HOKKAIDO UNIVERSITY

Title On small data scattering for 2-dimensional semilinear wave equations
Author (s) Kubota, K.; Mochizuki, K.
Citation Hokkaido University Preprint Series in Mathematics, 144, 1-22
Issue Date 1992-03
DOI https://doi.org/10.14943/83288
Doc URL https://hdl. handle. net/2115/68890
Type departmental bulletin paper
File Information rel44, pdf

kaido
wo¥ U"/Ls

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




On Small Data Scattering for
2-Dimensional
Semilinear Wave Equations

K. Kubota and K. Mochizuki

Series §144. March 1992



HOKKAIDO UNIVERSITY
PREPRINT SERIES IN MATHEMATICS

f 117 T. Hibi, A lower bound theorem for Ehrhart polynomials of convex polytopes, 6 pages. 1991.

f 118 R. Agemi, H. Takamura, The lifespan of classical solutions to nonlinear wave equations in two space dimen-
sions, 30 pages. 1991.

§ 119: 8. Altschuler, S. Angenent and Y. Giga, Generalized motion by mean curvature for surfaces of rotation, 15
pages. 1991.

§ 120: T. Nakazi, Invariant subspaces in the bidisc and commutators, 20 pages. 1991.

f§ 121: A, Arai, Commutation properties of the partial isometries associated with anticommuting self-adjoint oper-
ators, 25 pages. 1991. |

§122:  Y.-G. Chen, Blow-up solutions to a finite difference analogue of u, = Au + «!** in N-dimensional balls, 31
pages. 1991.

#123:  A. Arai, Fock-space representations of the relativistic supersymmetry algebra in the two-dimensional space-
time, 13 pages. 1991.

§ 124: 8. Izumiya, The theory of Legendrian unfoldings and first order differential equations, 16 pages. 1991.

f 125:  T. Hibi, Face number inequalities for matroid complexes and Cohen-Macaulay types of Stanley-Reisner rings
of distributive lattices, 17 pages. 1991.

f 126: S. Izumiya, Completely integrable holonomic systems of first order differential equations, 35 pages. 1991.

§ 127:  G. Ishikawa, S. Izumiya and K. Watanabe, Vector fields near a generic submanifold, 9 pages. 1991.

f 128:  A. Arai, I. Mitoma, Comparison and nuclearity of spaces of differential forms on topological vector spaces,
27 pages. 1991.

f§ 129: K. Kubota, Existence of a global solution to a semi-linear wave equation with initial data of non-compact
support in low space dimensions, 53 pages. 1991.

f 130:  S. Altschuler, S. Angenent and Y. Giga, Mean curvature flow through singularities for surfaces of rotation,
62 pages. 1991.

§ 131: M. Giga; Y. Giga and H. Sohr, L? estimates for the Stokes system, 13 pages. 1991.

§132: Y. Okabe, T. Ootsuka., Applications of the theory of KM0-Langevin equations to the non-linear prediction
problem for the one-dimensional strictly stationary time series, 27 pages. 1992.

#133: Y. Okabe, Applications of the theory of KM,O-Langevin equations to the linear prediction problem for the
multi-dimensional weakly stationary time series, 22 pages. 1992.

f134:  P. Aviles, Y. Giga and N. Komuro, Duality formulas and variational integrals, 22 pages. 1992.

f 135:  S. Izumiya, The Clairaut type equation, 6 pages. 1992.

§ 136:  S. Izumiya, Singular solutions of first order differential equations, 6 pages. 1992.

f 137:  S. Izumiya, W.L. Marar, The Euler characteristic of a generic wave front in a 3—manifold, 6 pages. 1992.

§ 138:  S.Izumiya, W.L. Marar, The Euler characteristic of the image of a stable mapping from a closed n-manifold

' to a (2n — 1)-manifold, 5 pages. 1992.

§ 139: Y. Giga, Z. Yoshida, A bound for the pressure integral in a plasma equilibrium, 20 pages. 1992.

§ 140:  S. Izumiya, What is the Clairaut equation ?, 13 pages. 1992.

§ 141:  H. Takamura, Weighted deformation theorem for normal currents, 27 pages. 1992.

f 142:  T. Morimoto, Geometric structures on filtered manifolds, 104 pages. 1992,

§ 143:  G. Ishikawa, T. Ohmoto, Local invariants of singular surfaces in an almost complex four-mémifold, 9 pages.

1992.



Cn Small Data Scattering for 2=Dimensional
Semilinear Wave Eguations

by

K6ji KUBOTA and Kiyoshi MOCHIZUKI

Introduction

In this paper we consider a small data scattering for the non-

linear wave equation

(0.1) aiu - Au = flu)

in two space dimensios, where f(u) = Alulp—lu or f(u) = Alul®, A € R,
3+/1I7
-2

o > The scattering theory compares asymptotic behaviors for

t » zo of solutions of (0.1) with those of the free wave equation
(0.2) 8%u. - Auy = 0

) t~0 o~ ¥
The comparison will be done in the energy norm:

(0.3) (> = %(nvxu(t)uL§+na u(e)n 3.

