HOKKAIDO UNIVERSITY

Title Langevin equations and causal analysis
Author (s) Okabe, Yasunori
Citation Hokkaido University Preprint Series in Mathematics, 148, 2-42
Issue Date 1992-05
DOI https://doi.org/10.14943/83292
Doc URL https://hdl. handle.net/2115/68894
Type departmental bulletin paper
File Information re148. pdf

kaido
wo¥ U"/Ls

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




Langevin equations and Causal analysis

Yasunori Okabe

Series §148. May 1992



f 122:
f123:

f 124:
f 125:

f 126:
f 127:
f 128:

§129:
f 130:

§131:
f132:

i 133:

f 134:
f 135:
f 136:
f 137:
f 138:

§ 139:
f 140:
§ 141:
i 142:
f 143:

f 144:
i 145:

f 1486:
f 147:

HOKKAIDO UNIVERSITY
PREPRINT SERIES IN MATHEMATICS

Y.-G. Chen, Blow-up solutions to a finite difference analogue of u; = Au + u!** in N-dimensional balls, 31
pages. 1991, 7

A. Arai, Fock-space representations of the relativistic supersymmetry algebra in the two-dimensional space-
time, 13 pages. 1991.

S. Izumiya, The tlieory of Legendrian unfoldings and first order differential equations, 16 pages. 1991,

T. Hibi, Face number inequalities for matroid complexes and Cohen-Macaulay types of Stanley-Reisner rings
of distributive lattices, 17 pages. 1991.

S. Izumiya, Completely integrable holonomic systems of first order differential equations, 35 pages. 1991.

G. Ishikawa, S. Izumiya and K. Watanabe, Vector fields near a generic submanifold, 9 pages. 1991.

A. Arai, I. Mitoma, Comparison and nuclearity of spaces of differential forms on topological vector spaces,
27 pages. 1991.

K. Kubota, Existence of a global solution to a semi-linear wave equation with initial data of non-compact
support in low space dimensions, 53 pages. 1991.

S. Altschuler, S. Angenent and Y. Giga, Mean curvature flow through singularities for surfaces of rotation,
62 pages. 1991.

M. Giga, Y. Giga and H. Sohr, L? estimates for the Stokes system, 13 pages. 1991.

Y. Okabe, T. Ootsuka, Applications of the theory of KM;O-Langevin equations to the non-linear prediction
problem for the one-dimensional strictly stationary time series, 27 pages. 1992.

Y. Okabe, Applications of the theory of KM;0-Langevin equations to the linear prediction problem for the
multi-dimensional weakly stationary time series, 22 pages. 1992.

P. Aviles, Y. Giga and N. Komuro, Duality formulas and varia.tioﬁal integrals, 22 pages. 1992.

8. Izumiya, The Clairaut type equation, 6 pages. 1992.

S. Izumiya, Singular solutions of first order differential equations, 6 pages. 1992.

S. Izunﬂya, W.L. Marar, The Euler characteristic of a generic wave front in a 3-manifold, 6 pages. 1992.

S. Izumiya, W.L. Marar, The Euler characteristic of the image of a stable mapping from a closed n-manifold

to a (2n — 1)-manifold, 5 pages. 1992.

Y. Giga, Z. Yoshida, A bound for the pressure integral in a plasma equilibrium, 20 pages. 1992.

S. Izumiya, What is the Clairaut equation ?, 13 pages. 1992.

H. Takamura, Weighted deformation theorem for normal currents, 27 pages. 1992.

T. Morimoto, Geometric structures on filtered manifolds, 104 pages. 1992.

G. Ishikawa, T. Ohmoto, Local invariants of singular surfaces in an almost complex four-manifold, 9 pages.
1992.

K. Kubota, K. Mochizuki, On small data scattering for 2-dimensional semilinear wave equations, 22 pages.

1992.

T. Nakazi, K. Takahashi, Hyponormal Toeplitz operators and extremal problems of Hardy spaces, 30 pages.
1992.

N. Hayashi, T. Ozawa, Remarks on nonlinear Schrédinger equations in one space dimension, 10 pages. 1992.

M. Sato, Interface evolution with Neumann boundary condition, 16 pages. 1992.



Langevin equations and Causal analysis
Yasunori Okabe

Department of Mathematics
Faculty of Science
Hokkaido University
Sapporo 060, JAPAN

§ 1. Introduction

With Einstein’s theory of Brownian motion ([6]) and Langevin’s theory of stochastic
differential equations ([16]) in statistical physics as its origin, the present theory of diffusion
processes in probability theory teaches us the following: the infinitesimal generators of semi-
groups associated with the diffusion process.es and the time evolution of themselves can
be characterized from the qualitative nature of diffusion property as Kolmogorov’s second
order differential equations of elliptic type and Ito’s stochastic differential equations of
Markovian type, respectively.

In the essay [On a Langevin equation]| which appeared ten years ago ([24]), we have
introduced the qualitative property of T-positivity, which is broader than the one of dif-
fusion property, from the requirement in quantum field theory and discussed that this
qualitative property determines the [a,(,v]-Langevin equation (= model) in the latter
sense stated above. This study was started with an aim to clarify a mathematical struc-
ture of the fluctuation-dissipation theorem which is one of the fundamental principles in
non-equilibrium statistical physics. |

The investigation that cannot but throw doubt about Einstein’s theory, however, has
beén already presented in the 1960’s. In the study in statistical physics by Alder and
Wainwright ([2]), a computer simulation of a hydrodynamic model compounded of a hard
sphere and a hard disk, it has been reported that the motion of the hard sphere has the
so-called Alder-Wainwright effect, that is, that the velocity correlation fﬁnction decreases
not exponentially, but polynomially.

The study to clarify such an Alder-Wainwright effect from the viewpoint of statistical



physics, was proceeded with an application of Kubo’s linear response theory ([13]) to the
study by Stokes and Boussinesq ([41],[3]) made in the late nineteen century before the one
by Einstein and Langevin. The Alder-Wainwright effect is now verified in both fields of
the theory and the experiment ([43],(15],[40]). In the course of these researches, it has been
recognized that the model for the velocity of Brownian motion with Alder-Wainwright effect
can be described as a stationary solution of Stokes-Boussinesq-Langevin equation whose
approximate accuracy is thermodynamically better than the classical Langevin equation,

that is, Ornstein-Uhlenbeck’s Langevin equation.

We have perceived that this stationary solution has T-positivity from the point of view
of the theory of stochastic processes and felt keenly that it is necessary to release the condi-
tions posed in [20]-[24] as a requirement from statistical physics. This gave us a generative
power which developed our previous studies. In both the continuous case and the discrete
case, we have obtained KMO-Langevin equations describing the time evolution of weakly
stationary processes with T-positivity as a general form of Stokes-Boussinesq-Langevin
equation and clarified a mathematical structure of Alder-Wainwright effect ([27]-[34]).
Thus [«,8,v}-Langevin equations in [22] changed their form into KMO-Langevin equa-
tions which have sufficient significance from the viewpoint of both probability theory and
statistical physics. Furthermore in the discrete case, with an aim to obtain certain algo-
rithm available to computer science in technology, social science and so on, KMO-Langevin
equations with infinite delay drift terms offered their field of researches to KM;O-Langevin
equations with finite delay drift terms which characterize the local and weak stationarity
of stochastic processes with discrete time ([35],(39],(38]). The guidance principle therein is
the following philosophy:

FDP (Fluctuation-Dissipation Principle): In order to clarify natural and social phe-
nomena with random time evolution, we should not do a priori argument in model building.
At first we take notice of certain qualitative nature (e.g., local and weak stationarity) to
characterize stochastic models to which we want to apply the theory of stochastic processes
and then we check its property from a given data. It is important for us to take out a
random force giving rise to its complexity from the data, according to the fluctuation-

dissipation theorem.



This FDP becomes really effective in causal analysis. If certain causal relation be-
tween two kinds of data which vary randomly according to the change of time were asserted
on the basis of certain models constructed deductively, we would not be able to have any
objective persuasive power. Thus we propose a stationary test—Test(S)-checking the local
and weak stationarity of time series formed by a given data and a causal test—Test(CS)-
judging the existence and direction of causal relation between two kinds of given data: At
first we check the local and weak stationarity for stochastic process with a given data as its
realization on the bassis of the theory of KM;O0-Langevin equation (Test(S)). If the given
data does not pass Test(S), we apply appropriate injective transformations to the original
data and then examine Test(S) for the new data. We can proceed to Test(CS) only after
passing Test(S), because our Test(CS) is effective only for data passing Test(S).

