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PERESTROIKAS* OF OPTICAL WAVE FRONTS
AND GRAPHLIKE LEGENDRIAN UNFOLDINGS

Shytiichi IZUMIYA

Department of Mathematics
Hokkaido University

0. Introduction

It is well known that parallels of given smooth hypersurface in R® have Legendrian sin-
gularities ([1,3]). If we are concerned the way in which these parallels change as we alter
the distance, it will be appeared perestroikas of wave front sets. This problem has been
considered by several people ([2,3,4,5]). Roughly speaking, it has been shown that generic
perestroikas of the singularities of parallels of smooth hypersurfaces are generic perestroikas
of Legendrian singularities. In [15] Zakalyukin proved that generic perestroikas of Legen-
drian singularities are stable perestroikas of Legendrian singularities in the case n < 5 and
classified these perestroikas. In this paper we shall consider the realization problem of
the perestroikas of Legendrian singularities. In relation to this problem, Arnol’d ([2], p40)
mentioned “One may find in the literature the statement that the local perestroikas of the
wave fronts generated by the general Legendre mapping over space-time and of the equidis-
tants (i.e. parallel) of the smooth hypersurface are same. It seems this has never been
correctly proved.” However, he has corrected his mistakes in his another book ([3], p60)
“Indeed, the non-trivial perestroikas A; and A, change the number of connected compo-
nents of the Legendrian manifold. Hence they cannot occur as perestroikas of equidistant
hypersurfaces.” This fact has already known by Bill Bruce in 1983 ([4]). Then we have the
followmg natural question.

- Question. What sort of a class of one-parameter families of Legendrian immersion germs
is the correct class to describe perestroikas of parallels of hypersurfaces?

Here we shall give a candidate of this class which we call graphlike Legendrian unfoldings.
Roughly speaking, a graphlike Legendrian unfolding is a Legendrian submanifold germ with
submersive generating function. The general properties of graphlike Legendrian unfoldings
will be studied in §2.

On the other hand, it should be natural to consider this problem in the framework of
Hamiltonian systems wh1ch also contains the situation of parallels of hypersurfaces in a
Riemannian manifold (cf. [5]).

All maps considered here are class C* unless stated otherwise.

* The author uses this word in honor of Professor V. I. Arnol’d.
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1. Optical wave fronts

In this section we shall introduce the notion of optical wave fronts which is a gener-
alization of parallels of hypersurfaces. We need some notions and results on Legendrian
singularity theory. For this we refer [1,2,3,12,14].

Let J}(R™, R) be the 1-jet bundle of functions of n-variables. Since we only consider
the local situation, the 1-jet bundle J1(R"™, R) may be consider as R2"*! and the canonical

coordinate is given by (Z1,...,Zna,t,P1,...,Pn). Then the canonical 1-form is given by
0= dt—zy___l pidz;. Let T*R™ be the cotangent bundle over R™ whose canonical coordinate
is given by (z1,...,%n,P1,...,Pn). We also have the canonical 1-form a = [, pidz; on

T*R"™. There are natural projections. Namely,

7 :JJY(R",R) = R* xR ; n(z,t,p) = (z,1),
# :T*R" - R"; #(z,p) ==z,

I:7Y(R",R) — T*R™ ; Ii(z,t,p) = (z,p),
mp :JY(R",R) = R ; m2(z,t,p) =t.

Let H : (T*R",(z0,p0)) — (R, ¢) be a function germ. We call it ¢« Hamiltonian function
germ. We say that H is starshaped if it satisfies Y ., p,--gT}f(a:,p) # 0 at any (z,p) €
H~(c). We remark that if H is starshaped then H ~!(c) is transverse to fibres of #. It is
easy to prove the following proposition.

Proposition 1.1. If H is starshaped, then a|H ~(c) gives a contact structure on H™(c)
and #|H~1(c) : H!(c) — R™ is a Legendrian fibration.

