HOKKAIDO UNIVERSITY

Title Toeplitz operators and weighted norm inequalities
Author (s) Nakazi, T.
Citation Hokkaido University Preprint Series in Mathematics, 178, 1-17
Issue Date 1993-01
DOI https://doi.org/10.14943/83322
Doc URL https://hdl. handle.net/2115/68924
Type departmental bulletin paper
File Information rel178. pdf

kaido
wo¥ U"/Ls

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




Toeplitz Operators And Weighted
Norm Inequalities

Takahiko Nakazi

Series §178. January 1993



f 150:
§ 151:
f 152:

§ 153:
b 154:
§ 155:

b 156:
i 157:

f 159:
§ 160:
f 161:

§162:

f163:

1 164:
f 165:
i 166:

f 167:

f 168:
f 169:
§ 170:
f171:
f172:

f173:
B 174:
f 175:
f 176:

f177:

HOKKAIDO UNIVERSITY
PREPRINT SERIES IN MATHEMATICS
G. Ishikawa, Determinacy of envelope of the osculating hyperplanes to a curve, 9 pages. 1992.
G. Ishikawa, Developable of a curve and determinacy relative to osculation-type, 15 pages. 1992.
H. Kubo, Global existence of solutions of semilinear wave equations with data of non compact support in

odd space dimensions, 25 pages. 1992.

Y. Watatani, Lattices of intermediate subfactors, 33 pages. 1992.

T. Ozawa, On critical cases of Sobolev inequalities, 11 pages. 1992.

M. Ohnuma, M. Sato, Singular degenerate parabolic equations with applications to geometric evolutions, 20
pages. 1992,

S. Izumiya, Perestroikas of optical wave fronts and graphlike Legendrian unfoldings, 13 pages. 1992.

A. Arai, Momentum operators with gauge potentials, local quantization of magnetic flux, and representation

of canonical commutation relations, 11 pages. 1992.

S. Izumiya, W.L. Marar, The Euler number of a topologically stable singular surface in a 3-manifold, 11
pages. 1992.

T. Hibi, Cohen-Macaulay types of Cohen-Macaulay complexes, 26 pages. 1992,

A. Arai, Properties of the Dirac-Weyl operator with a strongly singular gauge potential, 26 pages. 1992,

A. Arai, Dirac operators in Boson-Fermion Fock spaces and supersymmetric quantum field theory, 30 pages.
1992.

S. Albeverio, K. Iwata, T. Kolsrud, Random parallel transport on surfaces of finite type, and relations to

homotopy, 8 pages. 1992.

S. Albeverio, K. Iwata, T. Kolsrud, Moments of random fields over a family of elliptic curves, and modular
{orms, 9 pages. 1992.

Y. Giga, M. Sato, Neumann problem for singular degenerate parabolic equations, 12 pages. 1992.

J. Wierzbicki, Y. Watatani, Commuting squares and relative entropy for two subfactors, 18 pages. 1992.

Y. Okabe, A new algorithm driven from the view-point of the fluctuation-dissipation theorem in the theory
of KM2O-Langevin equations, 13 pages. 1992.

Y. Okabe, H. Mano and Y. Itoh, Random collision model for interacting populations of two species and its
strong law of large numbers, 14 pages. 1992.

A. Inoue, On the equations of stationary precesses with divergent diffusion coeflicients, 25 pages. 1992.

T. Ozawa, Remarks on quadratic nonlinear Schrddinger equations, 19 pages. 1992.

T. Fukui, Y. Giga, Motion of a graph by nonsmooth weighted curvature, 11 pages. 1992.

J. Inoue, T. Nakazi, Finite dimensional solution sets of extremal problems in H!, 10 pages. 1992.

S. IZumiya, A characterization of complete integrability for partial differential equations of first order, 6
pages. 1992,

T. Suwa, Unfoldings of codimension one complex analytic foliation singularities, 49 pages. 1992.

T. Ozawa, Wave propagation in even dimensional spaces, 15 pages. 1992.

S. Izumiya, Systems of Clairaut type, 7 pages. 1992.

A. Hoshiga, The initial value problems for quasi-linear wave equations in two space dimensions with small
data, 25 pages. 1992,

K. Sugano, On bicommutators of modules over H-separable extension rings III, 9 pages. 1993.



Toeplitz Operators And Weighted Norm Inequalities
By

Takahiko Nakazi”

Department of Mathematics
Faculty of Science
Hokkaido University

Sapporo 060, Japan

*This research was partially supported by Grant-in-Aid for Scientific

Research, Ministry of Education



Abstract. The symbols of invertible Toeplitz operators from
H°(wd@ /27 ) to L®(wd6 /27 )/e”"®H°(wd6 /27 ) are described completely
where H°(wd 6 /27 ) denotes a weighted Hardy space. The result is strongly
related with a weighted norm inequality. [f the weight w satisfies the pon—

dition (A,) then L°(wd6 /27 )/e *®H"(vd 6 /27 ) = H°(wd6 /27 ) with equiva-

lent norms.