However, the causal relation among things becomes a serious problem when certain
abnormal affairs occur. For example, certain abnormal phenomena such as the change for
the warmth, the earthquake, thé eruption of volcanos and so on in the earth environment
and certain finantial panics such as slump in shares in the economic world will destroy
the local and weak stationarity for time series. Thus we need some effective transfoma-
tions which reproduce the local and weak stationarity. For that purpose, we consider the
following three kinds of transformations:(i) differnce;(ii) logarithm (for positive data);(iii)
arctangent. The important fact lies in that if these transformed data pass both Test(S)
and Test(CS), then we can objectively assert the existence and direction of causal rela-
tion among given original data, taking account particularly that (ii) and (iii) have inverse
transformations. ”

In this essay, we shall present (dissipate) our studies (fluctuation) for these ten years
after the previous essay [24]. We would like to look for certain constructive criticisms from
both pure mathematicians and applied mathematicians to make our guidance priciple FDP

more and more powerful.

§ 2. Stokes-Boussinesq-Langevin equation
We shall consider a model which manifests the motion of a hard sphere of radius »
and mass m moving with velocity X(¢) at time ¢ in a fluid with visicosity n and density

p , subject to a random force W(t) and a drag force F(t) at time ¢. Since then Newton’s

3



equation becomes

(2.1) mX(t)= -F@)+W(t) inR,

we can take the inverse Fourier transform of both sides of equation (5.1) to find
(2.2) | m(-i§)X(§) = -F(§)+W() inR.

This, for almost all § € R, can be rewritten into

(2.3) | mi[fl;‘gi)l = e~ P(¢) + MW () inR.

Equation (2.3) represents the model for the hard sphere of radius » and mass m vibrating
with frequency ¢ and velocity e~ X(¢), subject to a fluctuating force e=**¢ W (£) and a
drag force e~ #*€ F(£) at time t.

By solving a linearized Navier-Stokes equation subject to incompressibility and stick
boundary conditionsin hydrodynamics, Stokes ([42]) showed that the drag force in equation
(2.3) is given by

() = Brrn{1+ 7($2) e ()

+ 37”,2(21217_)1/2{1 27(£P)1/2}d{e tfx(g)}

and so

(2.4) F(§) = {owrn + bwry 25 4 (37, /?—Zﬂ + 27;’3 P (=iE)IE(E).

Moreover, Boussinesq ([3]) took Fourier transform of both sides of equation (2.4) to obtain

the drag force F(t) in equation (2.1):

) Fo =230 s J Ly [ LBy,

Hence, equation (2.1) becomes

(2.6) m* X (t) = —6rrpX(t) - e«#(‘-’ﬂﬂ)l/2 / t X(s)ds + W(t),

1
—eo VE— 8
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where m”® is the effective mass given by

2
(2.71) m* =m+ -é-m-sp.

This equation (2.6) is nothing but Stokes-Boussinesq-Langevin equation([44],[15],[28]).
From the point of view of the theory of stochastic processes, we shall in the sequel consider
a mathematical justification for the term of singular integral in the right-hand side for
equation (2.6) and a mathematical meaning of its solution X(¢).

Substituting (2.4) into (2.2) gives us
(2.8) X(¢) = {Varhsp(O)}W(8),

which is a relation representating equation (2.6) in the frequency world. Here hsp is the

frequency response function on (R — {0}) UC* defined by

1 : 1
V27 6xry + m*(—i{) + 6722, /pn/—i(

Furthermore v/~i( stands for v/—i{ = exp 3(log|¢| + iArg(—i()). By using the formula

(2.9) hsp(() =

*® 1 1 1
(220 I

we can rewrite the function hsp into

(¢CeCh),

asp 1

V2x Bsp =i =il [ (A — i)~ 1psp(dA)’

where asp and Bsp are positive constants and psp is a Borel measure on [0, 00) given by

1 6xry 61'2,/p77_i_d/\)
m*’ m* ' omr

(211) hsn(¢) =

(2.12) (eesB,Bss,ps) = (

It can be shown that hsg becomes an outer function as an L2-function and its Fourier

transform hsp has the following form:

(2.13) hsn(t) = xp0.00(2) / e=Pysp(dN),
| 2 v
(214) vop(d) = () Pesnesn g 9
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Here the positive constant esp is defined by

(2.15) ‘ eésp = 6rr

2V P
m*

Concerning the fluctuating force W = (W (¢);t € R), we at first treat the white noise

which is easy to be understood mathematicaly :
(2.16) W(t) = awB(t),

where aw is a positive constant and B = (B(t);t € R) is a standard Brownian motion
defined on a probability space (2, B, P). It then follows that the stochastic process Xw =
(Xw(t);t € R) constituted from X (t) (¢ € R) which is determined by relation (2.8) can be
representated as

aw s
2.17 Xw(t) = —= [ hss(t — u)dB(u).
(2.17) w(t) = S [ healt - u)iB()

We then find that X has the weak stationarity:
(2.18) / X()X(s)dP = Ruw(t - s).
a

Moreover we see from (2.13),(2.14) and (2.18) that the correlation function Ry of the

process Xy can be calculated as follows:

2 oo
(219)  Rw(t)=3% / Rsn(t+whss(u)du = oy / e~ Mo s5(dN),
. ® 0

dA.

C!z e \/X
2.20 osp(d)) = =3B 5B
(2.20) s5 (1) T Bsp+A+espgVA(Bsp —A)?+eigA

We now shall consider the case where the fluctuating force W = (W(¢);t € R) is Kubo
noise I = (I(p); ¢ € S(R)). It follows from Kubo’s linear response theory ([13],[14]) that
the random force I to be wanted and the weakly stationary process Xx = (Xx(¢);t € R)
which is a solution of equation (2.6) replaced W by I are characterized by the following

relation:

) [ Xe(pdn= o= [ Re)Ilel +udu [p € SR

6



Here Ry is the correlation function of Xxk:
(2:22) Re(t—s)= / X (£)(w) X (8)(w0)dP(w)-
0

By applying the inverse Fourier transform to both sides of equation (2.21), we see that it

is necessary for the following relation to hold in order to arrive at (2.8) replaced W by I:
(2.23) Rac(t) = hsa(lt]) = / e lygp (dN).
0

We shall take the inverse argument. Since the function in right-hand side of (2.23) is
always non-negative deifinite, there exists a weakly stationary process Xx = (Xx (2);t € R)
with the function Rx as its correlation function. Further we find that the stochastic
process determined by relation (2.8) is nothing but the stationary random distribution
I=(I(¢);¢ € S(R)) to be called Kubo noise.

This is the prescription that we can construct th»e stationary solution Xk and Kubo
noise I from our equation (2.6) (= model), which is the essential part of Kubo’s linear
response theory. We had a good deal of labor to establish this prescription ([27],{28]).
Really, the research to deduce a mathematical structure of Kubo’s fluctuation-dissipation
theorem in statistical physics entirely depended upon the introduction of Kubo noise,
because there was no notion of Kubo noise in Kubo’s linear response theory.

We might treat other noises besides the white noise and Kubo noise as random forces
in equation (2.6). The way we can take according to FDP stated in §1 is to answer the

following questions':

(*)

{ What kinds of qualitative nature does the solution (Xw,Xk)

of equation (2.6) have ?
{ What kinds of equations can govern a stochastic process

(*%)

with such a qualitative nature ¢

By (2.19) and (2.23), we can give the question (*) an answer that both Xw and Xk
have T'-positivity. Concerning its definition and question (*%), we shall discuss again in

the sequel.



§ 3. T-positivity and KMO-Langevin equation (continuous system)
Let X = (X(t);t € R) be a real weakly stationary process with expectation 0 whose

correlation function R has the following representation to be called T-positivity:
(3.1) R(t) = / eMro(dd)  (teR).
[°v°°)

Here we put the integrability condition on the Borel measure o on [0, 00):

(3.2) o({0}) =0, 0 < o([0,00)) < oo,
(3.3) / A lo(d)) < oo, |
(3.4) / ” Ao(d)) < co.

‘We denote by A = A(¢) (¢ € R) the spectral density of the correlation function R:

(3.5) R(t) = / e HA(E)dE  (t eR).
JR

It then follows from (3.1) that

(3.) 2O =1 [ 5ime@)  (€eR)

. =zl +£20' .
Moreover let h and [R] be the outer function and the complex mobility function of X,
respectively:

1 14 A¢log A(A)
. ' h(¢) = +
(37) MO =e(os [ TEEETay  (cec),
1 = .
(3.8) RO =37 [ R (Cech).
0

By approximating the Borel measure o by a sequence (o,;n € N) of Borel measures
satisfying the following conditon (3.9) together with (3.2) and (3.3):
(3.9) / Ao(d)) < oo,
0
which is the one treated in [21]-[24] stronger than (3.4), we can apply the results in [21]
to obtain the representation theorem of the outer function ~ and the complex mobility

function [R].



