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§ 1. Introduction

Let X = (X(n);n € Z) be a d-dimensional weakly stationary time series on a proba-
bility spé.ce (€2, B, P) with expectation vector 0 and covariance matrix function R. Wiener
and Masani ([16],(17],[3]) have developed a theory of the linear prediction problem for the
time series X. By the innovation method, they have introduced an innovation process

€+ = (e4(n)in €Z) by
(11) ér(n) = X(n) — PM:;x(X)X(n),

where PMn—l( X) stands for the projection operator on the past subspace M’:;I(X ) of
L*(Q, B, P) defined by

(1.2) M™7}(X) = the closed subspace generated by {X;();1<n-1,1<5<d}.
We denote by V; € M(d;R) the prediction error matrix:

(1.3) Vi = B(ex (0) *e4(0)).

This research was partially supported by Grant-in-Aid for Science Research No. 03452011,

the Ministry of Education, Science and Culture, Japan.



The process X is said to be purely nondeterministic if and only if Npez M~ (X) =0
and to be of full rank if and only if the rank of the matrix V is d. It has been in [16]
characterized that X is purely nondeterministic and of full rank if and only if it has a

spectral density matrix function A such that
(1.4) : log(det(A)) € L} (==, x)
and then proved that

(1.5) detVy = exp[%r- /j log(det(A(8))) d6].

Furthermore in [17] and [3] they have derived a generating function which, in the one-
dimensional case, corresponds to the outer function of the spectral density function: the
main purpose of [17] was to obtain certain algorithms computing the generating function,
the linear predictor and the prediction error matrix in terms of the spectral density matrix
function under the conditions that X is purely nondeterministic and of full rank and
the eigenvalues of the spectral density matrix function are essentially bounded above and
away from zero; the latter condition has been weakened in [3]. For that purpose, they have
used the theorem of alternating projections due to von Neumann [14]. However, it seems
that they have not succeeded in obtaining the computable algorithm which is fit for the
application to other science.

Differently from Wiener and Masani’s method in [16],[17] and [3], we shall apply the
theory of KM,O-Langevin equations to the linear prediction problem for the pocess X
which is purely nondeterministic and of full rank and to solve some unsettled problems in
- [17] and [3]. We shall find that, in addition to the forward innovation process €, and the
forward prediction error matrix V., the backward innovation process e_ = (e_(n);n € Z)
and the backward prediction error matrix V_ € M(d; R) will indispensable to obtain certain

computable algorithm for the linear predictor which is fit for the application to other

(1.6) €. (n) = X(n) - PM:_I(X)X("‘)’
(1.7) V. = E(e_(0) *e-(0)).
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By using the so-called innovation method, we have in [7] constructed the theory of
KM,O-Langevin equations with finite delay drift term for the multi-dimensional weakly
stationary time series. Some relations which hold between both the delay and fluctuation
coefficients in KM;O-Langevin equations play important roles in this theory. In the field
of systems, control and information engineerings, they have been known as LD-algorithm
for the one-dimensional case and LWWR-algorithm for the multi-dimensional case in the
model fitting of AR-Langevin equations with finite degree ([2],[1],[15],[18]). A fundamental
feature of the theory of KM;O-Langevin equations lies in a comprehension that such
algorithms can be understood as a kind of fluctuation-dissipation theorem ([7]). As the
application of the theory of KM;O-Langevin equations to data analysis, we are going to

develop a new project of the stationary, causal and prediction analysis ([11],(10],[13]).

