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If pr < 5/2, then

(5.16) B1(r,t)T(rt) = (14t + 7)B/DPr(1 4 |t — p|)*~(/2)
.S- (1 + i + r)2—pn+n’ ’

since £ > 1/2. Finally, if px = 5/2, we have

1+i+r
) t)¥ = Tl —1
G B = (L +log T

2
log 2

)L+ [t — )=/

< (log(2 + ¢t +7))(1 +t + »)(5-2)(2p), ‘

since 1 5 5
A 4 =2
0<k 2= "2 for pk 5

Thus we prove the lemma.

LeMMA 5.7. Let (5.2) hold. Then
Bs(r,£)¥(r,t) < N(r2)

for (»,t) € [0,00) x [0, 00), where ®3(»,t) is the function in Proposition 3.3 and

Ny, t) = (1+t+7)Plog(2+t+7) if pX3,
TIN5+ t+ )02+t + 7)) if p=3.

PRroOOF: Recall that (5.12) implies
‘I’(r,t) =vVi+t+r(A+|t—2))"7 for 2 -;-+%.
Moreover g(p) 2 0, because of (5.9) and assumption p < po(2). Hence, if 3 < p < po(2)( <
4), it follows from the definition of $3 that
Bs(r, 1) ¥(r,t) = (1+ [t — 7|)%") log(2 + |t — =)
SA4t+7)%Plog(2+t+7).
If 2 <p<3, we have
By(r, 1) U(r,t) = (1+t+7)3" " (1+ |t — )7 log(2 +1 + 1)
SA+t+7)p~ " log(2+t +7).

If p=3, then
1+1
E(r, (1) = (14|t = ) /*(log(2 +¢ + 1))(1 + log 77 0)
. . |
\ < 1/? 2
S Wt (log(2+t +17)".

The proof is complete.
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where ¥(7,t) is a positive valued function on [0,00) x [0, 00) defined by

(14t +7)" if 0<rk<i,
VItt+r [log2+t+7) i k=1,

(5.12) U(r,t) = m(l_*_lt_rl)n—(l/z) if %<n<%—+%,
VIFTFF (Lt fi—o) it s2 P4k

Note that Proposition 2.1 implies
|D3uoll <00 for |a|<2 and T >0,

where wug is the solution of (2.1).
The following four lemmas are essential to prove the theorems.

LeMMA 5.6. Let (5.1) hold. Then px < 3 and
(513) Ql(rat)‘l’(rvt) é Nl(rvt)
for (,t) € [0,00) x [0,00), where ®;(r,t) is the function in Proposition 3.1 and

(1+t+7)2-(-1)x if pr 3,

Nl("'at) = { 2

1082(1 +t+ r)(5—P)/(2p) log(2 +t+ r) if pr= %

Proor: Since po(2) < 4, we have pk < 3 from (5.1). First suppose 0 < & < 1/2. Then |
pr < 2. Therefore it follows from (5.12) and the definition of &, that

(5.14) o By (rt)¥(r,t) = (14t 4 )PPRFR
Next suppose
l <K< l+ 1
g SEsT R

so that (5.12) implies |
¥(rt)=vV1+t+r(1+]t- "I)"—(llz).
If 5/2 < pr < 3, we have

(5.15) B1(r, ) U(r,t) = (1 + |t — #])2 7Pt
S (1+t+4p)2pnte

since 2 — pi + £ > 0 according to (5.5) and the assumption

<1_{_1
K<y P
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LEMMA 5.8. Let (5.3) hold. Then pr < 3 and (5.13) is valid.
PROOF: If p 2 5, then condition & < 2/(p — 1) implies that £ < 1/2 and

2 5
_<
pn<2+ —1=73

Therefore we obtain (5.13) from (5.14).
Next suppose p0(2) <p<5. Ik <1/2, then px < 5/2 hence (5. 14) implies (5.13). If

1 2
§<K< _1,

we have px < 2+ —25 < 3, since p > po(2) > 3. Therefore we obtain (5.13) by virtue of
(5.6), (5.15), (5. 16) and (5.17). The proof is complete.