Theorem 3.1 ([27]).  There exist uniquely two triplets (&, B;,p;)(7 = 1,2) satisfying
the following properties:
(1) aj > 0, .Bj >0,
(i) pj is a Borel measure on [0, 00) with p;j({0}) =0 and [~ 537p;(d}) < oo,
see —_ a 1 C+
(@) Q)= Frpmew S, (A=i0)=1pa(an) (Cech),

) H©) = a2rﬂ:-ic—icfs(lx—ic)—lpa(dx) (¢ech).

Defintion 3.1.  We shall call the triplet (ay,f1,p1) (zesp. (a2,82,p2)) the first (zesp.

the second) KMO-Langevin data associated with the correlation function R

Remark 3.1. The integrability condition (3.4) is not necessary for the introduction of
the second KMO-Langevin data (a3, 82, p2).

For the purpose of substantia.tiﬁg this nomenclature, we shall derive a stochastic
differential equation describing the time evolution of X, which will simultaneously answer
the problem (*x) stated in the last part of §2. v

We find from Karhunen’s representation theorem ([5]) in the spectral theory for the
weakly stationary process X that there exists an orthogonal process B = (B(t);t € R)
satisfying the following: for any s,t € R, |

(8100 / B(s)B(t)dP = s At,
1t

7= h(t — »)dB(u),

(3.12)  the linear hull of {X(u);u < t} = the linear hull of {B(u) — B(v);»,v < t}.

The random stationary distribution B coming from the differentiation of B is called
the standard white noise. On the other hand, Kubo noise I = (I(p);¢ € S(R)) is the

random stationary distribution defined by

(3.13) o) = [ (e) ()aB(e).

9



Coresponding to (3.11) and (3.12), we have the following: for any ¢t € R, ¢ €-S(R),

(3.14) /m X (w)p(u)du = \/—;-; /0 " Ru)I(p( + v))du,

(3.15)  the linear hull of {X (u);u < t} = the linear hull of {I(p); supp ¢ C (—o0,t]}.

We put ¢ = §(- — t) to obtain an intutive representation for (3.13) and (3.14). We
then find that (3.13) can be rewritten into
(319 0= [ (- vaB@)
) : T 27 J_o [R]

and (3.14) has the following representation analogous to (3.11):

(3.14) X(t) = 7127 /_ " R(t = w)I(u)d.

We have derived the standard white noise B and Kubo noise I as random forces
associated with the given weakly stationary process X. The representation (3.11) (xesp.
(3.14)’) can be regarded as a construction of a model such that X is the common output,
B (zesp. I) is the input and h (resp. X[o,c0)R) is the response function. Following the idea

in FDP, we find that these models can be rewritten into the following equations.

Theorem 3.2 ([27]). As random distributions, X and B (resp. X and I) satisfy the
following stochastic differential equation (3.16) (resp. (8.17)):

(3.16) X = -—,le—-lifg'yl,, *X + a1 B, |
(3.17) X =—f,X — lim 3, * X + a,L

Here v;,. (j = 1,2) are the functions given by
(3.18) Bel0) = x0m)(®) [ € p5(aN).

Defintion 3.2.  We shall call the stochastic differential equation (3.16) (resp. (3.17))
the first (resp. the second) KMO-Langevin equation associated with the weakly stationary

process X.

10



Example 3.1. For each v > 0,8 > 0, let X, g be a weakly stationary process with the

correlation function R, g of the form
(3.19) R, 5(t) = ve Pl (t €R).

This is the case where o in (3.1) is a point measure o = v8g. The process X, g is called
Ornstein-Uhlenbeck’s Brownian motion which was investigated in the study of Einstein
and Langevin. It follows that the outer function k, g and the complex mobility function

[Ry ] are given by the following:

(020 hp@)= G ad [RellQ) = gmr (C€CH.

Hence the first and the second KMO-Langevin data associated with the correlation R, g

become

(3-21) (alaﬂlapl) = (V 2vﬁ)ﬂ10) and (az,ﬁzapz) = (vaﬁy 0)

Furthermore X, 4 satisfy the following first and second KMO-Langevin equations:

(3.22) Xup = —BXy8 + v/208B, ,

(3'23) vap = _ﬂxvrp + vI‘“vﬁ' ’

Here B, 4 and I, 4 are the standard white noise and Kubo noise associated with X8
respectively. It follwos from (3.22) and (3.23) that both random distributions are equal up

to positive constants:

23 .
(3.24) L= TﬂBv,ﬂ.

§ 4. T-positivity and KMO-Langevin equation (discrete system)
Let X = (X(n);n € Z) be a real weakly stationary process defined on a probability
space (Q2, B, P) with expectation 0 and correlation function R of the form (T-positivity):

(4.1) R(n) = /[_11] trlo(dt)  (ne)

11



Here the Borel measure o on [—1,1] satisfies the following integrability conditions:

(42) o({-1,1}) =0, 0<o([-1,1]) < oo,

(4.3) [ 1(%{ +2)oldt) < oo.

The spectral measure A = A(8) of the correlation function R detemined by the
relation |
(4.4) R(n) = / NGO YY)
satisfies

(45) a0 =1 [ 2@ @e(nm)
T Jo1 |1 —tetf| »
The outer function h and the complex mobility function [R] of the process X are respec-

tively defined by

(4.6) h(z) = exp(-‘:—w /_ i :Z i-zlog A(6)d8) (z € C,|z| < 1),
(4.7) (B](z) = -2-1; S R(n)e" (z€C, 7 < 1).

By using a homeomorohism ¢ : ¢(t) = (1 +¢)/(1 —t) from (—1,1) in [0,00), we
transform the Borel measure o on (—1,1) to the Borel measure 0. = ¢(o) on [0, 0) and
apply Theorem 3.1 for the continuous case to obtain the representation theorem for the

outer function k and the complex mobility function [R] for the discrete case:

Theorem 4.1 ([32],(33]).  There exist uniquely two triplets (¢;,8;,p;)(j = 1,2) satis-
fying the following properties:
(i) e >0,5>0,
(i)  pj is a Borel measure on [—1,1] with p;({~1,1}) = 0 and p;([-1,1]) < oo,
(z € C,lz| < 1),
(z € C,|z| < 1).

“ee — ._gL 1
(111) h(z) mﬂx(1+z)+1—z+(1—z’)f_ll(l—tz)-‘pl(dt)

: P { 1
(IV) [R](Z) - 7#52(1.}.,).*.1_;_*_(1_;2) f:l(l—fz)"m(dt)

12



Déﬁﬁtion 4.1.  We shall call the triplet (1,81, p1) (resp. (@2,Bz,p2)) the first (resp.

‘the second) KMO-Langevin data associated with the correlation function R.

We shall derive a stochastic difference equation describing the time evolution of X
in the discrete system, corresponding to the stochastic differential equations (3.16) and
(3.17) in the continuous system, which will answer the discrete version to the question
(#+) in §2. It follows from the spectral theory of the weakly stationary process X that
there exist a weakly stationary process ¢ = (¢(n);n € Z), to be called the standard white

noise, satisfying the following:

(4.8) /n E()E(m)AP = bum  (n,m € T),

(49) Xw=—t 3 he-mlem) (),

m=--o0

- (4.10) M? ., (X) = M2, (¢) (n €2).

For an R¢ valued stochastic process Y = ( *(Yy(n),---,Ys(n));n € Z) defined on the
probability space (Q, B, P), generally, we shall denote:'by M™(Y) the closed subspace of
L*(Q, B, P) for n,m,—c0 < n < m < oo:

(4.11) . M (Y) = the linear hull of {Y;(k);1<j<d,n<k<m}

Corresponding to the intuitive representation (3.13)’ in the continuous system, Kubo
noise I = (I(n);n € Z) in the discrete system is a weakly stationary process defined by
(12 )= 3 (P (n = m)e(m).
2r (R]

m=-—00

As the discrete version of (3.14) ((3.14)’) and (3.15) in the continuous system, we have

(4.13) X(n) = % S R(n-m)I(m) (nel),

m=-—0o0

13



(4.14) M (X)=M"_(X) (n€l).

