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REMARKS ON QUADRATIC NONLINEAR SCHRODINGER EQUATIONS

T. OZAWA

Department of Mathematics
Hokkaido University
Sapporo 060, Japan

Abstract. We consider the global Cauchy problem for the nonlinear Schrodinger equations
with quadratic nonlinearities. Concerning a class of nonlinearities which ensures the global
existence of solutions, we prove that Klainerman’s condition and Hayashi’s condition are

equivalent. An explicit solution to Strauss’ equation is also given.

1. Introduction.
Over the last decade a great deal of effort has been put into the Cauchy problem for

nonlinear Schrodinger equations of the form
' 1
(NLS) i0u + EAu = F(u,Vu,u, Vi)

where u is a complex valued function of (t,2) € R x R*, F(u, Vu, %, Vi) is a local nonlin-
earity defined pointwisely on RxR™, and F is a icomplex valued function on CxC"* xCx C"*
with derivatives vanishing at the origin up to the first order [1-11,13-16,18-20,22]. As com-
pared to the special case where the nonlinearity involves no gradient terms, there are fewer
results in the general case, even on the basic problems, such as global existence problem
for small amplitude solutions. One reason for this situation consists in the difficulty arising
from the loss of derivatives in the energy estimates, which is a natural consequence of the

presence of gradient terms in the nonlinearity. This leads to the problem of seeking an
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admissible class of nonlinearities which prevent the loss of derivatives. We should remark
here that as for the local existence problem for small amplitude solutions, the problem of
‘loss of derivatives has recently solved in a satisfactory way by Kenig, Ponce & Vega [11].
Actually, their result gives a reason to believe that the local solvability requires no specific
structure of the nonlinearities. Meanwhile, there is another restriction on the nonlinearity
in connection with the rate of decay of the corresponding free solutions in the uniform
norm. In most cases of the global Cauchy problem with small data we need the integrabil-
ity of the energy norms of nonlinear term, which is reasonably measured in terms of the
rate of decay of free solutions. To be specific, for quadratic nonlinearity we could expect
that the nonlinear term would be of order O(|t|~™/2) in the energy norms as ¢ — -oo,
provided that the solution behaves like O(|t|="/2) in the uniform norm and like O(1) in
the energy norms. This requires the assumption n > 3, and at the same time, the critical
case becomes n = 2. Accordingly the best results available for the quadratic NLS have
concerned the case n > 3 so far. Related results on the scattering problem are discussed
in [3, 15, 21, 22].
As described above, for the global existence of small amplitude solutions the nonlin-

earity is supposed to satisfy two different assumptions. A simple condition proposed by

Klainerman [13] (see also [14, 16]) is the following:

(K) Every component of dy, F is pure imaginary;

(1.1) |F(u, Vu, %, VE)| < C(Ju| + |Vu])P  with n(p—1)? > 2p.

Under the condition (K) with (1.1) it is shown in [13, 14, 16] that the Cauchy problem for
NLS has a unique global solution in the usual Sobolev space H™ of order m > [n/2] + 3
with further regularity assumptions on the data, where [s] denotes the largest integer less
than or equal to 5. The condition (K) avoids the difficulty of derivative loss in order that
the highest derivatives in the nonlinearity in hand should be dropped after integration by
parts in the energy estimates. The assumption n(p—1)? > 2p comes from the integrability
condition with respect to the time variable and holds when p = 2 with » > 5 or p = 3
with n > 2, but excludes the case p = 2 with n = 3,4. Recently, Hayashi [7] proved an

analogous result of global existence in the case p = 2 with » = 3,4 under the following



condition:

H)  [Im@vuF - V9,9)| < CIVello + [[V2ull)lI¥]} forall o e HY
(12)  [8uF|+|6:F| < €|V,

where C'is independent of « and ||||, and (-, -) denote the norm in L? and the scalar product
in L?, respectively. The condition (H) emerges naturally out of the energy estimates, while
(1.2) seems to have rather technical reasons. (H) avoids the loss of derivatives by pulling
the derivative of 9 back to u, where 7 is supposedly one of the objects to be estimated
through the energy estimates, namely, I'*u with T being a differential operator which has
a special commutation property with i8; + 1A,

Both (K) and (H) determine the structure of nonlinearity which serves as compensation
for the loss of derivatives, though they look much different. The condition (K) is expressed
in an algebraic way, while (H) is described in terms of estimates. The first purpose in this

paper is to clarify the relation between (K) and (H). We prove:

Theorem 1. Let F be a quadratic nonlinearity of (u, Vu, %, Vi) € Cx C* x C x C™. Let
v € H™ withm > n/2+ 2. Then (K) and (H) are equivalent.