¢ L
More precisely, we start with the solution ua(t) of (0.2) with

initial data

3 2,,2

ug(0) € c>(R®), 2,u5(0) e c?(R?)

t

which are small and decay sufficiently rapidly at infinity. Then we

construct a global solution u(¢) of (0.1) behaving like ua(t) near ¢

= =



(0.4) uu<t)-u5(t)ue - 0 as t - -w,
Moreover, there exists another solution ug(t) of (0.2) such that
(0.5) lule)-ug ()i, - 0 as ¢ » +e.

Thus, the scattering operator S: ua - US is shown to exist on a dense
set of a neighborhood of 0 in the energy space.’

The existence of the scattering operator has been proved by
Strauss [13], Klainérmann [6] and Mochizuki-Motai [8],[9] in £he
general n (= 2) dimensional problem. In these works the
requirements on the power p of the ﬁonlinear term are rather strong,

and it is assumed in [9] that

2 2 2

Note that ¢y(2) = 2+/3 ~ 3.732 and y(3) = ii§13 ~ 2.535.
In the 3-dimensional case condition (0.6) was improved by Pecher
[10] to p > p(3) = 1+/2 =~ 2.414, where

2 1n. o
- ntl+/n"+10n-7
(0'7) D(Tl) - z(n_l) .

His result is sharp in the sense that the Cauchy problem for (0.1)
with non—triviai regular data does not have global regular solutions
if p < p(n) (see John [5], Schaeffer [11] and Asakura [2] for n = 3,
Glassey [3] and Agemi-Takamura [1] for n = 2, and Sideris [12] for =
> 4). Our aim of this paper is to obtain the corresponding sharp

result in the 2-dimensional case. Thus, we require p > p(2)>=

3+/17
—2—— ™~ 3.561-

Our problem (0.1),(0.4) will be reduced to the integral equation

Flulzr(t-c)g,c)) 4,

T 1212

; t o,
(0.8) ulz ¢) = ugla,t) + £, 555 def |y ¢
. J1-1&|



To show the global solvability of (0.8), we use, as in the cage of
Pecher [10], a weighted norm in space and time. This kind of norm
is originally introduced by John [5] to study a Cauchy problem of
(0.1) at a finite time. Invcontrast to the Cauchy problem, (0.8)
includes an integral over unbounded space-time region. In the 3-
dimensional problem, the integral being simpler, we can estimate it
by almost the same method as in the case of the Cauchy problem. In
our 2-dimensional problem, howevér, to add an extra estimate which is
not used in the Cauchy problem is really necessary.

The paper is organized as follows: 1In §1 we first summarize
results of Kubota [7] (cf., also Glassey [4] and Tsutaya [14]) for
the Cauchy problems at t = 0 for (0.1) and (0.2). In the last half
of this section, asymptotics for solutions of (O.1)\will be given as
a direct result. In §2 we prove a basic a-priori estimate for the
nonlinear term of (0.8), and construct a unique global solution of
(0.8), from which the scattering operator is easily shown to_exist.

Finally, we remark that a similar result for the 2-dimensional
problem has been obtained independently by Tsutaya [15], where a

basic estimate for nonlinear term is proved by a slightly different

way.
§1. The Cauchy problems at ¢ = 0
Let us first consider the Cauchy problem
2 2
atuO - AUO = O,’ & € R 1] t > 0)
(1.1)

uy(#:0) = olx), 8,up(z,0) = w(x), = e R%.

For given ¢(x) € C(RB) and ¥ (x) € C(Rz), a unique classical solution

exists and is given for ¢ = 0 by



(1.2) uglx,t) = at( tf elztts) ds]+ 7%f glatts) de.
1£1<1 1212 lg1<1 Y
J1I-1E1| J1I-1¢&]
In the following we assume that for all z € R2,
(1.3)  de(@)l ¢« —E—p 0 1oy 1197 () = —B
(1+1z1) (1+1x1)
(7=0,1,2), where ¢ > 0 and k > 1.
Proposition 1.1. Let k > % in (1.3). Then there exists a
constant C > 0 depending on k such ihat
' P ) [-k+2]
(1.4) 17 ug(z,¢)1 < CELLEIE-1nl]) (0=4<2)
JItE+ Tl /T+TE-1% 11 .