Let (£, (z0,p0)) C (T*R™,(x0,po)) be a submanifold germ. We say that £ is an optical
Legendrian submanifold relative to H if dimé =n—1, a|¢ = 0 and £ C H™1(c). We call
the image #(£) an optical wave front relative to H. ;

By this proposition, if £ is an optical Legendrian submanifold relative to H, then £ is a
Legendrian submanifold of H™!(c) and #(£) is a wave front set in the ordinary sense (see
[1,2,3,14]). We now give examples of optical wave front sets.

Example 1.2. Let g = }°,.¢gij(z)dz;dz; be a Riemannian metric on R". We define a
Hamiltonian function H on T*R™ by

H(xlw oy Ty P1y. . ,pn) = Zgij(x)pipj°
iJ
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Then we can show that 3 ,_, pk% =23, 9ik(2)pipk = 2 on HY(1).

For a Hamiltonian function germ H : (T*R",(z0,p0)) — (R,c), we define a function
germ H : (JY(R™,R), (z0,t0,p0)) — (R,c) by H(z,t,p) = H(z,p). We call H an induced
contact Hamiltonian function germ from H. By the definition, we have the Hamiltonian
vector field :

8H 8 8H & .. .
Zap,ax, 25;;5;? n T°R™

For an isotropic (n — 1)-dimensional submanifold germ (¢, (xo,po)) C (T*R™,(z0,p0))
(i.e. alt =0), we say that £ is non-characteristic relative to H at (z9,p0) if Xg (z0,p0) &
T(z0,p0)¢- Then we have the following lemma.

Lemma 1.3. If ) ", p,aH # 0 at (zo,po) € ¢, then £ is non-characteristic relative to H
at (zo, po)- '

Proof. If X (24.p0) € T(zo,p0)¢> then 0 = AT (2,p0)f) = (X H (26.p0)) = = Doie1 Pi‘gg‘ at
(20, po). This contradicts to the assumption.

By this lemma, if £ is an optical Legendrian submanifold relative to a starshaped Hamil-
tonian function H, then £ is automatically non-characteristic at any points relative to H.
Then we can apply characteristic method to solve Cauchy problem of the first order par-
tial differential equation H = ¢ with the given initial condition £ (see [12]). We consider
the embedding 7 : O C H~!(c), where O C £ x (—¢ ¢) is some open neighbourhood of
£x0, e > 0; here i(u,t) = Ty(u), u € £, (u,t) € O, and T} is an one-parameter group of
- translations along Xp. Then we have a family of optical wave fronts #(£;).

Example 1.4. We now consider the Hamiltonian function H = p? + ... 4 p2. Let F :

(R™, 29) — (R, 0) be a submersion germ. We define an (n — 1)-dimensional submanifold of
T*R™ by

1
Lp = z, = T Il""’an and F(z) = ’
F={(z,p)lp (E?=1(Fx.-)2)2(F ) (z) =0}

whereFy, = gf

By the definition, £ C H~(1) and a|¢ = 0. Parallels of hypersurface F~1(0) in R™ are
#(£;) which are constructed by the above argument with the initial submanifold £.

Our purpose is to construct a framework to describe the perestroika of singularities of
#(£;). Then we consider what the time ¢ is. We can construct a Legendrian submanifold
L c JY(R™ R) associated with the Lagrangian submanifold L C T*R” by the following
way : We fix a point (z9,po) € L. Then for every point (z,p) € L and every path v = (t),
7(0) = (20, p0), ¥(1) = (=, p), we define a function

S(1, (z,p)) = / a|L.

~

Then

L= U {(m,S(x,p),p)},
([7),(z,p))



where [v] is the homotopy class represented by the path v joining (zg,p) and (z,p).
Since we consider the local situation, then £ does not depend on the choice of 4. For any
(z,p) € £, C L, we put (z',p') = T-y(z,p) € £. Then there exists a path v in £ such
that v(0) = (zo,po) and (1) = (z',p"). We denote ¢(t) = (z(t),p(t)) which is defined by
() = Tr(z',p'). Since a|f = 0, then we have

Se@p) = [ alb= [ )G

- [ Zpi(f)Z—Z(m),p(r))dr.

i=1

Since H is starshaped, then we have d5(z 2 p(t) |t=0 # 0. This means that m|L : L = R
is a submersion germ. According to this fact, we will introduce the notion of graphlike
Legendrian unfoldings in the next section.