The condition m > n/2+ 2 is rather natural since (H) requires that the first and second

derivatives of u are bounded.

Our second attention turns to the equation
. 1 2
(1.3) i6u + EAu = A(Vu)

where A € C\ {0} and (Vu)? = }J7_,(8;u)’. The equation (1.3) has first appeared in
Strauss’ book [18, p.38] as an example of quadratic NLS which is reduced to a cubic NLS
by the method of normal forms of Shatah [17]. Subsequently, Hayashi [6] proved the global
existence of small analytic solutions to (1.3) for » = 3,4. We notice that:

(i) The nonlinearity A(Vu)? does not satisfy (X) nor (H).

(i) For (1.3) the conservation laws of charge and of energy do not hold in any reasonable

S€ense.
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Recently, in [8] we propo’sed the method of gauge transformation which is useful to avoid the
loss of derivatives even when suitable energy estimates are no longer available. The method
is roughly illustrated as follows. If there exists a function f defined in the n+1 dimensional
space-time, depending nonlocally on (u,Vu,#, V&), such that v, F = —V§, then by
considering the system of equations for finite unknown functions which are supposedly
equal to (u,e’%u : a # 0, finite), the original equation (NLS) is always transformed into
a system of equations where no loss of derivatives arises. As a matter of fact, the highest
derivatives, e v, F - V8%u and e/ 0y  F - VO, coming from the nonlinear term of the
equation (i0; + 3+ A)ef 8%u = ef 0%(F(u, Vu, @, Va)) + [i0; + 34\, ef]8%u, are controlled in
the following way. The term e’ 8y, F - V8%u is cancelled exactly by e/ Vf - V8%u from
- the last commutator and the influence of the other term e/8yz F - VO*4 is controlled
through integration by parts in the space integral of the term multiplied by §%4, so that
one derivative has no effect on the critical terms with highest derivatives through the
energy estimates. This method is applicable to NLS [8] as well as to the equations in
the KdV hierarchy of Lax type [12]. In [8, 12] one dimensional case is treated, where the
potential function f is simply realized as an integral over the interval (—co, 2) or (z, +o0).
In contrast, we meet some technical obstacles in the higher dimensional case and therefore
it would be of considerable interest to develop the method in higher dimensions. With this
view Strauss’ equation (1.3) provides an instructive example in the attempt. In (1.3) the
nonlinearity A(Vv)? has a simple potential function, given by f = —2Au. With this choice

a direct calculation shows the exact cancellation
. 1 —2Au
(1.4) (20 + EA)e Vu = 0.

Our analysis of Strauss’ equation is based on the exact cancellation (1.4). As was pointed
out by Professor Giga, the identity (1.4) is not very surprising if we remember the Hopi-
Cole transformation. Since we consider (1.3) in the L2?-setting, » must vanish at infinity

and the integration of (1.4) should take the form

(1.5) (18, + %A)(e_z’\" ~1)=0

—2Au

in order that e — 1 should vanish at infinity as well. Consequently, for given initial



data, the formal solution u is given by
1 -
(1.6) u(t) = —2—Xlog(1 + U(t)(e™*¢ - 1))

where U(t) = exp(i3A) = Flexp(—if[¢|?)F and F denotes the Fourier transform

defined according to the normalization

(FD)(E) = B(6) = (22) /7 / et (z)de.

For small initial data, (1.6) actually shows the representation formula for the unique global

solutions of the Cauchy problem of (1.3).

