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Abstract. The symbols of hypohormal Toeplitz operators are
completely described and those aré also studiled, belng related
with the extremal problems of Hardy spaces. Moreover we discuss
the Halmos's question about a subnormal Toeplitz operatér when

the selfcommutator is finite rank.



§1. Introduction

Let LP be the Lebesgue space on the unit circle T and
let HP be the corresponding Hardy space for 1 < p < «. The
Toeplitz operator‘ T¢ with symbol ¢ in L° 1is the opérator

2 x = P(¢x) for x 1in H2, where P is

2

on H defined by T

¢

the orthogonal projection of L onto H2. Brown and Halmos
[3] began the systematic study of the algebraic properties of

Toeplitz operators and showed that T is normal if and only

¢
if ¢ = au + B where o and B are complex numbers and u

is a real valued function in L*. A characterization of symbols
of hyponormal Toeplitz operators is known [5]. An operator A

is called hyponormal if its . selfcommutator (A%, Al = aA°A - aA”
is positive. However the exact descriptions of symbols of
hyponormal Toeplitz operators are not known. The main purpose

of this paper is to give such désciptions as those of Brown and
Halmos for normal Toeplitz operators. The symbol of a hyponormal
Toéplitz operator T¢A satisfies that ¢ - g = kb, g ¢ H  and

k € H with ||k l¢ < 1 (see Proposition 1). Therefore |¢ - g
< |¢] a.e. on T and hence our study is related with the ex-
tremal problems of Hardy spaces 5  and Hl. In his paper "Ten
problems in Hilbert space" [8], Halmos raised the question "Is
every subnormal Toeplitz operator either normal or analytic ?".

A Toeplitz operator T¢ is analytic if its symbol ¢ 1is in H.

Cowen and Long [6] answered negatively Halmos's question.



Abrahamse [1] gave a very general sufficient condition for the
answer to be yes, after previous works of [9] and [2]. In this
paper we give a simple proof of Abrahamse's theorem and a new
sufficient condition for the answer to be yes. A subnormal op-
erator 1s always hyponormal. Hence it is desirable to describe
symbols of subnormal Toeplitz operators in general.
The paper will be arranged as follows. In Section 2, we
give the general descriptions of symbols of hyponormal Toeplitz
operators. In Sections 3 and U4, we study the relation between
the study of the symbols of hyponormal Toeplitz operators and the:
extremal problems‘of Hardy spaces. In Section 5, we study Toeplitz
operators of symbols of bounded type. In Sections 6 and T, the
selfcommutators. of hyponormal Toeplitz.operators are studiled.
In Section 8, we discuss a positive answer for Halmos's question.
Througout this paper we use the following lemma which was

essentially proved by Cowen [5].

Lemma 1. T¢ is hyponormal if and only 1f there exist two
functions k and g 1in H® such that

¢ =k +g and ||kl <1

Proof. Let ¢ € L~ and ¢ =h +Z where h and £ in

H2. Cowen [5, Theorem 1] showed that T is hyponormal if and

¢

only if £ = c¢ + Tgh for some constant c and some function k

in H  with ||k ||, <1. If ¢ =k} +g, g H and k € H



with ||k ||, < 1, then
¢ - k¢ =2 -kh + h - kL.
2

Therefore Z - kh € H° and hence £ = ¢ + Tgh  for some con-
stant c¢. Thus T¢ 1s hyponormal. For the converse the proof

above is reversible.

§2. General description of symbols

In this section, the general descriptions of symbols of hy-
ponormalAToeplitz operators are given. Two kinds of symbols of
Toeplitz operators in Propositions 1 and 2 are typical and the
arbitrary symbol is a combinafion of these two symbols. If g

is an inner function then q = (1 + q)2/ll + q|2. We define

ql/2 as in the following

ql/2 = (1 + q)/|1 + q].

For an arbitrary nonzero function k in Hw, if q is the in-

ner part and h is the outer part then put kl/2 = ql/2hl/2.

We should note that (22)1/2 # z. For a measurable set E of T

Xg denotes the characteristic function of -E.

Proposition 1. If ¢ = ql/2

u + g where q 1s inner, u
is a real function in Lw and g is a function in Hw with qé

in Hw, then T¢ 1s hyponormal.



Proof. Since ¢ - qb = g - g2 and qg € IH“, ¢ - qb

belongs to H . Lemma 1 implies that T¢ is hyponormal.

Proposition 2. 1If é = (kg + g)/(1 - Jk|2) is bounded
where k and g are functions in H~ and |k| <1 a.e., Ty
is hyponormal.

Proof. A calculation implies that ¢ - k¢ = g and hence

by Lemma 1 T¢ is hyponormal.

Theorem 3. Let ¢ be a nonzero function in L”. T¢ is
hyponormal if and only if
kg + g
1 - k|2

1/2

¢ = xg(k*%u + 3g) + xge

where k and g are functions in H~ with || k l, <1, E =
fete . lk(eie)l =1}, kg = -g a.e. on E and u 1is a
real valued function in L”.

