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On bicommutators of modules over H-separable extension rings III
Kozo Sugano

This paper is the continuation of the author’s previous papers [8]
and [9]. Our aim is to give some improvements and generalizations of re-
sults in those papers. Therefore we will use the same notation as [8]
and (9]. In particular throughout this paper A is a ring with the iden-
tity 1, B is a subring of A containing 1, C is the center of A and D =
Va'(B), the centralizer of B in A. In addition when we write {A/B, S/T},
S is a ring éontaining A as a subring with the common identity, and T is
a subring of § containiné B. In this case we denote the center of S and
the centralizer of T in S by € and D, respectively. In the case where A%
= Bic(aM) and B¥ = Bic(sM) for some left A-module M, we have always that
Va-(A) = Va-(A%) and Va.(B) = Va.(B#). If furthermore A is an H-separa-
ble extension of B, we have B¥ = Va.(Va.(B¥)) (See Theorem 1 [9]). Hence
it is natural to consider the general situation vhere {A/B, S/T} satisfy
the above donditions. So we will define

Definition. We say that {A/B, S/T} satisfy the centralizer property
in the case Vs(A) = Vs(S) (= C), Vs(B) = Vs(T) (= D) and T = Vs(Vs(T)).
In the case where only the first two conditions are satisfied; ve say
that {A/B, S/T} satisfy the condition BC (= Bicommutator).

Lemma 1. Let {A/B., S/T} satisfy the condition BC. Then we have

(1). Vr(B) coinsides with Vi(T), the center of T.

(2) For any subring P of S containing A, {A/B, P/Q} and {(P/Q, S$/T)
satisfy the condition BC, where Q = PNT.

(3) {A/B, S/Vs(Vs(T))} satisfy the centralizer property.

Proof. (1) and (3) are due to Vi(B) = TN Vs(B) = TNMVs(T) = Vr(T)
and Ve (Vs (Vs(T))) = Vs(T). Let C° = Ve(P) and D' = Ve(Q). Then we have
C'C Vr(A) = PNVs(A) = PNT CC and Ve (Q) C Ve(B) = PNVs(B) = PNVs(T)
C PNVs(Q) = Ve(Q). Thus we have Ve (A) = C' and Ve(B) = D'. The other

part of (2) is obvious.



As is pointed out in Remark 2 [9) some beautiful results about the
bicommutator rings of modules over H-separable extension rings hold also
in the general case where {A/B, S/T} satisfy the centralizer property.
Here we will introduce them without proof.

Theoren i. Let {A/B, $/T} satisfy the centralizer property, and as-
sume that A is an H-separable extension of B. Then we have

(1) D@cC is isomorphic to D, via d@é —>d¢ (de D, ¢e €)., and D is
C-finitely generated projective.

(2) Va(Va(B)) = TMA, Vs(D) = T and D = DNA.

.(3) IT A is left (resp. right) B-finitely generated projective, S
is an H-separable extension of T and S is left (resp. right) T-finiiely
generated projective.

(4) If B is a left (resp. right) B-direct summand of A, T is a left
(resp. right) T-direct summand of S.

Theorem 2. Let {A/B, S/T} satisfy the centralizer property, and as-
sume that both A and S are H-separable extensions of B and T, respec-
tively. Then we have,

(1) If {Sxii®yij, di} is an H-system of A over B, then {Z xi;®yij,
di} is an H-system of § over T.

(2) A®eS is isomorphic to S®1S, via a@s —> a@®s (aec A, s&S). Simi-
larly we‘have S@sA T S@1S.

(8) If T is a left (resp. right) T-direct summand of S, we have § =
AT = A@sT (resp. S = TA = T@sA).

Theorems 1 and 2 can be proven in the same vway as Proposition 1,
Theorem 1 [8] and Lemma 1, Proposition 1 [9]. Some part of them hold un-
der the weaker condition that {A/B, S/T} satisfy the condition BC. But
in this case {A/B, S/T') satisfy the centralizer property, and Vs(T ) =
D, where T' = Vs(Vs(T)). In addition, if furthermore S is an H-separable
extension of T, then S is an H-separable extension of T'; S@1S = S@1°' S

and End(rS) = End(7-S) (See [3]). Therefore it is meaningless to consi-
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der under the weaker condition.