Theorem 2. Let N = [n/2]+1 and let k be an integer with k > N. Then for any ¢ € H*
with || #(e~2*¢ —1)||; < (2x)"/2, (1.3) has a unique solution w € C(R; H*)N CL(R; H*~?)
such that u(0) = ¢, and moreover, the solution u is given explicitly by (1.6). If in addition
¢ € L, then

(1) [u(t)llee = O(1™™2) a5t oo
and there exists a unique ¥ € H* N L* such that
(1.8) [|u(t) = U@)P||m» = O(|t| ™) as t— +oo.

In fact, 9 is given explicitly by

fory

(1.9) . | = y(1-e9).

Remark 1. By the inequalities
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the assumption ||£(e~?% — 1)||; < (2x)*/? follows from the assumption ||¢|]; <
(27)*/2(log 2)/(2|A|) for instance. Note that ||@|l, < C||¢||z~ by the Schwarz inequal-
ity.

Remark 2. The assumption ||Z(e"?*¢ —1)||; < (2x)*/? is optimal in the sense that there

exists ¢ € H® = (| H™ with ||#F(e~?*? —1)||; = (2x)"/? such that the corresponding
m>0
solution cannot be global in time with values in HV. Indeed, let ¥(z) = exp(—|z|?/2)

and let ¢ = —35log(1 + U(—to)¥) for tg > 1. Then ||[U(~t0)¥||eo < (27to)~™/?||¥||1 =
to "% < 1 and therefore in the same way as in the proof of Theorem 2 given below,
we find that ¢ € H*®. Now let v € C(R; HV) N C*(R; HV~2) be a solution of (1.3) with
1(0) = @. In the same way as in the proof of Theorem 2 given below, u satisfies e~ 2**Vu €
C(R;L?) N C*(R; H~?) and (i0; + 1A)e™?**Vu = 0. This leads to e”2**()Va(t) =
U(t)(e"?*¢V¢) = —LU(t — o)V for all t € R and hence e=2**(!) — 1 = U(t — t0)9,

namely,
|2

2(1 + it — to))

This implies u(to) ¢ L>, which contradicts the assumption » € C(R; HY).

exp(—2Xu(t, 2)) = 1 — (1 +i(t — £0))~ ¥ exp(— )-

Asis shown in Theorem 2, (1.3) has solutions which behaves like free solutions for large
times. This fact is somewhat exceptional in the case n < 2 since the nonlinearity is only
quadratic. Our method of proof depends on the power series expansion in the logarithmic
function in (1.6) and on the estimation of the individual terms of the expansion in suitable
norms in order that the resulting majorant power series should converge. Similarly, for
small data with exponential fall-off at infinity, the analyticity of the corresponding solutions
of (1.3) follows directly from (1.6) by estimating each term of the expansion in suitable
equivalent norms in the Bergman and Szegd spaces (see [5, 6]).

As regards the construction of solution of (1.3), we have another problem of seeking
solutions u of (1.3) such that (1.8) holds for the prescribed data at ¢ = %oo. This is

precisely the problem of existence of wave operators. More specifically, we prove:

Theorem 3. Let N = [n/2]+1 and let k be an integer withk > N. Then for any ) € H*
with ||9]]1 < (27)*/2/(2|A]), (1.3) has a unique solution » € C(R; H*)N C*(R; H*~?) such



that
(1.10) ||w(t) = U(t)Y||g» = 0 as t— too

In fact, u is given by

(1.11) u(t) = —2—1510g(1 — AT ()9).

Remark 3. The assumption ||9||; < (27)"/2/(2|A]) is optimal in the sense that there
exists 9 € H*® with |[9|]; = (2x)*/2/(2|A]) such that the corresponding solution satisfies
(1.10) for any k > N while » ¢ C(R; HY). Indeed, for (z) = 3 exp(—|z|?/2), we have
”q@”l = (2x)"/?/(2|]]) and (TR (=) = %(1+it)‘"/2 exp(—;zllﬂ_ET)). Let u be defined by
(1.11). Then in the same way as in the proof of Theorem 3 given below, u satisfies (1.10).
Moreover, v € C(R\ {0}; H*)N C*(R\ {0}; H*~2) and « solves (1.3) for ¢ € R\ {0}, while
u(0) ¢ L. Therefore Theorem 3 does not hold when ||4||; = (2x)/2 /(2] A]).