Proof. For the 'if' part, by a simple calculation
- 1 1. =
¢ - k¢ = xp(5g - 5kg) + Xgc8 = &
because kg = -g a.e. on E.

We will show the 'only if' part. Lemma 1 shows that ¢ =

k§ + g where g € H and k e H with | k||, < 1. Put

E=f{el%e Ik(eie)l =1}. If g=0 a.e., then 62 =

1/2

k|¢|2 and hence ¢ = Y-k’ “u where u is a real valued func-

g
tion in L°. We will assume that g 1is nonzero. Since ¢ =

k(Ko + E) + g, (1 - |k|2)¢ = kg + g. This implies that on E°



o = (kg + g)/(1 - |k|?)

and on E
kg + g = 0 and hence ig = kl/2|g|(2xE - 1)
0
where E, 1s a measurable set of T. Since ¢g_l - k$g_l =1,
¢ @
—+—-=1 on E
g g
because kg = -g on E. Then
¢ = (1g)Im(¢g™T) +-%g = k% +‘%g
and u = |g|Im(¢g—l)(2xE - 1) because ig = kl/2|g|(2xE - 1).
0 0

This completes the proof.

In Theorem 3 ¢ has the different forms on E and E°.
We can expect that d6(E) = 2r or d6(E®) = 2r. However this is

not the case by the following example. If k = exp (XE -1+ iv)

then || k|, <1, |kl =1 a.e. on E and |k| = el a.e. on

EC, where v 1s a harmonic conjugate of XE and 0 < d6(E) <

172 1/2

am. Put g = ik Then ¢ = xg(k +-%g)’+

X (k& + &)(1 - |k|®)™' is bounded and kg + g =0 on E.

E

2)_lx }. There-
c

E

fore ¢ 1s not of bounded type and hence this representation is

Moreover ¢ = k+/2{(1 + %iij P11 - ey - e

unique (see §6). 1In Proposition 2, if ||k ||, <1 then ¢ 1is
bounded for arbitrary g in H . 1In Proposition 1, if q = z
then g 1is a polynomial of degree at most one. For arbitrary k-

o

in H , we want to know such functions g. For k € H® with



lxll, <1, Put
H(k) = {g € H : ¢ =k§p + g for some ¢ ¢ L7}.
By [ 5, Theorem 1] we can describe H(k) as the following
H(k) = {g € H :g=17r-kP + Tpf - k(T:P)
for some f & H°).

The following corollary gives another description of H(k).

Corollary 1. Let k be in H and | k||, < 1. Then
H(k) 1s a nonzero subspace of H°~ and
H(k) = {ag : g + kg| + |k| <17 a.e.,
g e H and o € C}.
If |lk|l, <1 then #(k) = H and if k 4is inner then
H(k)

{g e H : kg = -g}

2

={g-kE : g e H OkzH® and g e H}.

Proof. It is clear that H(k) is a subspace and 1 - k €
H(k). Since (1 - |k|2)¢ = kg + g by the proof of Theorem 3,
H(k) has the form above. Hence if |[[ k||, <1 then (k) =
H® trivially. If k is inner then |g + kg| <1 - |k| = 0 and

hence - g = -kg. Thus H(k) = {g & H : kg = -g}. 1If gg =

2

g - kg where g € H2<:)sz and g & H , then kéo = -g, and

gy € H(k). If gy € H(k) then kgy = -gy, and hence .g; €

2 2

H? © kzH®. Put § = gyZ2 then g, =g - ki and g ¢ H% © KkzH®.



Therefore H(k) = {g - kg : g € ,H‘2@sz‘2

and g e H .

In the following corollary the equivalence between (1) and
(2) is clear by Theorem 3. (3) shows that such a hyponormal
Toeplitz operator is the product of a normal Toeplitz (possiblf\y

unbounded) and an analytic Toeplitz operator (hence subnormal).

Corollary 2. Let ¢ be a function in L*. Then the fol-
lowing are equivalent.

(1) ¢

(2) ¢
Lw, q 1s inner and g ¢ H® with Qg = -g.

99 + g where q 1is inner and g e H .

ql/2u + g where u is a real valued function in

(3) ¢ = (v + ¢c)f where v is a real valued measurable
function, ¢ 1is a complex number and f € H® with qf = f.
Proof. We will show only the equivalence between (2) and
(3). (2)=> (3). For some measurable subset E of T
Y2 < dg(oxg - 1)/ gl

q

because qg = -g. Put v = u(2x. - 1)/|g|, £ =1ig and ¢ = -i
E

then ¢ = (v + ¢)f. (3)=—> (2). Let ¢ = a + if where o and

B are real. For some measurable subset E of r, t/|f| =

ql/2(2xE - 1) because qf = f. Put u = [f|(v + a)(ZXE - 1)

and g = iB8f then ¢ = ql/2u + g.