" for x € R2 and t = 0. Here and in the following we use the
notation: [al = max{0,a} for a € R and A[O] = (1+logA) for A = 1.
We shall sketch a proof. As for the details, see e.g.,
Proposition 2.1 of [T7]. Note that the first inequality of (1.3) is
replaced by le(z)l < ———§———? in [7]. However, by expression (1.2),

: (1+1z1)
we easily see that (1.3) is enough to obtain (1.4).
For the sake of simplicity, we only consider the term
-2 v(zttE) . 1 ¢ (xtE)
Usolz, t) = f ==L dE = 7 —Y—=—=t_ dE
o2'»? Vig — 2 —
In the last integral we use the polar coordinates & = no, lel= 1, and
put r =izl and x =|z+nel. Then by means of (1.3),
e, bt .2 2.-1/2 -k
(1.5)  luggle,t)l < 2/ n{t"=n") dnf |, 1=1(1t1ztnel) “dS
t _ ntr _
= 2870 ntt2-n®y VY 2ans L a0 KRG 0, T da,
where
: - 2 2.-1/2
(1.6) Rix,nsr) = (ne-(a-m 21 Y2 ((am 2ty
(the equality in (1.5) is proved in Lemma 2.3 of [7]). Thus,



changing the order of integrations, we have

(1.7) |uO2($7t)l

ttr - ¢ 2 2.-1/2

4
< nglt-rl X(1+x) kd*flx—rl n{t“-n°} hR{x,n,r)dn

dg [¢-r] xt+r 2

+ 280 Tatteo®aas D) a2t Y 2R 0, man.
Lemma 1.2. Let a < b < ¢. Then
b -1/2 ~1/2 -1/2 -1/2
(1.8) fa (b-0) (o0-a) (c-0o) do £ n{c-b) .
Proof. Obvious if we note that
b ~1/2 -1/2
fa (b-0) (o-a) do = n. O
Lemma 1.3. Let k > %, £ >0, ae Rand b = lal. Then
(1.9) Fy (140) T84 N (6m0) "1 200 < c(14p) KF3/2,

b
(1.10) /. (1+161) 4 (b-0)" 200 < c(145) "1/ 2(14p) [ tH1T,

Proof. We have only to show these inequalities in case b > 1.

Then (1.9) follows since we have
! 3 b ‘
left of (1.9) < (1+b)—k+1fb (G_b)—l/zdc

+ VZfy, (14a) K1/ 205 o c(14p)~K*3/2,

Next, we have

b/2
left of (1.10) = (b/2)"1/2s _p (1+1a1) %0
¢, b -1/2
+ (1+b/2) fb/z (b-0) do,
which implies (1.10). O
Proof of Proposition 1.1. We apply lemma 1.2 to (1.7).

that

Note



(A

flx—rl n(tz-nz)_l/zh(x,n,r)dn
b
< %fa (b—o)—l/z(o-a)—l/z(c-o)_l/zdo,
_ 2 _ ,2 _ 2
where a = (x-r) , b = ¢t~ and ¢ = (ax+r)". Then by (1.8),
t
IIA-rI n(tz-nz)_l/zh(k,n,r)dn < %{(l+r)2’t2}—1/2.

Similarly, we have

T (¢2on?)" 12y

-1/2
IIA‘T| n(t ’

xinsr)dn < Ble2-(atr)?)

and thus, it follows that

. t+r 2

lugg (2, 8) 1 < 28/ 4 1y a(14) K (aep)2=g2y-t/2,4,

[t-r] '
+ 2ef, A(1+A)-k{t2—(x+r)2}"1/2dx

- t+r [t-rl _ _
< Zelttr) 1/z{flt~rl+f0 }(1+*) k+1|k—t+r| 1/2d1

< Ce(t+r) Y2 (1rt-r1) V28 (14 gopy) [KF2]

Here we have used (1.9) with @ = ¢-r, b lal and (1.10) with ¢ =

k=1, a = 0, b = |t-r] to obtain the last inequality. O

Next we consider the Cauchy problem

aiu - Au = Fflu), & € Rzy t > 0,

(1.11)
u(z,0) = o(x), 9,u(z,0) = y(x), x e RZ,
where fFf(u) = Alulp'lu or f(u) = AlulP, A € R, p > §i%iz, and ¢, ¢

satisfies (1.3). As is.well known, (1.11) is reduced to the

integral equation

(1.12) ule,t) = uglz, t) + Lo(f(u))(x,t),

where uo(x,t) is the solution of (1.1) and



L

(1.13) Loz, t) = o=fo (t-tides uler(t-cl&io) g0
Ty 121<1 —
J1=-1E}
Proposition 1.4. Assume that for all x € R2 and t > 0,
. M
(1.14) lu{z,t) 1 < R

JTFEFTZ T (1+ 1=zt 1)V
where M > 0 and

(1.15) v [%%E] and puv = 1.

Then there exists a C > 0 depending on v such that

CMp(1+lt—!$|l)[-p/2+[—pv+1]+2]

JIvt+rlzl I+ TE-1%11

(1.16) 1Ly(1ul®) (%, )1 <

for = € R2 and t > 0.