LEmMMA 5.9. Let (5.4) hold. Then '

(5.18) |L(|wf?)(=, £)[¥(r,£) £ Cyllull? Ns(r, 1)

for (2,t) € R? x [0,T), where C, is the constant in (3.6) and

. (14t +7r)E-P2(log(2 +t+ 7)1 if 2<p<5,
Ns(rt) =

10:2 (log(2 +t +1))® if p=5.

Proor: Since (5.11) and (5.12) imply
log(2+t+7)
t)| < |Jul| ——=—"
(e, )] < i 2SEELE

we observe that the estimate (3.16), at the opening of the proof of Proposition 3.1, is still
valid with 4 =1/2,» = 0 and

for (z,t) € R? x [0,T),

M = Jjul|log(2 + ¢ +7),

noting that
=let+(t—7)|Sr+t—T.

By (3.6) and (5. 12) with x = 1/2 we therefore obtain
|L([u")(2, )| ¥(r,t) < CullulP@a(r, t)V1+ 1t +7 (log(2+¢ + 7)1
Thus, if 2 < p < 5 so that px < 5/2, we have
B3(r,t) = (14t +»)2"#/2)
hence (5.18) follows. If p = 5, then

t
&y(r,t)VTFTF7=1+log— +|t +"I
' -
\
Consequently we obtain (5.18). The proof is complete.

To prove the theorems we need also another estimate for » >> .
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LemMa 5.10. Let (2,t) € R? x [0,T) and » 2 2t. Then

(5.19) |L(|[")(=,£)|¥(r,¢) < C|lull” Na(2),
where C is a constant depending only on p,x and
(1+¢)2-(-1)= if 0<k< %—+;—, and k%1,
Ny(r,t) =< (14+1)3®) if k2341,

(1+¢)5-2)2(log(2 + £))*~1 if k= 3 and 2<p<s.
Proo¥F: First suppose

1 1 : 1
0<n<§+; and R=\=§

Then it follows from (5.11) and (5.12) that (3.1) holds with M = ||u|| and the numbers
g, v given by (3.4) or (3.5). Therefore by (3.16) we get

L)@ )12, 8) S Il 4842

< Qo ey o r22
because ¥(»,t) £ (1+¢+7)* and

A=|z+ (t—7)¢|
2r—(t-1)

hence
M-rlzr-t2

- NN

Noting that x — px < 0 and r 2 ¢, we thus obtain (5.
Next suppose

9) with C = 3=2rr—=,

x
v
N =

+

Q=

Then
1

t) =
|lu(z,¢)| < ”u“m (1+ |t —r|)1/?’

namely, (3.1) holds with p = 1/2 and v = 1/p. Therefore, as above, we have

()2, O1%(r,8) < [l (148 4 r) 34314 T3
1

< (%)%+%2§+_1||u||1’t2(1 +1)%"5‘“? for T 2 2t.

: §
Since p > 1 and



we thus obtain (5.19).
Finally suppose x = 1/2. Then

log(2 4+t +7)

| Vidti+r

Hence, similarly to the proof of the preceding lemma we have
[E(fuf?) (2, D12(r, ) < IlPPVIFET7 (14 5)7/7(log(2 4 £ + 7))~

log(2 +t+7)

Vi+t+r

|u(z, )| < ||l

< Cllu|P3( -1 for =22t

Moreover, since the function
log(1 + s)
NZ]

[1,00) €3

is decreasing for large s, we get
log(2+t+17) const log(2 +¢)

Vittdr T T V1+t

Therefore we obtain (5.19). The proof is complete.