Now we shall explain the contents of this paper. In §2 we shall recall and rearrange
a part of the Wiener-Masani’s theory in [16]. The theory of KM,0O-Langevin equations
will be introduced in §3 according to [7]. In particular, we shall rearrange the KM,O-
Langevin data associated with the process X which consists of the triplet of the forward and
backward KM;O-Langevin delay functions, the forward and backward KM,O-Langevin
partial correla.tioh functions, and the forward and backward KM,O-Langevin fluctuation
functions. By taking certain scaling limit of the forward (resp. backward) KM,O-Langevin
equation, we shall in §4 derive a forward (resp. backward) AR(co)-Langevin equation
which governs the time evolution of the time series X. §5 treats the global behaviour of
the KM;O-Langevin partial correlation (resp. delay) functions by using the algorithms
mentioned above. We shall in §6 obtain two kinds of prediction formulae for the linear
predictor in terms of the innovation process €; and the process X, respectively. In the
final §7, we shall give a concrete representation theorem for the generating function in
the Wiener-Masani’s theory ([17] and [3]) which, according to the nomenclature in the
one-dimensional time series, will be called in this paper an outer matrix function of the

spectral density matrix function A of the {ime series X.

This paper has been announced in [8]. The method used in this paper can be effectively
applied o the non-linear prediction problem for one-dimensional strictly stationary time

series in order to resolve the open problem in Masani and Wiener ([4]) which will be
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appeared in the future ([12]). Furthermore in [13] we shall develop the prediction analysis

based upon non-linear causal analysis in the part (III) of our new project.

§ 2. The Wiener-Masani’s theory

Let X = (X(n);n € Z) be a d-dimensional weakly stationary time series on a proba-
bility space (2, B, P) with expectation vector 0 and covariance matrix function R:

(2.1) E(X(n))=0 (neZ)
(2.2) E(X(m)*X(n))=R(m—n) (m,ne€l).

We introduce a notation which will be often used in this paper. For any d-dimensional
square-integrable stochastic process Y = ( *(¥1(n),Y2(n),+- ,Ys(n));n € Z) defined on
the probability space (2, B, P), we define, for any m,n,—c0o < n < m < 00, a real closed
subspace M (Y) of L?(Q, B, P) by
(2.3) M7 (Y) = the closed linear hull of {Y;(k);k € Z,n <k <m,1<j<d}.
Furthermore PM"‘(Y) denotes the projection operator on the closed subspace M;'(Y).

We shall recall and rearrange a part of the Wiener-Masani’s theory for the linear

prediction problem of the time series X ([16]). By the innovation method, they have

introduced an innovation process €; = (e4(n);n € Z) by
(2.4) e+(n) = X(n) — PM'_‘:(X)X(n)
and defined the prediction error matrix V; € M(d;R) by
(2.5) Vi = E(e4(0) *e4(0)).

It is easy to see that the time series €, is a white noise with covariance matrix function

V4, that is, for any m,n € Z,

(2.6) E(eq(m) ‘es(n)) = 6mn Vs

The process X is said to be purely nondeterministic if and only if
(2.7) MNnezM~ (X)) =0

and Wiener-Masani has proved



THEOREM 2.1 ([16]). The condition (2.7) is equivalent to the following causal condition:

(2.8) M* (X)=M"_(e;) (nel).

Furthermore, X is said to be of full rank if and only if the rank of the matrix Vj is d.

Wiener-Masani has proved

THEOREM 2.2 ([16]). The time series X is purely nondeterministic and of full rank if and

only if it has a spectral density matrix function A such that
(2.9) log(det(A)) € L (~=, x).
Then the following formula holds:

- (2.10) detVy = exp[-;; ) log(det(A(8))) d6).

V=%

We call the time series €; and the matrix V) the forward innovation process and

the forward prediction error matrix, respectively. For further stﬁdy, we need to introduce

the backward innovation process €. = (e_(n);n € Z) and the backward prediction error
matrix V_ by

(2.11) ) e-(n) = X(n) - PM:’H(_X)X("')

and

(2.12) | V. = E(e_(0) *e_(0)).

Similarly for €, the time series €. is a white noise with covarance matrix function

V_:

(2.13) Be—(m) te-(n)) = b6V  (m,n €1).
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COROLLARY 2.1. We assume that the time series X is purely nondeterministic and of full

rank. Then the following hold:

(214) ME(X)=MT(e) (nel)
(2.15) det V. =exp[-2—1; f_ log(det(A(6))) d6].