§ 1. Introduction

Let m be a normalized Lebesgue measure on the unit circle T and let
w be a non—negafive integrable function on T which does not vanish identi;
cally. Suppose 1 = p £ . Let L°(w) = L°(wdm) and L°(w) = L® when w = 1.
Let H°(w) denote the closure of L°(w) of the set 9) of all analytic poly-
nomials. We will wr?te H?(w) = H® when w = 1 and then this is a usual Hardy
space. P denotes the projection from the set C of all trigonometric polno-
mials to 99. This densely defined operator P may not be extended to a
bounded map of L®(w) onto H°(w) for some weight w. P can be extended to a

bounded map of L°(w) onto H®(w) if and only if w satisfies the condition :

(4,) sup ( r%—r' j % dm) (. [—%T— f w‘F% dm)?*™!' € ®
I I ’ I

where the supremum is over all intervals of T. This is the well known
theorem of Hunt, Muckenhoupt and Wheeden [6] which is a generalization of
the theorem of Helson and Szegd [4] .
For ¢ in L™, the Toeplitz operator T¢ is defined as a densely
defined map from H°(w) to H®(w) by
Tg f = P(é1).
When w satisfies the condition (A;), Rochberg [8] gave a nice character-

ization of the symbol ¢ for the invertible Eb- If p=2 and w = 1, this



reduces to the theorem of Widom and Devinatz [2] .

In this paper we give a simple proof of the Rochberg’s theorem and we
study the Toeplitz operators for arbitrary weights w. For ¢ in L™, the
Toeplitz operator Ty is defined as a bounded map from H°(w) to
L°(w)/H3 (%) by

Tef = ¢f + H2(w),
where Hg(w) = zH®(w) and z = e'®. We give a characterization of the symbol
¢ for the invertible Ty . If w satisfies the condition (A,) then this
shows the Rochberg's theorem. It is known that the symbols of invertible
singular integral operators can be described by the Rochberg’s theorenm.
Recenily Yamamoto [9] studieq singular integral operatore for p = 2 and w

the

withoutpgondition (A;). He used a lifting theorem of Cotlar and Sadosky
[1] . Clearly this argument doe;,not appl:y top # 2. We study singular
integ;al operators for arbitrary p and w as a simple corollary of a pre-
vious section.

[n this paper, a linear operator on a Banach space is called left in-

vertible when it is bounded below. If V is a real function in L' then V

denotes the harmonic conjugate function with V(0) = 0.



8 2. T¢ and L° (w)/H® (%)
In this section, we will give a characterization of the symbol ¢ for

the invertible Toeplitz operator Tg from H”(w) onto L®(w)/H2(w). 1f logw

Is not integrable, then by a theorem of Szegd [5, pd9] L°(w) = HE(w).
Hence for the research of T¢ it is reasonable to assume the integrability
of logw and hence w = | h| ® for some outer function h in H®. We need sev-

eral lemmas to get the theorenm.

Lemma 1. Suppose 1 £ p < o and w = {h|°® for some oﬁter function h
in H®°. Let ¢ be a nonzero function in L*™ and ¢, = ¢T/h.
(1) Tg is a left invertible operator from H®(w) into L®(w)/HZ (w)
if and only if T¢° Is a left invertible operator from H° into L°/H3.
(2) Tg is an invertible operator from H®(w) onto L®(w)/H2(w) if and
only if Tg  is an invertible operator from H® onto L®/H2.
Proof. (1) Let & be a positive constant. For any fe ?) and
ge O = e®P,
J| ¢t +g|°wdn 2 & jlfl’w dm
if and only if
JI ¢ohf + hg| °dn 2 5J| hf | ®dn.

Since hH®(w) = H®, this equivalence shows (1).



