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DUALITY FORMULAS
AND VARIATIONAL INTEGRALS

Patricio Aviles
Yoshikazu Giga.

Naoto Komuro

Abstract. A duality representation of a measure f(z, p) for a finite dimensional vector
valued Radon measure p is established for a continuous function f = f(z, p) which is convex
and of linear growth in p. Besides technical new aspects of the result the proof giveh here
is simpler than those based on the theory of convex functionals. As an application, a new
proof for a representation f(z,Vu) by the graph of u is given when u is & mapping of

bounded variation.

1. Introduction. In convex analysis a duality representation of convex functionals is very
important [6], [13]. Let us begin with a simple example. Suppose that f is a continuous

convex function on R%, Then f has a representation

w £(7) = sup(< 4,2 > ~£'(2)),
where f* is the conjugate convex function of f &eﬁned by
(1.2) - 9= sgp(< p,a> —£(p))

and <, > denotes the inner product in R4. If f is positively homogeneous of degree one
f* becomes the indicator function of the subdifferential K = £(0) at 0. In other words
f*(q) =0 for g € K otherwise f*(g) = oo and

(1.3) 0f(0) ={g;< g,p >< f(p) forall pe R}



The duality formula (1.1) now yields

(1.4) f(p) =sup < g,p>
9K

for homogeneous f.

In this paper we give such a representation for a convex functional / f(z, p) defined on
the space of finite R¢ valued Borel regular measure p on a compact seir X in R¥ (or more
generally a compact metric space). The integrand f(z, p) is well-defined as a Borel regular
measure if f = f(z,p) is continuous on X x R* and grows linearly in p ([8],[10]). When #
is positively homogeneous of degree one in p, we derive a duality formula (corresponding

to (1.4)) which reads:

) /x o(2)f(2,1) = sup /x o< p>.

Here the supremum is taken over all R? valued continuous funciton v on X such that
v(z) € K, forall z € X where K, is the subdifferential of f,(p) = f(z,p) at p = 0
(cf. (1.3)). The function ¢ is a nonnegative bounded Borel measurable function. The
bracket means the canonical pairing of R? valued measures and functions. We also extend
a duality formula for inhomogeneous f growing linearly in p as an application of (1.5).
Under an assumption of uniform continuity of f/(1 + |p|) in z (uniform in p) the duality

formula (corresponding to (1.1)) reads:

(1.6) | /xsb(z)f(z,#)=sup (/xsa <vp> —/xsof‘(z,v)dﬁ’v)-

Here the supremum is taken over all R¢ valued continuous function v on X such that
f*(z,v) is integrable with respect to the Lebesgue measure £V. Here f*(z,q) = f2(q) is
defined by (1.2).

Our results (1.5) and (1.6) are not entirely new. In [11] Rockafellar proved (1.5) and
(1.6) with ¢ = 1 under assumptions different from ours. Neither sets of assumptions do
not imply the other. For example for (1.5) Rockafellar needs to assume that K, has an
interior point which does not necessarily hold in our case. This restriction on K, does

not allow us to apply (1.5) and (1.6) to our results in Section 4. His assumption on the
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regularity of f(z,p) in = seems slightly weaker than ours although it is not easy to compare
because his assumptions are given for f* rather than f.

The proof of Rockafellar [11] depends on a couple of duality formulas of convex func-
tionals on other spaces so it is long. Our proof of (1.5), (1.6) is rather simple and easy to
access. For example to show (1.5) we apply the measurable selection (due to Castaing) and
(1.4) to get (1.5) for all y-measurable function v with v(z) € K,. We next approximate
v by a continuous function. A key observation is the continuity of X, in z. No nontrivial
theorems rather than Lusin’s theorem are used. The formula (1.6) is proved by extending
(1.5) to f which takes co outside X x C where C is a closed convex cone. For f =20 wedo
not need any expensive argument but for general f we use Michael’s continuous selection
theorem [9]. The formula (1.6) is proved by Demengel and Temam (7] when f is indepen-
dent of z and ¢ is a continuous function with compact support or @ is a characteristic
_ function of an open set. However, their method does not seem to apply to the case when
f depends on =z.

As an application of the duality formulas in Section 4 we give a new and direct proof of

the representation [2, Theorem 8.2] of

/‘;f(z,Vu)

for a mapping of bounded variation u : @ — R™, where Q is a2 domain in R*. Their
representation is interpreted as a variant of area formula. Roughly speaking it represents
/ f(z,Vu) by an integration of a current associated with a graph of v in  x R™. We
p?esent our proof readable for those who are not familiar with the wording of [2].