Proor oF THEOREM 5.1: Suppose (5.1) holds. Then it follows from Proposition 3.1,
(5.11), (5.12), (5.13) and (5.19) that

I Z([2lP)l] = Cséa(T)||u||”

where ‘
(14 T)2- (-1~ if pr 8,

T) =
¢1(T) {(1 +T)E-P)/(P)1og(2+T) if pr=2%

and Cjs is a constant depending only on p and x. Moreover by virtue of Proposition 2.1

we have
lluo]| £ Coe,

~ where ug is the solution of (2.1) and Cj the constant in (2.2). Therefore, if T and ¢ satisfy
the following relation, like (4.13),

{ p2P AC5$:(T)(Coe)P ™ = 1,
005 é %a

one can find a solution of the integral equation (1.10) in R? x [0,T’), as in the proof of
Theorem 1.4. Thus we prove the theorem.

REMARK. The proofs of Theorems 5.2, 5.3 and 5.4 are analogous to that of Theorem 5.1
hence left for the readers.

§6. Proof pf Theorem 1.2

As is seen from the proof of Theorem 1.4 we have only to establish estimates analogous
to Lemmas 4.1 and 4.2. The following proposition is due to Asakura [3].
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PROPOSITION 6.0. Let u(z,t) be the solution of the Cauchy problem

ue —Au=0 in R®x[0,00),

(6.1) uz,0)=f(2), wle,0)=g(z) for z€R’,

where f € C3(R®) and g € C*(R®). Suppose (1.3) holds for n = 3. Then

(6.2) 3 D2u(z,t)] £ Cocd(n,t) for (2,t) € R® x [0, 00),
lajs2
where . .
| GreEae=n— i ®>1,
— log(2-+t+» . _
Q(T’t) — ——Eé-mr—)- If K= 1’
ﬁm if 0<k<1

and Cy is a constant depending only on k.

The rest of this section will be devoted to study how the décay rate of L(|ul[?)(z,t)
depends on that of u(z,t) and to establish an estimate analogous to (4.10), where L is the
operator defined by (1.12). Assume u(z,t) € C°(R® x [0, 0)) and

M

(63) lu(z’t)l é (1 +¢ +,r)”,(1 + It - .rl)v

for (z,t) € R® x [0, 00),

where M, p and v are constants. The following three lemmas correspond to Propositions
3.1, 3.2 and 3.3 in two space dimensions.

LEMMA 6.1. Let p> 1 and
(6.4) » 0<r<l+ %, particularly, p(k—1)<1.

Suppose (6.3) holds with

(6.5) p=1 v=rx-1 if 1<n<1+%

or

(6.6) p=k, v=0 if 0<skS1

Then

(6.7) |L(|%[P)(=,t)| £ C1MP&(r,t) for (z,t) €R® x [0,00),
where

(1+t+r)(1-}]:|t—r|)7“'5 if 3<ps<p+1,

®1(rt) = o (I+logHEn) if pr=3,
W if 0<pr<3
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and C is a constant depending only on p and k.

LEMMA 6.2. Letp>1 and -
1 .
(6.8) k>1+ > ie, plk—1)>1.

Suppose (6.3) holds with p = 1 and a positive number v such that

| 1
(6.9) ;<v§n—1.

Then ‘

(6.10) |L(Ju?)(2,t)] £ CoMPy(r,t) for (=,t) € R® x [0,00),
where

(1+t+r)(1}I-[t—r|)P'3 if p>2,
Qz('r,t) = 1—_*_:'—_*_.’(1+10g ']%;%T) if p= 2,

(H-T{-Lr)l’_-l if 1<p<2
and C is a constant depending only on p and v.
REMARK. &,(r,t) = &4(r,t) for kK=1+ ;1;.

LEMMA 6.3. Let p > 1 and
(6.11) k=14 l, ie, p(k—-1)=1.
p

Suppose (6.3) holds with p =1 and v = 1/p. Then
(6.12) |L(ju[?)(=,t) S C3®3(r,t) for (=,t) € R® x [0,00),
where .
: Bo(r,t)log(2+t—7]) if p>2,
§3(77t) = .
®y(r,t)log(2+t+7) if 1<pZ2
and Cjy is a constant depending only on p.