Similarly as in the continuous system, the standard white noise £ and Kubo noise I
were derived, starting from the given weakly stationary process X. The model (4.9) (resp.
(4.13)) in which X is the common output, £ (resp. I) is the input and A (resp. X[0,00) R)
is the response function can be described by the following stochastic difference equation

(4.15) (xesp. (4.16)):

Theorem 4.2 ([32],(33]). The process X satisfies

(4.15) X(n) = X(n —1) = =f1(X(n) + X(n — 1)) = (11 * X)(n) + c1§(n);

(416)  X(n) - X(n—1) = =B2(X (n) + X(n — 1)) = (12 % X)(n) + a3 I(n).

Here v; (§ = 1,2) are I(Z)-functions given by

(8.17) 5= 5o - [ —m(an)

Defintion 4.2.  We shall call the stochastic difference equation (4.15) (resp. (4.16)) the
first (resp. the second) KMO-Langevin equation associated with the weakly stationary

process X.

The functions v; (j = 1,2) determined by (4.17) can be representated into
0 (n=-1,-2,--+)
(418) sy =4 [ 8mp5(de) (n=0,1)

S = )pi(dt) (n=12,3,--)

and so
(4.19) > (r)=0 and > (—1)"y;(n)=0.

Inoue ([11]) noticed the following fact: the first (resp. the second) KMO-Langevin

equation (4.15) (resp. (4.16)) can be rewritten into the one of the same form as the delay
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ferm in the fizst (resp. the second) KMO-Langevin equation (3.16) (resp. (3.17)). Defining
the functions v;,0 ( = 1,2) by |

0 (n=-1,-2,---)
(4.20) 7io(n) =< p;i((-1,1]) - (n=0)

JLEm+ 1 )pi(dt) (n=1,2,0),

we have

(4.21) Tio(n) = vio(n —1) =7j(n) (n €1Z).

This can allow us to rewrite the delay term (7; * X)(n) in (4.15) and (4.16) into

(4.22) (1 * X)(n) =Lim. S 7 o(n = M)AX (m) + 7;(0)AX (n). |
Here we put o
(4.23) AX(n)=X(n) - X(n - 1),

0 (n=—1,-2,--)
(4.24) Yio(m) =< pi([~1+€1—¢)) (n=0)

Crp T pi(dE) (n=1,2,--0).

Therefore, we can set for each j=1,2

a; 2B; 7.0 )
14 7(0)" 14 4;(0)" 1+ +;(0)

to rewrite equation (4.15) (resp. (4.16)) into the following equation (4.26) (resp. (4.27)):

(4.25) (am,jsBrm,jy Ymai) = (

(4.26) AX(n) = — f, B+ f (n—1)

n—1

- l.ilgn. ; 71,0(n — m)AX(m) + am,1£(n),

(X(n) + X(n ~ 1))
2

n—1

~Lim. ; 75 0(n — M)AX (m) + am 2 I(n).

(4.27) AX(n)=—Pm,
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Defintion 4.3.  We shall call the stochastic differential equation (4.26) (resp. (4.27))
the modified first (resp. the modified second) KMO-Langevin equation associated with
the weakly stationary process X. The triple (m,1,Bm,1)¥m,1) (z€5P. (Cm,2,Bm,2)Vm,2)) is
called the modified first (resp. the modified second) KMO-Langevin data associated with

the correlation function R.

Example 4.1. For each v > 0,? € (-1,1), let X, , be a weakly stationary process with

the correlation function R, , of the form
(4.28) | R, o(n) = vpl™ (n € 7).

This is the case where o in (4.1) is a point measure o = v§,. The process X, , has
Markovian property. The outer function h, , and the complex mobility function [R, ;] can

be calculated as follows:

v 1— p? v 1
. k., =,/ 2 R, - — C, )
(4.29) »(2) 27 1= pz and [R,,])(2) 5T (zeC,|z| <1)

pz
Hence the first and second KMO-Langevin data associated with the correlation R, , be-

come

{ (a p’ﬂlp’pv,p)—(z i+p:1+},s0)a
(4.30)

(a 'p)ﬂzlp)pv,p)_( 1+p,1+P’0)
Furthermore there exists the following relation between the standard white noise £, =

(v p(n);n € Z) and Kubo noise L, = (L,,(n);n € Z) associated with X, ,:

(4.31) Iy p(n) = \/27"(1 = p)(1 + p) & p(n).

§ 5. Alder-Wainwright effect

[5-1] Let Xy (resp. X ) be the stationary solution of Stokes-Boussinesq-Langevin
equation (2.6) in which the random force W is the white noise o B (zresp. Kubo noise
I). It follows from the representation (2.19) and (2.23) of their correlation functions Ry
and Ry that both the process Xy and the process Xx have T-positivity. Furthermore
we have the following Alder-Wainwright effect ([43],(15],[28]):
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Alder-Wainwright effect.

(5.1) t]ir&(ﬁSBt)a/sz(t)
_ V®Rw(0), [® VY -1
2 {/o (1+y+a\/z7)((1—y)2+a2y)dy} ’
(5.2) ‘].irg,(ﬂsgt)slzRK(t) = —‘%I:—/(_gla.

Here it is known ([15]) that the constant
(5.3) Q= (§_757_”3)1/2
. —
has the following physical meaning:
(5.4) o= 3(1+2”7°)-1/2,

where pp and p are respectively the density of the hard sphere and the liquid in the same
situation as in the derivation of equation (2.6). ,

[5.2] We shall‘show that a mathematical background of Alder-Wainwright effect
(5.1) and (5.2) for Stokes-Boussinesq-Langevin equation (2.6) lies in a long time behavior
of the integral kernel «/Z_l in the delay term. Let p be a positive constant and L a slowly
varying function at infinity:

(55) lim 2059

t—»oo-L_(t—)-=1 for any s > 0.

We denote by R the correlation function of the common stationary solution X for both
the first and the second KMO-Langevin equations (3.16) and (3.17). We then find that
Alder-Wainwright effect can be clarified as a polynomial decay for R as follows:

Theorem 5.1 ([31],[10]).  The following (i)~(iii) are equivalent:

(1) R(t) ~ t~ (4P (1) as t — oo.
(i1) v1(t) ~ a B3 pt TP L(t) as t — oo.
(i) Cm(t) ~V2r aflB2ptPL(1)  as t— oo
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[5.3] Under the following condition

(56) Pj([—l,o)) =0 (J = 112))

Inoue ([11]) showed Alder-Wainwright effect for both the modified first and the modified
second KMO-Langevin equations (4.26) and (4.27) in the discrete system.

Theorem 5.2 ([11]).  The following (i)~(iii) are equivalent:

(1) R(n) ~ n=(+2) () as n — oo.
(i) Y1 (n) ~ 05263, 1pn P I(n) as n — co.
(i) Tma(n) ~ V2r ank Bl pnT?I(n)  as m— co.

Remark 5.1. The condition (5.6) does not necessarily imply the following:
(5.7) (-1,0)=0 (=1,

Remark 5.2. We are succeeded in characterizing an exponential decay of the correlation
function R as the one of the delay functions v; (7 = 1,2) in KMO-Langevin equations ([37]).
Remark 5.3. The case where conditions (3.3) and (4.3) do not hold, that is, the diffusion
constant in (6.1) and (6.5) of the next section is divergent interests us in relation to certain

critical phenomena of random system and is now under investigation.

§ 6. Fluctuation-Dissipation Theorem

The heart in fluctuation-dissipation theorem (FDT)\in FDP stated in §1 lies in a
philosophical understanding that any phenomena with a complex behavior, under the
stationary situation, its equation of motion describing the time evolution can be separated
into a random chaotic part (fluctuant term) and a dynamical calm part (dissipative term)
and certain relation holds between both terms.

It seems that in the course of the action of one’s research, the process of study with
trouble and joy corresponds with the fluctuant part and the action of the presentation

of the results of study corresponds with the dissipative part. We shall suffer some severe
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criticisms for the presentation of our unexpected results, but we shall put them on ourselves
as the fluctuating force for our research and present some results of study equal to our
endeavour after further action of study. It seems that the situation where we can repeatedly
continue to study is stationary.

[6.1] We shall now examine how the philosophical understanding of FDT stated
above can be mathematically representated. For the weakly stationary process X treated
in §3, we define its diffusion constant D by

(6.1) D= lim JalJs X(s)ds)?dP

t— 00 2t

’

which can be calculated as follows:

(6.2) / D= /o " R(t)dt = /0 ” ia(dx).