§3. Extremal problems in Hardy spaces.

The equation of a hyponormal symbol ¢ : ¢ = k% + g is re-
lated with the extremal problem in H (and hence Hl) (cf. (10,
Chapter IV]) because |[¢ - g| < |¢|] a.e. on TI. When ¢ =
k¢ + g, the following are equivalent : (1) g = 0 a.e., (2) ¢ =
k¢, (3) ¢ = k120 where k 1is inner and u 1is a real valued
function in Lm, and (4) ¢ = fv where v 1is a real valued
measurable function and f € H with kf = f. When does the
symbol ¢ satisfy one of the equivalent conditions ? Such
Toeplitz operators have been studied in [ 4]. We answer this

question in the following theorem.

Theorem 4. Let ¢ be in L .

(1) When 1log|¢| is not integrable, T¢ is hyponormal if
and only if ¢ = gqé for some inner q.

(2) Suppose T¢ is hyponormal. If there does not exist
nonzero function g in H with [¢ - g| < |[¢| a.e. then
¢ = q¢ for some inner q. |

(3) Suppose T is hyponormal and nonnormal. If ¢ = q¢

¢
for some inner q then there does not exist nonzero function
- o _
g in H with |¢ - g| < |¢] a.e..
Proof. (1) Suppose T¢ is hyponormal and log|¢| 1is
not integrable. If ¢ does not have the form : ¢ = q¢ for

some inner ¢, then by the remark above Theorem U4 there exists a

- 10 -



nonzero function g in H  such that |¢ - g < |¢] a.e..
Hence |g|2 <2|¢|lg] and 1log|¢] is integrable. This con-
tradiction shows that ¢ = q¢ for some inner gq. The converse
is just Lemma 1. (2) By the proof of (1) if ¢ does not have
the form : ¢ = q¢ for some inner g, then there exists a non-
zero function g in H  such that [¢ - g| < [¢] a.e.. (3)
If there exists a nonzero function g in H  with |¢ - E| <
|6] a.e., then by the proof‘of (1) 1log|¢| 4is integrable and
hence there exists an outer function k in H® with [¢] = |k].
Put Q = ¢/k then |Q + g'| <1 a.e. where g' = g/k. By a
lemma of Koosis (ef. [10, pl6l ~ pl63]) there exists an outer

1 1/2

function f in H™ such that Q = f/|f|. If ¢ = q/“u where

q 1s inner and u is a real valued function in L” then

q1/2 u_ _ _ ¢ = _|fk]|
[ul | ¢] fk

and hence q(fk)° = |fk|2. Therefore q(fk)° 1is a nonnegative

1/2 and hence by [13] q(fk)2 is constant. Since

function in H
f and k are outer, q is constant and T¢ i1s normal. This

contradiction implies (3).

Corollary 3. Suppose T¢ is hyponormal.
(1) If there does not exist an outer function h in 0

* % - \
such that T,T, > T, T then ¢ = q¢ for some inner q.

$°¢ - "h~h

(2) Suppose T¢ is not normal. If there exists an outer
co * *
function h in H such that T¢T¢ > ThTh then ¢ does not

have the form : ¢ = qb¢ for some nonconstant inner q.

- 11 -



Proof. By [12, Theorem 2], there exists an outer function

© * * ¥ *
h in H such that T¢T¢ > ThTh (or T¢T¢ > ThTh)

there exists a nonzero function g in 5®  such that |¢ - gl <

if and only if

l¢] a.e. (or |¢ -g| < |#|] a.e.). Now Theorem 4 implies the

corollary.

The converses of (2) of Theorem 4 and (1) of Corollary 3 are
not true. For example, if ¢ is a positive invertible function
in L® then ¢ = ¢ and T:T¢ = T¢T: > TzTc for some positive
constant ¢ and there exists a nonzero function g in H® with
l¢ - gl < |¢] a.e.. (3) of Theorem 4 (or (2) of Corollary 3) is
the weak converse of (2) (or (l), respectively) for nonnormal and
hyponormal Toeplitz operators. Now we concentrate on unimodular

symbols of Toeplitz operators. (3) of the following theorem is

known in the different proof [ 1, Proposition 2].

Theorem 5. Let ¢ be a unimodular function in L=,

(1) If T, 1is hyponormal then ¢ = £/|f| for some nonzero

¢
function f in Hl or ¢2 = q for some inner function gq.
(2) If ¢ = |f|/f for some nonzero function f in Bt
whbse inverse does not belong to Hl, then T is not hyponormal.

¢
- (3) ~If Ty 1s hyponormal-and ¢ = db where q and b are

inner functions, then ¢ = bl where bl is an inner divisor of b.

(4) Suppose ¢ = £/|f| for some nonzero function f in nt

and T is of bounded type. 1If T¢ is hyponormal then .¢2 = q

for some inner q.