REMARK. Since
1 1 2  p*-2p-1
p p-1 p(p-1)"°

we see that (1.2); implies

, 1 2
6.13 : 14 => ——r
(6.13) | - p p—1

Before proving Lemmas 6.1, 6.2 and 6.3 we shall state two corollaries of Lemma 6.1, like
Corollaries 3.5 and 3.6.
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COROLLARY 6.4. Let the hypotheses of Lemma 6.1 be fulfilled. Assume (1.2)s and (1.7)
hold. Moreover suppose k % 1. Then

1

t) € R® x [0, 00),
T+t+r)p(Q+t—7|) for (z,t) € R® x [0, 00)

(6.14)  [I(|wf)(=,t)| £ CM*

where p, v are the numbers given by (6.5) or (6.6), and C is a constant depending only on
p and k.

Proor: First suppose
1
1<re<1l+-.
P
Then (1.7) implies
pe2Kk+2>3 and pr—32k-—1.

Therefore (6.7) yields (6.14) with p =1, =k — 1 and C = C;. Next suppose 0 < & < 1.
Then it is clear that (6.7) implies (6.14) with 4 = & and v = 0, since px — 2 2 & under
(1.7). The proof is complete.

COROLLARY 6.5. Let k = 1. Assume that (1.7) holds and that

(6.15) (e, )] < Ml‘%(i%t’) for (2,¢) € R® x [0, 00).
Then
log(2+1t+7) 3
P < PN L
(6.16) Z(u) (a8 < Car 22 por (g0 € RO x [0, 00),

where C is a constant depending only on p.

ProoOF: Nothing that (1.7) with £ = 1 implies p > 3, we set

K = 3
p
so that 0 < k' < 1, and

C, = sup " ~log(1 + s).

21

Then (6.15) yields

1
< -
Iu(z’t)l = MCP(l +t + 'I’)"" .
Therefore b,\y virtue of Lemma 6.1 we obtain
‘ 1 | 1+t+7
P < P~ el N ML
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which yields (6.16) with _
1

= P .

C = Ci(C,) (10g2 +1)

The proof is complete.
Proor oF LEMMA 6.1: If follows from (1.12) and (6.3) that

(6.17) |L(|u?)(=, )]
1

MP [t
<— | @t-7dr | dsS;,
= 4n /o( ") T'/|f|=1 (T+r+ AP +|r = Apr ¢

where we have set

A=lz+(t-7).
Analogously to Lemma 3.7 we have therefore

4

(6.18) |L(jul)(2:8) = MP (3

)pu+pv for (z,t) €R® x [0,1],

which implies (6.7) for 0 S ¢ £ 1.
In what follows we assume
t21.

We shall apply Lemma 2.3 with » = 3 to the integral over the unit sphere in (6.17). Then
we have

1
ds,
/|e|=1 L+ + AP+ [ =2

1 t—7+7r A

dA.
T(t - T) jt—7—7} (1 +7+ A)pu(l + IT - A')pu

= 2%

Noting that

A < 1
(1+7+2)p = (14714 A)ps-1’
we thus obtain
(6.19) |L(|[")(=, )| £ MPI(r,t),
where

t t—7+r
I(r,t) = o /0 dr /u (1474 A)25(1 + |7 — A])"PdA,

—r—7|
(Compare with (3.27)). Moreover, analogously to (3.29) together with (3.30) we get
!

t+r

(6.20) ' I(rt) £ —21— (1+ )P da /a(l + B)~*"dg.
r | 0

|t—=
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Now, let the hypotheses of the lemma be fulfilled. Then, since pv < 1, we have

* -pv < l-pv
Jarprmss ——a+a)
* hence, like (3.32),
(6:21) 1) s —— 2 [T 1+ a7 da
) m S l-pv 2r Jju )

First suppose (3.33) holds. If px > 2, we have

1 1

< .
I(T’t)z 1-pv (1+t—1’)1""—2’

because (£ + 7) — |t — 7| < 2r. Hence by (3.34) we get

1
(T+t+7)1+ |t —r])pe-3

(6.22) I(»nt)SC
with C' = 6(1 — pv)~1, which together with (6.19) implies (6.7), because
(1+]t—r])*?* S (1+t+7)%? for pr<3.