As in the case of uoz(x,t), a simple calculation with Lemma 1.2

shows that

(1.17) 1L Clut®) (z, ¢) 1

[A t-t+r _
< 2HPfy def | ooy ALEare) TP E(Leame ) TRV

w{(atr) em (2-1) 2171/ 25

[t-r]  t-<-r i} i
+ 2uPfy  defy  alliatt) P E(Leia-ci) TPV

2,-1/2

x{(t=t) 2= (x+r) 2171 245,

We choose the new independent variables

(1.18) ¢ = x-t and 8 = x+<.

in the right integrals. Then it follows that

t+r _
ILoCIulP) 1 s HPT ,_ | (146) TP/ 24 (gopur) =1/ 2qp

B _ )
xSy (1+1al) PV (art+r) "1 2o



[¢t-7r]
+ HPfo (1) TP ML g T 2

-1/2

B
<f_g (1+1el) PY(a+t+r) doe = MP(7y+ Iy},

Lemma 1.5. Let a € R, b =2 lal and ¢ = a. Then

a
(1.18) /_, (14101) PV (e-0)" 2040 < Cl1+1c1) /2 (14p) [-PVHl],

Proof. We denote the left of (1.19) = K. First assume ¢ > 1.

If ¢ > 2a, obviously K s Cle-a) 2/ 2(1+p) [7PV*1] ohd if ¢ < 24,

a/2 a
K = f—b * fa/2

< Cle- §) M 2 ep) [Pty o1y g)mPv(pn g 172,

Next assume ¢l < 1. If a = -2,

_2 a
K= J_y +/_5 < Cle2) 2 (1ap) 1PV 0 (14 101) 7PV (042) 172,
and if g < -2,
-2 -1/2 [-pv+1]
K< [, = C(ct2) (1+4p) 7P .

Finally assume ¢ < -1, If ¢ = %, obviously we have K <
C(c-a)_l/2(1+b)[—pv+1], if e < % and a = - %,

2a a
K=/ p* T24

)T/ 2(1ap) LPvHLy 14 1q1) TPV (0-2a) 172,

< C(e-2a

. a b

and if c <z and g < - 7
a -pv 1/2
K < f2a < C(l+)al) (e-2a) .

These inequalities show (1.19). 0O

Proof of Proposition 1.4. Cf., e.g., Propositions 3.1 and 3.2

of [T7]. First consider Zlm By use of (1.19) with g = ¢-r, b = 8,



¢ = t+r,

‘ t+r - -
Iy < Cleger) M 2p 7 (1e1g 7P/ 2HIFLmpuAL] gy )12
Since
o p/2 (if puv>1) 3
(1.20) A -[-pv+l1] = >, v
p/2+pv-1 (if puv<l)

follows from (1.15), we can apply (1.9) with k # % -[-pv+l], a = t-p,

b = lal to obtain

-1/2 -0/2+[-pu+1143/2

Iy < C(1l+t+r) (I+1¢-rl)

Next, we consider 12 assuming ¢-r > 0 and r+¢# = 3 (the other
cases are easier). By use of (1.19) with @ = b = 8, ¢ = ¢t+r and

then (1.10) with ¢ = g -[-pv+l]-1, @ = 0, b = |¢t-r| we obtain

‘ t-r
Iy < C(1+t+r)_1/2fo (1+B)—p/2+[—pv+1]+1(t_r_B)_l/de

-1/2 -1/2 [-p/2+[-putl]+2]

< C(l+¢+r) (1+1¢=-r1) (1+1¢=-7r1)
These inequalities show (1.16). O

Corollary 1.6. If we choose

(1.21) © [75207] < v < min(,253) and ov = 1

(this is possible since we have required p > éi%lz), then this v
satisfies (1.15) and we have
o cH®
(1.22) 1Ly (1ul®) (%, ¢)1 < .
VI+EFTzT(1+1¢-1211)
Proof. Assume first v < %. Then

m= g -[- & +l-pv+ll+2] = L -[- £ —pu+3].

By (1.21), m = pu~- é%g > v if vy < %%R and n = % > v if v = %%2
Next assume vy > %. Then n = % ~-[- % +2] = min{%,ﬁ%é} > v also by



(1.21). Hence we have

(1+1¢=1gp1) /2 [-pu¥ll+2]

< C
JIFTE=TZTT (1+1¢~-1z11)Y

Remark 1.7. If p = 4, we can choose
(1.23) v = mini(g,25%)
in the above corollary.

Next, we consider the integral

o

(1.24) Ly (5,8) = fy (e-t)del|y, g Helemtife) g,

J1-1&1

Proposition 1.8. Let u(x,t) be as in Proposition 1.4. Then

there exists a C > 0 depencding on v such that

)[—pv+1]
p/2-1

/P )
(1.25) 1Ly (1ul®) (z,¢)) < S 102412
, (L+t+1xl)

for z € R2 and t > 0.

