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Developable of a Curve and
Determinacy Relative to Osculation-Type

Goo ISHIKAWA
Department of Mathematics, Hokkaido University, Sapporo 060, JAPAN

0. Introduction

The ruled surface by the tangent lines to a space curve is called the developable surface of
the curve. In general the developable of a curve in (n + 1)-dimensional projective space is
defined as the hypersurface “ruled” by osculating (n — 1)-subspaces to the curve.

In this paper we study the local C* classification of singularities appearing in devel-
opables. First we recall basic definitions and known facts needed to formulate our results

(S1],(14]).

Let v : M — RP™! be a C*® parametrized curve, where M is a one-dimensional
manifold and n 2 1. We call the germ v, at a point p € M of finite osculation-type (or
simply, of finite type) if v is represented by z; = % + o(¢*),1 £ ¢ < n + 1, for a C°
coordinate ¢ of (M, p) and an affine coordinate (z1,...,Zn4+1) of RP™*! centered at v(p),
where each a; is a natural number and 1 S a; < -+ < ap41. Then A = (a3, as,...,8n41)
is a local projective invariant of the germ v, and we call A the type of 7,; type(7,) =A

A point p € M is called an ordinary point if type(,) = (1,2,...,n,n+1), and, otherwise,
it is called a special point. Special points of finite type are isolated in M.

For each p € M where v, is of finite type and for each ¢, (0 £ i £ n + 1), we set
Oi(7,p) = {zit+1 = -+ = zpy1 = 0} C Ty(,)RP™*! under the above affine representation
of vp. The corresponding projective subspace of RP™*! through v(p) of dimension i is also
denoted by O;(7,p). Further we define the osculating i-bundle O;(y) = Upenr Oi(7,p)
in the pullback bundle y"!TRP™*!. The natural parametrization dev(y) : On_;(v) —
RP™*1 defined by (p,q) — g, where ¢ € On_1(7,p)(C RP"'“), is called a developable of
5. .

The germ dev(), of dev(y) at (p,0) is determined up to the projective equivalence
by the projective class of 7,. In this paper we consider a weaker equivalence, that is,
C® right-left equivalence. By the C* class of developable, we mean the C™ right-left
equivalence class of dev(y),.

Up to the present, several results are known on the C* classification of developables.

It is classically known that, for a space curve-germ v, n = 2, and at each ordinary point
p, the developable has cuspldal singularities along v and dev(7y), is C*® equlvalent to the
map-germ (z,t) — (z,t2,¢3) at the origin.

Cleave [Cl], Gaffney, du Plessis [GP] and Shcherbak [S1] prove recently that, if 7, is of
type (1,2,4), dev(y), is C™ equivalent to (z,t) — (z,t?,zt?), which is called the open
umbrella [A2]. -



Further, Mond proceeds to give C™ normal forms of developable of curves of type
(1,2,2+4r), r £ 5, and of type (1,3,4) in [M1],[M2].

In the case of arbitrary dimension, Shcherbak [S1] shows that the developable of a curve
of type (2,3,...,n+ 1,n + 2) is C*® equivalent to the (parametrization of) n-dimensional
swallowtail, generalizing the observation of Arnol’d [A1] for a curve of type (2,3,4). These
follows from the Legendre singularity theory [AGV].

In connection with the study of projections of wave front sets ([G]), Shcherbak, further
in [S2], gives the C* normal form of the union of the developable of a curve-germ v, of
type (1,2,...,n,n + 2) and the osculating hyperplane O,(v,p). In that paper, it is also
observed that, in the complex analytic category, the developable of a curve of type (1,3,5)
is equivalent to the variety of irregular orbits of the finite reflection group Hj in C3.

We notice that the type of a curve determines the C* class of developable of the curve
in the above mentioned cases.

Inspired with these previous results, we are led to the natural problem that whether
or not a type of a curve-germ 7, determines the C* class of map germ dev(y),: We call

= (ay,0as,-..,0n41) determinative if type(y,) = type(vy ) = A implies that dev(7y), is
C°° right-left equivalent to dev(«y'),.

The purpose of this paper is to give the complete solution of this determinacy problem.

THEOREM 1. A type A of a curve-germ in RP™*1 is determinative if and only if A is one
of following types:

(Dnr A=(1,2,...,n,n+71), r=12,...,

(ID)y,; A=(1,2,...,i,i+2,...»,n+1,n+2), 0SisSn-1,

(III), A=(3,4,...,n+2,n+3),

(IV)m A=(2,2m+1),m=1,2,..., (V) A=(3,5), (VI) A=(1,3,5).