If 0 < pr < 2, we have from (6.21)

I(»,t) £ (1+¢+2)P%,

1-pv
Next suppose (3.36) holds. Then by (3.37) and (6.21) we get (6.7), since

1 1 .
t4r pr—3  (A+[t=r])P"—3 if pr>3
/l; I(l + a)2_puda _-<—__- IOg I{H:‘:T if pK = 3,
-
s (1+t+7)%P i 0<pr<3.

Thus we prove the lemma.

Proor oF LEMMA 6.2: We have only to modify little the proof of the preceding lemma.
Note that (6.18), (6.19) and (6.20) are still valid with p = 1 and pv > 1,while (6.21) is
replaced by

1 1 [

RS -7 da.
o1 2 lt_’|(1+a) a

(6.21)' I(rt) £
i

Notice that (6.21)' coincides with (6.21) except the constant if we take px = p+ 1 in the

latter. Therefore we obtain (6.10), as before. The proof is complete.
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PROOF OF LEMMA 6.3: We have only to modify a little the proof of the preceding lemma.
Note that (6.18), (6.19) and (6.20) are still valid with g = 1 and pr = 1, while (6.21)" is
replaced by

1 t+»

(6.21)" I(rt) £ % (14 @)*"?log(1 + a)da.
[t==|

Therefore, if 1 < p S 2, we obtain (6.12) as before, since log(1 + ) < log(1+¢ +»).
Suppose now that p > 2. If (3.33) holds, we have, similarly to (6.22),

log(1+t+7)
(1+t+rp-t’

I(nt)SC

where C is a constant depending only on p. Moreover analogously to (3.55) we get

log(1 -f-t +7) < const. log(2+ |t —7|) .
(1+t+r)p-2 (14|t —r]r-2

Therefore we obtain (6.12). If (3.36) holds, integrating by parts we have

ttr
/ (1+ a)'"?log(1 + a)da
|t

—.’I

—1—[(1 +a)*?log(1 + )] " r=2o /th(l +a)'"?da
2—-p lt=rl " p— 2 Jjsy

]

1
(p—2)1+ft—r

IA

1
= (log(1+ |t =) + ;:—5)

Hence by (3.37) and (6.21)” we obtain (6.12). The proof is complete.
We are now in a position to establish an estimate analogous to Lemma 4.2. For u(z,t) €
C°(R3 x [0, 00)) we define, as (4.1), a norm of u by

(6.23) lulf =~ sup  [|u(=,t)|¥(r,1),
(2,8)ER®x[0,00)
" where
A4+t +»)~ if 0<k<l1,
(T+t+r)/log(2+t+7) if k=1,
D=0 Qb1 -o) i 1<mST4D,
(I+t+2)A+fE—2) i £>141

v=min{c -1, p—2}.

(This norm is the same one as in Asakura [3]). Then we have
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LEMMA 6.6. Let n = 3. Assume (1.2); and (1.7) hold. Then
(6.24) IL(|wf?) £ Cellull®

for u € C°(R3 x [0,00)) with ||u|| < oo, where Cg is a constant depending only on p and x.

ProoF: If (6.4) holds, then(6.24) is a direct consequence of Corollaries 6.4, 6.5 and (6.23).
If (6.8) holds, we get (6.24) by Lemma 6.2, because p > po(3) > 2 hence &;(r,2)¥(r,t) < 1.
Finally, suppose (6.11) holds. Then

log(2 + |t — »|)
(1+ |t —r])p—2-(1/P)’

§l’»("’t)‘;[’("'9t) =

where &3 is the function in (6.12). Moreover (1.2)s implies

p—2-—l>0.
y 4

Therefore by virtue of Lemma 6.3 we obtain (6.24). The proof is complete.