Throughout this paper, by a nonnegative measure we mean an outer measure. If p=
p1 — pz with two nonnegative measures we simply say g is a measure. The measure
|ul = p1 + p2 is called the total variation measure of p. If p = (#1,° - pa) and each p; is
a measure, we say g is a R¢ valued measure.

This work was initiated while the first author visited the Mathematics Department of
Hokkaido University, supported by a grant from the Japan Association of Mathematical

Sciences.
2. Duality formulas — homogeneous version. Let p be a R¢ valued finite Borel
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regular measure on a compact metric space X. Let f = f(z,p) be a continuous function
on X x R¢ which is positively homogeneous of degree one in p, i.e., for each z € X the

function f,(p) = f(z,p) has a scaling property
fa(Ap) = Afa(p) forall X>0, peRS,

The finite Borel measure f(z,x) on X is defined by

/ f(z,p) = / f(z,-ﬁ(z))dlpl for a Borel set A C X,
A A

where || is the total variation measure of ; for an open set A the valve of ||(A4) is defined
by

d
1(4) = up (Y [ udlpul; we: X - R
i=1

d
is a continuous function compactly supported in A and Z'vf <1}.

i=1

Here p(z) = (dp/d|u|)(z) is the Radon-Nikodym derivative of p with respect to || (cf.
[10]). The measure f(z, 1) is independent of the choice of a norm |- | in R%. When X is a
compact set in RY and |u| is absolutely continuous with respect to the Lebesgue measure

LY with a density k, the homogenuity in p yields

[ fem = /. #emac

so the definition of f(z,4) is very natural. We are interested in deriving a duality repre-

sentation of f(z, 1) when f, is convex in p.

2.1, Duality formula. Let K, be the subdifferential of f, at 0 defined by (1.3), i.e.,
K,={g€eR%<qp>< fo(p) forall pe RY}.

Clearly, K, is a closed convex subset of B,d. Let f; denote the conjugate function of f, in

(1.2), i.e.,

f2(q) = sup (< p,q > —fa(p))-
PERI
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When f, is positively homogeneous of degree one, f is the indicator function of K,. Let
C(X,R?) denote the space of all R? valued continuous functions on X. We are now in
position to state our duality formula. Note that all Borel sets are |u]-measurable and that
for each A C X there is a Borel set B D A such that |u|(4) = |g|(B) if and only if p is a

Borel regular measure on X.

THEOREM. Let f = f(z,p) be a real valued continuous function on X x R¢, where X is
a compact metric space. Suppose that f,(p) = f(z,p) is positively homogeneous of degree
one and convex in p. Let p be a R?% valued finite Borel regular measure on X. Let ¢ > 0

be a bounded |p|-measurable function on X. Then
en [ Aemp=sp{ [ <E@),ue) > )l s € ox, R
v(z) € K, forall = EX}.

REMARK: If we write each side of this identity by G and H respectively, G > H is easy

to prove. Indeed, since (1.4) is

fa(p) = sup <p,q¢>,
q€K,

we see

G= /x F (2 1) = /x £z, B (2))p(2)dlul

= [ sw <Ee)a> ple)dlu
X QEK.

> [ <(e)9(e) > (el

holds for every v € C(X, R?) with v(z) € K, for all z € X. This yields G > H.

To prove the theorem it remains to show the inequality G < H which we shall prove in

several steps in the following subsections.

REMARK: The formula (2.1) is the same as (1.5) since

/ o< p>= / < u(z),v(z) > p(z)du(z).
x x
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In (2.1) ¢ is allowed to be simply |z|-measurable (not necessarily Borel measurable).

2.2 Continuity of K,. We say a closed set valued function I'; C R? defined in X (3 z)
is upper semicontinuous at 2o € X if z, — 29,9, — go (n — o) with ¢, € T, implies
go € I'z,. We say I', is lower semicontinuous at 2o € X if for aﬁy g €T, and 2, — 2z
there is a sequence {g,} converging to go with ¢, € Is,. We say I', is continuous at
zo € X if it is both upper and lower semicontinuous at zg € X. If it is continuous at all
zo € X, we simply say I, is continuous on X. We refer to [1] for various properties of set

valued functions.

LEMMA. Suppose that f = f(=, p) is a real valued continuous fanction on X xR2, Suppose
that fo(p) = f(2,p) is convex and positively homogeneous of degree one. Then K, is

continuous on X.