- 12 -



Proof. (1) 1If .Tq> is hyponormal then by Lemma 1

|6 - g| <1 a.e. and ¢(¢ - g) € H
for some g in H  because |¢|] =1 a.e.. If g is nonzero

then by a theorem of Koosis (cf. [10, pl6l ~ pl63]) ¢ = £/|f]

for some nonzero f in Hl. If g 1is zero then ¢2 = q for

5 is hyponormal then by (1) |f|/f =
h/|h| for some nonzero h in BT or |f|2/f2 = q for some

some inner q. (2) If T

inner q. When |f|/f = n/|h|, hf is a nonnegative function in
1/2

1/2.

and when |f‘|2/f'2 = q, qf2 is a nonnegative function in
2

H

H Hence by [13] hf is constant or gqf is constant. Both

contradicts that f-lléy ul, (3) Put gb = albl where g, and
bl' are relatively prime inner functions. If T¢ is hyponormal
then by Lemma 1 albl = kqlBl + g where k and g are in H .

Therefore

2 _ 2 _
bl = kql + qlblg - ql(kql + blg)

and hence ay is constant. This implies (3). (4) If T¢ is

hyponormal then by Lemma 1

f = kf + g|f|
where k and g are in H. If g 1s zero then ¢2 is an
inner function. Suppose g is nonzero. If q is an inner func-
tion with qf € H' then by the equality above qg|f| belongs
1

to H Put £ =bh and g = sk where b and s are inner,

and h and k are outer. Then
qsb|f|/f € H®

and hence ¢ = Qgsb for some inner Q. Now (3) implies (U4).

- 13 -



Corollary 4. Put ¢ = £/|f| and

f(z) =
J

I Hes

m n

1(z - aj)jgl(z - Bj)jzl(z - Yj)
where Iajl <1 forlc<j <&, Ile =1 for 1 <Jj <m and
ijl >1 for 1< J <n. Then T¢ is hyponormal if and only

-— t
if £ >n and a'ij =1 for 1 <J <n where fa j}jzl’ is

- L
a subset of {aj}j=l

Proof. ¢° = £2/|f|% = £/F and

-1

Y z Z - O, n l1-yvy."2

) I —:i“ Z£+m+n I _"___:i“ I —__—:%I—“
=1 1 - ajz j=1 2z - Yj'

: -1
Z - O, n 1l -v."2
—Jd 1 t

j=1 1 - &z §=1 z - ¥j

By (4) of Theorem 5, T¢ is hyponormal if and only if ¢2 is
Z
Il

inner if and only if belongs to

H®. This implies the corollary.

§4. Arguments of symbols
If T¢ is hyponormal, [¢] > 0 a.e. and ¢, = ¢/|o| then

is T¢ hyponormal ? In this section we answer this question.
0

(3) of Proposition 6 is a generalization of (4) of Theorem 5.

- 14 -



Lemma 2. Suppose log|é| is integrable, ¢ = ¢/|¢| and
s = h/|h] where h 1is an outer function in H  with |[¢] =

ni. T¢ is hyponormal if and only if

99(dy - s8) =k
where g and k are in H, and | k|, < 1.

Proof. By Lemma 1, T is hyponormal if and only if

¢
¢ - g = k$ where g, and k are in H', and ||k I, < 1.
Since ¢ = ¢Osh, ¢ - g = k¢ if and only if ¢O(¢O - sgl/h) =

k. Since gy/h is in H , this implies the lemma.

Proposition 6. Suppose |¢] is positive almost everywhere
and ¢4 = ¢/[¢].

(1) 1Ir T¢ is hyponormal and log|¢| is not integrable
then T¢O is hyponormal.

(2) Suppose |¢| = |n| for some outer h in H  and

h/|h| 1is inner. 1If T, 1is hyponormal then T is hyponormal.

%
(3) Suppose ¢ and ¢ are of bounded type and ¢g 9’ H .

Then if T¢ is hyponormal then T¢
0

Proof. (1) By (1) of Theorem 4, ¢ = q¢ for some inner g

is not hyponormal.

and hence ¢O = q$0. This implies that T¢O is hyponormal. (2)
In Lemma 2, s 1is inner by the hypothesis on h/|h| and hence
TqJO is hyponormal. (3) Under the conditions on ¢, ¢ and ¢O,
if both T<p and T¢O are hyponormal then we claim a contradic-
tion. By Lemma 1, there exists four functions ki, ky, g, and

g, in: H® such that ¢ = kl$ + g, and ¢, = k2$0 + g5, If

- 15 -



85 is zero then this contradicts that ¢S is not inner. If 8o
is nonzero then

o = k0 + golo].
Since both ¢ .and § are of bounded type, |¢| is also of
bounded type and hence ¢O is of bounded type. Therefore ¢O =
gb where q and b are inner. By (3) ofATheorem 5 ¢o 1is

inner. This contradicts that ¢§ is not inner, too.