Remark {. Theorem 3 provides the explicit form of the wave operator Q : ¢ +— u(0) =
— 35 log(1—2X9) with domain D = {3 € H*;||4||1 < (27)"/(2]A])}. Clearly D is invariant
under U(t). Moreover, (1.11) means the intertwing property

V(i) 2=QU() on D
for any ¢t € R, where V(¢) is the full evolution group associated with (1.3), namely, V(¢) :
¢ u(t) = —-zli-log(l + U(t) (e~ ¢ - 1)).

As we see above, (1.3) has the ordinary wave operator and again, this fact is exceptional
in the case n < 2, where NLS with the usual quadratic nonlinearity does not admit the

ordinary wave operators but modified wave operators [3, 15, 21, 22].

2. Proof of Theorem 1.
Assume (K). Let ¢ € H'. Since every component of 8y, F is pure imaginary, we have

OvuF = iIm Oy, F and therefore

Im(Ovu F - Vi, 9) = Re((Im 8y, F) - V3, 9)
= —%(Im(div OV#F), 1)),
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where we have used integration by parts. The condition (H) from the last equality since

F is quadratic.

Conversely, assume (H). Choose ¥ € H'! such that Im(19,v) # 0 and Im(8;4,9) =
0 for all j with 2 < j < n. For example, take 9¥(z) = ¥(z1,2') = f(z1)g(2') with
Im [ 8f(21)f(z1)dzy # 0, g € H'(R;R) \ {0}. Now we set #(z) = Y(e~(z — 29)) for

€ > 0 and 2o € R™. By making change of variables, we have

16113 = e 1811,
(80uF - V4,8) = e [ B0 F(uls), V(o) W(5), Tul3) - V(e p(aNde,

where y = ez + 2. Applying (H) to the equalities above, we have

1 [ 00 P(u(s), Vu(y), 53, Ta3) - V(&) BoNel
< ce(|[ Vo + [Vl 1913

Since v € H™ with m > n/2 + 2, §v,F(u, Vu, 4, Vi) is bounded and continuous on R™.
Hence, by letting € — 0 in the last inequality, we obtain from the dominated convergence

theorem that

Im(8v F(u(20), Vu(zo), a(2g), Valag)) - / Vydda) =0,

which in turn imlies

(Re 0s,uF(u(20), Vu(zo), u(z0), Vu(zo))) Im(d1%,4) = 0

since Im(9;%,%) = 0 for 2 < j < n and Re(V4,9) = 0. This proves that Re g, F = 0
since Im(019, %) # 0 and 29 € R™ is arbitrary. Similarly, we obtain Re 85, F = 0 for all
7, which is precisely (K). Q.E.D.

3. Proof of Theorem 2.

We begin with the following lemma.

Lemma 3.1. Let k > N be an integer. For any ¢ € H*, e~22¢ — 1 ¢ H*.



c XA (=2A) .. . .
Proof. We consider the series > QTqu’ . The series is estimated in the L? norm by
i=1

e o]

(3.1) }:

2 615 1
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J
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so that the series converges absolutely in L? and e~?*¢ —1 € L?. By the well-known chain
rule with respect to the distributional derivatives, V(e — 1) = —2)e~¢V¢ ¢ I2.
Similarly, for any o with k > |a| > max(N,2), §%(e~?** — 1) € L? and

|e|

(32) %™ -1)=-2e"%+Y. 3 G {83) [ %4)
i=2 ﬁ1+l.s...{¢-/(3)j=a {=1

where every term in the summation of the right hand side is in L? since the Gagliardo-
Nirenberg inequality gives
(3.3)
i J
I TT 6744112 < TT 110744l ajatsiaa
{=1 {=1

j

<C H I|Vk¢l|Lﬁt|(2|a|‘-n)/(|al(2k—n))“¢||3.x~)-|;3¢|(2lal-n)/(|a|(2k—n))

= Cl|Vk¢ll(22|a|'-n)/(2k—n)l|¢Hi;(2|a|—n)/(2k—n).

Q.E.D.