Proof. As in the case of LO(Iulp), the use of Lemma 1.2 and

(1.18) shows that

[ -}

rp (148) P72 gy gyl 20

1Ly (1ul®) 1 < cHPf

r-t _ .
g (141 TPV (e ) "1 2g

xS

o

£ CHPS o, (148) P72t (gupy) =1/ 2

~-r-t _1/2

Xf_B (1+lel)™PY(-r-t-at) do = CMD{71+ 75}

By use of (1.9) and (1.10) with with k = g , £ = pv, a = t-r, b =

t+r, it follows that

7, < Cllegap) TP 2¥3/ 21y )1/ 2 (14 gapy mpvrd]



Next, by use of (1.19) with @ = ¢ = -¢t-r, b = 8,

©o

TV, (148)

-p/2+1+[-pv+l] -1/2

Ty < C(14t+r) (B=t+r) dB.

By means of (1.20), we can apply (1.9) to obtain

-1/2 —p/2+[—pv+1]+3/2.

?2 < C(l+t+r) (l+¢+7r)

These prove (1.25). 0O
In the rest of this section, to show the existence and

properties of solutions of (1.11), we restrict k as

(1.26) k> max(3,2%})

and choose v as follows:

(1.27) [2%%gTT] v < min{%,g%i,k— %} and pu = 1.

Since Z?EEI) = gt% - % < k- %, it is always possible to choose v

satisfying (1.27).

Define a Banach space

(1.28) X = {vlvgv(x,t)eC(R2x§+) and nvgvuv<m for 0<j<2},

where

(1.29) o, = sup [(L+eriaD) Y/ 2(1eie-1211) Y 1v(e, ) 11,
(x,t)eszﬁ+

Then, since v < k- 3, Proposition 1.1 shows that the solution u~{%,%)
2 0

of (1.1) belongs to X and

(1.30) 1vlughy, < Ce, 0<js2,
where C > 0 depends ' on k and v. Moreover, since v satisfy (1.21),

Corollary 1.6 shows that

(1.31) ILo(F(u)) iy, < Clully,

- 11 -



for any u € C(R2x§+) such that lull, < =, where this ¢ > 0 depends on
Py k; v and A. ’

With these inequalities with g > 0 sufficiently small, we can
follow a method of successive approximation (already used by John
[5]) to establish the unique existence of solutions u e X of the
integral equation (1.12). Moreover, asymptotics as ¢ - +« of y can

1 2,,2

be derived since we have f(u) € L (R+;L (R™)) for u € X.

Our results are summarized in the following

Theorem 1.9. (1) Let p, k and v be as given above, and assume
(1.3). Then there exists an €35 > 0 depending on these parameters

and A such that the initial value problem (1.11) has a unique
solution ul(xz,t) in X provided 0 < g < €p-
(2) There exists a solution ug(x,t) € X of the linear wave

equation (0.2) such that

(1.32)  nule)-ud (o),
s Clulf{(142) P 3 (1ag) [Z20vHI 172 g s 4 5 4o,

4]
Remark 1.10. As is proved e.g., in [;TTYfi;Tthe existence of a
global small smooth solution of (1.11), it is "necessary" and

sufficient to assume

(1.33) b > ﬁiﬁli and k > %;%.

In this paper we add the "needless" condition k > % only for the sake
of simplicity, and to concentrate on the power nonlinearities o >

3+/IT . )
—— ote also that the case p > 5 is already covered by the

previous works [6],(8],[9] and [13].

Proof of Theorem 1.9. (1) With the above two inequalities

(1.30) and (1.31), we can follow the same argument as given e.g., in

Glassey [4] or Asakura [2] (see Kubota [7]).

-12 -



(2) Note that

vIL (7)) (2, 8) = Ly(vdr(u)) (a,8), Osj<2.

Then since u € X, it follows from Proposition 1.8 that Ll(f(u)) € X.

Define

(1.34)  ug(z,t) = ulw,¢) - Ly(7(w))(a,t) € X.

Then we can directly prove that ug(x,t) satisfies the linear wave

equation (0.2) (see, e.g., Pecher [10]) and moreover,

Nu(t)-ug(e)

(=]

< [y W (ul, )l odre.

e L

Thus, by means of (1.29), we have

hult)-ug ()

< Clluly /fy /o2 (Ltz+lal) "P(1+1e=1211) " 2PVdy) 1/ 24e.

Put

foz 4 = Lyt esacini ezt 12153072 = KitKp*tKy
Then

-p=2pv . -p-2pv+2

©/2

-t/2 (1+151)72PYqs < c(1+7) TP (14c) [-2pVH1]

Ky < (1+c)~P*1s
K3 < Lp15e/2 CUIHI2) TPT28PVq0 o o(14g)TPT2PVHE,
Thus,’we obtain

lu(t)-ug ()i, < Clulf £, ((1+7)~(P1) (14g)I-2ovell 172,

e

< cuuug{(1+t>'<p‘3)(1+t)['sz+1]}1/2

- and therproof is completed. O

- 13-



§2. Basic estimates and the existence of the

scattering operator

We begin with preparing a-priori estimates corresponding to
Proposition 1.4, which guarantee the existence of the global solution

of (0.8):