Further, in this case, if type(v,) = R, then the map-germ dev(y), is C* right-left
equivalent to (z',U(z',t),Ur(2',t)) : R*,0 — R"*1,0, where (z',t) = (z1,...,ZTn-1,t) is
a coordinate of (R™,0),

a tan—a1 ta,.—a,...l

U(a: t)-— (o 1)'+"'+$n—1

(an —an-1)!’

T = Qp41 — G, and

U,(a:',t).—_/o “' ‘Z(x w)du.

If such a determinacy for a type A is established once, then to have the normal form of
developables of curves of type A is reduced to just a calculation of an example. The above
normal form in each case is in fact a parametrization of the developable of a typical curve
of the given type. For example if A= (1 3,5), then the normal form of developable is

2 5
given by (z1,t) = (21, & 3 +-’”1t2 135 T —L—)



The figures of the developable surfaces of space curves of type (1,2,4) , (1,3,4), (2,3,4)
and (1,3,5) can be seen, for instance, in [Cl], [M2], [AGV] and [S2] respectively. Here we
draw the figure of the developable surface of a curve of type (3,4, 5), which seems to have
not appeared in any literature:

(Please insert here the figure 1.)

We remark, in this stage, that the developable has a geometric meaning as a component
of the envelope of the one-parameter family of osculating hyperplanes to a curve-germ p
([14]). In the case an4y —an > 1, the envelope also has a component O, (7, p) itself. In this
case therefore it is natural to clas51fy developables by diffeomorphisms preserving O, (7, p).
By the C*° class of “full developable” of a curve-germ, we mean the class of developable
under this equivalence. Then we have the following result:

THEOREM 2. A type A of a curve-germ determines the C* class of full developable if and
only if A is one of types (I)n, and (II),; in Theorem 1.

There are two aspects to investigate the singularities of developables: One is the Legen-
dre singularity theory [AGV] as in [A1], [S1], [S2], and the other is analizing directly the
parametrization as in [GP], [M1], [M2]. We utilize the first aspect in [14], and prove in that
paper the types (II),; and (III), determine the C* classes of developables respectively.
Furthermore we prove the types (II), ; determine the C* classes of full envelope, therefore,
the C' classes of full envelopes (Corollaries 1 and 2 of [I4]).

In this paper we pursue the second aspect to solve the problem completely.

The methods used in this paper owe heavily to the infinitesimal computations, which
are standard in the singularity theory. In fact the arguments in §§3 and 4 are inspired
by the paper [M2] of Mond. The special feature of this paper, however, is picking up the
algebraic objects Hy in §2. Without these footholds, the computations in §§3 and 4 would
become ungovernable.

In §1, after recalling the notion of dual curves, we give the concrete parametrization
of a developable. After a preliminary in §2, we examine a necessary condition for a type
to determine the C* class of developable in §3. In §4 we show the determinacy of the
parametization of developables for curves of types (I)n ., (IV)m, (V) and (VI), and thus
we prove Theorems 1 and 2. As an application of Theorem 1, we reprove the Mond’s result
on the developables of curves of type (1,2,2 +r) in §5.

Theorem 1 indicates that it is need other invariants than the osculation-type to determine
the C*° class of developable of a curve of general type: It is an interesting problem to
classify developables of curves of type (1,3,6), for instance.

In this paper we do not treat the bifurcation problem of curves and their developables.
For this interesting problem, see [K],[M2]. Besides, developables of curves can be regarded
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as (singular) solutions of homogeneous Monge-Ampére equations [Mo],[D]. The study from
this aspect will be given in a forthcoming paper.

Hereafter all mappings, diffeomorphisms and vector fields are assumed of class C°.

1. Dual curves and generating families

Denote the dual projective space of RP™*! by RP™*1*, which is the space of all hyperplanes
in RP™*+!, Then we naturally identify RP™+1** with RP"*!, Fora curvey : M — RP"*1
vp being of finite type at each point p € M, we define the dual 4* : M — RP™+1* of 4
by p = O,(7,p). We describe the developable of v by the dual curve 4* in RP™+1*;

LEMMA 1.1. ([S1]).

(0) v* is a C* map.