2. Graphlike Legendrian unfoldings

In which we shall introduce the notion of graphlike Legendrian unfoldings and study
some fundamental properties. In ({10,11]) we defined the notion of Legendrian unfoldings
which is very useful in the theory of first order partial differential equations. However it
is still too general for our purpose.

Let (£, (zo,t0,P0)) C J*(R",R) be a Legendrian submanifold germ (i.e. dim £ = n and
6|L = 0), we say that L is a graphlike Legendrian unfolding if m,|L is a submersion germ.
We remark that Ly, = LN{t = ¢} is an (n— 1)-dimensional submanifold and II(L,,) = £,
is an isotropic submanifold in (T*R",(zo,po)). Here we call #({y,) a wave front of £y,.
In order to study perestroikas of wave fronts of graphlike Legendrian unfoldings, we now
introduce the following equivalence relation among graphlike Legendrian unfoldings. Let
(Li, (zi,ti,pi)) € JY(R™,R) (i = 0,1) be graphlike Legendrian unfoldings. We say that
(Lo, (z0,t0,p0)) and (L1, (z1,t1,p1)) are P-Legendrian equivalent if there exists a contact
diffeomorphism

@ : (JH(R™,R), (z0,t0,p0)) — (J*(R",R), (z1,t1,p1))

of the form

@(.’B, t, p) = (¢1($, t), ¢2(t)1 ¢3($7 ta P))
such that ®(L,) = L;.

This equivalence relation preserves the diffeomorphic type of perestroikas of wave fronts
of graphlike Legendrian unfoldings. We can define the notion of the stability with respect
to P-Legendrian equivalence exactly the same way as that of the ordinary Legendrian
stability (see [1,2,3,14]).

By the Arnol’d-Zakalyukin’s theory of Legendrian singularities, we can construct gener-
ating families of graphlike Legendrian unfoldings. Let F : (R x R® x R¥,0) — (R,0)
be a function germ such that 45 # 0 and (d2F, F)|{0} x R™ x R* is non-singular,
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where dyF(z,q) = (3q1( ) R aqk 2E (3 g)). Then (dF, F) is a submersion germ, so that
C.(F) = (d2F, F)~1(0) is an n-dimensional smooth submanifold. We now define a map
germ

®p : (Cu(F),0) —» JY(R",R)

by
oF OF
EEn dzyn
QF(taqu) (.’I: t ?‘ "'%" .
Bt 8t

It is easy to show that $%6 = 0 and w20 ® g is a submersion germ, so that @ ¢ is a graphlike
Legendrian unfolding. By the theory of Arnol’d-Zakalyukin, we can show the following :

Proposition 2.1. All graphlike Legendrian unfolding germs are constructed by the above
method. «

We call F' a generating family of @ p. We also consider an equivalence relation among
generating families of graphlike Legendrian unfoldings. Let

F;: (R xR" x R¥,0) - (R,0) (i =0,1)

be generating families of ®r,. We say that Fy and F are t-P-K-equivalent if there exists
a diffeomorphism germ

% : (R x R™ x R¥,0) = (R x R™ x R¥,0)
of the form

&(t,z,q) = (41(2), ¢2(t, %), 43(¢, 2, )

such that

(Fyo q’)v(c 2.q) <F0)5(t,z.q)’

where (Fo)¢,, , ., denotes the ideal generated by Fy in the ring of function germs of (¢, z, g)
-variables at the origin. The definition of the stable t-P-K-equivalence is given by the usual
way (see [1,14]).

For a generating family F of ®p, we put

f of of of
T(P-R)) = (g eos s Doty + (e o)
where f = F|0 x R™ x R*. We also say that F' is ¢ P-K-versal deformation off if

oF
E(z.q) = (Et-m x R™ x RF)g + To(P-K)(f).

Then we have the following proposition whose proof is just like as that of the ordinary
theory of Legendrian singularities ([1,14]).



Proposition 2.2. (1) Let F; (: = 0,1) be generating families of ®f,. Then ® g, and O,
are P-Legendrian equivalent if and only if Fy and F are stably t-P-K-equivalent.