(2) 1f T¢ is invertible then there exist two functions f and g such
that ¢f =1+ 8 f e H°(w) and g & H°(w). Hence
¢ohf = h + kg
Since h is outer, there exists a function F i‘n H? such that T¢° F=1+1H;

This implies that ¢ o.F = 1 + G for some function G in Hg and hence

$ozF = z + G(1) + 2(6 - B(1) %)
and z(G - 6(1)8) e Eg. Therefore there exists a function F, in H® such that
T¢° Fi =2z + l_{'; because 1 + H; is in the range of T¢° . Proceeding simi-
larly, we obtain T¢° H° 5 z% + —}-1‘5 for any nonnegative integer £ and

hence T¢0 has a dense range. By .this and (1), T¢° is invertible. The

proof is reversible and hence the converse is valid.

Lemma 2. Suppose 1 £ p < o, Tg is a left invertible operator from
H® to L"/ﬁ; if and only if ¢ = ¢k and Ty is left invertible, where ¢
is unimodular and k is an invertible function in H™.

Proof. If Ty is a left invertible operator then for any f & H°

II gfl°dn = ¢ jlfl’dm

where & is a positive constant. This implies that ¢ ™' is bounded. Hence ¢
has the form : ¢ = ¢k where [ ¢ | = | k! and k is an invertible func-
tion in H”. The following inequalities show the ‘only if’ pari. For any

fe H® and ge H;



jl pf + §|’dm=J| ¢ (kf) + g1 °dm
2 e [It1amz ||k||;’J|kf|'dm.
The proof above shows the ‘if’ part because ¢ = k™' and k™' is an in-

vertible function in H™.

The following lemma reduces the hard part of the problem to a theory

of weighted norm inequalities.

Lemma 3. Suppose IS p < o and ¢ = ho/ho where ho is an outer
function in H®. Tg is a left invertible operator from H” into L°/HS if and
only if for any f ¢ H°(w) and g € H2(w)

J|f+'g'l°wd.mz aijlfl“wdm
where w = | ho | ® and & is a positive constant.

Proof. If Tg is left invertible then for any F ¢ H® and G € HJ

f|¢F+§|°dm 2 eflpl"dm
where & is a positive constant. Hence
fl (h3'F) + h3'G | ° | ho | "dn =2 leh’O‘FI"Ihol"dm
because ¢ = ho/ho, and this implies the ‘only if’ part. The proof is re-

versible and the ‘if’ part follows.

Lemma 4. Suppose 1 < p < o, T¢ is an invertible operator from H®

onto L"/fig if and only if ¢ = kho/ho where k is an invertible function and



ho is an outer function in H® with | ho | ® satisfing the (A,) condition.

Proof. It is known [3, p133] that (L°/HZ)* = H® and (H°)* = L%/HS
where 1/p + 1/q = 1. This 1is a simple result of the Hahn-Banach theoren.
T 1is a bounded linear operator from H® to L°/H2 and

Tg &8 = $g + H.
In fact, for any f ¢ H® and g e H®
(1. Tgg)= (Tgf, g) =J¢f§dm = I t & gdn.

We can assume that ¢ is unimodular, by Lemma 2. If ’I‘¢ is invertible then
there exist two functions f. ¢ H® and f, € H® such that ¢f, = 1 + f,.
Since T;a is also invertible, there exist two functions g ¢ H® and g: €

(1 + f2)(1 + ) = 1 and hence both

H? such that g, = 1 + g Thus fig,
f: and 1 + f, are outer. Therefore ¢ = ho/he fof some outer function ho in
H®. By Lemma 3, if w. = |ho | ® then for any f e H°(w) and g & H3(w)
flf;'{;'l"wdmz efifl’wdm

where & is a positive constant. Hence | ho | ® satisfies the condition

(A;) by a theorem of Hunt, Muckenhoupt and Wheeden [6] . Conversely if

¢ = ho/ho and | ho | ® satisfies the condition (A,) then by Lemma 3 Ty is
left invertible. We may assume that[hodm = 1. Then Tpho =1 + ﬁ"o and

hence by the proof of Lemma 1 T¢ dense range in L"/ﬁ;.

has a



Theorem 1. Suppose 1 < p < o and w= | h|® for some outer func-
tion h in H®. Then the following conditions on ¢ and w are equivalent.
(1) Tg is an invertible operator from H®(w) onto L"(w)/ﬁ;(w).

oy —he b
(@) ¢ =k 7

where k is an invgrtible function in H® and ho is an outer function in H®
with | hel?® satisfiing the condition (A,).

(3) ¢ =7 exp(U - i¥)
where 7 1is constant with | v | =1, U is a bounded real funct.ion. V is a

real function in L' and
w exp( -—QL V) satisfies (4,).