In [10] H. Tominaga showed that, if A is an H-separable extension
of B and is left B-projective, then A is left B-finitely generated pro-
jective. So hereafter we will say that A is a left (resp. right) projec-
tive H-separable extension of B when A is left (resp. right) B-finitely
generated projectiye and an H-separable extension of B.

As an immediate consequence of Theorem 1 (2) and Lemma 1 we have

Proposition 1.‘Let {A/B, S/T} satisfy the centralizer property, and
assume that A is an H-separable extension of B. Then for any subring P
of S containing A both {A/B, P/Q} and [P/Q, S/T} satisfy the centralizer
property, where Q = PMT. Thus if furthermore A is left B-finitly gene-
rated projective, P is a left projective H-separable extension of Q.

Proof. Let C' be the center of P, and D' = Ve(Q). We have D° =DC’

(= D®cC') by Theorem 1 and the above remark. Then we have Ve (Ve (Q)) =

Ve(D')= Ve(D)NVe(C') = Ve(D)NP = Ve(D) = Vs(D)NP = TNP = Q.

Lemma 2. Let {A/B, S/T) satisfy the centralizer property, and as-
sume that A and S are H-separable extensions of B and T, respectively.
Then for any left S-module N and any A-submodule M of N there exists a
canonical monomorphism ¢ of Hom(sA,eM) to Hom(rS,1N) such that ¢ (f) is
a extension of f for each fe Hom(eA,sM). In particular each left B-endo-
morphism of A is extended to a left T-endomorphism of S.

Proof. As is shown on page 46 [5] there exists an isomorphism 7 n
of D@cM to Hom(éA,eM) such that # n(d®m) (a) = dam for ae A, de D and m ¢

M. Similarly there exists an isomorphism # n to 5®EN to Hom(rS,N). But

D@EN = D@cE@EN = D@cN with D C-flat. Hence we have a commutative diagram

DocM > Hom(eA,eM)
i lo@i i /
Doc N > Hom(rS, 1N)

where i is the inclusion map and 7~ is same as 7 n. Note‘that ¢t is gi-

ven by ¢ (f){(s) = Zeismi for each f& Hom(eA,eM) and s& S, where ei e D



and mi 6 M are such that f(a) =% eiami for each ae A.

Theorem 3. Let {A/B, S/T} satisfy the centralizer property, and as-
sume that A is a left projective H-separable extension of B. Then,

(1) For any dual basis {xi, fi} for sA there exist Tie Hom(rS.1T)
such that {xi, fi)} is a dual basis for r$ and fi | A, the restrictions of
fi on A, coinside with fi.

(2) T®sA T S, via tga—> ta, for teT and ag A. Thus we have S = A
if and only if T = Va(Va(B)).

(3) If {xi} is a left B-free basis of A, {xi} is a left T-free ba-
sis of S.

(4) Each left B-endomorphism of A is extended uniquely to a left T-
endomorphism of S.

Proof. (1). Let ¢ : Hom(eA,eA) —> Hom(rS,7tS) be the same as is de-
fined in Lemma 2. Put B' = Va(Va(B)). Since Hom(sA,eB) C Hom(eA,eB') =
Hom(s'A,e-B') ¥ [D@cAl® and Hom(rS,tT) ¥ [Do&s]® = [Dgcs1®, B = DC, we
have ¢ (Hom(eA,eB)) C Hom(1S,7T). Now it is easy to see that the follow-
ing diagram is commutative

Hom(sA,8B)®sA —-éLJ? Hom(sA,eA) = D@cA

i t @i ~ i ¢ i 1n®i‘
o o

Hom(7S,7T)@rS —> Hom(1S,71S) = D®cs$
wvhere i is the inclusion map and 6 is defined by 6 (f®a)(x) = f(x)a for
Te Hém(eA.eB) and a, xeA. 6 is defined in the same way as 6 . Since
6 (S fi@xi) = la, we have 8 (= ¢ (fi)®xi) = 1s. This means that {xi, Ti)
is a dual bais for 1S, where fi = ¢ (fi). (2). By (1) we have § = TA.
Let = be the map of T®sA to S such that = (t®a) = ta for te T and acz A.
# is an epimorphism. Suppose X tja; = 0 for some tje T and aj & A. Then
in S®TS we have = t;®aj =% 1@tja; = 0. But S®TS ¥ S®sA D TeeA by Theoren
2 (2) and our assumption. Hence X tj®a; = 0 in T®eA, which means that
Kerm = 0. Thus = 1is an isomorphism. The rest of (2) is 6bvious since S

= TA. (3). If {x:, fi) is a dual basis for eA such that fi(x;) =6 ii,.



then Ti(x;) = fi(xj) =6 i, where fi is defined in the same vay as in
(1). (4). Each fe Hom(eA,eA) can be extended to an Te Hom (1S, 7S) By Len-
ma 2. If there exists another g& Hom(rS,tS) such that g| A = f|A = f,
then (T - ©)(5) = (f - ©)(TA) = T(f - ) (A) = 0. and we have T = %.

