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WAVE PROPAGATION IN EVEN DIMENSIONAL SPACES

T. OzAwWA

Department of Mathematics
Hokkaido University
Sapporo 060, Japan

Abstract. Asymptotic expansions of solutions of the wave equations in even dimensional
spaces are obtained with the initial data of non-compact support. A relationship is proved
between the vanishing order at the origin of the Fourier transform of the data and the

decay rate of the corresponding solutions in semi-infinite cylinders or along rays inside the

forward light cone.
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1. Introduction.

In this paper we describe the formation of the wave propagation in 1 + n dimensional
space-time in the case where the number n of space dimensions is even and the support
of the data need not be compact. More precisely, we study the asymptotic properties of

solutions of the wave equation

Ou=0, (¢z)€ iR.,. x R™,
(W)
u(ovz) = ¢(z)a 051&(0, z) = ¢(z)) z € R,

where O = 87 — A is the d’Alembertian in R x R* and é,% € &, the space of C™
functions rapidly decreasing at infinity. In an even dimensional world Huygens’ principle
does not hold and every stationary observer would be haunted by the lasting disturbance
even when the initial distm:ba.nce had been localized in a compact subset. Nevertheless,
the well known local decay estimates show that the amplitude of disturbance decays like
O(t'~™) on compact subsets of R™.

One of the purpose in this paper is to present a relationship between the rate of decay
of solution u on subsets inside the light cone and the vanishing order at the origin of the
Fourier transform (<i;, 'Jv) of the initial data ($,%). For example, we show that the condition

of local decay estimates of the form Sup |u(t,z)| = O(t~™~*) is equivalent to the condition
l=|<6

that the derivatives up to k-th (resp. (k — 1)-th) order of @ (resp. %) vanish at the origin.
In the special case where ¢,% € C§° and u decays faster than any inverse power of ¢ on a
compact subset of R™, our result implies that all derivatives of (¢, 1) vanish at the origin,
which in turn implies that u vanishes identically since ¢ and 7 are the restrictions to R™
of holomorphic functions on C™. This is precisely Littman-Lui’s result which provides
the affirmative answer to Hormander’s problem [7]. The problem of this kind is related
to the problem of Rellich type, the Sommerfeld radiation problem, and to the saturation
properties for hyperbolic partial differential operators. See [1,2,4,6,8,9,10]‘.

The basic result of this paper is an asymptotic expansion of solutions of (W) inside the
light cone. The relationship mentioned above is obtained by observing the individual terms

of suitable finite sum and the remainder estimate in the expansion. In order to estimate



the remainder term we use the weighted Sobolev spaces H™*,m, s € R, defined by
H™ ={f € #|Ifllm.s = (=)' (1 = 2)™*f|2 < o0},

where &' is the space of temperate distributions, (z) = (1 + |2|?)'/2, and || - ||, denotes

the norm in L?P(R™). We now state

Theorem 1. Let n > 2 be even. Let ¢,% € & and let u be the solution of (W). Then:
(1) For any N > n — 1

N N
(L.1) | (tS;IEI;‘+(t"|Z|)N|u(taz)— Z (Fj¢)(t,z)—Z(Gj¢)(t,2)|

< CN(”¢||'n./2,Max(N,N+2—n/2) + ”¢||n/2+1,N)1
where Tt = {(t,z) € Ry x R*;t > |z|},
((G=n+1)/2]

(F;9)(¢,2) = Z (—1)

(=0

joa 27T — £~ (n = 1)/2)
w2 (G —n— 2L+ 1)!

x (2 VYT ALY(0),

G 2/ L mU=R[AD (= 1)/2
(Goem)= 3, (- il N

x (2 - V) """ 2 AL(0).

(t2 _ |zlz)(n-—1)/2—i+t

t(tz _ IzIZ)(n—l)/z—j+t

Here [s] denotes the largest integer less than or equal to s, I'(-) is the gamma function, and
we follow the convention Z?;:( ) =0.

