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The Clairaut type equation

SHYUICHI IZUMIYA
University of Liverpool and Hokkaido University

Abstract. A characterization of first order differential equations with (classical) complete
solutions is given. The (classical) Clairaut equation is also characterized as the special case.

0. INTRODUCTION

In this note we shall give a characterization of first order partial differential equations
(briefly, equations) with (classical) complete solutions. Roughly speaking, we shall prove
that this class of equations is equal to a class of equations with singular solutions which
will be called Clairaut type equations. In classical treatises on equations (see Forsyth
[1]) the discussions of equations with singular solutions are informal. In relation to this
fact, we have shown that equations with singular solutions are non generic in the space
of all equations [2]. Nevertheless, this class of equations is quite interesting. One of the
typical examples of equations with singular solutions is the (classical) Clairaut equation
(see Example 1.2) which has a (classical) complete solution consisting of hyperplanes.
Moreover, the graph of the singular solution is an envelope of the family of graphs of
the complete solution. But, we have no reasons why the complete solution must consist
of hyperplanes. Then we shall give the notion of Clairaut type equations which is a
genralization of the notion of (classical) Clairaut equations. Our main result is Theorem
1.1 which will be proved in §2. The method of the proof is surprisingly direct. We shall
also give a characterization of the (classical) Clairaut equation as a special form of the
Clairaut type equation in §3.

All maps considered here are class C* unless stated otherwise.

ACKNOWLEDGEMENT. This work has been completed during the author’s stay in the Uni-
versity of Liverpool mainly supported by Anglo-Japanese Scientific Exchange programme
(The Royal Society and JSPS). The author would like to thank the Department of Pure
Mathematics and especially Professor C.T.C. Wall for his kind encouragement and hospi-
tality.

1. THE MAIN RESULT

In this section we shall state the main result. An equation is a submersion germ F :
(J1(R™,R), (z0,%0,p0)) — (R,0) on the 1-jet space of functions of n-variables. Let 8 be the
canonical contact form on J*(R"™,R) which is given by 8 = dy — Y""-_, p;dz;, where (z,v,p)
is the canonical coordinate of J'(R™,R). We define a geometric solution of F = 0 to be
an immersion 7 : (L, o) — (J*(R™, R), (20, ¥0,p0)) of an n-dimensional manifold such that
1* = 0 and i(L) C F~!(0) (i.e. a Legendrian submanifold which is contained in F=1(0)).
We say that (20, y0,p0) is a contact singular point if 6(T(y 4o, F~1(0)) = 0. It is easy to
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show that (zo,y0,po) is a contact singular point if and only if F = Fp, = F, + p;F, =0
for i = 1,...,n at (zo,Y0,p0), Where Fp, = % etc. We also say that (zo,yo0,po) is @
w-singular pointif F = F,, =0fori=1,...,n at (29, Yo, po). We denote the set of contact
singular points by X (F), the set of w-singular points by L,(F) and 7(Z.(F)) = Dp,
where 7(z,y,p) = (z,y). We call the set Dr a discriminant set of the equation F = 0.
An equation F' = 0 is said to be Clairaut type if there exist smooth function germs

Bji, Ai : (JM(R™,R, (z0,y0,p0)) = Rfori,5 = 1,...,n such that

Fpi+piFy=) BjiFy + AF  (i=1,...,n)

i=1
and satisfy that
(1) Bji = Byj
OB OB < 8B;, 0By OB;; < 8B;;
2 — 4+ pi—1 Bi—t=——L4ip—L+> B .
(2) Bz, +p By +£Z=; ¢ Bpe Er Pk By ; ek pe

at any (mayap) € (F_I(O),(:L‘O, yOaPO)) for i’j7 k= 1,.. <y T2

We also say that an n-parameter family of function germs f : (R™xR™", (£, 20)) — (R, o)
is a (classical Jcomplete solution of F = 0 if F(z, f(¢,z), f-(t,z)) = 0 and rank(fy;, frz;) =
n. Our main result is the following.