Lemma 3.2. Let k > N be an integer. Let ¢ € H* and let u € C(R; H*) N CY(R; H*~2)
satisfy (1.3) with u(0) = ¢. Then e~2** — 1 € C(R; H*) N C*(R; H*~?) and

(3.4) e _1=U@)(e 4 ~1) forall teR.
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Proof. Let v=e"2** —1 and let v,, = dies g%f-u". We have
t .
2|A1Y .
) = wm@lls < 3> B utp

j=m+1

¢ ,
21A1Y ; ;
< 3 W0
j=m-+1
—0

as £, m — oo, where the convergence is locally uniformly on R since ||u(-)||g» is locally
bounded on R.

This implies that v € C(R; L?). As in the last lemma, we have from the chain rule that
for any t € R, Vo(t) = —2xe™2**(V4(t) € L?, and therefore Vv € C(R;L?) since
u € C(R; H! N L*®). We have thus proved Av € C(R; H~!). Another application of the
chain rule gives

(3.5) Av = =2de” % (Au— 2X(Vu)?),

where Au, (Vu)? € C(R; HV~2) since

(3.6) IVws - Vws||gv-1 < Cllws || g |jwa |

Here (3.6) with N > 2 follows from the Gagliardo-Nirenberg inequality and (3.6) with
N =n =1 follows from

(3.7) l£gllz-+ < Cl|fll2llgll2,
which is proved by the (H!, H~!) duality and the embedding H' < L[®. We next prove
that v € C*(R; H~1) and

(38) ﬁg'v = —2/\6_2“0”1,.

We compute
(3.9)
Rt (v(t + k) — v(t)) + 22~ 2241 9, u(t)

1
— —2A/ (e—ZG’Au(t+h)—2(1-—a)Au(t) . h_l(u(t + h) - u(t)) _ e-—ZAu(t)atu(t))do,
, 0

1
— _2,\/ e—-zaAu(t+h)—2(1—a),\u(t)da(h—1(u(t + h) _ u(t)) _ 8tu(t))
0

1 1
+(22) / / e~ 2rodu(t+h)=2(1-7o)Ut) o drdo(u(t + h) — u(t))Bu(t).
0 0
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When N > 2, we estimate (3.9) in L? as

(3.10)
[|R~ (v(t + k) — v(t)) + 2Ae‘?*“(t)6tu(t)l|z

< 2{A] exp(2[A|([[2(t + Alloo + [|u(t)l]e0))
(IR (ult + h) = u(t)) — deult)ll2 + [A|[u(t + k) ~ u(t)||oo|0eu(t)]l2)

— 0
as b — 0, as required. When N ==n =1, in a way a similar to the proof of (3.7) we have

(3.11) £ gllz-+ < Clifllallglla-s-

We use (3.11) to estimate the second term in the right hand side of the last equality of
(3.9) in the H~! norm by |

C exp(2|A[([[u(t + )l + [[2(t)]]e0))
(vt + Rz + [[Va@)ll2)|ut + B) — w()lleo + ||V (ult + k) — u(t))]]2)l|0u(t)|| 22

and we employ the same estimate as (3.10) for the first term so that (3.8) holds in H !
and the continuity in ¢ of the right hand side of (3.8) with values in H~! follows from
(3.11). We have thus proved v € C(R; H})NC*(R; H~!) and moreover, by (3.5), (3.8) and

(1.3),
(3.12) - i0v + %Av =0

and accordingly, v(t) = U(%)v(0), which is precisely (3.4). Lemma 3.1 and (3.4) then imply
v € CO(R; H*) N CY(R; H*~2). Q.E.D.

Proof of Theorem 2. We first prove the uniqueness of solutions. Let ¢ € H* and let
2y and u; be two solutions of (1.3) with ;(0) = ¢, j = 1,2. By (8.4), for every (¢,z)
e~ ui(ti®) = g=2ua(t2) and therefore uy(t,z) — us(t,z) = Zim(t,z) for some integer
m(t, z) By the continuity in (¢,2) of u;, we see that m is independent. of (¢, 2), which in

turn implies m = 0 since u;(t) € L?. This proves u; = u3, as was to be shown.