(2) For any N > 1,

(1.2) Sup  (1+]e| —t)V]u(t, )
(t.:2)€(Ry XxR™)\T+

<O Y, @0l + Y. [(2)¥+"8%¢]|),

laj<n/2-1 lal<n/2

where C is independent of N.

Remark 1. The first few terms in the expansion in (1.1) are given by

(Fa-1$)(t,2) = =27/ 271530 ((n = 1)/2)(# ~ [2?) (= D/24(0),



(Fadp)(t,2) = =712 2230 ((n + 1)/2)(¢7 — |2|?) ("1 22 . w4 (0),

(Fas1¥)(t,2) = 222712720 ((n + 1)/2)((2 - [2]2)~+D/2 A4)(0),
+(n+1)(t7 - [2[*) " +/%(z . v)24(0)),

(Fas2¥)(t,2) = 712222 7Y30((n + 3)/2) (£ — |2[?)~ 922 . v A§(0),
+(n/3+1)(t* - [2*)~ 22 . v)*§(0)),

(Gad)(t,2) = 222~ 2T((n + 1) /2)H(£2 — |2]*)~("+1)/24(0),
(Gri19)(tyz) = 7127247220 ((n + 3) /2)8(t? — |2|?)~(*+3)/22 . v (0),
(Gny28)(t, ) = =" 222220 ((n + 3) /2)2((¢£* — |2|*)~*+9/2A(0),

+(n +3)(t* — [2*) ("2 (2 . v)?§(0)),
(Grssd)(t,2) = =" 12312220 ((n + 5)/2)4((£2 — |2f?) = +9)/ 22 . W AY(0),
+((n+58)/3)(t* — |2|*) "+ (2 - v)*§(0)).

Remark 2. When N = n — 1, we have from (1.1), the explicit form of F,_; given above,
and the well-known L*-estimate Sup||u(?)||co < oo that
>0

Sup (1+1t—[2])* " |u(t,2)| < .
(t,=)er+

This is a sharp form of the well known local decay estimate (see [12, Theorem XI.19] for

instance).

Remark 3. There are related results on the asymptotic wave profiles on the basis of the

translation representations of Lax-Phillips type. See [5, 11, 13] for details.

Remark 4. Estimate (1.2) shows that u has a rapid decay outside the light cone if the data
have a rapid decay at infinity. Compare with [12, Theorem XI.19]. See also Remark 6 in

Section 2.

Theorem 2. Let n > 2 be even. Let ¢, ¥ € & and let u be the solution of (W). Let
It(e)={(t,z) € Ry x R*;|z| < (1 —¢€)t} for 0 < € < 1. Then:
(1) The following conditions are equivalent.

(1) Sup (1+1%—[2])*lu(t,2)] < oo.
(t,2)€T+



(ii) For any e with0<e <1,
Sup (1 +1t+|2|)|u(t,2)| < co.
(t,2)€T+(e)
(iii) For any v € R™ with |v| < 1,
Sup(1 + )" |u(t, tv)| < co.
>0
(iv) There is vg € R™ such that |1p] < 1 and
litminft"’llu(t,tuo)l =0.
(v) There is 29 € R™ such that

Liminf ™~ |u(t,20)| = 0.
t— o0

() $(0)=0.
(2) For any integer k > 1, the following conditions are equivalent.

(i) Sup (1+t—|z|)"F*|u(t,2)| < co.
(t,=)er+
(ii) For any e with0 < ¢ <1,

Sup  (1+1t+[2)"*u(t, 2)| < oo.
(t,2)eT+(e)

(iii) For any v € R™ with |v| < 1,

Sup(1 + )" t*|u(t, tv)| < co.

>0
(iv) For any v € R™ with |v| < 1,

litminft”+""1|u(t,tv)| =0.
(v) For any § > 0 and any z € R with |2| < 6,

litminft"'H'_1|u(t, z)| =0.
(vi) For any multi-indices a and § such that |a| < k and |B| <k —1

0°9(0) = 67 $(0) = 0.

y -
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Corollary (Littman-Lui [7]). Let n > 2 be even. Let ¢, ¥ € C°(R™) and let u be the
solution of (W). Suppose one of the conditions (i)-(v) of part (2) of Theorem 2 holds for
all k > 1. Then u vanishes identically.