§5. Bounded type symbols

Abrahamse studied a hyponormal Toeplitz operator T¢ when
¢ or ¢ is of bounded type. He gavé several sufficient con-
ditions [ 1, Proposition 1]. In this section we give necessarZ:y
conditions,(ESEVEEE}ggfziiizi)Problem 14in[1]. If ¢ 4is of
bounded type then ¢ has the form : ¢ = azqzh where gq, and
q, are relétively prime inner functions, and h 1s outer. We
call qy 2 minimal inner function for ¢ when dg is inner and
it satisfies the following : if q 1is inner with q¢ € H® then

qu e H”. In fact q is the minimal inner function for ¢.
Proposition 7. Suppose ¢ 1is of bounded type, that 1s, ¢

has the form : ¢ = azqzh where qq and q, are relatively

prime inner functions, and h 1is outer.

- 16 -



(1) If T, 4is hyponormal then h/h has the form : h/h =

¢
FG where F and G are inner, and Gai is in H".
(2) If h/h = FG where F and G are inner, and both

Gai and Fqg are in H, then T¢ is hyponormal.
Proof. (1) By Lemma 1 and the hypothesis on ¢, ﬁlqzh -g

= kql§2H where g and k are in H. and hence

2 2 h - 2
a5 - 939, B = kay g ¥ kaiCF
where G and F are inner. Therefore G(qg - qlng/h) = kti

and hence Gai e H because aq and q, are relatively prime.

(2) If h/h = FG then by the hypothesis on F and G,
¢ d,q,h _ _ o
— = —12 = (FPe)(a3M) € H.

¢ q,Q,h

Lemma 1 implies that T¢ is hyponormal.

Corollary 5. Let m and n be nonnegative integers.
Suppose ¢ = _; ajzj, a_p # 0 and an # 0, then the following
hold. J=on

(1) 1If T¢ is hyponormal then m > n.

(é) Suppose m > n and 1if zn¢ is zero on a point z0
outside the closed unit disc, then it is zero on the inverse of
z, with higher multiplicity. Then . T is hyponormal.

0 ¢

(3) Suppose .m =n and T¢ is not normal. If zn¢ does
not have any zeros in the open unit disc then Tcp is‘not hy-
ponormal.

(4) Suppose m =n and if zn¢ has zeros‘only-on the unit

circle, then T is normal.

¢
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Proof. Put k = zn¢ = gh where ¢ is inner and h 1is

outer, and write

£ t s
k= 1 (z ~ aj) I (z - Bj) I (z - v.)
J=1 j=1 j=1 ’

where |aj|

ijl >1 for 1< j <s. Then

<1 for 1< <¢&, |B,

J| =1 for 1 <J <t and

£ zZ - oy 4 _ t s
q= I ————and h= I (1L -20a,2)0(z - Bj) I (z - Yj)
J=1 1 -3z i=1 Jog=1 j=1
and the degree of k=m+n=42L + t + s. Hence
: -~ -1
h t s Y L l - 0.2 s 1l - v,z
— = n (-1 — " 1 J
h = = V3 = - = - —-.
J=1 | j=1 Yj J=1 =z aj j=1 =z YJ
(L) I¢ T is hyponormal then by (1) of Proposition 7 Zm+n/z2n

¢
is analytic and hence m > n. (2) By the hypothesis a&?i = 1

. LR A £
for 1< Jj <s <& where {aj}j=l = {aj}J=l’ and hence

s 1 —Yglz -
(I ———=—)q belongs to H . (2) of Proposition 7 implies
j=1 z -y
J
t 8 -
(z- - YJ) “then-i¢ =

(2). (3) If m=n and k = .H (z - Bj) i

Jj=1 vd
.n__t, - ' o8 _ : .t . ’ ' t - } ] ’ -
z" T (z, - Bj) I (z -:yj) = z 'k where k'= I (1 - sz) m (1 - sz).
j=1" \ J'= j-—-l j=l
By (2) T¢ is hyponormal and hence if T is not normal then it

¢
is not hyponormal. (4) is clear by (2) and (3).

1

When ¢ = a_1§ +ay +ajz and a_; # 0, 1t is easy to see

that T¢ is hyponormal if and only if |a;| > [a_;|. When ¢ =

z(z - a)(z - y) and ay # 0, T¢' is hyponormal if and énly 1if

- 18 -



lay| < 1. Therefore the question about polynomials is still open.

Corollary 6. Suppose ¢ 1is a rational function in L°
¢ = k2/kl where kl and k2 are relatively prime analytic pol-

ynomials with the same degree. Write

L n -
ke, = H(z-a,)0I (z -c,)
1 J=1 N J
where laj| <1 for 1 <j <& and lcjl >1 for 1 <Jj <n,
and
d e f
ko= H(z -a,) 0 (z-28,)1I (z - v,)
2 =1 35=1 I =1 /

where laj| <1l for 1<J <d, |B;] =1 for 1 <j <e and

5l
is hyponormal then {agl}jfl c

lyjl >1 for 1 <j <f. If T,

_1}

da f
R ?

j3=1 then

@l 1 6ythiie 710 end G > (¥

T is hyponormal.