We shall at first consider Ornstein-Uhlenbeck’s Brownian motion X, g treated in
Example 3.1 and explain FDT on the basis of the first KMO-Langevin equation (3.22).
Denoting by D, g the diffusion constant of X, g, we have the following relations:

) 1 1 hy5(¢) ,
Bi—i  Ryp(0) Jg Rehy g€ +i0)de’
(B) o = Rus(0)B1;
_ R.s(0),
(C) | Dv,ﬁ —' ﬂl ’
a2
(D) Dy = 551?

We shall observe in turn how these relations can be extented for a general weakly

stationary process X. Concerning relation (A), we have

t

A generalized FDT of the first kind. ([28]). On the basis of the first and second
KMO-Langevin equations (3.16) and (3.17), the following hold on C* U (R — {0}), respec-
tively: |

1 _ h({)
IBI - 1(: - iclimzlo fooo ei“'h,c(t)dt flR Reh(€ + zO)d{’

(A-1)
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- 1 _ 1 o e : |
_— B2 — i —iClim, )0 [ €tz (t)dt  R(0) /(; e R(t)dt.

Concerning relation (B), we have

A generalized FDT of the second kind. ([28]).

(B-1) 4 RO)C
(B-2) Bo(df) = 2Rl it lim ow ety . (¢)dt) .

Here Cpg, 4, Is a constant defined by

(63) Goven =L [ 181+ (=)0 +lig [ s (0002 de

and A,,1 stands for the spectral measure of a,1.
We shall turn to Einstein’s relation (C).

A generalized Einstein’s relation (1). ([28]). On the basis of the first and second
KMO-Langevin equations (3.16) and (3.17), we have

R(O) Cﬁx Y1

C-1 D= ——=——11
(C-1) B B

, R(0)
C-2 D = .
(C-2) . B2

Moreover we see that
Cs

6.4 2 Lk N |
(6.4) 52

and the equality in (6.4) holds only for the case where X is Ornstein-Uhlenbeck’s Brownian

motion.

Hence, a classical Einstein’s relation (C) always holds on the basis of the second KMO-

Langevin equation (3.17), but deviates according to the degree of the ‘positive constant
Cp1,1:/B1 — 1 on the basis of the first KMO-Langevin equation (3.16).

However, the affairs are in reverse order about relation (D).
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. A generalized Einstein’s relation (2). ([28]). The following relation
| 26,
always holds on the basis of the first KMO-Langevin equation (3.16). But, this does not

hold on the basis of the second KMO-Langevin equation (3.17).

(D-1)

[6.2] We shall observe in the sequel what kinds of FDT the weakly stationary process
X with discrete time has. FDT has never been established in irreversible statistical physics

of discrete system. We define a diffusion constant D associated with X by

(6.5) = lim ﬁ/(ZX n))?dP = ZR( ) — 5@

A generalized FDT of the first kind. ([32],(33]). On the basis of the first and second
KMO-Langevin equations (4.15) and (4.16), we have the following

1 B h(e"e) B
(A=) Pr(1+€f) +1— e +2x7,(8)  2lim,|_, h(ei) (6 € (==,m)),
L _ __[B)(e) (6 € (=m,7)).

,(A_z) Bo(1+€%)+1—e" +2r7,(6)  2lim,|_.[R](ei")

A generalized FDT of the second kind. ([32],[33]). On the basis of the first and
second KMO-Langevin equations (4.15) and (4.16), we have the following

012

(B"l) v - = R(O)Cﬁxnn

(B-2)
Aq,1(df) = %‘:—){2(1 + B2+72(0)) Re(B2(1 + ') + 1 — €' + 274,(6))

— 1B2(1 + &) + 1 — & + 277,(8)|" }d.
Here Cpg, 4, is a constant defined by
(6-6) Coun =7{ [ 1B1(1+€9) +1— & + 2x3,(6)| " dB}~
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and A,,x1 stands for the spectral measure of a,I.

A generalized Einstein’s relation (1). ([32],{33]). On the basis of the first (resp. the
second and the modified second) KMO-Langevin equations (4.15) (resp. (4.16) and (4.27)),
the following relations hold, respectively: |

R(O) Cﬁ1 71
C-1 D=—+_"221
(G-1) 261 261
R(0
(6-2) 0= 150,
2f;
R(0)
C-2- D=—-—"
(C-2-m) o
Corresponding to inequality (6.4), we obtain
Cﬂl 71
6.7 0 > 1.
(6:1) s

Similarly as in the continuous case, it follows that the equality in (6.7) holds only for the
case p; = 0, that is, the weakly stationary process with Markovian property treated in
Example 4.1. Therefore, we find in the discrete system that the classical Einstein’s relation
(C) for the continuous system deviates on the basis of both the first and the second KMO-
Langevin equations (4.15) and (4.16), but it is conserved on the basis of the modified
second KMO-Langevin equation (4.27).

Finally we have the following corresponding to relations (D) and (D-1) for the con-

tinuous system.

A generalized Einstein’s relation (2). ([32]). On the basis of the first and the mod-
ified first KMO-Langevin equations (4.15) and (4.26), we have

2

(D-1) D= W,
2

1 — am,l .

(D 1 m) D —2(137”,1)2
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But neither the second or the modified second KMO-Langevin equations (4.16) and (4.27)

have these relations.

§ 7. KM,;0-Langevin equation and FDT

Let X = (X(n);|n| < N) be an R? valued weakly stationary process defined on a
probability space (2, B, P) with expectation vecior 0. Here d, N are fixed nutural numbers
and we do not assume that the process X has T-positivity. Denoting by R the correlation

matrix function of the process X, we define for each n,1 < n < N, a Toeplitz matrix

S» (€ M(nd;R)) by

R(0) RQ) ... R(n-1)
- o | B 2(0) - R(n~2)
| ‘R(n—1) 'R(n—2) ... R(0)
It is to be noted that
(7.2) tR(n) = R(~n).

We remark that under the following condition
(7.3) R(0) € GL(d; R),

either (7.4) or (7.5) holds:

(7.4) Sn € GL(nd;R) (1 <n < N),

S € GL(nd;R) (1< n<Ny)
(7.5) {

S ¢ GL(ndiR)  (No+1<n<N),

where No = max{n € {1,---,N}; det(S,) # 0}.
By reminding of the notation (4.11), we define two R? valued stochastic processes

vy =(rp(n);0<n < N)and v_ = (v—(-n);0 < n < N) by
(7.6) vi(n) =X(n) - PM;‘“(X)X(”') and v_(—n)=X(-n)— PM"_"H(x)X("n):
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where Pym(x) stands for the projection operator on the closed subspace M7'(X) (n < m)
with the convention M;!(X) = M?(X) = {0}. Let Vi(n) and V_(n) be the variance

matrix of vy (n) and v_(—n), respectively. It then follows that

Causal Relation ([35],[40]). For each n,m,0 <n,m < N,

(7.7) v4+(0) = v—(0) = X(0),
(7.8) /n vy (n) s (m)dP = 6, Vi(n) and L v_(=n) v_(~m)dP = Sum V. (n),
(7.9) - Mp(X) =Mz(vy) and M?_n(X) =M?_(v.).

We shall treat in the sequel the situation when condition (7.4) holds.

Decomposition Theorem ([35],(39]). There exists a unique system {v4(n, k), v-(n, k),
§4(m),6_(m);1 <k <n<N,1<m< N} of M(d;R) such that for each n,1 <n < N,
the process X satisfies

n—~1

(7.10) O X(n) == 14(n k)X (k) = 84 () X(0) + w4 (n),

(7.11) X(-n) ==Y 7-(n,k)X(—k) = §-(n)X(0) + v_(—n).

k=1
Definition 7.1. “We shall call equation (7.10) (resp. 7.11)) the forward (resp. backward)
KM, O-Langevin equation associated with the process X. Further the process v, (resp.
v_) and the system {v4(n,k),v-(n,k),64+(m),6-(m);1 <k <n < N,1 <m < N} shall
be said to be the forward (resp. the backward) KM, O-Langevin force associated with the
process X and the KM, O-Langevin data associated with the correlation matrix function

R.

Remark 7.1. The KM,;0-Langevin equations were derived as the candidate for the
discrete version to the («, 3,7, 8)-Langevin equations which Miyoshi ([18],{19]) had derived

in the continuous system.
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Now we shall observe what kinds of representations FDT stated in §6 posesess on the

basis of these KM,;0-Langevin equations.