Proor: For zp € X suppose that z, — zgasn — 0. If ¢, € K, , then < g,,p ><
f(2n,p) for all p € R?. Suppose that g, — go. Since f is continuous, letting n — oo yields
< 0,7 >< f(zo,p) for all p. In other words go € K, so K, is upper semicontinuous at
any zg € X.

It remains to prove that K, is lower semicontinuous at 29 € X. Suppose that K, were
not lower semicontinuous at zo. Then there would exist gy € K,,, a positive number

€0 > 0 and a sequence {z,} converging to zo such that
Ka" N Bco(q0) =g

for every n, where /B,o(qo) is a closed ball of radius &y centered at go. By the separation

theorem [13, Theorem 11.3], for each n there exists p, € R¢ such that |p,| =1 and

sup < q)pn >< inf < q,pn > °
9€K,, quco(?O)
By (1.4) we now observe that
f(znipn) = sup <g,pa>< inl < gq,pn >
qEK-,. qu'o(qo)

=<q,Pn >=<G0,Pn > — < @ ".(__I',Pn >=<qo,Pn > —€o0

S sup < q,pn > —€o0 = f(%0,Pn) — €0
g€K .,



for every n, where g is the supporting point of B,,(go). Since 2z, — zo, this contradicts

the equicontinuity of the family of functions

{f(-.,p) i lpl =1, pe RY}

at zo; the equicontinuity is trivial since f is continuous on a compact set X x {lp| = 1}.

We thus prove the lower semicontinuity of K, at zg. Q.E.D.

REMARK: When f, is continuous on R, the set K, is compact. Looking over the proof,
we see this fact is never used. Actually, one can conclude the continuity of K, even if fis
continuous only on X x C and f = o0 on X x (R4\C), where C is a closed convex cone

in R? provided that f, is convex and positively homogeneous of degree one.

2.3. Weak duality formula. We apply the measurable selection theorem to get a weaker

version of the duality formula in §2.1.

PROPOSITION. Assume the hypotheses of the duality theorem in §2.1. Then
[ e =se{ [ <) u(e) > o)l
w is |y| — measurable and w(z) € K, for |p|-a.e = E-X}.

We recall measurability of a closed set valued function. Let Y be a set and let v be an

outer measure on Y. Let I' be a closed-valued multifunction frém Y to R4, ie.,
I':Y —2®
has the property that I'(y) is closed in R for all y €Y. We say I is v-measurable if
IU)={yeY;T(y) NU + B}

is v-measurable provided that U is open in R*.
For example the mapping z +— K, in §2.2 is |u|-measurable since K, is lower semicon-

tinuous. Indeed, for an open set U in R? the set

KWU)={z € X; K, N U # @}
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is open in X if (and actually only if) K, is lower semicontinuous. Let us give its proof.
For zo € K~1(U) suppose that z, — zo. We take qop € K,, NU. Since K, is lower
semicontinuous, there is ¢, € K,, converging to go. For sufficiently large n we see ¢, €
UNK,, since U is open. This implies z, € K~1(U) for sufficiently large n. Therefore
K~'(U)is open in X. Since every open set in X is a Borel set, so K ~1(U) is |u}-measurable.

There is a nice article by Rockafellar [11] on measurable multifunctions. We often refer to
[11] for their various properties. One of the important properties is the following selection

theorem due to C. Castaing [4] (see also [11, Theorem 1B]).

THE MEASURABLE SELECTION THEOREM. Let I' be v-measurable. Then there is a v-
measurable function 9 : domI' — R? with ¥(y) € I'(y), where domT = {y € Y;T(y) #
@}. The fanction ¥ is called a (v-)measurable selection of I.

LEMMA. Assume the hypotheses of the duality theorem in §2.1 concerning f and p. For
any € > 0 there is a |p|-measurable function w : X — R? such that w(z) € K, for all
z € X and < p(z),w(z) >> fo(H(2)) - e

Proor: We define a multifunction I by

I(z) ={p € K,;< ;z(z),p >2 fa(ﬁ(z)) —¢}

for each =z € X. Since

fa(1(2)) = sup < 4(z),p >,
PEK,

the set I'(z) is a nonempty (closed) set in R for every z € X. Since z — K, is

|p|-mesurable and I'(z) = K, NTq(z) with

To(z) = {p € R% < 1i(2),p >> fo((2)) — ¢},

we see, by [11, Theorem 1M or Theorem 1E(b)], I' is |u|-measurable provided that so is

To. The measurable selection theorem yields the desired w as a |y|-measurable selection

of T.
It remains to prove that I'y is |p|-measurable. Let U be an open set in R%. Let D be
a countable dense subset of . Since I'¢(z) is an affine half space, To(z) N U # @ if and
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only if T'g(z) N D # &. In other words

Ii(U) =13 (D)= | 4,
PED
with 4, = {z € X;< p(2),p > fo(u(2)) - €}.