¢

Proof. Suppose kj = qjhj (g = 1, 2) are inner outer fac-

torizations. Then

L z - a L n
q; = I J_| hy = T (L - a,z) I (z - cJ)
J=1 1 - aJ-Z j:l J j=1
and
d Z - aJ d _ e f
q, = I » hy = 1T (1 - ajz) I (z - Bj) n(z - Yj)’
=1 1 - ajz J=1 J=1 J=1
¢ = 39,0 and h = hy/h;. Since
| ~-1
n gz - c,
Ry/hy = A—£+nql I 1
j=1 1 - cj Z

and
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f 1- YTlZ
. i
2521 z - §°
J

where A and B are constants, £ +n =4 + e + £, h/h = FG

= Bzd+e+fa

h2/h2

and
£f 1 - Yglz n z - a7t
—) qy 0 =

where C 1s a constant with absolute value 1. Now V Prop-

o
o
o,
(]
It

2

osition 7 implies the corollary.

§6. Selfcommutator of T¢
For ¢ in Lw, put
E(¢) = ke H :¢=Xkf+g,g e H and | k]|, <1}.
If E(¢) contains an.inner function g then by Corollary 2 ¢

has a simple form. In this section we study when E(¢) contains

an inner function.

Proposition 8. Suppose E(¢) contains at least two elements.
Then the following are valid.
(1) ¢ 1is of bounded type.
(2) For any fixed function k in E(¢)
E(¢) = {k +qpf @ [k +qpfll, <1 and £ ¢ H }

where q0 is the minimal inner function for ¢.
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(3) There exists an inner function b in E(¢).

Proof. If k and k2 are in E(¢) and kl # k2 then

1
¢ = kl$ + g o= k2$ + g, for some g; and g, in H®. Hence
(kl - k2)$ = g, - g; and this implies (1). Since (ky - k2)5 €
Hm, qf belongs to H® where g is the inner part of kl - k2.
If qy 1is the mininal inner function for ¢ then aoq e H

and hence gy(k; - k,) € H . This implies (2). If E(¢) con-
tains at least two functions then by (2) and a well known theorem

of Adamyan, Arov and Krein (c¢f. [10, Theorem 5. 3]) there exists

an inner function in E(¢).

We use Hankel operators. For ¢ € Lm, the Hankel operator )
. B2 » 12 © H? is defined by H,f = (I - P)(¢f) for f & H",

Ho o - F) ’
where P 1is the orthogonal projection of L“ onto H® (cf. [14]).

Proposition 9. Suppose ¢ is not bounded type and T¢ is
hypohdrmal. If Ker [T:, T¢] # {0} then there exists an inner
function in E(¢).

Proof. Suppose x €& Ker [T:, T¢] and k & E(¢). Then
| Hex ||, = || H.x ||, b T - T = HiH. - H.H, and

g% lla T Il ReX llg DECAUSE T4%6 = To%e T VFNF T Yoo
logx ity = I Egx i1, < Il g 1, < 1] 55 Il -
Since ¢ 1is not of bounded type, ||H¢x|| # 0 and hence |k| =

1l a.e..

The following lemma is known and it is easy to prove.

Lemma 3. For k € E(¢),
’ .
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where k(z) = k(2) and (Jx)(z) x(z)z for x in L2,

Theorem 10. T¢ is hyponormal and - [T:, T¢] i1s a finite
rank operator if and only if there exists a finite Blaschke prod-
uct b in E(¢). Then we can choo;e b such that the degree of
b = rank [T*, T¢].

Proof. If b e E(¢) 1is a finite Blaschke product of degree
n then rank (1 - JTBT;JIEﬁz) <n and hence by Lemma 3 rank [T:,
T¢] <n. We will show the exstence of a finite Blaschke product
b in E(9) .of° degree ﬁ," assuming that k e E(¢) and
rank [T:, T¢] =n <o, If ¢ is not of bounded type then Ran H$
is dense in 5ﬁ2 and hence by Lemma 3 rank [T:, T¢] = rank (1 -
JTRT§J|EH2)- Hence R 1s a finite Blaschke product of degree n
and so is k. Now we assume that ¢ 1s of bounded type. Then by
Beurling's theorem Ker H$ = qH2 for some inner ¢q. By Lemma 3
Ker [T:, T¢] 2 Ker Ha.*

Case (1). Ker [T¢, T¢] = Ker H$. Then the closure of
Ran [TZ, T¢] = H2 @qH2 and hence

dim (H% © qH®) = rank [T:;, 7,1 = <.