Proof. (1)==>(2). If Tg is an invertible operator from H°(w) onto
L”(w)/ﬁ; (w) then by Lemma 1 T¢° is an invertible operator from H® onto
L°/H? where ¢o = ¢h/h. Then Lemma 4 implies (2).

'(2)-——\7» (1). By Lemma 4, T% is an invertible operator from H® onto
L°/0% where ¢ = ¢h/h. Then Lemma 1 implies (1).

(2)=> (3). Since k, ho and h are outer, k = 7 exp(U + il), ho =
72 exp(vo + iVo) and h = 74 exp(v + iV) where U is bounded, vo e L%,

v e L' and 7, is constant with | v, =1 (j =1, 2, 3). Hence ¢ =

7 exp(U - iV) where 7 = 7. (7: 7 a)zand V=-U+ 2v, -~ 2v. Therefore



Ih|® exp( 5= V) = exp(- 5= Wexp(pve) = exp(- = U lhol”.

Since U is bounded and | ho | ® satisfies the condition (A,), wexp( —% V)
satisfies (A,).

(3)=>(2). Since w exp( %— V) satisfies the condition (4,),
exp( —% U) w exp( %— V) does the condition, too. Then its logarithm is

integrable and hence exp( %— U) v exp( —% V) = | he|® for some outer

function ho in H®. Put k = 7 exp(U + i(), ho = exp(ve + iVo) and h =

exp(v + iV) then V = -U + 2v, - 2v because exp( %— )l h| exp( %‘ ) =

| ho | . Hence
¢ = v exp(U - iV) =k Do b
ho h

and this implies (2).

8 3. Tg and H® (w)
In this séction. we will show a theorem of Widom, Devinatz and

Rochberg (cf. [8] ) as a corollary of Theorem 1.

Lemma 5. Suppose 1 < p < <. y satisfies the condition (4,) if and

only if
L® (w) /H® (w) = H®(w)

with the equivalent norms.

...10_



Proof. [If w satisfies the condition (4,) then P is bounded from L°(w)
to H°(w) by [6] . Hence the mapping : F + H°(w) — PF is one-one fronm
L®(w)/H%(w) onto H°(w). Since P is bounded,

e“JIPFI' v dm £ inf {J|F+g'l° wdn : ge H®(w)}
éjl PF|° v dm
where & ||PIl = 1. This implies the ‘only if’ part. The proof is revers-

ible and the ‘if’ part follows.

Lemma 6. Suppose 1 < p < w and v satisfies the condition (4,).
Then Tg is an (left) invertible operator from H®(w) into L®(w)/H®(w) if
and only if Tg is an (left) invertible operator on H”(w).

Proof. By Lemma 5, for any f € H°(w)

e’ liTe flle S I Tgfll, < I Tptll,
where & |[P|l =1 and Il - |, is the norm of L°(w)/A2(w) or H®(w). This
implies the statement about the left invertibility. Moreover Tgtf =
1+ ﬁg(w) if and only if Tgf = 1. This implies the statement about the

invertibility.

Theorem 2. Suppose 1 < p < o and w = | h|°® satisfies the condi-

tion (A,) where h is an outer function in H°.

...11_



(1) Tg is invertible on H®(w) if and only if ¢ = 7 exp(U - iv)

where 7 is constant with | v | =1, U is a bounded real function, V is a
real function in L' and w exp( —% V) satisfies (4,).

(2) Tg is left invertible on H*(w) if and only if ¢ = k(h/h) ¢ where
k is an invertible function in ¥ .> and Ty is left invertible on H® and ¢
is unimodular.

Proof. (1) is a result of Theorem 1 and Lemma 6. (2) is a result of

Lemmas 2 and 6.

By Theorem 2, if ¢ q exp(U - iV) and q is inner then Ty is left

invertible on H°(w). If p = 2 the converse is also true. However unfortu-
nately we don’t know whether if the converse is true for p # 2. By (2) of
Theorem 2, it is important to describe a unimodular symbol ¢ such that T
is left invertible on H®. Unfortunately we could not do it except p = 2 If
p= 2, P is an/orthogonal projection and hence T¢, is left invertible on H?
if and only if || ¢ + H® || < 1. This is a theorem of Devinatz and Widom

(cf. [2] ). Then it is not difficult to see that ¢ = q¢ o where q is inner

and T¢° is invertible on H®. Now we can conjecture the following.

Conjecture. Suppose ¢ is unimodular, 1 < p < o and p # 2. T¢ is

left invertible on H® if and only if ¢ = q¢, where q is inner and T¢° is

..12...



invertible on H®.