Since < (z),p > and f,(E(z)) are |#|-measurable, so is A,. Thus T3Y(U) is |gl|-

measurable since D is countable. Q.E.D.

Proor oF PROPOSITION: For ¢ > 0 let w be as in the lemma. Then

[ < E@w(z) > plepl > [ G @Dpledlsl e /.
X X X

=/x.f(z.ﬂ)so—€/x pd|p|

The last term is finite since || is a finite measure and ¢ is bounded. Since € > 0 can be
chosen arbitrarily, we obtain “<” in the weak duality formula. As remarked in §2.1, the

opposite inequality is trivial so one obtains the weak duality formula. Q.E.D.
2.4. Approximation. We shall approximate |u|-measurable function by continuous

functions with values in K.

LEMMA. Assume the hypotheses of the duality theorem in §2.1 concerning f. Suppose
that w € C(X,R?). Then there is a function v € C(X, R¢) such that v(z) € K, for all
z € X and that v(z) = u(z) for z with u(z) € K,.

ProOF: We may assume that u is identically equal to zero on X by replacing f.(p) by

fz(p)_
< u(z),p >. Let v(z) denote the smallest vector in K, i.e.,

e = mip Il

Since K, is a nonempty closed convex set, such »(z) is uniquely determined. If u(z)=0¢€
K, clearly v(z) = 0 = u(=z).

It remains to prove that v is continuous. For zy € X let z, —wzin X asn — co. We

set

o(z) = plel}g. < v(zg),p >

9



and observe that o(zg) = |v(z0)|? by the convexity of K,. Since

o(z) = = sup < —v(zo),p >
PEK,

= —f(z’ _v(zo))a

the function o is continuous in z. Hence for ¢ > 0

< 9(20),v(2n) > o(24) 2 |v(20)]([v(20)| - €)

for sufficiently large n. The lower semicontinuity of K, implies that there is p, € K.,

with |p, — v(20)| < € for sufficiently large n. In particular,
[v(za)] < IPal < |v(20)] +e.
Applying above two inequalities, we see

[v(2a) = 9(20)|* = [o(2a)|” + [v(20)[* — 2 < v(2n), 2(20) >
< (le(z0)] + €)* + [v(20)|* = 2lv(=0)([v(20)| — €)

= 4|v(zo)]e + €

for sufficiently large n. This implies that v(z,) — v(2o) as n — oo so v is continuous at

each z¢ € X, Q.E.D.

PROPOSITION. Assume the hypotheses of the duality theorem in §2.1 on f and p. Suppose
that w : X — R is |u|-measurable with w(z) € K, for all z € X. For each § > 0 there
exist v € C(X,R?%) and a closed set Y in X such that (i) pl(X\Y) <6 ) v=wonY
(iii) »(z) € K, forall z € X.

PRrooOF: By Lusin’s theorem (and Tietze’s theorem) there exist v € C(X, R%) and a closed
set Y such that » = w on Y and |p|(X\Y) < 8. Applying the preceeding lemma to u
yields v € C(X, R¢) satisfying (i) and (iii). v Q.E.D.
2.5. Proof of the duality formula. As remarked in §2.2 it suffices to prove G < H.

For € > 0 we take a |u|-measurable function w as in the lemma in §2.3 so that
6 < [ <H(ahule) > (el +¢ | edul

10



We approximate w by a continuous function v in the proposition in §2.4 so that

[ < BE)w@) > p@)du = [ <E@u@) > ole)aln
+ [ <E@E)> ool - [ <o) oe) > ple)dl
x\y x\y
<H+ [ f@ B+l [ pdul, ol = supe,
x\y x\Y x
since w(z) € K, for all z € X. By the compactness of § the continuity of f implies
M = sup{|f(z,p)| ; || =1,2 € X} < 0.
Combining above inequalities yields
G < H + (M + || Llp|(X\Y) + Le|p|(X)

with I = ess.sup|p|l. If ||v|| is bounded by some R > 0 independent of § and ¢, this
x
inequality yields
G < H + (M + R)LS + Lep|(X).