Therefore qv’is a finite Blaschke product of degree n. ‘By
Pick's theorem (cf. [10, Theorem 2. 2]), there exists a finite
Blaschke product b such that b & k + qu and the degree of

b is at most n. Ker Hs = qH2

¢

‘inner function for @, and hence by (2) of Proposition 8 b be-

implies that q is the minimal

longs to E(¢).
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%
Case (i ). Ker [T¢, T¢] 2 Ker H$. Then there exists a

*
function x in Ker [T¢, T¢] such that |lH$x || # 0. The proof

%
of Proposition 9 implies that k is inner. Since Ker H5 =

§§ﬁ2 = the orthogonal complement of Ran H$ in EHz, by Lemma 3

%
rank [T¢, T¢] 2

dim (1 - JTRT;J)H$H

dim (1 - TRT;)(H2CD §u?)
aim H2 © due/ (8 © §HZ) N RHZ}.

By a theorem of the first author [1l], k 4is a finite Blaschke

product of degree n.

Corollary 7. If ¢ 1is a trigonometric polynomial and T¢

is hyponormal, then there exists a finite Blaschke product in

E(e).

§7. Kernel of the selfcommutator of T¢
, , %
In this section we are interested in describing Ker [T¢, T¢]
when T¢ is hyponormal. E(¢) > 0 if and only if ¢ e H.

2 ‘for some inner

¥ %
Then Ker [T¢, T¢] = {0} or Ker [T¢, T¢] = qH
function gq. Proposition 11 is a generalization of this. There
is a constant B8 in E(¢) with |B| = 1 if and only if ¢ =

31/2u + o where B and o are constants and |8| = 1. Then
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% .
Ker [T¢, T¢] = H2. Proposition 12 is a generalization of this.

Proposition 11. If there exists a function- in E(¢) which
is not inner, then Ker [T*, T¢] = qH2 for some inner q or
Ker [T*, T¢J = {0}. Hence if E(¢) contains at least two func-
tions then Ker [T*, T¢] = qH2.

Proof. Let k be not an inner function in E(¢). Then
Ker (1 - TET;) = {0} because K is not inner. Hence by Lemma 3

*
Ker [T,, T¢] = Ker H5 and this implies the proposition.

Proposition 12. If there exists an inner function q 1in

E(¢) then 4
{x e H2

Ker [T:, T : T$(qx) & qH2}
q - TqT$).

"
Proof. It is sufficient to prove that Ran [T¢, T

o3

Ker (TET
¢] is
dense in T¢§(H2<3 qHZ). Since
# #.02 _ ko2 2

Hpd (1 - T4T4)HS = HpJ(H° © @)

= P¢(ZR% @ gzA%) = Po3(H? © qH?)

- 2
by Lemma 3 Ran [T¢, T¢] is dense in T¢a(H2<:)qH2). The second

equality 1s trivial.

L3 ¥ o
Lemma 4. H¢H¢ = HWH¢ if and only if ¢ - cy € H for

some constant ¢ with |c| = 1.

%
Proof. 1If HwHw - H;H¢ > 0 then by the proof of [5,

-2 -



Theorem 1] there exist two functions k and g in H® with

| k||, <1 such that

¢ = ky + g.
Lemma 1 i1s the special case : § = ¢. Hence if H:H¢ = Hsz then
there exist two other functions h and f in H® with || h]l_ <
1 such that

¥ = ho + f.

Then (1 - kh)¢ = kf + g. If 1 - kh is nonzero then 1 - kh 1is
outer and hence ¢ belongs to u. Similarly ¢ e H°. If 1 =
kh then both k and h are constants with |k| = |h| = 1.

Hence ¢ - cy € H  for some constant c¢ with |e¢] = 1. The con-
verse is clear.

*
Theorem 13. Let T¢ be hyponormal. Then Ker [T,, T¢] 2

qH2 for some inner function q 1f and only if ¢ is of bounded
%
type or T¢ i1s normal. Moreover if Ker [T¢, T¢] 2 qH2, and
T¢ is not normal then Ker H$ 2 qH2. |
#
Proof. By Lemma 3 Ker [T¢, T¢] 2 Ker Ha and hence the
'if' part is clear. We will show the ‘only if' part. If Ker
% ,
[T¢, T¢] 2.qH2 then
0 =T (T, , T,]T. =T, T To T
CTatTe’ TeTq T T¢qTeq $q"9q
= H* H H* H
$q7¢q ~ Téoq ¢q”
By Lemma 4 9¢q - c¢q e H for some constant c¢ with J|e| =1

- 25 -



Since T, is hyponormal, ¢ - k§ = g € H for some k € H

with || k|l < 1. Hence &(1 - ck)q € H . If § 4is not of
bounded type then 1 -ck =0 and hence k = ¢c. By the remark

above Lemma 4, 'T¢ is normal. 1If T¢ is not normal then 1 - ck

2

is nonzero and hence 1 - ck is outer. Therefore ¢q € H and

hence Ker H$ 2 qH2.

§8. Subnormal Toeplitz operator

In this section we will give a simple proof of the Abrahamse's
theorem [ 1] which gives a sufficient condition for the positive
answer of Halmos's question [ 8]. Then we will consider subnormal

Toeplitz operators with self-commutator of finite rank.