Remark 5. When 9, ¢ € C(R™\{0}), the estimate in (i) has been obtained in [12,
Theorem XI.18] by stationary phase methods.

We prove Theorems 1 and 2 in Sections 2 and 3, respectively. We conclude this introduc- .
tion by giving notations freely used in this paper. z = (21, ,2,) € R*, V = (84, -+, 8,),
8; = 8/8z;, 8; = 8/8t. For a muli-index a = (ay,*+ ,a,),
n n n n
_ o a (o) _« o o _ o
|| —j§1a,, al= ‘I__:Ila,., g)= 5!(:—;9)!’ B<La = ‘13161.1, z< —jglzj’.
For z = (21, ,2) € C", |2| = (3 2;%7;)Y/%. & denotes the Fourier transformation

i=1
(Z¥)(&) = (27)~™/2 [ exp(—iz - £)¥(z)dz. Different positive constants might be de-

noted by the same letter C.

2. Proof of Theorem 2.

Proof of Part (1). For ¢, € % the solution u of (W) is written as u = v + w, where

(2.1) o(t,2) = (27)~/ / e'*€|¢|~ sin(2]¢])$(€)dé,
(2.2) w(t, 2) = (25)"/ / € cos(t]€]) $(€)de.

We first consider v. Introducing the polar coordinates, we have

(2.3) -

o(t,2) = li(2e) 17 [ el ]

24[¢]
1 w : : g . -~

= lim ———— ir(a-wtttie) _ ir(z-w—t+ic) ne2

ai) 2i(2w)n/2/o /M:l(e ; Yb(rw)r™dwdr,

(el — emiMlel) ()¢

-

where dw is the surface measure on 5*~! = {w € R*;|w| = 1}. Set ¥, (r) = r*~24(rw).

Integrating by parts, we have for N > n — 1

(24):!: / eir(s-w:!:t+ie)‘1,w(r)dr
0



N
= #(z-wxt+ie)¥I(0)

i=1
+iV(z wtt+ is)_N/ ei’(°'“it+i°)‘1"(dN)(r)dr
0
N
= g 2 wtt+ie)(w- V)Y T(0
2 Gl s e Ty )

-2

+Zz ( ) G%(z~wit+ie)"N
X /(; e"(a""it“‘)r"—z—k((w . V)N_k'l,zv)('rw)dr.

Substituting the finite sum of (2.4)+ into the RHS of the last equality (2.3), we compute

(2.5)

¥ (5 - 1)!
2z(27r)"/2 Z LG—n+1)!

X [ [—1((2 cwtt+ie) T — (2 w—t+ie) T ) (w- VY (0)dw
N

1 (5 — 1)
"25(%)1»,2 G—n+1)

j=n-1

X /(/I I=1((z cwtt+ie) — (2w —t+ie) ) (—iw - v " dw)(y)dy
1 & i)
T 22y ,-:%21 (j —n+1)

y / ((iy- V)i—m+ /I GRS 1) — (2w — £+ ie) ") dw)(y)dy

N ij-—n-l-l

1
T 2i(2x)n J,__;l (j—n+1)!
x /((iy' V)j-—n—i—l\/l l / (eir(z-w+t+ie) _ eir(z-w—t+i¢))rn-2d,rdw)¢(y)dy
w|=1J0

N .
_ \ (=1)i-nt1 Lgyimntt [ et |sm(t|§|)
—J'=2n;1 (27)"(j — n +1)! /((y vy -* / Eoele d d§)¢()

N J=nAlp((y — ; T
- > Gt oI [y vyt - 4 1) i

j=n-1
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Noting that

(2.6)

(v VY ™"+ (J=f* — (¢ +i€)?)*F

O et - G L (a= 1))