Let A be a left (or right) projective H-separable extension of B.
Then each two-sided ideal | of A is generated by (IMB) (See Theorenm 3.
1 [5]). Therefore in this case a left A-module M is A-faithful, if and
only if M is B-faithful. Then by Theorem 3 (2) we have the next theoren
wvhich is the improvement of Theorem 2 [8].

Theorem 4. Let A be a left or right projective H-separable exten-
sion of B such that B = Va(Va(B)). Then for any left A-module M, aM
has the double centralizer property if and only if eM does.

We say that A is a localization of B in the case where A®sA is iso-
morphic to A via, a®b —> ab for a, be A. A localization A of B is cal-
led a left flat localization if A is flat as a left B-module.

A is said to be left relatively separable extension of B in § in
the case where the map of AgeS to S defined by ags —> as for ae A and
s&d splits as A-S-map. If A is a separable extension of B, A is both
left and right relatively separable over B in S.

Proposition 2. Let {A/B, S/T} satisfy the condition BC, and assume
that S is an H-separable extension of T. Then we have

(1) If A is a left relatively separable extension of B in S, and T
is an H-separable extension of B, then both S and T are localization of
A and B, respectively.

(2) Let A be an H-separable extension of B and T a left T-direct
summand of S. Assume furthermore that T is left B-flat, or T is a right
T direct summand of S. Then § is a localization of A, if and only if T
is a localization of B.

Proof. (1). In this case S is an H-separable extension of A by Pro-

position 2.2 [4] and Proposition 1.6 [3). In addition we have Vs(A) = T



and Vr(B) = Vr(T) by Lemma 1. Therefore S and T are localizations of A

and B, respectively, by Lemma 1 [8]. (2). By Theorem 2 we have A®@sT = S.

n

Then if S ia a localization of A, we have S@:T = S®a(A®sT) = S@sS S.
But under our assumption we have T®T C S®:T. Then we have T@eT = T.

Now we drop the condition BC on {A/B, S/T}, and consider the rela-
tion_bétween the flatness of eA and 718,

Proposition 8. Under the situation {A/B, S/T} we have

(1) Suppose that A is a separable extension of B, and § is left T-
flat. Then if T is left B-flat, § is left A-flat,

(2) Suppose that A is left B-flat, and T is a let T-direct summand
of S. Then if § ia let A-flat, T is let B-flat.

Proof. (2) is easy to prove. (1) is an immediate consequence of the
next lemma.

Lemma 8. Let M be a left A-module. If M is (A,B)-projective and B-
flat, then M is A-flat.

Proof. Let X and Y be right A-modules and ¢ an A-monomorphism of X
to Y. Let # be the map of A®eM to M shch that = (agm) = am for as A and
me M. Since M is (A,B)-projective, there exists a left A-monomorphism ¢

of M to AgeM such that = ¢ = 1n. Then we have the following cmmutative

diagranm
X®aM > @ A@EM ————>  X®eM
\l . oM \lc@(A@sM) \L . oM
Y®aM > Y®aA®sM —> Y@M

Since ¢ @M is a monomorphism and X@¢ is a split monomorphism, we see
that ¢ is a monomophism.

Note that in Proposition 3 (1) we can replace the condition that A
is a separable extension of B with a weaker condition that § is left
(A,B)~projective. Now we have come to our main Theorenm

Theorem 5. Let {A/B, S/T} satisfy the centralizer pfoperty. and as-

sume that A is a left projective H-separable extension of B, and T is a



left T-direct summand of S. Then we have

(1) § is a localization of A, if and only if T is a localization of

(2) § is let A-flat, if and only if T is left B-flat

(8) A is a left flat localization of B, if and only if T is a left
flat localization of B.