Theorem 14.. [Abrahamse] If T, is subnormal and if ¢ or

¢

¢ 1is of bounded type then T is normal or analytic.

¢

Proof. If T,  is subnormal then by Lemma 1 ¢ = k¢ + g,

¢
¥ € H° and g € H°. If [0 g’ H® and ¢ 1is of bounded type
then k is nonzero and hence ¢ 1is also of bounded type (see

[ 1, Lemma 6]). Therefore we may assume that ¢ 1is of bounded
type. If T¢ is non-normal then qH2 = Ker H$ C Ker [T:, T¢]

%
and q 1is a nonconstant inner function, T¢ Ker [T¢, T¢] c

. A
Ker [T¢, T¢] because T is subnormal [ 1], and hence

¢
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S 2

¥ ©
T¢(qH2) € Ker [T¢, T¢]. While ¢q & H because Ker H¢
Ker H5, and hence the closure of ¢>qH2 is an invariant subspace
%
in Ker [T, T¢]. By Beurling's theorem and Theorem 13,
2 2

¢qH™ ¢ Ker H$ = qH

and hence ¢ ¢ H.

Recall that a Toeplitz operator T¢ is hyponormal and
% -
Rank [T¢, T¢] < o if and only if ¢ = qp + g where q 1is a
finite Blaschke product and g e H®. The proof of Proposition 12

shows the following lemma.

Lemma 5. If ¢ = q¢ + g where q is inner and g e »Hm

%
then the closure of Ran [T¢, T¢] = the closure of T¢a(H2<:)qH2).

Lemma 6. Suppose ¢ = q¢ + g where q 1is inner and g e H ,
and T¢ is subnormal.

(1) Put M = the closure of Ran [T:, T¢] + (H2<:)QH2) then
M is a T$ - invariant subspace.

(2) If ¢ 1s not of bounded type then Ran [T:, T
(#2 @ qu?) = {0}.

Proof. (1) Since ¢

¢J N

ad + g, T5(H2®qH2) < Ta¢(H2@qH2)
+ Té(H2<:)qH2). Hence by Lemma 5

TE(H2() qH2) € the closure of Ran [T*, T¢] + (H2(] qH2).
This implies (1) because the closure of Ran [T*, T¢] is a T$ -

*
invariant subspace. (2) Since Ran [T¢, T¢] - T¢a(H2(D,qH2) by
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the proof of Lemma 5, it 1s sufficient to prove that

T¢a(H2@qH2) N (H°@qH%) = {0}. If x e T¢a(H2@qH2) A

(HZC) qHZ) then x = T¢ay for some y € H2(3 qH2. Since Tax
= 0 because x € H2@qH2,
T, - = T_T - = T~ =
¢q2 y TqT¢q y Tq b'e 0
and hence ¢§2 y = zk for some k € H2. Therefore dalqy) =

2 2

zk € H° and gy € H®. If ¢ is not of bounded type then y = 0

and hence x = 0. This implies (2).

Theorem 15. If T, is subnormal and ¢ = q¢ where q 1is

¢

a finite Blaschke product, then T is normal or analytic.

¢
Proof. By Abrahamse's theorem we may assume that 5 is not
of bounded type. Under this assumption, we show that q 1s con-

qd and q is a finite

stant and so T¢ is normal. Since ¢
Blaschke product, by Lemma 5
* 2 2
» T =T - H

T$(H2@ qH?) .
® #
is subnormal, T$ Ran [T¢, T¢] < Ran [T¢, T¢

* 2 2., _ .
Tg {Ran [T , T,] + (H° © qH%)} = Ran [T¢, T¢].

Then by (2) of Lemma 6

Since T ] and so

¢

dim Ker 75 | (Ran [TI, 7,1 + (H2 © qH?)} = dim (B2 © qH?)

and hence dim Ker T$ > dim (H2<3 qH2). The relation ¢ = q¢
also implies

2 2

T (K =) < T- = H H-.

¢( er T¢) < Ker 3 SXe!

Since T¢ is hyponormal, Ker T$.2 Ker T¢ and Ker ‘I‘¢ = {0} by
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7.247)H

Coburn's theorem [7, Proposition Therefore we have T¢(Ker T$) =

H2 @qHz and so Ran T¢ 2 H2 ) qH2. Then, noting the relation
' ¥ ¥ 2 2 )

T¢Tq TqT¢ = HqH¢ and Ran Hq = H " ©® qH"~, we see that the in-

clusion Ran Tq) 2 qn(H2 ) qH2) implies Ran T¢ 2> qm'l(H2 ) qH2)

for n=20, 1, 2, **+ . Thus we have Ran ch >V qn(H2@qH2). ‘

n>0
Suppose ¢q 1is not constant. Then V qn(H2(D qH2) = H2 and
n>0

T¢ has dense range. On the other hand, the relation T¢(Ker T$)
= H2() qH2 implies Ker T$ # {0}. This is a contradiction. We

conclude that q is constant.
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