Proor: We consider the d-dimensional weakly stationary time series X_ = (X(~n);n €
Z). When we use the notation that ¢.(X) (resp. €, (X_)) stands for the backward (resp.
forward) innovation process associated with the time series X (resp. X_), it can be seen
that M°(X) = M_3 (X_.) and e_(X)(n) = €4(X_)(—n). Furthermore it follows that
the spectral density matrix function of X_ becomes *A(f) and det(A(6)) = det( *A(9)).
Therefore we can prove Corollary 2.1 from Theorems 2.1 and 2.2. ~ Q.E.D.

§ 3. The theory of KM,O0-Langevin equations

We shall recall the theory of KM;O-Langevin equations from [7]. Let X = (X(n);n €
Z) be the same time series as in §2. In this section, we treat the case where the cov#ﬁance
function R has a spectral density matrix function A defined on [—=,#):

(3.1) R(n) = / T emA@G)dE (nel)

-

Then we define, for each n € N, two block Toeplitz matrices T;F, T, € M(nd;R) by

R(0) R(+1) ... R(x(n-1))
(3.2,) o R(1) | R(0) oo R(%(n-—2))
R(F(n—-1)) R(F(n-2)) ... R(0)

It is to be noted ([7]) that

(3.3) - ‘R(n) = R(-n) (nel),
(3.4) T, T; € GL(nd;R) (n € N), and
(3.5) T =TT = R(0).
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According to the method of innovation, we introduce the d-dimensional forward (resp.

backward) KM,0-Langevin force ¥4 = (v4(n);n € N*) (resp. v_ = (v-(I);1 € —N*)) as

follows:
(3.64) ve(n) = X(n) - PM:"(X)X("') (n € N*);
(3.6-) v-()=X() - PM;’_,_,(X)X(I) (1 € =N*),

where N* = {0,1,2,+--},-N* = {0,-1,-2, -+ }, and M;}(X) = M2(X) = {0}.
For each n € N*, let V(n) (zresp. V_(n)) be the covariance matrix of v4(n) (resp.
v_(—n)). We call the function V;(:) (zesp. V_(-)) the forward (resp. backward) KM,O-

Langevin fluctuation function. The following causal reation holds among X, v, and v_:

Causal relation ([7]).

(3.7) v4(0) = v_(0) = X(0).
(3.84) B(vs(xm) tvg(£n)) = 6pmnVi(n)  (m,n €N*).
(3.94) Mg(X)=Mg(vy) (neN)

(3.9_) M° (X)=M"_(v.) (n eN").

Let the system {v;(n,k),v-(n, k), 64+(m),6_(m), Vo (1), V-(1);1 € N*,m,n € N,1 <
k < n} of M(d;R) be the KM,O-Langevin data associated with the process X. We know
that X satisfies the forward (resp. backward) KM;O-Langevin equation (3.10;) (resp.
(3.10_)):

KM;O-Langevin equations ([7]).

n—1

(3.104) X(*£n) = — Z'yi(n, k)X (£k) — 6+(n)X(0) + va(£n)  (n €N).
k=1
We call the function 4 (-, *) (zesp. v-(:,*)) the forward (zesp. backward) KM,O-
Langevin delay function associated with the process X. The function 64() (resp. 6-(-))
is said to be the forward (resp. backward) KM;O-Langevin partial correlation function

associated with the process X.



REMARK 3.1. The forward KM;O-Langevin equation (3.104) is a discrete analogue to the
(@, B,7,8)-Langevin equation derived by T. Miyoshi ([5],[6]).

Concerning the relation between the Toeplitz matrices and the KM;0-Langevin fluc-

tuation functions, we can use the KM,0O-Langevin equations to see that
n—-1

(3.114) detTF = [J detVi(k)  (neN).
k=0

It follows from (3.4) and (3.11.) that
(3.12) Vi(n),V_(n) € GL(d;R) (n €N").