(1) If vp is of type A = (a1,...,an+1), then 7, is also of finite type A* = (ant1 —
GnyQnil — Qp—1y+++38n4l _al,an-i-l)- :

(2) 0;("/*,10) = On—i(7ap)*’ the dual of On—i(77p)7 0 é t é n.

(3) 7** = 7 ) |

(4) dev(y) is identified with front(v*) : On—1(7) = O1(v*)* — RP™*1 defined by
(p,q) — g, where ¢ € O1(y*,p)* C RP*H1** = Rpn+l,

Set A* =B = (b,...,bp41) and ap = 0. Then b; = apn41 — Gp1-5,1 S Sn+ 1.

Set @ = {(p,9)lp € ¢*} C RP™! x RP™*1*, The both natural identifications Q =
PT*RP™! and Q = PT*RP™*1* induce the same contact structure on @, [S1]. Then
front(y*) lifts to an isotropic mapping O;(v*)* — @ naturally. Therefore the developable
is regarded to be a wave front set of a Legendre variety, which in general has singular points.

We take an affine representaive of v, : y; = y;(t) with the order of y;(t) = b;. We define
the affine coordinate z = (zy,. .., 2,41 ) of RP™*! correspondingly such that the projective
duality is described by 2;‘:01 TjYnt1—j = 0, with £ = yo = 1. Set

. n-1
F(2,1) = ynaa(t) + 21yn(t) + -+ + Tatn(8) + Tnt1 = Y Tj¥Ynt1-;(t).
. J=0

The one-parameter family of osculating hyperplanes of v near p is defined by F = 0.
Then O;(v*)* is obtained when we solve the system of equations F = 8F/8t = 0 first for
t # 0, and then extend to ¢t = 0. Thus we have

za(2",t) = ~(1/91)(nt1 + 190 + - - + Ta—172),
where 2’ = (21,...,Zn~1), and z,4;(z’',t) is determined by
0T py1/0t = —y1 02, /04, Tn41 € 1T Epr g,

where r = b; = ap41 — a,. The developable is then parametrized by the‘germ f:R* 1 x
R,0 — RP™! 4(p) defined by (z',t) = (z',z,(2',t),zp41(2',t)). Remark that the
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singular locus (f) C R*™! x R,(0,0) of f is equal to {z,/8t = 0}. Therefore L(f)
contains the component {t = 0} if and only if a, — an—; > 1.

In the following sections we fix the weight of each variable as follows: w(z;) = aj,1 <
j £n+1and w(t) = 1. Then the map-germ f is weighted semi-homogeneous, the initial
part of which is weighted-homogeneous of weight A. We use the notion of order with
respect to these weights.

We denote by E. the R-algebra of function-germs of variable z at a point fixed in a
context and denote by m, the unique maximal ideal of E,. For instance, in the next
section, E,/ ; x denotes the totality of function-germs on the (z',¢, A)-space R®~! x R x R
at (0, 0, /\0).

We set e(m) = t™/m! for brevity.

2. Algebraic preliminary.
Let m and s be natural numbers with m > s 2 1, and ay,...,a;,_, : R*™1,0 — R, 0 be
analytic map-germs with am—s # 0. Weset U = e(m)+a;(z')e(m—1)+- - -4am—o(z')e(s).
We will apply the results in this section to the proof of Theorems 1 and 2, setting
M =Qn,8 = Qn — Gn-1 and ay; = 4,1 £17 S n — 1, otherwise, aj =0.
Consider a parameter A = (Ay,..., ;) € R¢ for some £ 2 0, and fix )y € R’ Set

Hiy={h € t*Ep 15| 0h/8t € (tFOU/Bt)Epr 12} C Epr g,
for each k= 0,1,2,.... Then we first observe the following:
LEMMA 2.1. Hy = Ho Nt*Ey 5 fork 2 1.

PROOF: Let h € Hy. Then dh/dt € (t*0U/0t)Ey 4,0 C t*+*"1E, 4, since dU/6t €
t*"1E, 4. Since h € tEyr 45, we have h € t*¥°EL 4,

Let h € HyNt*+t*E, ; \. Then 8h/8t = th+s-1K = (0U/8t)L for some K,L € Ey 4 5.
Write BU/Bt = t*=1 P, where P|,— is not a zero divisor in Eg x. Then wehave t"K = PL.
Hence 8’L/0t?|1=0 = 0, 0 £ j £ k — 1, and therefore L € t*E,s, x. This completes the
proof.