Since 6, > 0 are arbitrary and p(X) is finite, this now yields G < H.
It remains to prove that ||v|| < R independent of § and ¢. Since f, is continuous in R4
the set K, is compact. Since K, is continuous in z and X is compact, thereis R > 0 such

that

| &. c Ba(0).

s X
By the choice of v its value (z) is in K, so [|v]| < R and R depends only on f through
.. Q.E.D.

2.6. Generalization to integrands defined on conic domains. We now derive a
duality formula when f > 0 is continuous only on X x C with a closed convex cone C and

f = oo outside this set.

THEOREM. Let f: X x R% — [0, 0] be continuous on X x C and f = o0 on X x (R¥\C)),
where X is a compact metric space and C is a closed convex cone in R, Suppose that

f2(p) = f(z,p) is positively homogeneous of degree one and convex in p. Let pu be a

11



C-valued finite Borel regular measure on X in the sense that p(z) € C for |u|-a.e. z. Let
¢ 2 0 be a bounded |u|-measurable function on X. Then the duality formula (2.1) holds.

ProoF: Looking over the proofs we observe that the compactness of K, is not invoked in
§2.2-§2.4. Thus all statements in §2.2-§2.4 holds even for f which is continuous on X x C
and f = o0 on X x (R%\C).

The proof is similar to that in §2.5 but it becomes more technical because K, is no

longer bounded in R?. For € > 0 we take a |u|-measurable function w as in the lemma in

§2.3 so that

G< / < Blz)w(z) > o(=)d|u| + eL|ul(X)
X
with

L = sup|y|
X
-M - << p(z),w(z) ><M, z€X
M = sup{|f(2,p)|; Ipl=1,p€ C,z € X} < 0.

Since < 1(z),w(z) > p(z) is |p|-integrable, the Lebesgue convergence theorem yields

lim [ < (=) wa(z) > pla)dll = [ <o) u(e) > el

R-00 X

with
w(z) if |w(z)]<R

0 otherwise.

wun(e) = {

Taking R sufficiently large, say R > Ry, we now have

(2.2) G < [ <Rlz)unlz) > pladlul +eLlul(X) + e

We approximate wg as in §2.4 but we should be more careful on a bound of »v. By

Lusin’s theorem and Tietze’s theorem (for real valued functions) for every § > 0 there is
u € C(X, B.r(0)) and a closed set Y such that » = wg on Y and |p|(X\Y) < § with

some ¢ = ¢(d) > 0. Actually one may take c = 1 since Br(0) is a convex closed set in R¢

12



(1). However, we need not this property of c. Since 0 € K, by f > 0, wa(z) € K, for all
z € X. Let v € C(X,R*%) be defined in the proof of the lemma in §2.4. Since K, is convex
and 0 € KX, it follows that v(z) € B.g(0). In other words

||v|| = sup |v| < ¢R.
X

By the construction of v we see v = wg on Y and v(z) € K, for z € X. As in §2.5 the
inequality (2.2) yields
G < H + (M +|[o|)ZIpl(X\Y) + Le|p|(X) + €

(2.3)
€ H + (M 4+ cR)L§ + Le|p|(X) + «.

For € > 0 we fix R = Ry and take & small so that (M +cRo)Lé < e. With this choice (2.3)
yields
G < H + 2¢ + Le|p|(X).

Since |p|(X) < oo and ¢ is arbitrary we conclude G < H. Q.E.D.

REMARK: The assumption f > 0 in the theorem can be removed. Since K, is lower
semicontinuous in z, by the continuous selection theorem [9] there is a € C(X, R¢) such

that a(z) € K, for = € X, which implies

f(z,p) = f(2,5)- < p,a(2) >2 0 forall pe R
We apply the theorem for ]? and obtain
[ Feme= [ feno [ <Eeat) > pau

= s [ <)) > pdlu
v(2)€KL(1) :
vEC(X,R%)

which yields

[ feme= s [ < (&) 0(@) + ae) >
X v(=)EKa(f)
vEC(X,R?) '

= sup / < B(2) (=) > pdlul.
veEK.(f)
v€C(X,R%)
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Here K,(f) denote the subdifferential of f, at zero so that K.(f) = K,(f) - a(z).

‘3. Duality formula — inhomogeneous version. Our goal is to derive a duality
formula when the integrand f is not necessarily positively homogeneous. We begin by
listing assumptions on f.