The fluctuation-dissipation theorem (FDT) we have stated in §1 is the following:

FDT ([2],(1],{15],[18],[7]). For any n,k € N,n > k,

(3.13x) 1£(n, k) = y2(n — 1,k — 1) + 82 (n)y£(n — 1,n — k — 1);
(8.144) Vi(n) = (I - 61(n)8z(n))Vi(n - 1);

(3.15) 5 (m)Vi(n = 1) = Vo (n — 1) 64 (n);

(3.16) §-(n)Vi(n) = V_(n) *6;(n),

where we put
(3.17) 7+r(m, 0)=64(m) and v_(m,0)=6_(m) (meN).

FDT implies that both the KM,0-Langevin delay and fluctuation functions can be
recursively calculated from the KM, O-Langevin partial correlation functions. On the other

hand, the latter can be obtained from the correlation function R by the following formulae:

KM;O-Langevin partial correlation functions([2],[1],[15],[18],[7]).

n—2

(3.181)  ba(n) = —(R(£n)+ D yi(n—1,k)R(x(k+1)))Ve(rn—1)"*  (neN).
k=0



For any m,n € N*,m > n, we define Py(m,n), P_(m,n) and e4(m,n),e_ (m,ﬁ) by
(3.19:) Pi(m,n) = E[X(£m) *vi(£n)]Vi(n)~Y/?

and

(3.204)  exlm,n) = E[(X(m) — Pyg x,X(m) {(X(m) = Pagn x, X (m))],
(3:202)  e-(m, )= B[(X(~=m) ~ Pypo_ 3, X(~m)) *(X(=m) = Pppo_ zr,X(~m)].

We call the function P.(-,*) (resp. P_(-,*)) the forward (resp. backward) prediction
function and the function e (-, *) (resp. e_(-,*)) the forward (resp. backward) prediction

error function. Then we know

Prediction formulae ([7]). (i) For any m,n € N*,m > n,

(3.214) Py xyX(m) = Y Py(m, k)Vi (k) 2wy (R);
(3.21_) Pypo xyX(-m) = > P_(m, k)Vo (k)" 2u_ (k).
k=0 ’

(ii) For any m,n € N*,m > n,

(3.224) PyrrxyX(m) = ) Qi (m, n; )X (k);
: k=0
(3.22.) PM?_,_(X)X(_m) = Z Q-(m,n; k) X(—k).
k=0

Here the M(d;R)-valued prediction functions Py(+,*) and Q4 (-, *;%) can be deter-

mined by the following algorithms:

Prediction algorithms ([7]). (i) For any m,k € N*,m >k,
AORE if m=k

(3-23:!:) P:h(m, k) = . )
=Y ya(m, ) Pe(l,k) if m>k+1
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(ii) For any myn,k € N*,m >n >k,
—7x(n +1,k) if m=n+1

(3.244) Qi(m,n;ik) = { oy _
Yoreni1 7E(mDQx(l,ns k) — ya(m,k) if m>n+2

Finally the prediction error functions can be calculated by the following formulae:

Prediction error formulae ([7]). (i) For any m,n € N*,m > n,
(8.254) ' ex(m,n) = Z Pi(m, k) *Py(m,k).
k=n+1

(ii) In particular, for any n € N*,

(3.264) ex(n+1,n) =(I-bx(n+1)6z(n+1))---(I - 6+(1)65(1))R(0).

§ 4. AR(o0)-Langevin equations

In the sequel, we shall assume that the time series X is purely non-deterministic and
of full rank. Hence we remark from Theorem 2.2 that X has the spectral density matrix
function A satisfying the regularity condition (2.9).

Let N be any fixed natural number. Using the unitary discrete group (U(n);n € Z)
on the Hilbert space M (X) defined by |

(4.1) U(n)(X;(m)) =Xj(m+n) (mnel1<j<d),

we define two d-dimensional weakly stationary processes €f; = (e (n);n € Z) and ey =
(en(n)in €Z) by

(4.24) ex(n) = U(nF N)ve(£N).