In general we consider, for a map-germ G : RM yo, — Rz, with the induced ring
homomorphism G* : E; — E,. Then we set as in [[2],

N
Ho={he E,|dhe » B, dG;}.

1=1

Then, as easily verified, Hg ‘VD G*E, and thus Hg is a G*E; module. Moreover, for any
hi,...,hm € Hg and for a C* function 7 : R™ — R, the composition 7 o (h1y...,hm)
also belongs to Hg.

Let X be a vector field germ over the source RM, y; of G. Denote also by X : E, — E,
the induced derivation. Then we have



LEMMA 2.2. If X(G*E;) C Hg, then X(Hg) C Hg.

PROOF: Let h € Hg. Set dh = YN 4,dG;. Then we have

i=1

N N N
d(Xh) = Lx(dh) = LX(Z Aidg;) = Z(XA,-)dG,- + Z A;d(XGy),

i=1 i=1 =1

where Lx denotes the Lie derivative. Since each XG; belongs to Hg, we see d(Xh) €
Z,_ E,dG;, therefore Xh € H,.

Returning the original situation, we set G = (z',U, ) : R®*¢ (0, ) — R™*¢, which is
a map-germ from the (z',¢, A)-space to the (z',z,, \)-space. Then we see Hg = H, and
Hyk 20,is a G*Ep ;, x-module.

LEMMA 2.3. Let X be a vector field germ over the source R™*¢,(0,)). If Xz;,1 £
n—1,XX;,1 ¢ ¥, and XU belong to Hy and if Xt € tE, 4 5, then X(H) C Hy, k

PRrROOF: By the assumption we have X(t""”Ez/ ta) Ct "'"Ez/ ,t,x. By Lemma 2.2, we have
X(Hp) C Hy. Then Lemma 2.1 implies Lemma 2.3.

Define Uj, j 2 0, as in Theorem 1, by 8U;/8t = e(3)0U/8t,Uj)i=0 = 0. Then Uy = U.
If j 2 k, then U; € H.

We utilize in §4 the following lemma, which describe the structure of Hy,k = 0, as
G*E, ;, a-module.

LEMMA 2.4. (1) Let S C Hy, k 2 1, be a finite subset. Then S generates Hy as G*E .
module if and only if i*S generate |

1Tn AT

tk+a,, Et/tk+2a"Et ~ Ron

where i* : Hy — t¥+% B, is induced by i(t) = (0,1, Ao).
(1) Hi,k 2 1, is generated by S’ = {Ug,Ug1,- -+, Upta,~1} as G*Eg ., a-module.
(2) Hy is generated by S" = {1,U;,...,U,, -1} as G*Eyr 5, x-module.

PROOF: (2) By [I1], (cf. [13]), we see Hy is a differentiable algebra in the sense of Malgrange
[M] generated by the compoments of z' and X and U,U,...,U,,_;. This means that any
h € Ho can be written in the form h = 7(a',U,\,Uy,...,U,, ~1), for a function-germ
7 Rr-i+btan—1 0 __, R, Therefore, as easily ver1fied we see

ap~1
Hy = G'mat s, sHo + G Eoro Y G*Euq, \U;.
j=1

Thus (2) follows from Malgrange’s preparation theorem for differentiable algebras [M].
(1) By Lemma 2.1, Hy = HyNt***E, ;. Let h € Hy. Then, by (2), we can write
h=coG-+ Ea" lcj oG Uy, where ¢; € Ez1;,2,0 £ j S an — 1. Set ¢cj(z',2,,)) =
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cjo(z', A) + cj1(z', 20, A)20, 0S5 S an — 1 co1(z',zn, A) = cor0(z’, /\) + co11(2', Ty Az,
ho = coo + co10U + Z "—1 CJOU and h; = ¢11 0 G UU + Z le oG UUJ Then
h = hg + h;. Remark that UUJ,] 2 0, is an E,s-linear combmatmn of Ujrey...,Ujta,- In
fact, this is verified from the equality 8(UU )/0t = (U;+Ue(j))0U/dt, and that U;+Ue(j)
is an E-linear combination of e(j + s),...,e(j + a,). Substituting UU;, 0 < j S k-1,
appearing in h;, by such a linear combination iteratively, we have

h=po+BU+ BUr+ - + BrUs-y,
modulo G*E,_.',z" AS'CH,C tk'*"Ez: t,A, Where 3; € E; 5,0 £ j £ k. Comparing terms
of 1%,8°,...,*7%=1 we see fp = B = --+ = B = 0. This shows (1’).