THEOREM 1.1. For an equation germ F = 0, the following are equivalent.
(1) F' =0 is the Clairaut type equation.
(2) F =0 has a (classical) complete solution.

In this case, if 5.(F) # 0, then .(F) is a geometric solution (i.e. the singular solution)
of F = 0 and the discriminant set Dr is the envelope of the family of graphs of the
complete solution.

By the classical existence theorem (see [3]), if F = 0 is a w-regular equation, then
there exists a (classical) complete solution. Then we can assert that m-regular equation is
Clairaut type by the above theorem.

Here, we give three examples which describe the above assertion.

EXAMPLES 1.2. 1) Of course, one of examples of Clairaut type equations is the (classical)
Clairaut equation. The Clairaut equation is given by y = S 1, #;p; + f(p1,- .., pn), Where
f is a smooth function. The complete solution is given by y = 3 i, ziti + f(t1,...,ta)
and we can easily verify that Fy, + p;F, =0fori=1,...,n.

2) The second example is an equation for “Free particle” in the n-dimensional space.
Consider the following equation ; y? + 31 p? — 1 = 0. Then we have

Tr(F) = {(21,...,2n,%£1,0,...,0)|(z1,...,7,) € R"}.
We can calculate that F,; + p;F, = yF,, for i = 1,...,n. Then we have B;; = (1 —

>ore1 pi)lf and A; = 224 T, where & corresponds to the point (0,:£1,0). The
yE(1-) 0 Pe)?




complete solution is given by y = :tcos((zn (i+t~)2)’5 Yo (zi + tiz;)), which is defined
i=1 ¢

on (R® x R™,(0,0)).

3) Consider the following equation ; y — 2p® = 0. We can show that T,(F) = Z.(F) =
{(z,0,0)|z € R} which is a singular solution. We also have an one-parameter family of
geometric solution s : (R x R,0) — J}(R,R) given by s(u,t) = (3u? + ¢,2u®,u), where t is
the parameter. Of course, each member have multi-valued near ¥,(F'), then this solution
is not the (classical) complete solution. This is the example which is an equation with
singular solution but not Clairaut type.

In the classical books (see {1]), the notion of singular solution has been appeared accom-
pany with the notion of complete solutions. In there the singular solution has been defined
to be the envelope of the family of graphs of the complete solution. Theorem 1.1 gives a
characterization of this class of equations as the class of Clairaut type equations.

2. PROOF OF THEOREM 1.1

In this section we shall give a proof of Theorem 1.1. For our purpose, we need some
preparations on the theory of Legendrian singularities. For a Legendrian immersion germ
i:(L,q0) — J*(R™,R), g0 € L is said to be a Legendrian singular point if = o4 is not an
immersion at go. Then we have the following lemma.

LEMMA 2.1. For an equation F : (J*(R™, R), (20, ¥0,p0)) — (R,0), the following are equiv-
alent.

(1) F =0 has a (classical ) complete solution.

(2) There exists a foliation on F~1(0) by geometric solutions of F = 0 with leaves are
Legendrian non singular.

PROOF: Suppose that f: (R® x R® (to, zo)) — (R, yo) is a (classical) complete solution of
F = 0. Then we define a map germ j; f : (R™ x R™, (¢, 20)) — (JI(R" R), (0, ¥0,p0)) by
Jt(t,z) = (z, f(t, ), fz(t,z)). We can easily show that j!f is an immersion if and only if
rank(fy;, fu:z; ) = n. It follows that jlf gives a local parameterization of F~1(0) and the
family {Imagej; fi}ie(rn,10) gives a desired foliation, where f;(z) = f(t, z).

For the converse, we remark that g is a Legendrian non singular point of Legendrian
immersion ¢ : (L, qo) — J'(R™,R) if and only if % 01 is a local diffeomorphism at gy, where
7!'(.’12 y)p) = . . |

Suppose that there exists a foliation which satisfies the condition (2). Then we have an
n-parameter family of smooth sections s : (R® xR™, (%9, z9)) — (J*(R", R), (20, Yo, po)) of 7
(i.e. ®os(t,z) = ) such that s is an immersion, s(R™ x R") = F~1(0) and s} = 0 for any
t € (R, %), where sy(z) = s(¢,z). It follows that there exists a family of function germs
f: (R™ x R™, (%0, 20)) — (R™,yo) such that j1f(¢,z) = s(¢,z). Since s is an immersion,
then fisa (classmal) complete solution of F' = 0.