Then the forward (resp. backward) KM,0-Langevin equation (3.10.) (resp.(3.10_)) can

be transformed into the following generalized forward (resp. backward) AR(N)-Langevin
equation (4.3 ) (resp. (4.3.)):

N

(4.34) X(n) == 1+(N,N —k)X(n—k) +ek(n) (n€Z);
k=1 '
N

(4.3) X(n)==> 7-(N,N-k)X(n+k)+exy(n) (nel)

10



REMARK 4.1. The AR-Langevin equations with finite degree can be characterized in the

framework of the generalized AR-Langevin equations ([10]).

According to the definition of the KM;O-Langevin forces and (4.2 ), we have

(44,) h(n) = X(r) = Pagos 3, X(n)  (n )
(44-) ex(n) = X(n) - PM:I:'(X)X("') (n €Z).

Hence, by noting (2.4) and (2.11), we can let N — oo in (4.4.1) to obtain the following

THEOREM 4.1.

4,54 Lim.ei(n) =cr(n for any n € Z.
N-—ooco N

Concerning the global behaviour of the KM;0O-Langevin fluctuation functions, we

have

THEOREM 4.2.

(4.62) | lim Vi (n) = V.

ProoF: According to the definition of the forward KM;O-Langevin force, it follows from

the weak stationarity of the process X that, for any n € N,

Viln+1) = B(X(0) = Pag=s_ 5, X(0) “(X(0) = Pyy-s 5, X(O))]

Therefore, letting n — oo in the above, we find from (2.4), (2.5), (2.11) and (2.12) that
(4.6+) holds. In the same way, we can prove (4.6_). _ Q.E.D.

By virtue of Theorem 2.2, the matrices Vi are non-singular and so we can define two

d-dimensional time series {4 = ({4(n);n € Z) by

(4.71) tx(n) = Vi Y2es(n).

11



It at once follows from (2.6) and (2.13) that two time series £, are standard white noises:

(4.8+) | E(¢+(m) *¢x(n)) = bmal.

Immediately from (2.8), (2.14) and (4.7.), we have

THEOREM 4.3. There exist the following causal relations among X and §..:

(4.94) MZo(X)=M2(§4) (nel)
(49-) M (X)=M>(-) (nel)

Moreover, by letting N — co in the generalized AR(N)-Langevin equations (4.31),
we find from Theorems 4.1 and 4.2 that

THEOREM 4.4. The time series X satisfies the following two kinds of stochastic difference

equations:
N-1 '

(4104)  X(n)=-Llim. > 7 (N,N-E)X(n-k)+ V% () (n€);
k=1 .
N-1

(4.10.) X(n)=-Lim 3 v (N,N-k)X(n+k)+ V% () (nel)
k=1

DEFINITION 4.1. We call equation (4.10,) (resp. (4.10.)) the forward (resp. backward)

AR(co)-Langevin equation associated with the time series X.

We remark that equations (4.10.) give the concrete representations for the inclusion

D in the causal relations (4.9.).

§ 5. The global behaviour of KM;O-Langevin partial correlation (resp.
delay) functions

In order to obtain the concrete form of the limit of coefficients in AR(co)-Langevin
equations (4.101), we shall study the global behaviour for both the KM;O-Langevin partial

correlation functions and the KM, O-Langevin delay functions.

12



LemMaA 5.1.
nl.l.»néo §+(n) =0.
Proor: We claim that
(5.1) | the sequence (64 (n);n € N) is bounded.
By virtue of (3.144) and (3.15) in FDT,
(5.2+) . Ve(n+1) = Va(n) = =61 (n+1)Va(n) *6+(n + 1)
and so, for any z € R4,

(Vi (n+1) = Va(n))2,2) = (Vi (n) 63(n+ 1)a, 64(n+1)2)
> (Vi(0) *64(n+ 1)z, *61(n+ 1)z).
Hence, there exists a positive constant ¢ such that, for any n € N,

| 64 (n + Dz|| < cl=]],

which yields (5.1). |
Let D, € M(d;R) be any limit point of the sequence (§4(n);n € N) along a sub-
sequence (nx;k € N) converging to co. Letting k — oo in (5.2..) along the subsequence
above, we find that
DiVitDy=0

and so the non-singularity of the matrix V, implies that D, = 0, which completes the

forward part. The backward part can be proved in like manner. Q.E.D.