(1) By ( 1’), we see that Hy is a finite G*E,/ 5, x»-module. Since 7 induces an isomorphism
of R vector spaces Hy/G*mys o, »H and tk+“"E Jt¥t2en B, we have the required result,
by the Malgrange-Mather preparation theorem [B].

3. Necessary condition

Take v* particularly such that y; = —e(an41 — an) and e(an — an—j) = —@j+1/%1, 1 £
J £ n, ap =0. It sufficies to set precisely

3

dp41 —a ~;—1 .
Yj+1 = ( " " )e(an_H —an-j), 1252

We set as in Theorem 1,

U= e(an) + 3316(&" - al) + e+ xn—le(an - an-—l)v

¢ ou
U-=/ e(j)=—dt, j=0,1,2,...,

T=0n41 = Gpy § = 0p — Qp_1, &' = (T1,...,T,—1) and
=(z',U,U,):R" ! xR,0 —» R"*1,0.

Then U; and f are weighted homogeneous of weight a, + ] and A respectively and f
parametmzes the developable of the curve v = (v*)*.

The following necessary condition for determinacy is the base to pass various types
through a sieve:

LEMMA 3.1. If A determines C* class of developable, then, for any £ € N,

Uppe = XU, + Z o f,

for a weighted homogeneous vector field germ X over R®™! x R,0 and a weighted ho-
mogeneous function-germ Z on R™*',0 with Xz; € f*mz,w(X:c]) = aJ +£¢,1 535S
n—1 w(Xt)—l-{-fXUEf*mx,ZEmzandw(Z)—an.H-}—E : :
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If A determines the C™ class of full developable, then moreover Z can be taken from
Tn41 Ez.

PROOF: Consider everything in the jet space JV(n,n + 1) for sufficiently large N.
Let v} be a type-preserving deformation of v* defined by

Y12 =y1 — Ae(r +7), and, —Figz1 /%12 = €(@n — ap-;), 1Si < n.

Corresponding parametrization of developable is then given by fy = (z', U, Ur + AUpse)-
Using the notations in [Ma], we have a necessary condition:

8fr/ONr=0 = tf(X) — wf(Y), mod. mJ}?,

for some vector field germs X and Y over R*~! x R,0 and R"*! 0 with X(0) = 0 and
Y'(0) = 0 respectively.

Writing X = Y777 X;0/0z; + X,8/0t and Y = Y 33! ¥18/8zy, we have X = Yj o
f’1§j§n_1aXU=Ynofsand, k

1
Ur+l = XU, - Yn+1 o f, mod. m:’-*,-t :

Remark that the condition Yz,41 € 2,41 E; is equivalent to that Yot1 € 2pt1 E;.

From the weighted homogenuity of f and U4, we can choose X and Z = —Y,4;
satisfying the required conditions.

This shows Lemma 3.1. ,

Now let n 2 2. We cover the domain of types A except (I)n,r,’ (II)n,; and (III), by the
following not necessarily disjoint nine classes:

(i)r22and s 2 2.

(i)s=1,r22and aj4; —a; = 2 forsome j,1 < j<n-—2.

(iii)s22,r=1and n 2 3.

(iv)s 22,r=1and a; 2 2.

(v) aj41 —aj 2 2,a541 — ajr 2 2, for some j,j' with1<j<j' <n—-2

(vi) @aj41 —a; 2 3 forsome j,1 S j<n-2.

(vii) a3 22 and aj+1 —a; 2 2 for some j,1 £ j<n-2.

(viii) @ 2 4 and r = 1.

(ix) (1,s+1,s+2) or (1,s+1,2s + 1), for s = 3.

Then we have
LEMMA 3.2. Assumen 2 2. Let £€ N. Let X = 377 X,;8/0z; + X0/t be a weighted

homogeneous vector field germ over R*™! x R,0 with X; € f*m,,w(X;) = a;+£4,1535 <
n—1w(X,)=1+£€ and XU € f*m,.



If{ =1 and A is in one of classes from (i) to (vii), (resp. £ = 2 and A is in one of classes
(viii) and (ix)), then necessarily X satisfles

XJ € m,:Ez',t, 155 Sn-1, and Xte -'l'lth’,t - th',t’ N m,:Exa’t.