(2) Let F be a generating family of ® g, then ® p is stable with respect to the P-Legendrian .
equivalence if and only if F' is a P-K-versal deformation of f.

We can classify generic graphlike Legendrian unfoldings by the P-Legendrian equivalence
for n < 5 by the aid of classifications of one parameter perestroikas of wave fronts. In [15]
Zakalyukin has given a generic classification of function germs F' : (RxR" xR¥,0) — (R, 0)
by the stable ¢-P-K-equivalence. Since the set of function germs F(¢,z,q) which satisfy

# 0 is an open subset, then such a function germ is stably t-P-K-equivalent to one of
germs in the following hst

.
(°4,) G Eg+> 2T +t(1<r<n)
i=1
T . )
(°D,) Gt +) gy P+taig+t (4 < <n)
. =2
r— .
(A7) Mg Hg el al)+ ) wigi T +t(2<r<nt1)
i=1
r-—1 )
(Dr) datg '+ (txalt k) + ) i Pt +t (4<r <n+l)
‘ =2
('Es) a3 + a5 + (0165 + 1)t + 259192 + T493 + T3q1 + T2g2 + 21

Since (do F, F)|0 x R™ x R* for germs 4, and !4, are not submersive, then these germs
can be removed from the list of generating families of graphlike Legendrian unfoldings.
Thus we have the following :

Theorem 2.3. For n < 5, the generic graphlike Legendrian unfolding is P-Legendrian
equivalent to one of germs of the following type :

%4, (1<r<n), D, (4 <r<n), 4, (3<r<n), 'D, (4 <r <n), E,.

We remark that we can choose a generating family of the graphlike Legendrian unfolding
®p of the form F(¢,z,q) = f(x,q) — t by the implicit function theorem. In this case the
function f(z,q) should satisfy that (d2f, f) is non-singular, so that it gives a generating
family of the initial isotropic submanifold ® |t = 0.
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3. Optical graphlike Legendrian unfoldings

In this section we return to study perestroikas of optical wave fronts. For our pur-
pose, we now introduce the following : Let H : (T*R",(z9,po) — (R, c) be a starshaped
Hamiltonian function germ and (£, (zo,%0,p0)) C J!(R",R) be a graphlike Legendrian
unfolding. We say taht £ is optical relative to H if L C H~(c), where H is the induced
contact Hamiltonian function germ from H. Then we have the following theorem

Theorem 3.1. (1) Let H : (T*R",(z0,p0)) — (R, ¢) be a starshaped Hamiltonian func-
tion germ and (£,(z9,po)) C T*R™ be an optical Legendrian submanifold relative to H.
Then there exists a graphlike Legendrian unfolding (L, (zo, 0, po)) which is optical relative
to H such that #(L N {t =0}) = L.

(2) Let (L,(zo,t0,p0)) C JY(R™,R) be a graphlike Legendrian unfolding. Then there
exists a starshaped Hamiltonian function germ H : (T*R",(z0,p0)) — (R, ¢) such that L
is optical relative to H.

In order to prove this theorem, we need the following quite useful theorem in symplectic
geometry.

Theorem 3.2. (Kostant-Sternberg [8]) Let (P,w) be a symplectic manifold, L a La-
grangian submanifold and  a smooth l-form on P with B|L = 0 and df = w. Then
there exists a tubular neighbourhood V of L in P, and a unique vector bundle isomor-
phism K : V — (T*L,ar) such that K is the identity on L and I = (3. Here, ay is
the canonical 1-forn on T*L.