LeMMA 5.2.
im ~v4(n,k) =0 for any fixed k € N.

Proor: We show only the forward part, because the backward part can be similarly

proved. We claim that there exists a positive constant ¢, such that

(5.3) le(mn—K) <cu  foranyn> k.

13



By multiplying ‘vi(n—m) (1 < m < k) in the forward KM;O-Langevin equation (3.10,)
from the right, we have | ‘
E(X(n) ‘v4(n — m))
(5.4) = .
=- Z Y+(n,n — DE[X(n = 1) ‘vi(n —m)] — v+ (n,n — m)Vi(n — m).

I=1

Since it follows from (3.8, ) and Theorem 4.2 that, for any ! € Z,
IE(X (D) *vi(n = m))|| < IRO)IVi(n —m)|| < |R(O)II?,

we can apply this and Theorem 4.2 to (5.4) to observe that (5.3) can be proved by induction.
Therefore, we can conclude from (3.13;) in FDT, Lemma 5.1 and (5.3) that the
forward part holds by induction. Q.E.D.

We are now in a position to state the main theorem for the global behaviour of the

KM;0-Langevin delay functions v4(:, *), 7~ (:, *).

THEOREM 5.1. The limits v+(k) = limp—, o 7+(n,n — k) exist for any k € N* and they

satisfy the following recursive relations:
k=1
7 (k) = ~{BIX(0) “6x(Fk)] = Y 72 (DX (0) *éa(F(k — D)} Vi~
=1
PROOF: We prove only the forward part. According to the definition of the forward
KM;O-Langevin force, for any [,n e N*,0<I<k~1<n,
B(X(n ~ 1) 'vy(n — k) = B(X(0) ‘et_, (1 - k).

Substituting these relations into (5.4) with m = k, we have, for any n € N,n > k,

BE(O) (=R = = 3 7a(mn = DBIX(O) *¢hy (1 = B)] — 74 (7~ BV ().

Therefore, we can apply Theorem 4.1 to the equations above to observe that the forward

part holds by induction. Q.E.D.
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§ 6. The prediction formulae

We shall show that the d-dimensional white noises §, and £_ in Theorem 4.1 play
the same role as those in the canonical representation theorem for one-dimensional purely
nondeterministic weakly stationary processes and give some prediction formulae.

At first we shall study the global behaviour of the prediction functions Py (-, ).

THEOREM 6.1. (i) For any k € N*, the limits Py (k) = lim,_,, Ps(n,n — k) exist and

are representated in terms of the white noises:
(6.1x) Py (k) = E(X(0) ‘¢x(Fk))-

(ii) They satisfy the folIowfng estimates:
(6.2+) > Pu(k) *Ps(k) < Ca
k=0

with two positive definite matrices Cy,C_ € GL(d;R).

(i) Moreover, they satisfy the following recursive relations:

{ P(0) = Vi /2

(6.3+) 1 .
: Pi(k) = -3 72(k=0)P:(l) (k€N)

Proor: Only the forward part is proved. By (3.19;) and (4.24), for any n,k € N*,n > F,
P,(n,n —k) = E[X(0) ‘e} (—k))Vy(n - k)2,

which, combined with Theorems 4.1 and 4.2, implies that (i) holds. Furthermore, it follows
from (3.25;) that, for any n,k € N*,n > k,

k
(6.4) ex(mn—k)=> Py(n,n—k+1) ‘Py(n,n—k+1).
=1
On the other hand, we can see from (3.20,.) that there exists a positve definite matrix
C+ € GL(d; R) satisfying .
(65) e+(n,'n - k) S C+.
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Therefore, by virtue of Theorem 3.1, we can let n — oo in (6.3) to observe that (ii) holds
from (6.4).
Finally it follows from (3.231) that, for any n,k € N,

{ Py(n,n) = Vi(n)'/?
Pi(n,n—k)= _Z;:ol 12(n,n — k + DPi(n—k+1l,n—k) .