Let X be a compact metric space. We consider a real valued function f = f (z,p) defined

on X x R% which satisfies

(3.1) f is continuous on X x R¢

(3.2) f=(p) = f(z,p) is convexin p € R

On the growth of f we assume :

(3.3) f(z,p) < C(1+|p])

with some constant C' > 0 independent of (2,p) € X x R%. We further assume some
equicontinuity in = :

(3.4) For every zo € X and ¢ > 0 there is § > 0 such that |z — 20| < § implies
|f(2,2) = f(z0,p)| < e(1+pl) forall pe R

3.1. Definition of f(z,u). We consider the homogenization F(z,po,p) of f(z,p) defined

by
fw(z,p) if po=

F(z,po,p) = f(z,P/Po)Po if po>0

1) if po<0

where fo, is the recession function of f, i.e.,

foo(zyp) = lim f(z,p/t)t.

As shown in [5], F is a well-defined real valued continuous function on X x C with C =

[0,00) x R% and F = oo on X x (R%*1\C) provided that f satisfies (3.1)-(3.4). Moreover,

14



it is easy to see that F is convex in (po,p) € R¥*+! and positively homogeneous in the sense
that
F(z,Apo, Ap) = AF(z, po, p)

for all A 2 0 and (z,p0,p) € X x C.
We next give a meaning of f(z, 1) by using F. Let @ be a nonnegative finite Borel regular
measure on X. We fix this measure and for a R? valued finite Borel regular measure pon

X we define -
f(z,p) = F(z,v), v= (e, ).

Here F is the homogenization of f and visa C = [0, ) x R¢ valued Borel regular measure.
Since F is positively homogeneous of degree one, f(z, ) is a finite Borel regular measure.

It is easy to see that

f(z,p) = F(z,a,p)
= F(e,1, Z(z))a + F(z,0,p*)

= (e, R(2))e + foo(2, B*(2)) |1

where h(z)e is the absolutely continuous part of 1 and ' is the singular part with respect

to cr. We refer to [8] for the definition of f(z,p) and its fundamental properties.

8.2. Duality formula. Suppose that f = f(z,p) satisfies (3.1)-(3.4). Let p be a Re-
valued finite Borel regular measure on X. Let ¢ > 0 be a bounded |pt|-measurable function

on X. Then |
(3.5) /x f(2, n)p =sup { /X < p(z),v(z) > p(z)d|p|(z) - /x o(2)7* (2, v(z))dey;
vE C(Xa Rd),f'(z,v(z)) € LI(X, da)}

where f*(2,p) = f;(p) and L*(X, da) is the space of a-integrable functions.

ProoOF: Since F is positively homogeneous on C = [0,00) x R? one can apply the ho-
mogeneous version of the duality formula for F in §2.6 (theorem and remark). For every

€ > 0 the duality formula yields the existence of

v € C(X,R) and v€ C(X,RY)
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such that

(3.6) /x p(2)F(z,a,p) < /X pvoda + /x ¢ <v,p>dp|+e
(vo(2), v(2)) € K,

where K, = 0F,(0) = {(po,p) € R**;po - g0+ < p,q¢ >< F(2,0,9)
forallgp 20 and g € R%}.

We next prove that f*(z,v(z)) is a-integrable on X. By the definition of K, and F one

observes that
vo(2)po+ < v(z),p >< F(z,po,p)

{ fw(z’p) if pp=0
f(2,2/po) - po if po>0

which yields
< v(z),p/po > —f(2,p/p0) < —v0().

Since this inequality holds for every p € R¢ and pg > 0, it yields |
(3.7) *(z,v(z)) < —vo(2).
By the definition of f* we see

£(@,0(2) = om0 (< 4(e) 2> ~f(2.7) > ~1(2,0)

Thus the function f*(z,v(2)) € L}(X, da).
Multiplying ¢ with (3.7) and integrating it against do yields

[ oeIn(aliate) < - [ ple)s(a,o(z)dae)
X X
From (3.6) it now follows that
/X p(z)F(z, 0, p) < /x ¢ <v,p>dpl- /X of*(z,v)da + €

which yields (3.5) since the inequality > in (3.5) is trivial by (1.1) (cf. remark in §2.1).
Q.ED.
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REMARK: The definition of f(z,) may depend on the choice of & unless f is positively
homogeneous of degree one in p. When X is a compact subset of R™ we usually take the

Lebesgue measure as a.

REMARK: Our duality formulas (2.1) and (3.5) still hold even if X is merely a compact
Hausdorff space. The assumption that X is a metric space is invoked only in the proofs
in §2.2 and §2.4. However, both statements in §2.2 and §2.4 can be proved when X is a

compact Hausdorff space, though we have to modify the definition of continuity of K.