2 UG —n+1-20) T((n - 1)/2)
x (22 - .y)i-n-l-l—ul,ylzt(lzlz —(t+ i€)2)2§l—j+1’

(2.7)

lim Im(Je|* — (¢ +€)?) "5 9+ = (~1)=4""/2(¢? ~ [#]?) "9+ on T,
(2.8)

f (z - ) My (y)dy = (=) (20) P (2 - V) TR ALY(0),

N
we conclude that the finite sum of (2.5) tends to ), (F;9¥)(¢,2) pointwisely on I't as
ji=n-1

€ 1 0. By (2.3) and (2.4)+ the remainder of the expansion is equal to

(2.9)
i (N iN=1(n — 2)!
elo £ o(k) 227)" 1 (n — 2 — k)1

X/ / ((2 w+t+z€) -N ttr (z w-—t+ze)“ :tr)en(zw+n)
|w|=1

x "2k ((w - VYN %) (rw)drdw

n—-2 N—1 _ 1
=lim <N> 221‘”/2(’”' 2)k'
elo £~ (27)*/2(n — 2 - k)!

-N |t|£| 5 s \—N _—it[¢]
x/(( |£|+t+zs) (- Ml —t+ie) Ve )

el R TRt
By the equality

G o= 3 S s,

la|=N-k
we have

(2.10) 4
| /l(z g Tt ie) ettt emeltljg) ke 1(l£| TPTH

<-leh™ 3 BB [z

|al]=N-k
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since |z - I_g—l +t+ie] > t—|z| on I't. We estimate the last integral in (2.10):+. For
k < n/2 -2, we have by the Schwarz inequality

(211) | 161 ©ldE < CliE el
lel<1
< Cll#llo,n-x-

For k > n/2 — 1, we have by the Schwarz and Hardy inequalities (see [3])

(2.12) /IE PR ECIGT

<[ 1ermrssagra [l sy e P
lél<1
< Gsll[(—Q)FH1=n 2402 gy )|

= Cs]llyI***="/**y*9|[s < Csl|$llo,v42-n/2s

where 0 < § < 1. Similarly, for k <n/2 -1

(2.13) /u L R CROIG L

< s / [[€]/2=*=148 @ (yo)() 2dE)/?
J€]>1
< Cs||Z (¥ ¥)llons2-x < Csllb|lnj2—n,n—k-

For k > n/2,
1) [ s
l¢1>1
<o IZHHNOPM? < Clly iz < Cllpllow-s.
1€1>1
Combining (2.10)-(2.14), the RHS of (2.9) is dominated by
C(t - |"3|)_N(H¢||0,N+z—n/z + [[¥]ln/2,3)-

This proves the expansion of v defined by (2.1), which is equivalent to (1.1) when ¢ = 0.
The expansion of w, namely, (1.1) with 9 = 0, is proved similarly. This completes the
proof of Part(1). Q.E.D.
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Proof of Part(2). We use the representation formula of solutions by means of the spherical

mean:
(2.15) u(t,z) = (27) "2 (718,) /2 My (¢, 2)
+ (27) 7™ 20,(t7 18, I My (4, 2),
where
(2.16) Myt,e) = [ (=P (e~ t)dy.
lvl<1

By (2.15), we have

n/2-1 n/2
@217)  alte)= (’(‘,:33{2)(2 0t OI Myt ) + 3 byt 6] My(t, 2))
j=0

where ag = by = 1;
gi+1 ”’2221 (n/2 - 1) (k +1)(2k — j — 1)!
(7 - 1)l (2k + 2)!(k - ) '

b; —-a.,_.1+(]+1)a1, for 1<j<n/2-1;

aj =

bn/Z =Apfa-1-
In view of (2.17), the required estimate (1.2) follows from

(2.18) Sup (1+ |2| — t)Ve7 | My (8, 2))
' (ti2)€(Ry xRM\I'+

<O ¥ flleor 05 <n/2 fES
Since (1 + |z| — )V < (1+ |z — ty|)N for |2 > ¢, |y| < 1, we have