Therefore, letting n — oo in the equations above, we find that (i) follows from (i),

Theorems 4.2 and 5.1. Q.E.D.

REMARK 6.1. The recursive relations in Theorem 5.1, together with (6.1.), are the same

as the relations (6.3+) in Theorem 6.1.
Concerning the concrete representations for the inclusion C in (4.9 ), we shall show

THEOREM 6.2. The time series X can be representated in terms of the standard white

noises £1:

(6.65) Xm)= 3 Pn—Rs(R)  (ne;
k=—co

(6.6-) X(n) =Y P_(k—n)¢_(k) (nel).
k=n

ProoF: Note that each component of the right-hand sides of (6.6 ) converges in the space
L*(Q, B, P) by (ii) in Theorem 6.1. For any fixed n € Z, put

Y=X(m)= 3 Py(n—k)Es(h)

k=—co

It follows from (4.9,) that Y € M~ _(£,). On the other hand, we see from (4.9, ) and
(6.14) that, for any m € Z,m < n,

E(Y *¢4.(m)) = B(X(0) *64(m — n)) - Py(n— m) = 0

and so Y = 0, giving (6.6.). In the same way, (6.6_) can be proved. Q.E.D.
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By virtue of Theorems 4.3 and 6.2, the predictor based upon the past (resp. the

future) can be concretely representated in terms of white noises £, and £_.

THEOREM 6.3. -

(6.74) Py _xyX(m)= ) Pi(n—k)s(k) (neN).
h=—co

(6.7-) Py xyX(=n) =Y P_(k+n)¢_(k) (n €N).
k=0

On the other hand, we shall obtain another formulae of the predictors in terms of the

time series X itself.

THEOREM 6.4.

N

(6.84) Py xyX(n)=Lim. D Qu(N+n,N;N —k)X(-k) (n€N).
k=0
N

(6.8_) Py=(x)X(-n) =Li.m. > Q-(N +n,N; N - k)X(k) (n €N).
k=0 '

Proor: We prove only (6.8, ), because (6.8_) can be proved in a similar way. According

to the prediction formula (3.22,) with m = N +n and n = N, for any N,n € N, we have
N
Pyy xyX(n+N) = > Qu(n+ N,n; k)X (k).
k=0
By operating the shift operator U(—N) to the equation above,
N
PME_N(X)X('"' +N)= Z Q+(n+ Nyn; N — k)X (k).
k=0

Hence, letting N — oo in this equation, we obtain (6.8..). Q.E.D.

In order to obtain the concrete form of the limit of of coefficients in the prediction

formulae (6.8+), we shall study the global behaviour of the prediction functions Q. (, *;%).
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THEOREM 6.5. The limits Q+(n,k) = imy_, oo Q1+(n + N,N; N — k) exist for any n €
N,k € N* and they satisfy the following recursive relations:
{ Qx(1,k) = —7x(k +1)

(6.9;1:) . .
Qx(n, k) =305 12(n —)Qx(Lk) — y2(n +k) (n2>2)

Proor: By (3.24;),

Q:(1+ N,N;N — k)= -9 (N +1,N — k).

Hence, it follows from Theorem 5.1 that (6.9+) holds for n = 1. When n > 2, furthermore,
by using (3.24;) again,

n-1
Qu(n+ N, NN k)= 3 qa(n+ NI+ N)Qu(N +1,N; N — k) — yu(n + N, N — k).

=1

Therefore, by virtue of Theorem 5.1, we can let N — oo in the above to observe that
the limits Q1 (n,k) = limy_, o Q+(n + N,N;N — k) exist and they satisfy (6.9.), by

mathematical induction. Q.E.D.

$§ 7 Outer matrix functions for the process X

We determine two M(d; R)-valued functions E,, E_ defined on Z by
(7.12) | Ex(n) = VZrx{01,.1(£n)Ps(n)
and then denote by H,, H_ their Fourier inverse transform:
(7.24) | Hy = B..