We next prove that (1.6) provides a solution in C(R; H*) N C*(R; H*~?) of (1.3) under
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the assumption || #(e~?% — 1)||; < (2x)"/%. By assumption,
e=1—(2x)""?||F(e~?** —1)||y > 0 and

(3.13) sup]lU(t)(e'“d’ = 1)||eo
teR _
.t _
< (27)™*/ % sup || exp(—iz| - ) F (e~ — 1)||;
teR 2

= (@) F (P - 1) =1,

We consider the series

(3.14) % Z T -1y

By (3.13) and the unitarity of U(t), the series (3.14) converges absolutely in L? and the

norm is estimated by

1 & 1 o
TZ (1—ey~Yle™ —1]|,
2|)\|(1 )(log )”e '_1”2-

This proves that the function u defined by the right hand side of (1.6) makes sense and is
continuous from R to L. By the chain rule with respect to the distributional derivatives,
for any t € R, Vu(t) € L? and

U(t)V

(3.15) | Vau(t) = T T

The continuity in ¢ of Vu with values in L? follows from (3.15), [|[1+U(¢)(e " 2** —1)||00 > e,
and U(-)(e~?*¢ — 1) € C(R; L>), which follows from the dominated convergence theorem
with Z(e~?*¢ —1) € L'. Similarly, for any a with k > |a|+1> N, §°Vu € C(R; L?) and
(3.16)

- 2X8%Vu
18]

6Vw o (-1)*  §'Vuw : :
Z Z Z 1ﬂ|(1+w)1+1]:|;8ﬂw

!
Bi=a i=l it-tp;=p T
By#0
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where w(t) = U(t)(e”?*¢ — 1). Here the continuity in ¢ of each term in the summation of
the right hand side of (3.16) with values in L? follows from the inequality which is obtained
by the Gagliardo-Nirenberg inequality
(3.17)

i

167 Vo - T 0%z

=1

j
< 116" Vebollaqat+ry/cvi+y [T 10P%ellaqiai+1)/160
L=1

i
<C H ||V"¢t|||25¥|(21°‘|+2-”)/((Ial+1)(2k—n))||¢t||i°—Iﬁzl(zla|+2—n)/((|a|+1)(zk—n))’

{=0

where |Bo| = |7| + 1. In a way similar to the proof of (3.8), we obtain §;u € C(R; H™?)

and

Otw 7 Aw
(3.18) “2 0= = .

As in the derivation of (3.16) from (3.15), (3.18) yields 8;u € C(R; H*~2). This proves
v € C(R; H*) N C*(R; H*~2). In the same way as in (3.6) and (3.7), the last fact implies
(Vu)? € C(R; H*=2). A simple calculation shows —2)\Au = %"’; - '('(1VT1::);7 = 4i\fu —
42%(Au)?, which leads to (1.2).

We proceed to (1.7). Estimating (3.11) in the L®-norm and using (3.13) and the well-

known L®-decay estimate of U(t), we obtain
319) Ju®)lle < 2IAI E—HU(t e _ 1|,
ST D

e
= G-

where 9 = 5-(1 — e7?*%). We note here that ¢ € L' N L*™ implies ¥ € L' by estimation

of each term of the expansion of the exponential function of % in the L! norm.
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We finally prove (1.8). In the same way as before,
(3.20) - |lu(t) = U()¥l2

1 & _ -
SmZ—IIU(t)( e )15 e — 1]l
J—'2

< 2If\lz (1 —ey~ 2(27r|1ﬁl)”"/zll<f‘”"S 1fa]le™ ~ 1},

A 1
- T (s — 1+ Al
For any a with k£ > |a| +1 > N, we obtain from (3.16) and (3.17)
(3.21)
||6°‘V(u(t) —- Tl
= ”(1 + (t) - l)aaVU(t)¢llz
18] i
+C > Y X e vuEyw- [[ U@l
By=e i=1 prtetBi=p =1

Be#0

< @)l 10V )9
||
+C Y eIV @I U ey Gl (R
i=1

< 2Ale (2x[t) 2 |9l11 [0Vl
o+ O(L+ e [VRlIH 27O a2l + (el /2 11)1+),
where we have used 1 <7 <j+1—(2|a|+2-n)/(2k —n) < ||+ 1.
This proves (1.8). The uniqueness of 9 follows from (1.8) and the unitarity of U(t) on
H*, Q.E.D.