ProoF oF THEOREM 1.2: By virtue of Proposition 6.0 and Lemma 6.6 one can prove the
theorem analogously to [3] hence we omit the details.

REMARK. One can also derive lower bounds, like Theorems 5.1 through 5.4, for the lifespan
of solutions to (1.1) in three space dimensions, emplying Lemmas 6.1 and 6.3.

Appendix

The purpose of this appendix is to show that the decay rate (2.2) is optimal in the region
0srsStitzl.

PRroOPOSITION A. Let u(z,t) be the solution of (2.1) with f = 0,9 € C?(R?) and

(A1) g(z) 2 for =€ R?,

¢
. (14 »)rt=
where k > 0,6 > 0. Suppose 0 S» St andt 2 1. Then
(A.2) u(z,t) 2 Coe®(r,1),

where ®(»,t) is the same function as in Proposition 2.1 and C} a positive constant depend-
ing only on k. ;
Proor: It follows from (2.3) and (A.1) that

> = 1 dt.
u(z,t) = 9x [E|<1 /—1_l£I2 (1+|z+t£|)1+" 5

Hence a.na.l<\)gously to the proof of (2.10) with (2.13) we have

(A.3)

(A.4) u(z,t) 2 e(I1(r,t) + Ix(r, 1)),
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where

2 t+r by t p
(A.5) Il(’l',t) = ; ‘/t_" (]._-}-A_)—l:':"-dA el —\/ﬁh(A,p, T)dp,

2 t—7p A Atr
(A.6) Lnt) =~ /0 m‘“ ] \/—h(A,P,")dP

and h(A, p,7) is the function given by (2.12). Moreover, if
r—ASpSt and 0SASt+r,

then
A+r+pS2t+7) and A+r—p=S 22

hence

1 1
R(A, 2 . .
( p’r)—2\/1+t+r\/x pr—(A—r)?

Therefore by virtue of (A.5) and Lemma 2.4 with a = |A — #|,b =t we obtain

(A.7) da.

t4r
()—zwﬁ:¢7/,fiﬁﬁﬁ'
Similarly we have from (A.6)
1 A
L(rt) 2 e /
S V2IFtFrJe (4N F -7

sincet+pS2andt—pSt+A—rforr—AZpst.
First consider the case where

(A.8)

d),

(A.9) t2r+2 and »20.
Then, since A+t —» S 2(t — 7) for A £t — 7, it follows from (A.8) that

1
Vitt+r/I+t—7

1
I(r,) 2 30(x)

where we have set
\
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Hence by (A.4) we obtain (A.2) with £ > 1 and Cy = C(k)/2. From (A.8) we also have

1 t—»
Iy(rt) 2 —/ AdA
) 2 T At =) o
(t - 7)3/2
4m (L+t—r)ttn’
Noting that (A.9) implies ¢ — » > (1+1t—7)/2, we obtain
1
A1l I(r,t) 2 —=
(A.12) :(nt) 2 8V2VI+t+7r (1+t—r)-(1/2)

which yields (A.2) with 1/2 <k < 1.
Next suppose 0 < x < 1/2. Since VA 2 vI+X /v2 for A 2 1, it follows from (A.7)
and (A.9) that

for >0,

t+r
Ii(», 14+ 2)~"3d)
02 g [, 0+
S l_n t+r 1
> 1+ )™~ 3dA
‘8\/_\/1+t+r AL
= 1+t +7)3 " —(1+t—r)i"}.
8v/2 1+t+r{( ") ( N

Therefore by (A.11) we get

1

Il(")t)'*'Iz("at) 2 8/2 (1+t+r)"’

which gives (A.2) for 0 < x < 1/2.
Now suppose £ = 1/2. Then (A.7) and (A.9) imply

Il("'s

t+r
t
)—2\/_\/1+t+1'/t 1+/\

14t+»

= 1 ,
2\/5\/1+t+r e g
since VX 2 v/T+ X /2. Hence by (A.11) we obtain (A.2) with C}, = 1/(8v/2).