(2.1) ulz, t) = ua(:c,t) + L(Fflu)) (%, t),

where ua(x,t) is a solution of (1.1) with initial data (¢ (z),¥ (z))

satisfying (1.3), fFf(u) = Alulp—lu or Fflu) = Alul? with x € R and p >

ii%Iz, and
t
. - 1 - w(z+t(t-vl&g, )
/l—lﬁlE
Proposition 2.1. Let
M
(2.3) fu(z, )1 < 5o
VIFTETF Tz (1+11¢1-1%11)
where 4 > 0, and v > 0 satisfies (1.15). Then we have

(2'4) IL('Ulp)(x,t)l < CMp(1+llt|-|$|I)[_p/2+[_pV+1]+2+5]
VIFTET+ T2 T/ TFITET- T 1

for z € Rz, t € Rand 0 < § < min{%,g%i,pv— 2%3}, where C > 0 depends

on v and §&.

In the following we shall prove this proposition in case ¢ > 0.
A stronger result is already proved for ¢ < 0 by Proposition 1.8.

In fact, if we change ¢t » -t and ¢ - -¢ in (2.2), we have
L(N)(xyt) = Ll(ﬁ)(xxft)) where ﬁ($:t) = U(xy’t)'
By definition

» 4P ‘
(2°5) |L(|Ulp)($)t)| < é%—{J1+J2+J3}+lL0(IUIp)(wyt)l;

-.14...



0 t-t+r -p/2(

(2.6) Jy = f_, defyopp A1taticl) 1+Ix-1<l1)"PYdx

xfl)s"?"l n{(t—t)z—nz}—l/zh(z\,n,r)dn,
min{0, ¢-r} t-t-r - -
(2.7) Jptdg = /., defy  alleasie)) TP 3 (14 a-1c11) TPVan
xt+r
S a=rl n{(t-<)%-n21" Y20 (a0, r)dn,
where r = |zl and hR{(x,n,r) is as given in (1.6). Dividing the
integral of (2.7), we define J2 and Jg as follows:
xt+r )
(2.8) Jj = fij--- d*drflx—rl'°' dn (g -2,3),
where
D2 = {~¢t+r<c<0,0<x<¢t-r+c} and
Dg = {==<x<0,max{0, {-r+c}<x<t-r-t}.
As for the term ILO(lulp)(x,t)l, a corresponding estimate to
(2.4) is already proved in Proposition 1.4. In order to obtain

similar estimates for J1 and J2+J3, we shall follow the line of proof
of Propositiqn 1.4. In the present case, however, it is necessary
to modify inequalities corresponding to (1.17). The main reason is
in the féct that ¢ and t have different signs in both Jq and J2+J3.

Thus, we require other than Lemma 1.2 the following
Lemma 2.2. Let a < b < ¢. Then

b
(2.9) fa (b_o.)—I/Z(O_a)-l/z(c_a)—l/zdo_

-1/2

< /Z{n+log(Hezal)) (pq)

o i}

Proof. Note that

left of (2.9)

-15-



(a+b)/2 b
= [f +f(a+b)/2)(b-c)

a

-1/2 -1/2 -1/2

(c-a)

(c-0o)

.
< VZ(b-a) M2 T(o-a) ¥ (cm0) "1 2ao

b

+ f (b-c)—l/z(c-o)_l/zdo}.

a
Then since
c

fﬁ (o—a)"l/z(c—o)_l/zdo = n,

b -1/2 -1/2
f, (b-0o) (c-0) do = 2{log(/E-a+/c-a)-log/c-b},

we have (2.9). 0O

Lgmma 2.3. We have
[t-r] -
(2.10) Jy < B 1y (1+a) P72+ (phriey "1/ 2,4,
@ -pv -1/2
xf_ (1+181) (t-r-8) ds,

(o4

[ ]

(2.11)  Jg s F Sy gopy (140 TP 2 e tar) 71 R

t-r

xf_ (1+|6|)‘°V(t-r—3>‘1/2d6.

o
Proof. We use Lemma 1.2. Then it follows from (2.8) that

T, B S a(lear i) P 3 (14 a1t 1) 7PV
J ?'D;j

1/2

w(tmt=a=7) " 2 (porirtr) Y 2qaae (7=2,3).

Choosing the new variable (1.18) and noting = < 0, we obtain (2.10)

and (2.11). O

Lewmma 2.4. For any 0 < § < E%i, we have

t+r '
(2.12)  Jy < Cf, . (1+181) 7PV (¢+r=6) "1/ 2 (14 (B-t+r) "5}

0

*/max (r-t,8) (1+e) TP/ 24148 (o pig) "1 240,
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~0/2+1/2+%
(2.13) Jg £ Cr flt r|(1+a) dot
i-r _ _
x[_o (1+181)7PY(1+(2t-r-£)"%)as.
Proof. We use Lemma 2.2. Then since
log (A+r)?—(x—r)2 < log 22— < c+a8+ (atp-g+r) S
(a+r)2-(g-x)@ ~ 0 AFrUEET
for a+r > ¢t-v, (2.12) follows from (2.6). Next since
(t-r)z—(x—r)2 2{(x-1) S -5
log 7 7 < log =55 —5 < C+(x-t) "+ (t-t-a-7r)
(t-t)“=(x+r)
for x+r < ¢-tv and x-t 2 l¢-rl, (2.13) follows from (2.8). O
Proof of Proposition 2.1. We choose § as in Proposition 2.1.
First we estimate Jl using (2.12). Since % -8 > %, we can use (1.9)