4. Proof of Theorem 3.

We first prove the uniqueness. Let u € C(R; H*)NC(R; H*~?) satisfy (1.3) and (1.10).
Let v = e7?** — 1. In view of the proof of Lemma 3.2, v € C(R; H') and v(t) = U(¢)v(0).
By (1.10),

(4.1) | ez = [1Bllms | = | Hle@llar = [1UE)b]las]
< [[u(2) = U@)l|a

-0
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as t — oo and therefore v € L°(R; H*). We have

(4.2) [[o(2) = (77X — 1))

— ”e—ZAu(t) _ e—zz\U(t)'z[’”2

=l [ e P OO 4o (u() - D))l
< 202 exp2AI( () lo + 1T @Il I1u(t) = T(E)

—0 as t— too.
Let {1;} be a sequence in L' N H* such that ¢; — 7 in H* as j — co. We have
(4.3) [le= 22V — 1 4 22T (2)95

Z “““mnv(tw,nm 1l

8

IA

S (32)ntm- R 7 e v e T ML

L0 st oo,
Asin (4.2),
(4.4 (™% 4 220 (1)) — (77O + 20T (0)9;)]1
< [|em VWP — = BTEMs ||, 4 21N — 511,
< 2 |(exp(2A(27) ™/ 2(1[Blls + [¥5112)) + DI = #5111

Combining (4.2), (4.3) and (4.4) and letting £ — +o0o and then j — co, we obtain

(4.5)
[[v(0) + 22%||2 = [[U(t)v(0) + 22U (2)4]|>

< lv(t) — (72O — 1)||, + |[(e”PVO¥ 4 20T (£)9) — (e~ 2XVE¥5 £ 22T (£))5)] ]
+ e 2V — 1 4 20U () 5]

—0
and therefore v(t) = —2AU ()9, namely,

(4.6) e~ 2t =1 — 22T (¢)4.
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In the same way as in the proof of uniqueness of solutions in Theorem 2, (4.6) proves the

required uniqueness. If |||z < (27)"/2/(2[A]), then
(4.7 sup AV (¥l < 2AI(2m) ™l =1 - &

with § = 1 — 2|A|(27)~"/2||4||y > 0, and hence (4.6) yields (1.11). It remains to prove

that u defined by (1.11) satisfies (1.10) and » € C(R; H*)NC(R; H*~?). In the same way

as in the proof of Theorem 2, the last claim holds, so that (1.10) is the main issue. Let

¥ € H* and let {¢;} be a sequence in L' N H* such that 9; — % in H* as j — co and

sup 195111 < (1 = 8/2)(2%)*2/(2]A]). Let u; be the solution associated with 4;, namely,
j

u;(t) = — 55 log(1 — 2AU(¢)9;). Similarly as above,

(4.8)
leste) = Ul < 3 B oy m 1,
ot x)-n/2ym-1
= Z el 371. : [E%1 i At PR P
(2i'l)A"|/2 Z _(1— )m ? |tl—n/2”¢'1” 195112
— 0 as t — Foo0.
Now
(4.9)
u(t) = i(t) = U(£)(%; - ¥)
(U(t)¥;)* (U(t)$)?
+2A/ (1~ )((1 200U (1)9;)2 (1 - 2aAU(t)¢)z)d”
=U(@)(¥; —¥) +2A / (ll_dgzgg(f)’ ¢+)f)d O D)
2 [P (1=a)o(1l = 202U (t)(%; + ¥)) \
T8 A= 2on0 (%) (@ = 2ea0 () 2 (TP TO = 95),
so that
(4.10)

[lw(t) — 2 @)l |
<l = Bl + 1A(2/8)7 7)™ 2 (1511 + [1B11)11%5 — #ll2
+A7(2/8)* (1 + IX(2m) 21151l + 191 2m) (111215 — ¥l
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Combining (4.8) and (4.10) and letting ¢ — £oco and then j — oo, we obtain

(4.11) |[«(2) — U]l
< [[u(2) — w; (D)2 + [|u; () — UE)bs1l2 + |15 — $ll2
— 0.

Similarly, the convergence of higher derivatives follows with estimates similar to (3.21).

This proves (1.10). Q.E.D.