FDT (1) ([17],[4],(43],[45],(35],[40]). For each n,k,1 < k < n < N, we have the
following algorithms:

(7 12) { 7+(nak) = 7+(n -1k~ 1) + 6+(n)7—(n -Lin—k- 1)
| T-(m k) =7 (r = 1L,k = 1) +6_()ys(n = L,n — k= 1),
{ Va(n) = (I = 64(n)5- (m)Va(n — 1)
(7.13)

V-(n) = (I = 6_(n)84(n))V_(n - 1),

(7.14) §_(n)Vi(n—-1)=V_(n—1)*4(n) and 6_ (n)V_,.(n) = V_(n) *64+(n),
where v4(n,0) = §.(n) and v~ (n,0) = 6_(n).

Moreover we shall investigate the covariance matrix function I(n,m) between the

forward KM;O-Langevin force v and the backward KM,O-Langevin force v_:

(7.15) I(n,m) = /n ve(n) v (=m)dP (0 < n,m < N).

FDT (2) ([37]). For eachn,m,1<n< N,2<m< N, we have

( I(n,0) =1I(0,n)=0
I(n,1) =1I(1,n) = —64(n+1)V_(n)
I(n,m) =I(n+1,m 1)+ (Tps I +1,k) 6, (k + 1)) 6 (m)

\ =84(n+1) 571 6-(k + 1)I(k, m).

(7.16) <

It follows from (7.12)~(7.14) in FDT that the system {§,(n);0 < n < N} determines
other KM;0-Langevin data and it can be itself calculated in terms of the correlation

function R by (7.12)-(7.13) and the following algorithm:
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Algorithm ([17],(4),(43],{45],{35],(40]). For each n,1 < n < N, we have

n—2

(7.17) §+(n) = —(R(n)+ > _ v+(n = 1,k)R(k+1))V_(n - 1)1,
k=0

By inverting the consideration above, assume that we are given any symmetric, posi-
tive definite matrix V' € GL(d;R) and any N elements §.(n) of M(d;R) (1 <n < N).

(the first step) We construct a system {v.(n, k), 7—(n, k), 6~ (m), Vi(m), V_(m);1 <
k<n < N,1<m < N}insuch a way that the relations ( 7.12)~(7.14) are inductively
satisfied. We shall suppose in this step that all Vi (m), V_.(m) (0 < m < N —1) are positive
definite.

(the second step) By using Kolmogorov’s extension theorem, we construct two R¢
valued stochastic processes vy = (v4(n);0 < n < N) and v_ = (v~(—n);0 < n < N)
satisfying v4(0) = v_(0) and relation (7.16) ([37]). |

(the third step) Under the initial condition X(0) = v, (0), we solve equation (7.10)
and (7.11) to obtain an R? valued stochastic process X = (X(n);|n| < N). '

Thus we can arrive at the following result:

Construction Theorem ([35],[40],(37]). The process X constructed above is a weakly
stationary process with the system {vi(n,k),v-(n,k), 64+ (m),8-(m),Vi(m),V_.(m);1 <
E<n<N,1<m< N} asits KM,;O-Langevin data.

§ 8. KM,0-Langevin equations and AR(ob)-Langevin equations

In this section we shall show that AR(co)-Langevin equations can be derived from
KM;0-Langevin equations treated in §7, by a limit procedure of N — oo ([36]).

Let X = (X(n);n € Z) be an R? valued wea]ély stationary process with expectation
vector 0 such that its spectral matrix measure has a continuous spectral density A defined
on [—m,x]. We define a one-parameter unitary group (U(n);n € Z) operating on the

Hilbert space M= (X) by

(8.1) U(n)(X;(m)) = X;(m + n)
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and introduce for each N € N two R? valued weakly stationary processes e} = (¢¥(n);n €

Z) and € = (¢¥(n);n € Z) with expectation vector 0 by
(8.2) () =U(n—N)y(N) and &¥(n)=U(n+ N)v_(-N).

By using these processes, we find that KM;O-Langevin equation (7.10) (resp. (7.11))
~ associated with the local and weak stationary process (X(n);|n| < N) can be transformed
into the following generalized AR(co)-Langevin equation (8.3) (resp. (8.4)): for all N €
N,n €1Z,

N

(8.3) X(n)=—> 7(N,N —k)X(n — k) + €} (n),
k=1
N

(8.4) X(n)==>"5.(N,N = k)X(n+k)+e¥(n).
k=1

We can use the method in Grenander-Szegd ([9]) to show

Lemma 8.1.. There exist two positive definite matrices V; and V_ (€ GL(d;R)) such
that

(8.5) Nlim Vi(N)=V; and Nlim Vo(N)=V_.

By combining (7.12)-(7.13) in FDT with (8.5), we have

Theorem 8.1.  There exist two R? valued standard white noises {4 = (£4(n);n € Z)

and {- = (£~(n);n € Z) such that

(86)  Lim () =(V4)"2%(n) and Lim.e¥(n)=(V.)"%_(n) (n € ),

(8.7) /(;54.(71) ‘¢, (m)dP = 6,1 and /Qf_(n) L (m)dP = 6l (n,m € 7).

Applying (8.3) and (8.4) to Theorem 8.1, we obtain
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Lemma 8.2.  There exists a unique system {7y4(n), 7-(n);n € N} of M(d;R) such that
for each fixed k E N,

(8.8) Nlim v+ (N, N — k) = v4+(k) and N]im Y-(N,N — k) = y_(k).

Letting N — oo in (8.3) and (8.4), we can make use of the above results to obtain the

following forward (resp. backward) AR(co)-Langevin equation (8.9) (zesp. (8.10)).

Theorem 8.2.

N
> (NN —k)X(n— k) + Viby(n) as.

(8.9) X(n) = lNl_'I:IO
k=1
N \
(8.10) X(n)=~Lim. > 9-(N,N —E)X(n+k) + V_é-(n) as.

=
ary

Moreover we have the forward causal relation among X, £, and £_.

Theorem 8.3. Foreachn €Z,

(8.11) M? o (X) = MP,(6) snd M(X) = M2(E).

As an application of the results of this section, we shall finally lay stress on the fact
that ¢ mairiz outer function h of the spectral density matrix function A in the multi-

" dimensioanl case can be constructively obtained by the following formula.
Theorem 8.4. For a.e.d € (—, 7],

N
(8.12) h(ei?) = —\/=V+(1 + lim (39 (N, N — B)e™)7!
k=1

§ 9. AR-equations

We shall observe what kinds of position AR-equations (= models) which are very often
used in applied fields occupy in the framework of the generalized AR-equations described
in §8.

28



Let X = (X(n);n € Z) be an R? valued weakly stationary process with expectation
vector 0 and correlation matrix function R satysfying condition (7.3). We shall fix any

positive integer N.

Definition 9.1.  We shall say that X is an AR(K)-process if and only if there exist
a system {A(k),0;1 < k < K} of M(d;R) and an R? valued standard white noise £, =
(é+(n);n € Z) such that

(9.1) X(n) = é“l(k)x(” ~k)+0te(n) (ne ),
(9.2) o € GL(4;R),

(9.3) [ £ €4(m)iP = 6ot

(9.4) M? (X)=M2_(¢) (n€Z).

We aer now in a position to show

Theorem 9.1 ([38]). The following are equivalent:

1) . ‘ X is an AR(K)-process.
(i) Condition (7.4) holds for al N € N and 64(n)=0 foralln > K +1.
(iil) Condition (7.4) holds for al N € N and M™_ (eX) =M _(X) for all n € Z.

§ 10. KM,O0-Langevin equations and causal relation

The stochastic processes represent mathematical models for random phenomena vary-
ing with the change of time. It is to be noted that the meaning of the existence of causal re-
lation among such processes has already appeared in (3.12),(3.15),(4.10),(4.14),(7.9),(8.11)
and (9.4). We shall in the sequel consider the situation when the stochastic processes have

discrete time parameter spaces ({38]).
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Definition 10.1. (i) For given R%: (resp. R%?) valued stochastic process X; = (X1(n);n €
Z) (resp. X3 = (X3(n);n € Z)), we shall say that there exists a causal relation such that
X, is a causal and X; is a result if and only if for any n € Z, there exists a Borel function

F, from (R%)N" to R?2 such that
(10.1) Xz('n) = F,,(Xl(n),Xl(n—l),---) a.s.

(ii) In particular we shall say that the causal relation between X; and X, is linear

(resp. non-linear of pth order) according to the case where the functions F, can be taken

as polinomials of the first degree (resp. p (> 2)th degree). In this case we shall write
p 74 P g

linear non-linear of pth order )
X — X5, Xy » X3, respectively.