Finally suppose x = 1. Then (A.8) implies

1 t=r A
IL(rt) —2 _—d)
a(r )—2¢1+t+r¢1+t—r/o (14 A)?

t—r t—r t—r
| A —A 1
A = | A )
/,, 1+ )2 [1+,\]0 +/o 1+ A

—1+4+log(1+t—r).

Moreover
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Furthermore by virtue of (A.9) we obtain
log(1+t—7)21log3

hence

1
—2) 2 - -
log(1+t—7)21+(1 log3)log(1 +t—r7).

Thus .
— —7r) 2 —— )2 —
1+log(l+t—7)2(1 Tog 3) (1 +1og(1+1t —7)).

Consequently we obtain

L(n0) 2 (1 +log(1 +t - 7)),

1-
( log3) \/1+t+r\/1+t
which yields (A.2) with x = 1.

Next consider the case where
(A.12) 0St—752 and t+7r22.

Then (A.8) implies

I(rt) 2 dA,

1 t=r A
221+t +7 /o (14 A)t+=

since A+t —» < 2(t — 7) < 4. Moreover it follows from (A.7) that

1 t4r " 2 A
ILi(r,t) 2 / 14 A)7%"3d) + —d/\),
() 2 2/2/T+t+7 ( 2 ( ) t—r (L+A)1Ew

because VA = v/1+ A /V2for A 2 1and VA2 A /v/2 for 0 £ A £ 2. Therefore we obtain

(A13) I1(T,t)+I2(

rt) < 2\/_m(/t+’(l+A)“”‘§dA+C(n)),

where C(x) is the constant given by (A.10). Clearly (A.13) yields (A.2) with x > 1/2 and
4 = C(x)/(2V/2), since

log(2+ ]t —7|) . 1
VIit|t—7|

Now suppose 0 < x < 1/2. Note that (A.10) implies
A

(A.14) C(x) 2

? 2
/ AdA = —— for k> 0.
0 ,

31+n 31+
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Moreover

t+7
/ (1+X)7*"3dA 2+ % K) / (1+ )7 %dx
? N t+r
1+ 2A)3 "‘]
3\/_ [( )? 2
2 Vi+t+r 2

T3/3 (I+t+r)r 3T
Therefore by (A.13) we obtain

1

1
D —_—
Li(rt) + L(rt) 2 3\/6(1+t+1')""

which yields (A.2) for 0 < k < 1/2.
Finally suppose £ = 1/2. Then it follows from (A.13) and (A.14) that

e ([ e )
VoVI+t+r\Js 142 3v3)’

K(rn0)+ B0 2 -

Moreover

o 2 2 o
—dA+ —= 2 / ——dA+1+1 3)
/z 1+2A +3\/§_3\/§(1+log3)(2 1+2 o8
2

~ 3v3 (1 +1g3)

(1 +log(1+¢+7)).
Thus we obtain

Li(r,t) + I(r,t) 2 Cy \/—(1 +log(1 +t + 7)),

which yields (A.2), where
1
!

Cp= —F—.
°7 3v6 (1+1og3)
Finally consider the case where 0 S » S 2—1t and ¢ 2 1. Then it follows from (A.3) that

€ 1 1
ez t) > = / L 4
(=) 2 2r 31 Jie<r /1€ :

_ £
- 31+n ‘

\
Since &(,t) < 2, we obtain (A.2). Thus we prove the proposition.

REMARK. We observe from the above proof that Lemma 2.4 plays an essential role.
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REMARK. For fixed £ > 0 we set

g(z) = C(Kr)(l + 72;(1_*_&)/2 1

where

C(r)={1+4(1+£)+4(1+ )3+ x)}1.

Then g € C°(R?),

: £
g(z) ; C(K)(l_-}-;-)lT for = € Rz

and (1.3) holds with f = 0. Thus (2.2) is optimal under (1.3).

10.

11.
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