with k = % -8, a = r-t, b = |t-r} (or b = B) to obtain

Jy < C{l+1g-p|)TP/2%8+3/2

lt-rl -1/2

*fop (1+181)7PY(t+r-8) (1+(8-t+r)"2}as

t+r
+CS gy (148)7PVTR/2¥B/2RE (4 gy =12 (14 (goter) B s,

1

Note also. that § < > Then obviously J1 < C if t+r < 3. Thus, we
have only to conSider the case ¢+r > 3. If ¢ = 2r,
—pu-p/2+3/2+5 , ETT —1/2 -5
Jy < C(1l+t-7r) ft—r (t+r-8) {1+(B-¢t+r) °)}dB

< C(l+g-p) PV=P/2+3/248 4, 1/2)

If r < ¢ < 2r,

_ t-r+l t+r o -
Jy < Cr 1/2{ft_r +ft_r+1}(1+3) Pv=p/2+3/248 (11 (g y4p) 8B

t-r+1
t-r

)

B

< Cr M B{(1agop) TPV EAB/TRE pL T (g

+1Y

4 —pPY —pPr2 +3/2+d
rC (1) (4 vr=py7/% 4
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.r C rl/l (,.+*:> PV - F/2-7'3/21‘10F

t+r
+ ft_r (1+B) —pv- D/2+3/2+5d6} )

< Cr—l/z{(1+t_r)—pv~p/2+3/2+6+(1+t_r)—pv—p/2+5/2+6},

where we have used the fact that -puv+ é%ﬂ +85 < 0. If ¢t < r < 2¢,
Jy £ C(lep-g) P/243/2%8
| - t-r+l _ _ r-t _ ,
(e B, emter)TOas + TN Er, L T (14181) TPV as)

t+r
+ Ct—1/zf

ooy (LH1B1)TPVTRIEFI/2H8 (14 (gotir) 8} qp

4
< C(1+7"t)—p/2+3/2+6{7‘_1/2+t-1/2(1+r-t) [_DU+1]}
+ Ct_l/z{(1+r-t)'pV‘9/2+3/2+5+(1+r_t)-pv—p/2+5/2+5}.

If r = 2¢,

t-r+1 _
Jy € Cllp-g) P 2432812y T (potar) Sap

+ Lyl (14181) 7PV (zer-8) "1/ 2ap}

ttr _
+ C(1ep=t) PR E¥B/24S ;T yrrap) "1 2ap
+ c(1+r_t)—pv-p/2+3/2+5(2t)1/2’
r—t
where we have used (1.19) with ¢ = pv, @ = b = %=, ¢ = t+r to obtain
the last inequality. These inequalities show
(2.14) Jy < C(1+r+t)-1/2(1+|t_rl)—D/2+3/2+[—pv+1]+5.

Next, we estimate Jz assuming ¢ > r in (2.10). Since o« < t-r,

with the help of (1.19) with a = b = «, ¢ = t-r,

t-r
(2.15) J, < C(1+|t~r|)-1/2f0 (14) "R/ 21 [=pv+1] (L yey =172,

_.Pb:-p/’2_~f.3/.2.‘f6n

+Ct! ()
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< C(1+12-71) "Y' 2(26)" Y8 (14 p=py) [-P/24 2+ [-pu+1]]

Finally we estimate J3. If ¢t 2 2r or r+¢t < 3, we use (2.11),

By (1.19) with a = ¢ = r-¢, b = «, and by (1.9) with k = % -[-pv+1l],

a=b = lt-rl,
Jy < Ctie-r) V20 " (Laa) TR/ BRI (12,
< C(1+1e-r) T 3(1x (14| 4-p1)-P/ 2+ -pu+1143/2
If r 2 %, we use (2.13). Then since
ff;r(1+|6')~°V{1+(t—r—3)*5}d3 < Cl14(1+q)LmPV+1]y

it follows that

@

~-1/2
flt—rl

Jg < Cr (14q) P/ 2F1/2 8+ [mpurl] g,

< Cr—1/2(1+lt—rl)_p/2+3/2+5+[—pV+1]-

Summarizing these inequalities, we have

(2.16)  Jy < C(lerte) Y/ Z(14 4-py) /8¢ Lmpual]+3/248

Inequalities (2.14)~(2.16) and Proposition 1.4 prove (2.4). O

In the rest of this section, we choose k and v to satisfy (1.26)

and (1.27), respectively. And let 8§ be such that
(2.17) 0 < & < min(4, 253, (p-1)v- 258).