The ‘if’ part of this conjecture is true trivially. If this conjec-
ture is true, we can describe the symbol of a left invertible Toeplitz op-
~erator on H°(%) when w satisfies the condition (A,). It is more interest-

ing to show Theorem without the condition (4,). Unfortunately we could not
aive
do it. However we can/ a sufficient condition.

A\

Propositiion 3. Suppose 1 < p < o and w = | h|® for some outer

i
function h in H*. If ¢ satisfies the condition of (1) in Theorem 2 then

left
T¢, is,invertible.

AN
Proof. Note that H® « H°(w) because w is bounded. If fe ¥ then
P(4f) € H® < H°(w) and hence ¢f - P(gf) ¢ -ﬁ; - -}f:(w). Therefore by

Theorem 1

f]P(qu)I“wdméinf/|¢f+'g'|°wdm2 sflfl"wdm
ge P

for some & > 0.

§ 4. Singular integral operators
Put Q =1 -P. For @, B in L™, the singular integral operator S

is defined as a densely defined map on L®{w) by

._13...



Sot,p f = aPf + BQf.

If w satisfies the condition (4,) and 1 < p < e, then Se, g is
bounded and a characterization of symbols a, B of the invertible Sw.g
are known. In fact, this is the easy corollary of a theorem of Devinatz,
Widom and Rochberg (cf. [8] ). We are interested in the general weight w.
In this direction, Yamamoto [9] got a result when p = 2. In this section,
we will prove it for arbitrary p with 1 < p < e, using Theorem 1. For f
in P and g in po. put

If+glls ws= (Slfl"w dm)'7° + (SI gl °w dm)'”®

then | + |l 5.« is a normon C = ?3 + /@o. L ®*(w) denotes the completion
of by this norn '« Il s.w. Themn L°(w) is a Banach space. It is rea-

sonable to assume that log \v‘ is integrable as in Section 2. If w satisfies
the condition (A,) and 1 < p < o then L°(w) T L° (w) with equiva-

lent norms. The converse is also true. Even if w does not satisfy the con-
dition (4,) Sd”,ﬁ is a bounded operator from L °(w) into L° (w.). When p =
2, Yamamoto and the author [7] determined when Sa',e is bounded on

I* (w).

Lemma 7. Suppose 1 < p < <. Then S¢.1 is an (left) invertible
operator from L °(w) to L°(w) if and only if T is an (left) invertible

operator from H°(w) to L®(w)/HZ(w).

_14_



Proof. By Lemma 2 and the proof, we can assume that ¢ is unimodular.
If Tg¢ 1is left invertible then for any f ¢ ?3 and ge D,
f|¢f+§|°wdmg s’flfl"wdm
where &€ > 0. Since Zg e-(/:) and zf € 90,
f|¢g+f|"wdm=j|¢(2g)+5?|°wdm
= e’jligl" v dm = s’J!gl’ ¥ dnm.
Note that | ¢f + g| = | gg + f| because ¢ is unimodular. Then by the
two inequalities above, for any f e (/3 and g ¢ 2) 0
(jl gf+gl°wdn)'”” 2 ¢ {(jlfl * W dm) 7P+ (flgl ® w dm)'7°}
and this implies that Sg .1 is left invertible. The converse is trivial.
Now we will show the statemer.lt of the invertibility.
_T¢H°~l(wj) is dense in L®(w)/H%(w)
if and only if
| @ H°(w) + H3(w) is dense in L°(w)
if and only if’
S¢.1L°(w) is dense in L®(w)

by the definition of L °(w). This completes the proof of the lemma.

Theorem 3. Suppose 1 < p < <« andw= |h|® for some outer

function h in H°.

..15...



(1) Sy 4 1is an invertible operator from L °(w) onto L°(w) if and
only if both a and B are invertible in L™ and a/B8 = 7 exp(l - iV)

where 7 is constant with | # | =1, U is a bounded real function, V is a

real function in L' and w exp( -g' V) satisfies (A,).

(2) Sq,p is a left invertible operator from L °(w) into L°(w) if and
only if both @ and B are invertible in L™ and a@ /8 = k(h/R) ¢ where k
is an invertible function in H®, ¢ is unimodular and S¢p .1 is left in-
vertible on L°.

Proof. (1) is clear by Lemma 7 and Theorem 1. (2) is clear by Lemmas

1, 2 and 7.

As in [9] , we can show that Sw,4 is left invertible if and only if

both Sg, g and S¢,-g is left invertible.
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