(1 + 2| = )| f(= ~ ty)] < (1 + |z — ty1*) 7 |[(2)V ¥ £,

so that
(2.19)
(1+ [2] = )N e/ | My (2, 2)|

1
< ||(2:)N+2jf||°°tj /0 11— 1'2)—1/2( 1+]z - trw[z)"jdw)dr.

w[=1
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We consider the last surface integral for 1 < j < n/2. For simplicity we set a = 1+|z|*+#2r2
and b= ~2¢r. Then 1+|2~trw|? = a+bz-w and |bz-w| < blz| = 2tr|z| < t27%+|2|? = a—1.

By expanding the integrand, we obtain

(2.20)
/ (1+ |z —trw|?) ¥ dw
Jw]=1

=a’ / (1+a bz w)¥dw
lwl=1

o (j+2¢-1)! g—i-2pt 2 ) dw
tz:(J—l)'(%)' b /M 1( yd

— 9. (n-1)/2 (F+20-1)'T(£+1/2) 0= (a=2b? ¢
2 )/Z(J—l)'(zz)'rmn/z) (@2l

o (n—1)/2 27IT(L+ 7/2)D(L+ (5 +1)/2) 4 (=252
= 2xt W Z GO+ 1T tnp2) ¢ @ L)

=0

2 x(»-1)/2 2 T(L+ 1/2) ; ,
) i (@al’)"
(7—1 yord P(l+1)

_ 2’7r("'1)/21‘(_7/2)
(5 -1

A direct calculation shows

(az _ bzlzlz)—j/z.

(2.21) a? — b?|z|? = 1 4 (|2|* — t227)% + 2|z|? + 2t2»2
> 1422 > 1+ 22 > (1/2)(1 +1¢).

By (2.20) and (2.21),

' , 8j/2x(n=1)/21(/2 ,
(2.22) / (1+ |z —trw]?)dw < 2w - lI‘(]/ )(1 +1t)77
jwl=1 (.7 - 1)
Combining (2.19) and (2.22), we obtain (2.18), as required. Q.E.D.

Remark 6. In the same way as above, we have the estimate

Sup M(|2] - t)|u(t, )|
(t2)€(Ry xRP\T+

<G Y. @M=D Plleo + Y (=) M(J2])0%¢]|oo )
lal<n/2-1 laj<n/2 .
whenever the RHS is finite, where M is a positive increasing function on Ry, e.g. M(s) =

exp(As*) with A, p > 0.
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3. Proof of Theorem 2.

Proof of Part (1). Clearly, (i)= (ii)= (iii)=> (iv) and (ii)=>(v).
(iv)=>(vi): Assume (iv). There is a sequence {¢;} such that 0 < ¢; < --- < ¢; 1 o0 as

j — oo and
(3.1) j]j._)n:.ot;f'—llu(tj,tjvo)l = 0.
By (1.1) with N ==,

(3.2) (1 = |vol)™#} |u(t;, tjve) = Fuo1¥(t;,tiv0)]
< (1= [wol)™ 8 | Fatp(ty, tivo) + Gad(t;, t50)| + C,

where C is independent of ¢;. By the definition of F,_1, F,,, Gy,

(3.3)  lim 77 Fu_19(t;, tjv0) = =22 117120 ((n — 1)/2)(1 — [wo]?) == 1/24(0),
o0

(34) jl-i_’I{.l.ot;-‘—an‘ib(tj,tho) =0,
(3.5) Jim t3 " Gno(tj,tjv0) = 0.

Dividing both sides of (3.2) by ¢;, letting j — oo, and using (3.1), (3.3)-(3.5), we obtain

~

$(0) =o.
(v)= (vi): The proof proceeds in the same way as above.

(vi)=> (i): Since Sup||u(t)||eo < 00, it suffices to prove
£>0

(3.6) Sup (¢t — |2])*|u(t,2)] < co.
(t,2)ert

By assumption, F,,_1% = 0 and therefore (3.6) follows from (1.1) with N = n and the
definition of F,, and G,,. Q.E.D.