PrOOF: Write X; = Y;(z',U,U,),1 £jS<n—1, and

n—-1 .
*) XU =) Xje(an — a;) + Xo0U/0t = Yy (', U, U,.).

i=1

Let £=1. Smcew(X)-—aJ+1<an<an+1,weseeX Yi(z')em?,,1£jSn-2,
and X,_; = aU + B(z'),a € R, 8 € m2,. Further, if s = a, — a,_; = 2, then o = 0. Set
Xn = At? + Bzt + C(z,2;) wit A,B €R,C € my.

If s 2 2, then we have C = 0, comparing the terms in (*) of order s — 1 with respect
to t. Therefore, in the case (i), we see X; € m% C my Ep 4. Moreover, we have A = 0,
comparing the terms of t*»+! in (*). Hence, X, = Bzt € 21tEp ;.

In the case (ii), a, — aj > a, — aj41 + 1. We compare the terms of order a,, — ajy1+1
with respect to ¢ in (*). Then we have C = 0. Further, set 2 = --- = z; = 749 =

= Zp-1 = 0. Then, from (*), we see atU(z;41,t) + At?0U/8t(x;41,t) = 0. Since two
polynomxals tU(zj+1,t) and t20U/8t(x;41,t) are linearly independent over R, we have
a=A=0.

Also for the cases from (iii) to (vii), the proofs are similar, and we omit them.

Let £ = 2.

In the case (viii), we see that X, = At®, for some A € R, and that XU € m?,, since
w(X,) =3 and w(XU) =a, +2. If s 2 3, then X; € m2,,1 £j<n—1. Hence A =0.
In the case s = 1, (resp. 2) and n =2, we set X; = aU1 + B(z'), (resp. X1 = aU + B(z")),
a €R,Beml,. Then by (*), aUst + At30U /8t = 0 (resp. alUie(2) + At20U /8t = 0). In
both cases we have & = A = 0. Also for the case n = 3, the proof is similar.

In the case (ix), we have X; € m%, and XU € myi E, 4, since w(X;) = 3, w(XU) = s+3.
Comparing the terms of order s — 1 and s + 3 with respect to ¢ in (*), respectively, we see
X, € Jllthl,t.

Q.E.D.

Now assume the equality U,.¢ = XU, + Z o f holds as in Lemma 3.1 and assume further
X satisfles Xz; € mpEp 1, 1SS n—1,and Xt €tEy ¢ N My By 4.

We recall object H introduced in §2 for the case without parameter (¢ = 0). Remark
that all components of f belong to Hy, and therefore f£ C Hy. Since Xrj,1S7Sn-1
and XU belong to f*m, C Ho and Xt € tE, ; from the assumption, and U, € H,,
we see XU, belongs to H;, by Lemma 2.3. Since U, also belongs to H,, the weighted
homogeneous polynomial Zo f = Z(z',U, U,) must be an element of H,. of weight ap,; +2.
Moreover, since Xz;,1 £ j S n—1 and Xt belong to m, E, ;, we have XU, € Mg Eg 4.
Hence U,4¢(0,t) = Z o f(0,1). :



If¢{ < ant1 = w(Ur), then we can write Zof as the following form: Zof = A(z')U,+aP,
with « € R — 0 and

P=U™+p(z" VU™ 4+ + prue1 (U + pr('),

with m € N,m > 1 and p;(0) = 0,1 £ ¢ £ m. Then we see that P belongs to H, and P is
of weight apy; + £.

By Lemma 2.1, we have ma, = ap+1 +¢, and ms >r+s.

Then we easily see that 1 < m £ 1+ (€/a,—;) and that the last equality holds only if
8 = (rap-1/f). Therefore, a,_; £ £ and further if a,—; = £ then s = r.

Now first we apply the above argument to the classes from (i) to (vii) for £ = 1. Then
we have n = 2, a; = 1 and s = r. Therefore only the types (1,s+1,2s + 1) survive in this
case.

Next apply to the classes (viii) and (ix) for £ = 2. Then we have a; < an—; £ 2. Thus
the class (viii) drops out. For the types (1,s41,2s+1),s = 3, we have m = (an41+ +2)/a, =
2 4+ 1/(s + 1), which leads a contradiction. Also for the types (1,s+ 1,8+ 2),s 2 3, we
have m =14 3/(s + 1), which leads a contradiction.

By Lemma 3.2, only the type (1,3,5) satisfies the necesary condition in Lemma 3.1
except for the types (I)a,r, (II)s,; and (III), in the case n = 2.