Now we can give the proof that (1) implies (2).
ProOOF OF THEOREM 1.1, (1) = (2): By the assumption, there exist function germs

B;j, Ai = (JY(R™,R), (mo,yo,po)) — R such that F;, + p;Fy Z]  BjiFy, + AF for
1=1,...,n, BJ"—B’J a'nd_l_—}_ %'I‘ZZBZ'aaB;uk:%B;L——F QBL+Z£B€L66?J¢'

at any (a: y,p) € (F~1(0), (mo,yg,po)) fori,j5,k=1,.
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We consider linearly independent vector fields
7] e} = 0 .
Vi=___+Pi—_ZBji'—' (2=1,...,n)

on (J1(R™,R),(z0,y0,p0)). Let c(t) be an integral curve of V; such that ¢(0) € F~1(0).
Then we can show that Mh =0 = Fy; + piFy — E 1 BjiFp; = 0. It follows that
Vi(z,y,p) € T(z,y,)F~*(0) for any (z,y,p) € F~1(0). Smce V; are linearly independent,
then we can define an n-dimensional distribution E on F~!(0) which is generated by
vectors V;(z,y, p) on each point (z,y,p) € F~1(0). By the direct calculation, we have

., 8B;; OB 0B;; OB ;i - 3B - aB ‘E
Vi Vi] = i _ 9%k it _ o 05k i _ hidecd
[Vi, Vi] ;( 5ar ~ om TP P, ; Z s

BpJ
for any i,k = 1,...,n. By the assumption, [V;, Vi|(z,y,p) € E(;,yp) for any (z,y,p) €

F~1(0). Then the d1str1but10n E is integrable and there exists an n-dimensional foliation
on F~1(0) by the Frobenius’ theorem. Since §(V;) = 0, then leaves of this foliation are
Legendrian submanifold. By the definition of V;, we have dz(V;) = . It follows that
leaves are Legendrian non singular. Then this foliation gives a (classwal) complete solution
by Lemma 2.1.

The converse direction is rather a direct.

PROOF OF THEOREM 1.1, (2) = (1): Let y = f(¢,z) be a complete solution of F = 0. If
we calculate the partial derivative of Fi(z, f(¢,z), fz(t,z)) = 0 with respect to z;, then we
have Fu, + fo; Fy + 325y fzjz: Fp; = 0 at (2, f(t,2), f2(t,x)) € F~1(0).

Since the map germ f!f is an immersion germ, then there exist functlon germs Bj; :
(J'(R™,R),(z0,%0,p0)) — R such that Bj; o j1f = fz;2; fori,j =1,.

For any (z,y,p) € F~!(0), there exists (¢,z) € (R" x R" (to,xo)) such that
(z, f(t,z), f(t,2)) = (z,9,p). Then we have F,, + p;F, = Z?=1 BjiFp; on F~1(0).
This means that there exists a function germ A; : (J}(R™,R),(z0,%0,P0)) — R such that
F:,,-'. +piFy = E;=1 Bjinj + A;F for ,j=1,...,n

On the other hand, if we calculate the partial derivative of the equality fz;2:(t, )

= Byi(z, f(t,2), fz(t,z)) with respect ro z, then we have Jojzi20 = %%: @szk

>t a;;" fzyz,- Since fo, (t,2) = p, fz,2, = Bex and f is smooth, then F = 0 is Clairaut
type. This completes the proof that (2) implies (1).

PROOF OF THE SECOND PART OF THEOREM 1.1: By the first part of the theorem, we
may assume that there exists a (classical) complete solution y = f(¢,z) of F = 0 and

x(F) # 0. By the definition, j1(t,z) € Z.(F) if and only if

rank (g ;’:) =n at ().