REMARK: In (11] Rockafellar showed results similar to (2.1) and (3.5) with ¢ = 1 under
assumptions different from ours. Although neither sets of assumptions do not imply the
other, there is a drawback in the results of [11] for our purpose because K, is always
assumed to have a nonempty interior. This restriction is serious to apply the duality

formula in the next section.

4. A variant of area formulas. An area formula sgys that the area H™(G@) of the graph

G of a scalar C* function u defined on  C R™ is given by

1(G) = [ 1017 (2,3) = [+ v rac)

where H™ denotes the n-dimensional Hausdorff measure in  x R and £™ denotes the

Lebesgue measure on R™. More generally it gives an expression of

I= /n f(z, u(z), Vu(z))dL(2)

through a measure supported on the graph G even if v is a mapping : 2 — R™ form > 1.
We are interested in deriving a similar formula for I when u is merely in BV(Q,R™), the
space of mappings of (essentially) bounded variation. Since Vu is a (finite) R*™ valued
Radon measure, I is well-defined, provided that f does not depend on explicitly (under
the assumptions in Sect.3). If f does depend on u, the value of I itself is éven unclear.
Indeed, Dal Maso [5] gave a reasonable definition of I through area formulas but only for
m = 1. Aviles and Giga [2, 3] introduced several new ideas and gave the meaning for |
through area formulas for general m > 1 for a certain class of f. In [2, Theorem 8.2] an

variant of area formula is given for I when f does not depend on u. The proof is rather
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long and depends on various properties of minimal graphs. In this section we give a simple
proof depending on the duality formula in Sect. 3.

Let D be an bounded open set in R". Let T = (T, T} )1gign,1<j<m be a C = [0,00) x
R™™ valued Radon measure on U = D x R™. For a smooth n-forms w with compact

support in U, we define
n m .
T(w)=<To,wo>+» Y <Tf,w; >
i=1j=1
so that T is a n-current on U. Here w is of form
n m
w=w(z,y)dz1 A+ Adz, + Z Z‘w;,-(z,y)dzl Ao ANdzi_y Ady; Adzi oy A--- ANdz,

i=1j=1
+o (z,9) € D x R™

with o contains at least two dy’s in each terms of its expression by dz. and dyg; the
bracket means a pairing of measures and functions. We need subspaces of n-forms. Let

D™9 denotes the set of n-forms w compactly supported in U of form
w = wo(z,y)dey A - Adzy;
let B™! denote the set of n-forms w compactly supported in U of form

w=u'+Y Y day A Adzioy Adydi Adaigy Ao Ada,

i=1 j=1

with ' € D™ and smooth ; = 9;(z,y) compactly supported in U, where d, denotes the

exterior derivative in y variables. For ¢i, i € C(D,R) we set

B0 = po(z)dzy A+ Adz, 1sjsm

®Bi; = pi;(z)dzy Ao Adzy_y Ady; A+--Adz,, 1<ign.
Unfortunately both forms do not belong to D™° and B™! because of support conditions

and regularity. However, one can approximate elements in D™° and B™?! by a standard

argument.
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LEMMA 4.1 (APPROXIMATION). For &g there is a sequence {w;} in D™° such that
w; — ®g uniformly on every compact sets in U (as £ — co) and that sup sup |w;| < oo
L v
(i) For each ®;; there is a sequence {w,} in B** such that w, — &;; uniformly on every

compact sets in U (as { — o) and that sup, supy |w,| < 0.

We next associate u € BV(D,R™) with current T. Let T be a C-valued Radon measure
on U. We say T is a stitched graph of u if |

T(w) = G(w) forall weB™?,

where G is the graph cycle of u in [2, §4].

Note that the graph of u may have huge gaps since u merely belongs to BV(Q2, R™).
The graph cycle lives in a quotient space of currents. It associates with the graph of u
with some “stitches” at gaps but the way of stitchings is in moduls class. A stitched graph
is one of its representatives.

Instead of giving the precise definition of the graph cycle we recall the value of G2 (w)
for special w. For w' € D™0

G, (') = / wo(z,u(2))dL™(z), w'=wo(z,y)dz1A---Ade,.
D
Since G, satisfies growth conditions [2, Theorem 4.2], one can extend the definition of G,
on ¢, and ®;; by the approximation lemma 4.1,
LEMMA 4.2. Let $; and ®;; be as above for 1 < i < nand 1 < J €«m. Let u =
(u!,---u™) € BV(D,R™). Then
Gi(#0) = [ polz)dc"(2)
D
Gi(35) = [ py(a)Vidd,
D
where V;u/ is the distributional partial derivative 8u/ [z;.