In the case n = 1, set A = (a1, az) = (s, s+r). The necessary condition of Lemma 3.1 is
reduced to that, for any £ € N, there exist A(t) of weight 1+ ¢, Y1(z,,2;) of weight s + £,
Ya(z1,z2) of weight s + r + £ and ¢ # 0 such that

ABETL = Yy(#,8740), T = AL L (80, 10T,

Then it is easy to see that only the types (IV),, and (V) satlsfy this condition.
Summarizing these arguments, we have

PROPOSITION 3.3. If A is not one of types in Theorem 1, then A does not determine the
C®® class .of developable.

REMARK 3.4: In the case A = (2,2m +1),(3,5),(1,3,5) or (3,4,...,n+ 1,n +2), we see
Z ¢ z441E; in the above argument. By Lemma 3.1, we see the type (2,2m + 1) (resp.
(3,5),(1,3,5), (3,4,...,n+1,n+2)) does not determine the C* class of full developable.
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4. Developables of curves of type (1, 2, ..., n—-1, n-1+s, n—-14s+r)

To clarify the determinacy of developables of curves of types (I)n,r, (IV)n, (V) and (VI),
we study the triviality of deformations of the parametrization f in spacial cases.

PROPOSITION 4.1. Let s and r be positive integers. If A = (1,2,...,n—1,n—1+s,n —
14s+r), then the map-germ f : R*,0 — R"*+1,0 is C right left equivalent to (z',U, V),
such that U = e(n—1+s)+z1e(n—2+38)+---+z,-1¢(s), V belongs to H, introduced
in §2 (£ = 0), and that the initial part of V is equal to U,..

PROOF: Since B=A*=(r,r+s,r+s+1,...,r+s+n—2,r+s+n—1), the dual curve
can be represented by

y1 = —e(r) +o(t"),

) . - .
yj+1=<”s~4s--;il )6(r+s+1—1)+0(t'+3+’ % 1£jiEn.

(See the beginning of §3.)

Then we see that the initial part of the component z, (resp. zn+1) of f is equal to U
(resp. Ur) and that 0z,41/0t € (1702, /8t)Eyr ¢ and Taq1 € 7 Epr .

We intend to find a diffeomorphism-germ o : R*,0 — R™, 0 of the (', t) space such that
o is of form o(z',t) = (X'(2'),tT(2',t)) and that foo™! = (2',U, V) for some V € m ;.
Then we see automatically that 0V/0t € (t"0U/0t)E,r 1, and V € t"E,s 4, that is, V € H,.
After a coordinate change zn41 — aZn41,a € R — 0, we may assume the initial part of V
is equal to U,.

To obtain such a o, we set U’ = z,, — U and set
U(z',t, ) =T(z',t) + \U'(2', 1), AER.

By the homotopy method, it sufficies to check, for each Ay € R, that U’ = £U for some
vector field germ £ over R™ x R, (0, \o) of form

n—-1
0 0
— . 1 - ! i
6 - i§=1 Rl(m ’/\) axi + tQ(IL‘ 1t7 )‘)at’

with R;(0,)) = 0,1 £ 4 S n—1, the existence of which is easily verified by the Malgrange-
Mather division theorem [B].
Q.E.D.

Next we set W(z',t,A) = U, + A(V = U,), for A € R, and set
F=("\UW,\):R*"xR,0xR— R""! xR,0 xR.
Then, to trivialize this family, it sufficies to solve, for each A¢ € R, the equation
OF/O) = tF(X) — wF(¥), -
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at (0,0, Ao), for some vector field germ X over R® x R, (0, A¢) and ¥ over R**! xR, (0, \o)
respectively. Set X = X 4+ 8/9). Then it sufficies to solve

(*%) V-U =XW+ZoF,

for a family X of vector field germ over R™,0 and a family Z of function germs on R*+1,0
near Ao, respectively, such that Xz;, 1 Sn ~1, and XU belong to F*E, ».

Recall H introduced in §1 in the one-parameter case (£ = 1). Then V — U, and W
belong to H,.

Denote by T the totality of function germs in E,s 4 5 of form of the right hand side of
(**), and by T the set of function germs in T with the condition Z € Tpt1Ez 2.

We set, as in §2,
G=(z',U,)\):R*"xR,0xR — R" xR,0 xR.

Then H,,T and T' are G*E,/ ,, x-modules.