Proof. (1) This assertion has been already proved in §1.
(2) Since L is a graphlike Legendrian unfolding, then we can choose a local parametnzatlon
¢ : (R™,(uo,t0)) — (£,(z0,t0,p0)) of L of the form ¢(u,t) = (z(u,t),t,p(u,t)), where

u = (¥3,...,Up—1). Furthermore, we have ¢*8 = 0, so that it is equivalent to

(a) Zp,(u t) (u t)—Oj-l coyn—1,

:L',' _
(b) | ;pi(u,t)ﬁ(u,t) =1.
- We now consider a vector field _

8 b
X = (a—f(u,t),1,5§(u,t))

on L, so that we have

.~ Oz
T X = (Et—(u”t)’ 5 (u t)) € TL,
where L = #(L). Since L is a Lagrangian submanifold germ in (T*R™, (zq, po)), then there
exist a decomposition JU J = {1,...,n} and a function germ S(z,ps) such that
S 8s,
L—{(l'l,wJ,PI,PJ)IxJ——%" = 3_:1:1}’



(for detail see [1,14]). If we define an 1-form B on T*R" by 8 = dS ~ prdz1 + z jdps, then
we have B|L = 0. Thus we can use 3 as the 1-form in Theorem 3.2. It follows that there
exists a tubular neighbourhood V of L in T*R" and a unique vector bundle isomorphism
K :V — (T*L,ar) such that k|L = ¢dy, and K*ay = 8.

Since #,X is a vector field on L, then we can lift this vector field Xy on T*L, where
H':(T*L,(zo,po)) — R is a Hamiltonian function germ. If we adopt the canonical local
coordinate (Z,p) of T*L around (z,po), where Z is a local coordinate of L, then L is the
submanifold defined by 5; =0 (¢ = 1,...,n). We now define a Hamiltonian function germ
H" : (T*L,(z0,p0)) — (R,¢c) by H"(z,p) = H'(z,p) — H'(Z,0) + c. By the definition, we
have H"(L) = c. The Hamiltonian vector field X y» on T*L has the following component :

8pi __ SH"
ot T 0%
{ .Q_E_L _ —aHII
ot — ap; ?
1=1,.
On the other hand, we have aag = %;{ and

n ! !
aH S (.0) = aH 9" z.0) - %—157(5,0) ~0onL,

1 13

so that XHHIL = XH’IL = 77'*X.

Finally, we define a Hamiltonian function germ H : (T*R",(zo,p0)) — (R,c) by H =
H" o K. Since K|L = idy, then the Hamiltonian vector field X is an extension of #,X
on T*R"™ and H(L) = c. It follows that we have relations

{ 22i(y, 1) = ﬁ(a:(u t), p(w,1)),
%%i(u?t) az. (a:(u t) p(u t))

on L. By the equality (b), we have

1= sz(u 0% (w0 = 3 pi, 03 (ol 0, u,1).

i=1
Thus, H is starshaped near (2, po). This completes the proof

This theorem guarantees that the class of graphlike Legendrian unfoldings supplies the
correct class which describes perestroikas of optical wave fronts. However, for our first
question, we must deal with in the case when the Hamiltonian function germ H is fixed.

4. Optical graphlike Legendrian unfoldings
relative to a fixed Hamiltonian

In this section we consider the perestroikas of optical wave fronts relative to a fixed
Hamiltonian function H. Let H : (T*R",(zg,po)) — (R™,0) be a starshaped Hamiltonian
function germ. Since # : H™1(c) — R" is a Legendrian fibration, then there exists a

8



local contact diffeomorphism K : PT*R™ — H™!(c) and a diffeomorphism A : R* — R"
such that # o K = h o p, where p : PT*R™ — R", is the projective cotangent bundle (see
(1,2,3,14]). If £is a Legendrian submanifold germ in PT*R", then K(¢) is also a Legendrian
submanifold germ in H ~!(¢). Of course, £ and K () are Legendrian equivalent, so that any
wave front can be realized by an optical one. However, for the perestroikas of wave fronts,
the situation is different from the above. Consider the following example :

Example 4.1. Let H : (T*R",(z9,p0)) — (R, c) be a Hamiltonian function germ defined
by H(z,p) = pn, where (zo,po) = (0,...,0,1). Let F(¢,z,q9) = f(z,q) —t be a generating
family of the graphlike Legendrian unfolding ®r. Suppose that ®p|t = 0 is an optical
Legendrian submanifold relative to H. Then we have

He, g (@) =1 mod (£, 3h)e,y

Because H(z, az(": q)) = xn 2L (z,q), we have

Shbe, + U, e C TR

It follows that F(t,z,q) is not a P-K-versal deformation of f(z, ¢) if P-K-cod(f) > 1. Thus,
for example, types of 4, and 'D, in Theorem 2.3 cannot be realized by an optical one
relative to H.

e o

Hence, we should assume a kind of non-degeneracy condition on a Hamiltonian function
germ. We say that a Hamiltonian function germ H : (T™*R",(z9,po)) — (R,c) is non-
degenerated if
(1) H is starshaped.