The first identy follows from the value of G% (') for ' € D™° and lemma 4.1. The second
identity is included in [2, Lemma 4.7] except that ¢;; is now taken in C(D, R*™*1), This
alternation is possible because Vu is now a bounded measure on D so that [2, Theorem

4.2] holds with D = Q.
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If T satisfy / d|T| < oo, then the values < Ty, o >, < T,-j,soij > are finite and approx-
U
imable by the element of D™° and B™1,

LEMMA 4.3. LetT = (To,T,-’.) be a stitched graph of u € BV(D,R™). Suppose that
/Ud|T,."|<oo for 1<i<n, 1<j< m.

Then

<Toypo > = /D po(2)dL™ (=)

<T},pi; >= /;go;j(z)V;uj.
PROOF: Since G (w') =< Tp,wp > for w' = wodzy A -++ Adz, € D™, the expression of
G (w') yields

<mw>=L%@M@qu

Since L*(D) < oo, this implies that T} is a finite measure on D x R™ so that / d|T} < oo.

By Lemma 4.1 one now extends T(w) for w = &g or &;;. Since T'is a stitched graph, Lemma

4.2 yields desired formulas. " Q.E.D.

THEOREM 4.4. Let D be a bounded open set in R®. Suppose that f = f(z,p) is
continuous on D x R™™ and that f is convex in p. Suppose that there is 0 < ¢ < C such

that
clpl < f(=,p) < C(|p| +1).

For each z € D and € > 0 there is a positive constant C such that |z — z¢| < § implies
|#(z:8) = f(z0,p)| < e(1+pl) for all pe R™™.
Then for « € BV(D,R™)
/Df(z,Vu) = igf{/UF(z,T);T is a stitched graph of u}
where F' is the homogenization of f and U = D x R™,

Proor: It suffices to prove

/U F(e,T) > /D f(z, V)
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for all stitched graph of u since the equality holds for the affinely stitched graph of »
by a direct calculation; see [2, the last paragraph of the proof of Theorem 8.2] and [8,

Remark 1.5]. We may assume / F(z,T) < oo otherwise the above inequality is trivial
U

since / f(z,Vu) is finite by » € BV(D,R™) and the growth condition of f. Let K, be
D
the subdifferential of F,(po,p) = F(z,po,p) at £ = (po,p) = 0, i.e.,

Ko ={¢ =(po,p) € C = [0,00) x R”"‘;sgg(< &n> —F(z,1)) <0}
7
Then by the duality of convex functions we have

F(z,f) =nsEI-1F? <&n>.

Since T' = (T, T?) is a measure

/ F(2,T) 2sup{< T,v>; v(2)€K,, v€C(D,C)}=J

U

Since c[p| < f(=,p) implies c|p| < F(z,¢), £ = (po, 2), / F(z,T) < oo yields
U

/ dT¢| < oo.
U

Applying Lemma 4.3 we obtain, for v = (o, ¢i;),

n m
<T,v>=<Tppo > +ZZ <T/,pi >

i=1j=1

= [ @+ 33 [ puevin

i=1lj=1

Taking supremum over v = (o, i;) such that v(z) € K, and » € C(D, C) yields

J=/ F(z, L™, Vu)
D

by the duality formula in §2.6 for F. Note that F is continuous only on D x [0, o0) x R*™
and outside F = co so the formula in §2.1 is not applicable. The right hand side of the
last identity equals / f(z, Vu) (see §3.1), so we conclude

~Jp

JR{CEETEY AN

21



for any stitched graph of T and this is the desired inequality. Q.E.D.

REMARK: Theorem 4.4 appears to be weaker than [2, Theorem 8.2] where u is assumed
to be merely a mapping of locally bounded variation in an arbitrary open set 2. However,
one can derive (2, Theorem 8.2] easily be a localization. Indeed, we observe that Q is
expressed as a countable disjoint union of bounded open sets D; up to a |Vu|-measure zero
set. Since an f-minimal graph can be localized [2, Theorem 6.1], adding the representation

formula of / f(z,Vu) on D; in Theorem 4.4 yields

[ Fen> [ fav0
QIxR™ IS
for all stitched graph of u on Q. This deduces [2, Theorem 8.2].
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