Immediately from Theorem 6.2, we have

(7.34) X(n)= —=Fix&(n)  (ne2)
(7.3_) X(n) = -\7.]1—2_;E_ sé.(n) (nel)
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It can be seen from (7.3.) that

(7.44) A(6) = Hi(0)H4(6)" a6 €[-m,x);
(7.4-) A(6)=H_(9)H-(6)° a..8 € [~=, 7).

In particular, it is to be noted from (2.9) and (7.41) that H. () belong to GL(d;R) for
almost all § € [—=, ). The function H, is named by the generating function in [16],{17]
and [3]. By taking acount of (4.91), (7.31) and (7.41), according to the nomenclature in

the one-dimensional case, we shall give the following

DEFINITION 7.1. We call the matrix function H (resp. H_) the forward (resp. backward)

outer matrix function of the spectral density matrix function A or the process X.

The aim of this section is to obtain a concrete representation for the outer matrix
functions H,, H_. Let (E(0);6 € [-=,=)) be the resolution of the identity associated with
the unitary discrete group (U(n);n € Z) acting on the Hilbert space M>_(X):

@8) X(n) = / " e 4B(8) X(0).

-%

It is to be noted that the spectral density matrix function A can be representated as

(7.6) A(6)d6 = d(E(6)X(0), X(0)).

LeMMma 7.1.
taln) = —— / T ity (o)-ldvE(e)X(O) (n€Z)
+ /—-27r . + .

Proor: By Theorem 4.3, we can find two M(d; C)-valued functions Fy = (Fjik)15,-,ksd

defined on [—=,x) satisfying

(7’7i) Fjdlzc € I’z(['—ra W);Ahh(g) d9) (1 S Jik S d);

(7.85) (0= | " Fa(0) dE(0)X(0).

-
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However, since it follows from (2.4), (2.11) and (4.7+) that
(7.9:) U(n)¢s(0) = éx(n)  for any n € Z,
we can see that

(7.10:) x(n) = / ’ e~ FL(0) dE(6)X(0) (n € Z).

By substituting (7.10.) into (7.3+), we have

X(n) =v2x / ) e~ B, (0)Fs(8) dE(6)X(0)  for any n € Z.

Therefore, by virtue of the uniqueness of Fourier transform, it follows from (7.2:) and

(7.5) that

1
Py = ——H;?
E S | /o +

- which, together with (7.104), completes the proof of Lemma 7.1. Q.E.D.

For each n € N, two M(d; R)-valued functions F;}, F;; are defined on [—=, «):

n—-1

(7.11%) FEO)=1+ Z yx(n,n —1)e't,
=1

We are now in a position to prove the main theorem of this section.

THEOREM 7.1. (i) The following limits exist in L?(—=,=):
Li.m. Fy(0)Hx(6) = —\/lzszi(oo)llz.

(i) There exists a subsequence (n)52., converging to co such that

ny—1

Hy(6)™' = V2xVi(o0)~1/? hl_x_’n:o Z (I + vs(na,np = D)) ace. 8 € [-x, 7).
=1

Proor: (ii) immediately follows from (i). Put

n-1

Y(n) = X(0)+ Y y4(n,n — ) X(~1) — Vi (00)*/?€,.(0).

=1
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According to Theorem 4.4,

(7.12) lim E(Y(n) 'Y (n)) =0.

n—oo
On the other hand, by virtue of Lemma 7.1, it follows from the spectral representation

(7.5) and (7.114) that

¥ = [ {750)- -

— V2

Hence, we find from (7.4;) that

Vi (c0)*/? H..(6) ™"} dE(6) X (0).

E(Y(n) 'Y (n)
= [AFHO) — = ValooP PHL () ACHES (6) = Vi (o) P Hy 0) )

- 27l'

= / T (B O)HL(6) - va+(oo)1/ 2L FH(6)Hy (6) — #V}(w)l/ 2} dp.

- 2
Therefore, combining this with (7.12), we have the forward part of (i). The backward part
can be similarly proved. Q.E.D.
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