(2) The quadratic form ElSi,an %(mo,po)ﬁifj does not vanish on the null space of
(g—p%(zo,l’o), teey g;}f(wo,l’o))-

The second condition of the above definition is given by Duistermaat (Proposition 5.2.1
in [7]) in order to study optical Lagrangian submanifolds. It is easy to check that the
Hamiltonian function in Example 1.2 satisfies the above conditions. Then we have the
following theorem which gives an almost complete answer to our first question.

Theorem 4.2. Let H : (T*R"™,(z¢,p0)) — (R,c) be a non-degenerated Hamiltonian
function and (L,(z1,t1,p1)) C J'(R™,R) be a P-Legendrian stable graphlike Legendrian
unfolding. Then there exists an optical graphlike Legendrian unfolding (L',(z0,t0,po))
relative to H such that £ and L' are P-Legendrian equivalent.

Proof. Without loss of generality, we may assume that (z¢,%0) = (0,0). Let
G : (R xR" x R¥,0) — (R,0)

be a generating family of the graphlike Legendrlan unfoldmg L. Since (d,G, G)[0x R™ x R*
is non-smgular then the set

by = (@100 ) (2L (20 (@ ODldag(2,0) = s(2,0) = 0}



is a Legendrian submanifold in PT*R", where g = G|0 x R® x R*. Then ¢, = K(3g) is an
optical Legendrian submanifold relative to H which is Legendrian equivalent to t,, where
K is the contact diffeomorphism like as the previous arguments. It follows from Theorem
3.1 that there exists an optical graphlike Legendrian unfolding L’ relative to H such that
II(L'|t=0) = Lo.

We now choose a generating family F(t,z,q) = f(z,q)—1t of L'. by the definition, £'|;=¢
is given by

¢F|t=0 = {(III, 07 éa;f;(x,Q)’ ey 'aax—fn(z7 Q)Id2f(x’Q) = f($, Q) = 0}7

so that f and g are stably P-K-equivalent by the Arnol’d-Zakalyukin’s theory ([1,2,3,14)).
Thus we may assume that f and g are P-K-equivalent.

If P-K-cod(f) = 0, then P-K-cod(g) = 0, so that f(z,q) is already a P-K-versal defor-
mation of itself. Hence, F(t,z,q) is also a P-K-versal deformation of f(z, g). It follows from
the uniqueness theorem of P-K-versal deformations (see [6,8]) that F(¢,z,q) and G(¢, z, q)
are t-P-K-equivalent. Then L' '= & and £ = &5 are P-Legendrian equivalent.

Thus, we now assume that P-K-cod(g) = 1, so that P-K-cod(f) = 1. If =1 = &F|;¢ ¢
Te(P-K)(f), then we can get the required assertion by the uniqueness of the P-K-versal
deformation like as the previous case.

Suppose that 1 € T,(P-K)(f) for any generating family of £’ of the form F(t,z,q) =
f(z,q) —t. Since H(£y) = ¢, then we have a relation

He, @) =c mod(f, e,

so that

of

_ 9o
H(07 'a—;(O,Q))zc mOd(f07 'b?)gqy

where fo = f|z=0. We may assume that fo € 913. We now consider the Taylor polynomial
of H(z,p) of degree 2 at (z,po) with respect to p = (p1,...,pn)-variables as follows :

H( p) = H(z, Po)‘l'z (33 Po)(Pi — Poi)

i=1

02H )
Z Op:0p (f'v' po)(Pi — po,i)(Pj — po ;) + higher term.

Since H(0,po) = ¢, then we have
(0, 5L0,0) = ¢ +Z e 0. L0, 0)5L0,0) - o)
22 55 0 FE OG0, = 10 HFE(0,6) — o) + e term.