Putting d; = d and d; = 1, we shall assume that the R¥*! valued stochastic process
X = (¥ *Xi(n),X2(n));jn € Z) formed by an arrangement of X; and X, is weakly
stationary with expectation vector 0. We define three kinds of correlation matrix functions
Ri, R, and R3 by
Ry(n) = [, X1(n) *X1(0)dP € M(d,d;R)
(10.2) Ra(n) = [, Xa2(n) *X1(0)dP € M(1,d;R)
R3(n) = [, X2(n)X,(0)dP € M(1,1;R).

Then we have a fundamental principle.

Theorem 10.1. - The following (i) and (ii) Is equivalent:

linear
(1) X1 _ Xz.

(i) Cn(X;|X1) converges increasingly to R3(0) asn — co.

Here the function C,(X;|X;) stands for the causality function from X, to X, defined by

(10.3) Co(Xa|X1) = ( /ﬂ (Paaz(acsy Xa(n)) dP)V/2,

For the purpose of calculating this causality function, we shall make use of the KM,;0-

Langevin random force vy and the KM,;O-Langevin data {y.(n,k),Vi(k);0 < k< n <
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oo} associated wit the weakly stationary process X;. It follows from a local causal relation
(7.9) between X and v4 that there exists a system {C(n,k);0 <k < n < oo} of M(1,d;R)
such that

(10.4) Pup(x)Xz(n) = > C(n, ke (k) (n€NT).
k=0
Thus we can arrive at the following formula.

Theorem 10.2.  For any n,k,0 <k < n,

(10.5) Cn(X2|X1) = {D_ C(n, k)Vi(k) ‘C(n, k)}*/?,

k=0

Ry(n)R1(0)"? (k=0)

(10.6)  C(n,k) = { )
{Ra(n — k) + 3355 Ra(n — 1)ty (B, D}V (k)™ (k> 1).

Remark 10.1. In the case where d = 1, we can treat the problem of non-linear causal
relation of pth order from X; to X by considerating the one of linear causal relation from

X3 = (HX1(n),X1(n)?, -+, X1(n)?);n € Z) to X,.

§ 11. Stationary analysis and causal analysis

‘When we are given two kinds of data, we shall at first consider the time series formed
by them and apply our theory to them to propose two tests: Test(S) and Test(CS); Test(S)
is a stationary test which checks the local and weak stationarity of them and Test(CS) is
a causal test which discriminates the existence and direction between given two kinds of
data. Furthermore we shall discuss their effectiveness ([38],[39]).

(11.1] (Stationary analysis) Let us given an R? valued data Z = (Z(n);0 < n <
N).

(the first step) We define a sample mean vector uZ and a sample correlation matrix

function R? = (RZ,(%))1<j,r<a as follows:

il

N
= 1
11.1 L g zZ
( ) l’L N + 1 gt (n))
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Z(n = 1 N:EZ,-n m) — pZ)(Zx(m) — pf
(11.2) {,() o SN2 (25(n o+ m) — 1) (Za(m) - pf)

RE(-n) = RE(m), |
where p? = t(i"iza' v :F’f)’z = Y(21(n),---, 24(n)) (0<n<N).
(the second step) The standardized data X = *(Xy(n),: -, Xa(n)) of Z is defined
by

(11.3) X5(n) = (RE(0))Y(Z(n) - pF) (1S5 <d,0<n< ).

We denote by R¥(n) (0 < n < N) its sample correlation matrix function. It follows from
an experiance rule in data analysis ({1]) that the maximal number M such that the sample

correlation function R¥(n) (0 < n < M) becomes our reliable data is given by
(11.4) ' M=3VN+1/d -1

(the third step) The function R¥(n) (=M < n < M) obtained above can be ex-
tended as a non-negative definite function, e.g. by letting R*(n) = 0 for || > M + 1. By
using the same way as in the construction theorem (the fixst step) in §7, therefore, we can
replace the function R in the algorithm (7.17) by the sample correlation function R¥ to con-
struct a sample KM,O-Langevin data {y4(n,k),v-(n,k),6+(m),6_(m), Vi(m), V_(m);
1<k<n<M1l<m< M} associated with RY. In this procedure we assume that all
the matrices Vi (m), V_(m) (0 < m < M — 1) are positive definite.

(the fourth step) We shall replace X(n) by X(n) in the forward KM;O-Langevin
equation (7.10) to construct a sample KM;O-Langevin random force vy = (v4(n);0 <

n < M) by

(11.6) { v (0) = x(0)

ve(n) = X(m)+ S0 7 (mk)X(R) (1< < M),
By taking M + 1 elements Wy (n) of GL(d;R) such that

(11.7) Vi(n) = Wy(n) ‘Wi(n) (0<n < M),
we shall proceed to a standardization of £ = (€4+(n);0 < n < M) of vy:

(11.8) £4(n) = Wi (n) vi(n) = HEa(n), -+ 1 €4a(n)).
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Moreover we shall form d(M + 1) components of d-dimensional data ¢, into line and

construct a one-dimensional data £ = ((n);0 < n < d(M + 1) — 1) as follows:
(11.9) £(n) = £45(m), m=dm+j-1(1<j<d,0<m< M),

(the fundamental principle) By taking account of the decomposition theorem,
FDT and the construction theorem in §7, we find that the following (11.10) and (11.11)

are equivalent each other:

X is a realization of a local and weak stationary process with R*
(11.10)

as its correlation mairiz function.
(11.11) £ is a realization of a standard white noise.

(the fifth step) Since only a set of original data X is insufficient for checking
condition (11.10), we shall take N — M +1 kinds of data A; (0 <i< N — M), which can
be regarded as the same kind as the data X, from the data X' with lengh N + 1 as follows:

(11.12) X; = (X(E+n);0 < n<M).

Similarly as £ in (11.9), we shall construct for any 4,0 < ¢ < N — N, a one-dimensional
data §; = (§i(n);0 < n < d(M + 1) — 1) by replacing X(n) with X;(n). It is our aim to
investigate whethei these data satisfy the fundamental principle (11.11). For that purpose,
by making use of the central limit theorem and the law of large numbers, we shall propose
three kinds of tests (M);, (V); and (O); : (M); is a test for mean 0, (V); for variance 1
and (O); for orthogonality; for each n,m,1 < n < M,0 < m < M —n,

(M), VA(M + 1)|p| < 1.96,

I(v" — 1)~ < 2.2414,
(0), d(M +1)(D_(LG)) 7| R (n, m)]) < 1.96,

i=1
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where

1 d(M+1)-1
L L (%
(11.13) S ;.2:3 &i(k),
dM+1)-1 d(M+1)~1

(11149)  4-1)={ >} (G®E’-DH DY (&E*? -1,

1 AM+1)-1-n
(11.15) RYi(n,m) = m—l')- Z £i(k)éi(n + k).
k=m

Moreover the numbers Ls,j,m are determined as follows: we denote by r the residue by
dividing d(M + 1) by 2n and set [m/n] = s;
(i) 0L <,

M = { n(g+(s/2)) = m (s even)

(11.16) | n(g - is + 1)/22) (s odd)
Lg)m={ n(g~1-(s/2)) +7 (s even)

™\ n(g-1+(s+1)/2) 47 —m (s odd).

(ii) n+l1<r<2n-1,

W { n(g—1+(s/2))+r—m (s even)

(11.17) n(g—1-(s+1)/2)+r (s odd)
LG = { e (5 even)
| n(g+(s+1)/2) —m (s 0dd).

It is to be noted that these numbers LSZ,?,, satisfy the following:
(11.18) d(M+1)—n—m=LM + I3 .
(the sixth step) We assert that the given data Z is a realization of a local and

weak stationary process when the following Test(S) is passed ([39]):

{ The rate of numbers i (0 < i < N — M) such that Test (M);), Test ((V);) and
S

Test ((O);) pass through is more than 80%, 70% and 80%, respectively.
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This is an experiance rule which can be derived from a lot of experiments by using various
kinds of data whose law and structure are well known. We will regret not to be able to
manifest it mathematically. It can be obtained as a resut of pushing an applied mathe-
matical study forward, with our definite object to check whether the data has a local and
weak stationarity, according to our guidance principle FDP. It seems that there can be

found certain importance, difficulty and interest of applied mathematics.

[11.2] (Causal analysis) Finally we shall apply the results in §10 to causal analysis.
For a data 2, = (24(n);0 < n < N) formed by N + 1 numbers of R? and a data
Z; = (23(n);0 < n < N) formed by N + 1 numbers of R, we shall consider the question

of linear causality: 2Z; lm—m+ Z,.