~ Proof of Part (2). Thereis a sequence {t;} such that 0 <t; <--- <¢; T 00 as j — oo and

(3.7) lim t;."""_llu(t,-,tju)[ = 0.

j—o0
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By Part (1), $(0) = 0. By (1.1) with N = n + 1,

(3.8) (1- ]V|)"+1t?+1|u(t5,tjl/) — Fop(t,tv) — Gnd(t;,t;v)|

< (1 - lyl)n+1t?+lan+1¢(t5)th) + Gn+1¢(tistjy)| + C)

where C is independent of ¢;, By definition,

(3.9)
Jim 47 Fulty, ) = =712 2T (n o+ 1)/2)(1 = )2 9(0),

(3.10) |
Hm &7 Gro(tj,t;v) = 2" 22720 ((n + 1)/2)(1 = [v|?)~(+1)/2§(0),

j—oo

(3.12) Jll’rilo t;-"Gn.*.l(ﬁ(tj,tjl/) = 0.
Divinding both sides by t;, letting j — oo, and using (3.7), (3.9)-(3.12), we obtain
(3.13) iv - V§(0) + $(0) = 0.

Letting v = 0 in (3.13), we have ¢(0) = 0. Then (3.13) proves V4(0) = 0 since v is |
arbitrary in the open unit ball.

We assume that 8%4(0) = 6#$(0) = 0 for any «, B with la| <k—1,|8] < k—2and we
prove that 0%4(0) = ##$(0) = 0 for any «, B with |a| = k, |B| = k — 1. By assumption,
Frp=Gp=0forall £<n+k—2 By (L1) with N = n +F,

(3.14) (1 = D)™ e ¥ u(ty, t5v) — Farno19(t,4v) — Guync1d(ti, t;0)|

< (1= )M Pt (8, 50) + Gaand(ts tjv)| + C,

where C is independent of ¢;. By definition,

(3.15)
,lin;o 7 P o1 9(t5,85v)
(=/2] —24—
an/2+k-2-1D((n — 1) /2 + k — £) R
— _1\n+k _ 2\{—k—(n-1)/2/. . k—2L AL
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(3.16)

JIHEO t;-‘+"'1Gn+k-1¢(tj,th)

[(k—1)/2] o 2+h—2tm

_ Z (_1)n+k—-12 /2+k 2L 1I‘((n-— 1)/2+k—£) (1 _ Iylz)l_k_(n_l)/z
2 721k — 20 - 1)1
% (V . V)k—2t—1At$(O)’
(317) Jlil'{.]-o t;+k-1Fn+k¢(tiatiV) = 0’
(3.18) Lim 741G, 4 é(t,8v) = 0.
j=—o00

As before, we conclude from (3.7), (3.14)-(3.18) that the sum of the RHS of (3.15) and
(3.16) is zero. By letting » = 0, we see that Al*/213}(0) = 0 if k is even and that
AlR=1)/214(0) = 0 if k is odd.

Counting the degree of v in the summand of (3.15) and (3.16) according to those two
cases of k and considering the corresponding coefficient, we conclude that A‘}Z(O) = 0 for
1 <4< [k/2) and ALP(0) = 0for 1 < £ < [(k — 1)/2] since there is order of degree of v
in the terms of the RHS of (3.15) and (3.16) when we count the degree from zero. At the

last step, we have

(v- V)*4(0) = 0,

from which we obtain 8=9(0) = 0 for |a| = k. This is in turn implies that
(v-V)*724(0) =0,

from which we obtain 8#$(0) = 0 for || = k — 1. This proves (v).
(v)= (vi): The proof proceeds similarly as above.

(vi)= (i): The proof is similar to the corresponding one in Part (1). Note that

y S;IEI;‘+(t = [2)*** (| Fard(t, 2)| + |Grsnt(t, 2)]) < oo

Q.E.D.
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