10



Because H(0, 2L 5-(0,9)) —c € (8L 5.0 Jo)e, C 9?2, the right hand side of the above equality
is a function of ¢ = (g1,...,qr)-variables whose order is at least two. Since F(t,z,q) =
f(z,q) —t is a generating family of the graphlike Legendrian unfolding £', then

rank(aa (O)) =
Then we may assume that (W%(O) = 6;j for 4,5 = 1,...,k and a (0 g) € M2 for
£=k+1,...,n, then %(O,q) = ¢; + (q), where ¥(q) € M2, so that

5H
(0 pO)Qz = 0.

i-—l

Since H is non-degenerated, then

Z 5 3 =———(0,p0)gig; # 0.
On the other hand, we have

0 0 1s)
€ (2L0.0, . 2L 0. + %,

by the assumption. It follows that

3D ap,a (0, p0) (o (o,q) po,)(a (0,9) ~ po,7)

1<z,]<n

=100, 2(0,0) - e - ZH(O Po)(5(0,0) = po,) mod ]

i=1

=10, 2(0,0) - Z 2 0 m) g (0,0) + - pos 22 (0,50)
=1 :

0
E(é;f—;(oa q)7 R %:(0’ Q))]R + (an '—a%)fq mOdmz

Let A: R™ — R" be a linear isomorphism then we have
0 Aw

Since

> aa o -0, p")(a (0,9)—po z)(%(O,Q)—PO,J’)

1<i,5<n piOp J

‘H
= Z 380 (0, po)q,qJ modim3
1<ijen PP
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and the vector space

0
(5(0,0) -+ 50, 0)m + (o, 2)e, mod o]
Z1 Oq
-1s invariant under the action of hnear 1somorphlsms A : R™ — R" then every quadratic
forms of ¢ = (q1,...,qk)-variables are contained in the above vector space. If there exists

a quadratic form of g-variables such that it is contained in ( fo, T )gq mod M3, then every
quadratic forms are contained in it by the same reason as that of the above. In this case,
since the vector space (fo, —a%)gq mod 93 has dimension k, then k should be 1 and fo is
an A,-type function germ. It follows from Theorem 2.3 that F(t,z, q) is %A,-type, so that
this case is contained in the case of P-K-cod (f) = 0.

We may assume that every quadratic forms of g-variables are contained in
of of i
(%(O,Q), RPN -a-;;(O,q))R mod <13

Since K-cod (fo) is finite (for the definition of K-finiteness, see [13]), then there exists r € N
such that 9} C (fo, %);&)gq. By the same aruments as those of the previous paragraph,
we can asserts that every monomials of g-variables of degree 3 are contained in the vector

space o5 o o5
—_ —d vJjo 4
<3:c1 (O,Q)a veey a.’l?n(o,q))R + <f0, aq )gq modfmk.

If there exists a monomial of degree 3 which is contained in (fj, %%) g, mod 9%, then k
should be 1 and fj is an Az-type function germ. It follows that

. 0 0
dlmm(a—;l(o,q), e %(O,q))k > 3 mod 9.

By Theorem 2.3, F(t,z,q) should be %4;-type, then this case is contained in the case of
P-K-cod (f) = 0.

Since we can remove the assumption n < 5 for %4, or '4,-type germs in Theorem 2.3
(cf. Theorem 2.2 in [15]), we can continue this procedure up to degree r — 1, Eventually,
it remains the case that every polynomial of degree r — 1 are contained in the vector space

of 9f of r
‘ <a$1 (O’q)7"',axn(0)Q)>R+ (fO) aq )gq mOdmk.
Since M} C (fo, %Lq"-)gq, then we have

= (500 2L O + (o,

Oq )
It follows that
E(z,q) = Te(P-K)(f) + Di&(2,q)

so that we have

Ez,q) = Te(P-K)(f)

by the Malgrange preparation theorem. This contradicts to the fact that P-K-cod (f) = 1.
This completes the proof.

Remark. The above proof is motivated by the proof of Proposition 5.2.1 in [7]. In fact,
Theorem 4.2 is invented by the attempt to understand the proof of the proposition.
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