(the seventh step) We shall consider the situation when the R%*+? valued data Z =
(*(*Z21(n), 22(n)); 0 < n < N) passes Test(S). We denote by X = ( *( *X1(n), X2(n));0 <
n < N) the standardized data of Z. It is to be noted that the number M in (11.4) is
[3v/N +1/(d+1)] — 1 in this case. Furthermore we denote by R¥*, R¥2%1 and R*7 three
functions Ry, Rz and Rj in (10.2), respectively. Let the system {y4(n, k), v-(n, k), 64+ (m),
6_(m),Vy(m),V_(m);1 <k <n < M1<m< M} be the sample KM;O-Langevin data
associated with the data R¥1,

(the eighth step) By replacing Ry and R; in (10.5) and (10.6) with R** and R¥>%:,
respectively, we shall draw up a graph of the function C,(X;|X;). Noting R*2(0) = 1, we
shall assert ([38]) that

linear
there ezists a linear causality :Z2, ———— Z, between both the data Z; and

(CS) the data Z; when the sample causality function C,(X;|X;1) (0 < n < M)

from Xy to Xy has a tendency to increase to 1.

Remark 11.1. By using the same idea as in Remark 10.1, we can discuss the question of

the existence of non-linear causal relation of pth order between the one-dimensional data

Zl and Zz .

§ 12. Causal relation among meteorological data

[12.1] We shall construct a dynamics by using some data whose rule are well known
and investigate certain causal relation among them to observe the aspect of sample causal-

ity functions.
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For a one-dimensional data Z = (£(n); 0 < n < 104), we shift it into
(12.1) Y(n)=Z(n+5) (=5<n<099)
and define a dynamics made from five kinds of data Z; = (Z;(n);0 < n < 99) (1< j < 5):
Zin) =Y(); Za(n) = Y(n)? 5 Za(n) = V(n)®
{ Z(n) =Y(n—3)—2(n—5); Z5(n) = Y(n~5) - 29(n — 5.

 As the data Z, we adopt an AR(2)-data which can be obtained in the construction

(12.2)

theorem in §7 by choosing
(12.3) (v,6(1),6(2)) =(1,0.6,—0.3) and &(n) =0 (n > 3).

By Theorem 9.1, this can be also mentioned as follows. We at first take a standardized
uniform number £ = (E(n); 0 < n <104) and then calculate the following:

— Ym0 1, B)Z(k) + /V(n)é(n) (0<n<2)
Z(n) =
— Y= V(2,2 = k)Z(n — k) + /V(2)é(n) (3 < <104).
As the data £, we make use of 100 standardized uniform numbers with seed number

from 2 to 541 and construct 10 kinds of two-dimensional data (*(Z;(n), Zx(n));0 < n <
99) (1 £ j <k <5). We show in Table 12.1 the results of Test(S) for them:

(12.4)

Z, Z3 Z4 Zs
Z, 0.93 0.74 0.70 0.97 Arct Z5 | Arct Zs
Zs 0.23* 0.99 0.58" - Arct 2, 0.83 0.97
Zs | 0.93 | 0.54" ' Arct Z3 0.98 .
Zs | ' 0.97

Table 12.1 Test(S) Table 12.2 Test(S)

We can not find any desirable result in Test(S) for two-dimensional data formed by
taking any pairings from Z,, Z3 and Z5. The reason for this seems to lie in the multipli-
cation effect that they are made from taking the square and the tube of the data Y. In
order to remove it, we apply arctangent transformation to each of them and define new
data ArctZ,, ArctZ; and AxctZs. The results of Test(S) for these are shown in Table 12.2
with a good result. | |

Since our data were shown to have a local and weak stationarity, we can proceed to

Test(CS). The results are illustrated in Figure 12.1-Figure 12.3. These teach us that the
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test of linear causality is useless for the data which are combined with certain non-linear

relations and any test of no-linear causality is also ineffective if the degree p of non-linearlity

(*)
Figure 12.1 Test(CS)
(*)
Figure 12.2 Test(CS)
(*)
Figure 12.3 Test(CS)
[12.2] Let Zg = (24(n);0 < n < 113) and Z7 = (Z7(n);0 < n < 113) be Wolfer’s
sunspot numbers and the trapped numbers of Canadian Lynx in MacKenzie River from

the period 1821 to 1934, respectively ([12],[46],(7]). We show in Table 12.3 and Figure
12.4 the results of Test(S) and Test(CS) for two-dimensional data made from Zg and 25,

is different.

respectively.

(M) (V) (0) 1(S) .
t(Ze, 27) | 0.980 | 0.949 | 0.919 | S Figure 12.4

Table 12.4 Test(CS) Figure 12.4 Test(CS)

We can obtain similar results also when we apply both logarithmic and arctangent
transformations to the original data Z¢ and Z7. Though only these transformations are
insufficient for certain objective assertion, we can not say from the comparison with Figure
12.1—Figure 12.3 that there exists certain marked causal relation between Wolfer’s sunspot
numbers and the trapped numbers of Canadian Lynx in MacKenzie River.

(12.3] Let Zg = (Zs(n);0 < n < 99), Zo = (Zo(n);0 < n < 99) and Zyp =
(Z10(n);0 < n < 99) be Wolfer’s sunspot numbers, the rainfall averages in a year in
Sapporo and the temperature averages in a year in Sapporo from the period 1889 to 1988.
We show the results of Test(S) for three kinds of two-dimensional data formed by these
data.

(M) V) (0) (S)
¢(Zs,Z5) | 0.977 | 0.860 | 1.000 S
‘(Zs, Z10) | 0.988 | 0.674* [ 0.988 | NS
{(Z9, Z10) | 1.000 | 0.872 | 0.988 S
Zs 0.97

Table 12.4 Test(S)
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™) | (V) [ (O) |(8)

f(Arct 25, Arct Z5) | 1.000 | 1.000 | 1.000 | S
S

S

t(Arct 25, Arct Z10) | 1.000 | 0.953 | 0.965
T(Arct Zo, Arct 219) | 0.988 | 0.907 | 0.977

Table 12.5 Test(S)

The test of local and weak stationarity is rejected for the data Zg and 2. If we
apply arctangent transformation fo them, however, we find that new data pass Test(S)
whose results are shown in Table 12.5. |

Therefore, we can proceed to Test(CS) for the data transformed by arctangent trans-

form. The results are illustrated in Figure 12.5-Figure 12.7.

(*)
Figure 12.5 Test(CS)

(*)

Figure 12.6 Test(CS)

(*)
Figure 12.7 Test(CS)

It is likely that Wolfer’s sunspot numbers causes the temperature in a year ‘in Sapporo
and the rainfall in a year in Sapporo causes the temperature in a year in Sapporo. However,
we have to abstain from concluding from Figure 12.5 whether there exists certain causal
relation between Wolfer’s sunspot numbers and the rainfall in a year in Sapporo.

Finally we would like to lay down our pen by stating some tasks remained to be solved.
It is very important for us to carry Test(CS) forward to give a systematic treatment for
the non-linear structure in random phenomena, because it relates with the settlement of
non-linear prediction problems by obtaining certain algorithms which are usefull in applied
fields. We are now under investigation to perform such a study. Moreover we intend to
apply our theory to some important economic time series and compare the results on the
basis of our theory with those based upon the causal analysis of economic time series due to
Granger ([8]). Furthermore we think that the problem to quantify our decision standard
for Test(CS) has to be overcome by all means in order that we can carry forward our

project for data analysis of time series under our philosophy FDP.
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Notes in translation. We have recently solved the problem of non-linear prediction
for one-dimensional strictly stationary processes in the following two papers: Applications
of the theory of K M;0-Langevin equations to the linear prediction problem for the multi-
dimensional weakly stationary time series, to be submitted in J. Math. Soc. Japan and
Applications of the theory of K M,O-Langevin equations to the non-linear prediction prob-

lem for the one-dimensional strictly stationary time series, to be submitted in Acta. Math..
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Figure 12.1 Test(CS)



1.0F

0.5

Cr(ArctZs ]Arlctzl , ArctZ,)

- e e ew T em T S e oaw e e W T a e e e

1 !

0 5 10 14

Figure 12.2 Test(CS)



1.0F

0.5

| Crn(ArctZs|Arct Z,, ArctZg)
— Cn(ArctZs lArctél)
} L L
0 5 10 - 14

Figure 12.3 Test(CS)



1.0

0.5

—---—__—-___-——--————
-

Figure 12.4 Test(CS)



1.0

0.5

Cr(ArctZg|ArctZ,)

- T e . =
- e e P e e S

> Cr(ArctZo|Arct Zg)

1

5 10 14

Figure 12.5 Test(CS)
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Figure 12.6 Test(CS)
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