Define a Banach space

(2.18) Y = (w1v/u(z, t)eC(R?xR) and Hvﬁvuw<m for 0<j<2},
where

, - 1/2 v .
(2.19) vl = sup  [(1+1¢i+1a) " (14 1tl=-1zl D) T vz, E) 1],

(2, ¢) eR%xR

As for the free solution ua(x,t), the estimate of Proposition 1.1

—1q —_—



holds for any ¢t € R if we replace ¢ by [¢]. Thus, ua € Y and

b Py
(2.20) Ivough,, < Ce, 0<j<2Z,
where € > 0 depends on k. On the other hand, Proposition 2.1 with

5 satisfying (2.17) shows that

(2.21) IL(F(u)) Ny, < Cllulfy

for any u € C(szR) such that "“”w { «, where this € > 0 depends on
p, k, v, & and A.

With these inequalities we can prove the following

Theorem 2.5. (1) Let p, k, v and & be as above, ancd assume
that (¢ ,¢ ) satisfy (1.3). Then ihere exists an g5 ? 0 cdepending

on these parameters and A such that the integral equation (2.1) has
unique solution u(x}t) in Y provided 0 < g < gg in (1.3).
(2) u(t) is a classical global solution of the nonlinear wave

equation (0.1), and we have

(2.22) () -ug(e)n,

[-va+1]}1/2

< ClulB (e TP 1 en) > 0 as t » -

Furthermore, if we define

(2.23)  uglet) = ulz,t) - Ly(F(u)) (2, 8),

+
then uy € Y satisfies the tinear wave equation (0.2), and we have

+
(2.24) () -ug (£,
< Clulf{(1+¢) ™ P*3(14¢) [20vH 1L 172 g g5 ¢ 5 4.
Proof. (1) With the two inequalities (2.20) and (2.21), a

method of successive approximation is also applicable to show the

existence of the unique solution u(¢) of (2.1) in Y for given small

-20 —



ua(t) satisfying (2.20). See, e.g., Pecher [10].

(2) We note that

t

-0

hu(e)-ug(e, < S_, 17 (u((-, )1 od<.

L
Then by means of (2.19), we can repeat the proof of Theorem 1.9 (2)

to obtain (2.22). Moreover, (2.24) is exactly what we have proved

in Theorem 1.9 (2). 0O

References

[1] Agemi R. and Takamura H., The life span of classical sdlutions
to nonlinear wave equations in two space dimensions, Hokkaido
Univ. Preprint Series, Math. #118, 1991.

[2] Asakura F., Existence of a global solution to a semi-linear wave
equation with slowly decreasing initial data in three space
dimensions, Comm. P.D.E.,-11(1986), 1459-1487.

[3] Glassey R.T., Finite-time blow-up for solutions of nonlinear

wave equations, Math. Z., 177(1981), 323-340.

(4] Glassey R.T., Existence in the large for Ou = F(u) in two space
dimensions, Math. Z., 178(1981), 233-261.

[5] John F., Blow-up of solutions of nonlinear wave equations in

three space dimensions, Manuscripta Math., 28(1979), 235-268.

[6] Klainermann S., Long time behavior of the solutions to nonlinear
evolution equations, Arch. Rat. Mech. Analy., 78(1982), 73-98.

[7] Kubota K., Existence of a global solution to a semi-linear wave
equation with initial data of non-compact support in low space
dimensions, Hokkaido Univ. Preprint Series, Math. #129, 1991.

[8] Mochizuki K. and Motai T., The scattering theory for the non-

linear wave equation with small data, J. Math. Kyoto Univ., 25

(1985), 703-715.

—2'—



(9]

[10]

[11]

[12]

[13]

[14]

[15]

Mochizuki K. and Motai T., The scattering theory for the non-
linear wave equation with small data, Publ. RIMS, Kyoto Univ.,
23(1987), 771-790.

Pecher H., Scattering for semilinear wave equations with small

data in three space dimensions, Math. Z., 198(1988), 277-289.
Schaeffer J., The equation utt-Au = JulP for the critical value
of p, Proc. Royal Soci. Edinburgh, 101(1985), 31-44.

Sideris T.S., Nonexistence of global solutions to semilinear

wave equations in high dimensions, J. Differential Equations, 52

(1984), 378-406.

Strauss W,A., Nonlinear scattering theory at low energy, J.
Funct. Analysis, 41(1981), 110-133.

Tsutaya K., Global existence theorem for semilinear wave equa-

tions with non compact data in two space dimensions, preprint

1991.
Tsutaya K., Scattering theory for semilinear wave equations with

small data in two space dimensions, preprint 1992.

K6ji Kubota: Department of Mathematics

Faculty of Science
Hokkaido University
Sapporo 060, Japan
Kiyoshi Mochizuki: Départment of Mathematics
Faculty of Science
Shinshu University

Matsumoto 390, Japan

-22~