If H, CT, for each Ag € R, then A determines the C* class of developable. If H, C T',
for each Ag € R, then A determines the C* class of full developable. Lemma 2.3 makes
easy verifying the inclusion H, C T or H, C T'. Remark that a, = n — 1+ s. Now we
examine, that there exists a finite system S = {hiy,...,hn—14s} of elements in H, N T or
H,.NT' generating H, as G*Ey ,_ x-module. \

LEMMA 4.2. (1) For (I)nr, (s = 1), there exist vector fields &,,...,£, over R® x R, (0, \¢)
such that €jz; € G*Ezr,zm,\,ij € G*E,,.:,zm,\,gjt €tEz 4,1 £jEn,1SiSn-1,and
that the set of elements hy = &§W,... hy = €, W of H. NT' generates H,.

(2) For (1,3,5),(n = 2,3 =2,r = 2), set
&= —(2/31 + zt? /2! — 23)8/0x + (t3/3! + (1/3)zt*/21)8/ bt

Then the set of elements hy = W, hy = U? and hs = (W of H2 nT generates Ha.

(3) For (3,5),(n = 1,s = 3,r = 2), we define a € Ey \ by a(t,\)0U/8t = W. Then the
set of elements hy = W, hy = U? and hy = adW/0t of H, N T generates H,.

(4) For(2,2m+1),(n =1,s = 2,7 = 2m—1), the set of elements h; = W and hy = U™*!
of Hypm—1 NT generates Hyp,_y.

PROOF: (1) Remark that, in this case, U = e(n) + z1e(n — 1) + --- + z,—1€(1). Since
1,0U/0z,...,0U[/dz,_, generate Eyr 4 5 over G*Eyi ;. 5, We can write, for 1 £ j < n,

. n—1
t0U/0t = Y " a;j0 G OU/0z; + ap; 0 G,  aij € Egr z, 2

i=1

Then we set {; = — Y1, a;; 0 G8/dz; +t/9/8t. Then we see £;W beloﬁgs to H, and T",
by Lemma 2.3. The order of (§;W)(0,¢, A\g) with respect to ¢ is equal to j+n+r—1. Thus
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™ h] .y ’i*hn enerate | TE t2 tr lEt. Hence, by Lemma 24, we have the required
’e g q
result.

Similarly also (2), (3) and (4) follow from Lemma 2.4.

PROOF OF THEOREM 1: By Lemma 4.2, we see the types (I)a,r, (IV)m, (V) and (VI)
determine the C'*° classes of developables respectively. In [I4], we prove so the types
(II)n,; and (III),. By Proposition 3.3, other classes do not determine the C* classes of
developables. These yields Theorem 1.

PROOF OF THEOREM 2: By Lemma 4.2.(1), we see the types (I),, determines the C*
class of full developables. We prove so for the types (II),,; in [4]. Combined with Remark
3.4, we have Theorem 2. _—

5. Mond’s theorem

Based on Theorem 1, we reprove the following result obtained by Mond [M1], [M2, Corol-
lary 0.2]:

THEOREM 5.1 (MOND). Let 7 : R,0 — RP? be a curve-germ of type (1,2,2 +r). Then
dev(y) : R?,0 — RP?® is a topological embedding if r is odd, and dev(~y) has a single
curve of selfintersection if r is even.

PROOF: By Theorem 1, dev(y) is C* equivalent to the germ at 0 of

2

t .r
flz,t) = (z, % + :zzt,/ 1;-'—(3 +2)ds) : R* — R®,
A

-Now, assume f(z1,t1) = f(z2,%2),(zi,t;) € R%,4 = 1,2. Then we see z; = 9,2, =
—(1/2)(t1 + t2) and ftt: 8"(s 4+ x1)ds = 0. Thus, setting o = s + 1, we have
(0 —z1) 0do =0 - oo (%),
—-—a
where a = (1/2)(t2 — t;).

If r is odd, then the left hand side of (*) is equal to an 1ntegral from —a to a with a
polynomial integrand with positive monomials of even degrees. Hence we have a = 0. This
means that (z1,%1) = (22,%2) and that f is injective. Since f is a proper mapping, we see
f is a topological embedding.

By a similar argument, if r is even, then we have z; = 0 or (z;,#) = (z2,t2). Further
fl{z =0} = (0,82/2,(r + 1){t"+2/(r +2)'}) is 2 to 1. Therefore in this case we see f is an
embedding in the complement of a double point curve {z = 0}.
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Figure 1 : The developable of a curve of type (3,4,5).
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