Proof. By the assumption and Theorm 1 (3) S is a left projective H-
separable extension of T. Therefore we can apply Propositions 2 and 3.
¥e need only to prove the "only if" part of (1). By Theorem 3 (2) we
have TgeA = S. Then if S@aS ¥ §, we have T@T C T@eS = S as in the proof
of Proposition 2 (2). Then we have T®@eT % T.

Let A be an Azumaya C-algebra, M a left A-module, A% = Bic(aM) and
C¥ = Bic(cM). In Proposition 3 [9] we gave a one to one correspondence
between-the class of subrings P of A*¥ containing A and the class of C-
subalgebras Q@ of C¥ by P —> PNC*, and Q —> QA (= AQ). Now we will ge-
neralize this theory to the case of H-separable extension rings.

Theorem 6. Let {A/B, S/T} satisfy the centralizer property, and as-
sume that A is a left projetive H-separable extesion of B, and B is a
left B-direct summand of A. Let M be the class of subrings of § con-
taining A and I0 the class of subrings Q of T such that BC QC T and AQ
= QA. Then fbr each P in W we have PNTe 0 and P = A(PNT), and for
each Q in IO we have AQe M and Q = AQNT. P ia a (left flat) localisa-
tion of A if and only if PNT is a (left flat) localisation of B.

Proof. Let Pe M and Q = PNT. By Proposition 1 {A/B, P/Q} satisfy
the centralizer property. Then.P is a left projective H-separable exten-
sion of Q, and Q is a left Q-direct summand of P by Theorem 1. Then by
Theorems 2 and 3 we have P = AQ = QA, and consequently Q& 0. Suppose Q
e I0. Then AQ (= QA) is a subring of S containing A. Let P = AQ and Q =

P, while S T Tged (DQ®eA) by Theorem 3.

"

PNT. Then @ C Q' and Q @cA

mn

Hence we have Q®sA = QA = P Q'®sA, and Q" /Q®eA = 0. Then Q = Q', since



B is a left B~direct summand of A. The last part of the theorem is obvi-
ous by Theorem 3.

Proposition 3. Assume A is an Azumaya C-algebra, and let {A/C, S/T}
satify the centralizer property. Then T = C, and S is an Azumaya T-al-
gebra.

Proof. Since CC Vs(A) = C, S is a C-algera. Hence Vs(T) = Vs(C) =
S, and T = Vs(Vs(T)) = Vs(S) = C. By Theorem 1 S is H-separable over T =
C. Hence S is C-Azumaya. |

Finally we will introduce other example of {A/B, S/T} which satisy
the centralizer property but is different from the bicommmutator rings
of modules.

A valuation v of a division ring is defined in the same way as a
field. Here we assume that each valuation v satisfies the triangular in-
equality, that is, v(x +Y) = v(x) + v(y).

Lemma 4. Let § be a divisionring with a valuation v, and {an} a
Cauchy sequence in S which converges to an element a of S. If an element
x of § commute with all an, then x commute with a.

Proof. Let & be any positive real number. There exists a natural

number m such that v{(aan - 3a) < & for each n > nm. Thén we have

v(ax - xa) v(ax - anx + xan - xa) £ v(ax - anx) + v(xan - xa)

v(a - an)v(x) + v(x)v(an - a) < 2v(x)es

Since & 1is arbitrary, v(ax - xa) = 0, and ve have ax = xa.

By the above lemma we have immediately

Theorem 7. Assume that A and B are division rings, and A is an H-
separable extension of B. Let S be the completion of A with respective
to a valuation v of A and T the closure of B. Then we have

(1) {A/B, S/T} satisty the centralizer property.

(2) S and T are division rings, and § is an H-separable extension
of T | |

(8) S = TA = AT, TNA = B and [S:T) = [A:B] = [D:C]



(4) For any subset X of S Vs(X) is complete.

Proof. It is well known that the comletion of a division ring is a
division ring (See e.g., [2] Chapter 17). By Lemma 4 it is easy to see
that {A/B, S/T} satisfy the centralizer property. On the other hand by
Theorem 1 and Corollary 2 [6] we have [A:B]1 <, [D:C] <o and B =
Va(D). It is also well known that under these situation [A:B)1 = [A:B].
= [D:C) by Artin-¥haple's results (See e.g., [2] §12.7 Exercise 5).
Then by Theorem 4 (3) we have [S:T] = [A:B]. The remaining part of Theo-
rem 7 is obvious by the previous results.
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