It is equivalent to the fact that f,,(¢,2) = 0. Then the Jacobian matrix of this equation
is given by J(f,,..., ft,) = (ftiz;s fuit,)- Since rank(fy,, ft;z;) = rank(0, fi,z;) = n at the
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point (¢, z) with jlf(t,z) € Lr(F), then we have rank J(fy,,..., ft,) = n. It follows that
So(F) =3 f({ft; =0i = 1,...,n}) is an n-dimensional submanifold.

On the other hand, we have X.(F) = Z (F) by the definition of the Clairaut type
equation. This means that ¥,(F) is a Legendrian submanifold.

Moreover, we now consider the family of graphs of complete solution which is given by
the equation f(t,z) —y = 0. Then the set

{(z, f(t,z))|There exists t € (R", ) such that f;;(t,z) =0 (i=1,...n)}

is the envelope of this faniily by the usual method of the elementary calculus. This set is
equal to the discriminant set D by the previous arguments. This completes the proof of
Theorem 1.1. :

3. THE CLAIRAUT EQUATION

In this section we shall give a characterization of the (classical) Clairaut equation by
using the notion of the Legendre transformation. Let (X;,...,X,,Y,P,...,P,) be an-
other coordinate system of J'(R™,R) whose contact structure is given by © = dY —
St PidX;. We now define a contact diffeomorphism *L by X; = p;, ¥ = >, zipi —
y, P = z; for i = 1,...,n. We cell %L the Legendre transformation. For an equation
F: (JYR™R),(z0,y0,pP0)) — (R,0), we apply the Legendre trasformation *L to the hy-
persurface F' = 0. Then we obtain a new hypersurface G = 0 given by

G(X1,.. ., X, Y, Py, P) = (P, Pay Y PiXi =Y, Xa, ., Xa).

=1

If we calculate partial derivatives, we can obtain Gp, = (F; + piFy), Gy = —F, and
Gx;, = Pp, + z;F, for i = 1,...,n. Then our characterization is the following.

THEOREM 3.1. For an equation F : (J}(R™ R),(z0,¥0,p0)) — (R,0), the following are
equivalent.
(1) There exist smooth function germs A; : (J1(R™,R), (20, ¥0,P0)) — (R,0) such that

Fp; +piFy = AF fort=1,...,n
and L.(F) # 0.
(2) There exists a smooth function germ f(p1,...,pn) at po such that

F7H0) = {(z,y,p)ly = Zmipi — f(p1y- -, Pn)}-

PROOF: Suppose that the equation F' = 0 satisfies the condition (1). If F, = 0 at
(z0,Y0,p0), then F = F,, = F;;, = 0for¢ = 1,...,n at (zo,yo0,po). This contradicts
to the fact that F' is a submersion. By the implicit function theorem, there exist a func-
tion germ A : (R?", (20, p0)) — (R, o) and a function germ A : (J1(R™,R), (0, ¥0,P0)) — R
with A(zo,Y0,P0) # 0 such that F(z,y,p) = M=z, y, p)(h(z,p) — v).
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We now consider the Legendre transform G of F. Then we have G(X,Y,P) =
A(X,Y,P)(H(X,P)—Y), where A(X,Y,P) = -\(P,} ., XiPi - Y,X) and H(X,P) =
Yo XiPi — h(P,X). It follows that Gp, = A- Hp, on G~1(0). Since Gp, = Fy, + p; F},
and *L({(z,y,p)ly = h(z,p)}) = {(X,Y, P)|Y = H(X, P)}, we have the equality Hp, = 0.
Then G(X,Y,P) = A(X,Y, P)(f(X) —Y) for some function germ f at X,. Pulling back
by the Legendre transformation, we have

F_I(O) = {(-’B,y,p)ly = Zmipi - f(pla . -,pn)}-

The converse of the proof is given by a direct calculation.

REMARK. By the above theorem, we can assert that the (classical) Clairaut equation is
the Clairaut type equation with Bj; = 0.
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