Remark. After this work has been completed, I am informed of the following two papers:
S.Cohn, Resonance and long time existence for the quadratic semilinear Schrodinger
equation, Comm. Pure Appl. Math. 45, 973-1001 (1992),

N.Hayashi, Global and almost global solutions to quadratic nonlinear Schrodinger
equations with small initial data, preprint Gunma (1992),
where related problems on the quadratic NLS are discussed, although no part of our results

are contained there. I would like to thank Professor Hayashi for that matter.

ACKNOWLEDGMENTS
Special thanks are due to Professor Ginibre for his advice and encouragement in Orsay,

and to Professor Hayashi for the same in Tokyo.

REFERENCES

[1] T.Cazenave, An Introduction to Nonlinear Schrédinger Equatioﬁa, Textos de Métodos
Matematicos, vol. 22, Instituto de Matematica, Rio de Janeiro, 1989.

[2] G.C.Dong & S.Li, On the initial value problem for a nonlinear Schrédinger equation, J.
Differential Equations 42 (1981), 353-365.

[3] J.Ginibre & T.Ozawa, Long range scatiering for non linear Schrédinger and Hartree
equations in space dimension n > 2, preprint LPTHE O1say (1992).

(4] J.Ginibre & G.Velo, On a class of non linear Schrodinger equations 1. The Cauchy
problem, general case, IL. Scatlering theory, general case, J. Funct. Anal. 32 (1979),
1-71.



18

[6] N.Hayashi, Global ezistence of small analytic solutions to nonlinear Schrédinger equa-
tions, Duke Math. J. 60 (1990), 717-727.
[6] N.Hayashi, Global ezistence of small analytic solutions to nonlinear Schrodinger equa-
tions II, preprint Gunma (1991).
[7] N.Hayashi, Global ezistence of small solutions to quadratic nonlinear Schrédinger equa-
tions, preprint Gunma (1991).
[8] N.Hayashi & T.Ozawa, Remarks on nonlinear Schrédinger equations in one space di-
mension, preprint Hokkaido (1992).
[9] T.Kato, On nonlinear Schrodinger equations, Ann. Inst. Henri Poincaré, Physique
théorique, 46 (1987), 113-129.
[10] T.Kato, Nonlinear Schrédinger equations, in Schrddinger Operators, vol.345, H.Holden,
AJensen (eds.). Lecture Notes in Physics, Springer, 1989.
[11] C.E.Kenig, G.Ponce & L.Vega, Small solutions to nonlinear Schréodinger equations, to
appear in Ann. Inst. Henri Poincaré, Analyse non linéaire.
[12] C.E.Kenig, G.Ponce & L.Vega, work in preparation.
[13] S.Klainerman, Long-time behavior of solutions to nonlinear evolution equations, Arch.
Rat. Mach. Anal. 78 (1982), 73-98.
[14] S.Klainerman & G.Ponce, Global, small amplitude solutions to nonlinear evolution equa-
tions, Comm. Pure Appl. Math. 36 (1983), 133-141.
[15] T.Ozawa, Long range scatlering for nonlinear Schridinger equations in one space di-
mension, Commun. Math. Phys. 139 (1991), 479-493.
[16] J.Shatah, Global ezistence of small solutions to nonlinear evolution equations, J. Differ-
ential Equations 46 (1982), 409-425.
[17] J.Shatah, Normal forms and quadratic nonlinear Klein-Gordon equations, Comm. Pure
Appl. Math. 38 (1985), 685-696.
[18] W.A.Strauss, Nonlinear scattering theory at low energy, J. Funct. Anal. 41 (1981),
110-133.
[19] W.A.Strauss, Nonlinear Wave Equations, Conference Board of Mathematical Sciences,
Regional Conference Series in Mathematics, vol. 73, American Mathematical Society,

1989.



19

[20] Y.Tsutsumi, Scattering problem for nonlinear Schrédinger equations, Ann. Inst. Henri
Poincaré, Physique théorique 43 (1985), 321-347.

[21] Y.Tsutsumi, Global ezistence and asympiotic behavior of solutions of the Mazwell-
Schrodinger equations in three space dimensions, preprint Tokyo (1992).

(22] Y.Tsutsumi & K.Yajima, The asymptotic behavior of nonlinear Schrédinger equations,

Bull. Amer. Math. Soc. 11 (1984), 186-188.



