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Note on H-separable Galois extension
Kozo Sugano

Throughout this paper A is a ring with the identity 1, B is a sub-
ring of A containing 1, C is the center of A and D = Va(B), the centra-
lizer of B in A. We will denote the group of ring automorphisms of A
vhich fix all elements of B by Aut(A/B). In addition when we write {A/B,
S/T} we always mean that S is a ring containing A as a subring with the
common identity, and T is a subring of § containing B. In this case we
denote the center of S and the centralizer of T in § by'f and 3. respec-
‘tively. In this paper we will use the same notation as the author's pre-
vious papers [9] and [10]). In particular we say that {A/B, S/T} satisfy
the centralizer property in the case where Vs(A) = 5 and Vs(B) = 3. As
for the definition and the fundamental properties of the H-separable ex-
tension of a non-commutative ring see {1] and [4]. The aim of this paper
is to show that, if A is an H-separable Galois extension of B relative
to a group G, A® is also an H-separable Galois extension of B* relative
to the same group G, where A" = Bic(aM) and B™ = Bic(eM) with M an arbi-
trary left A-module. In this case {A°/A, B"/B} satisfy the centralizer
property (See [8]). Therefore wve will consider the general case where
{A/B, S/T} satisfy the centralizer property. To begin-with we have

Proposition 1. Let {A/B. S/T} satisfy the centralizer property, and
assumme that A is an H-separable extension of B, and § = AT = TA. Then
for each ¢ in Aut(A/B) there exists the unique ring endomorphism o of
S such that @ | A =¢ and @ | T = 11. If furthermore S is an H-separable
extension of T, then & & Aut(S/T).

Proof. Since o & End(sAs) ¥ D®cD, there exists Z ui®vi € D@cD such
that o (a) = Z uiavi for each ae A. On the other hand by Theorem 1 (2)
[10] we have D = DC = D@cC. Therefore if wve define o by @ (s) = X uisvi
for any se¢ S, o is a T-T-endomorphism of S. If there exists another Te

End(1S7) such that T1A = o | A =0, then (- 1)(S) = (7 - T)(TS) =



T(o - £)(A) = 0, and we have o= f. Thus such & exists uniquely. Ve
will show that o is a ring endomorphism. First let ae A, and define the
map ¢ by ¢ (x) =0 (ax) - o (a)o (x). Obviously ¢ is a right T-endomor-
phism of S with ¢ (A) = 0. Then & (S) = ¢ (AT) = ¢ (A)T = 0, vwhich means
that & (ax) = o (a)o (x) for each agA and xe S. Next let s& S, and de-
fine the map ¢ by & (x) = & (xs) - (x) o (s) for each xe S. Then ¢ &
End(1S), and we have ¢ (A) = 0, since o (as) = o (a) o (s) for each as A
by the above argument. Then we have ¢ (S) = ¢ (TS) = T4 (A) = 0, which
means that ¢ (xs) =0 (x)o (s) for each s, x&$S. Thus ¢ is a ring endo-
morphism of S. That ¢ | T = 17 is obvious. If § is an H-separable exten-
sion of T, then by Theorem 1 [6] we have that 0 & Aut(S/T).

Theorem 1. Let {A/B, S/T} satisfy the centralizer propety, and as-
sume that A is a left projective H-separable extension of B. If further-
more B is a left B-direct summand of A, or A is right B-projective, then
each o & Aut(A/B) is extended to a o & Aut(S/T) uniquely.

Proof. By our assumption and Theorems 1, 2 and 3 [9] S is an H-sep-
arable extenios of B, and we have § = AT= TA. Therefore we have the as-
sertion by Theorem 1.

For each o & Aut(S/T) and o e Aut(A/B) we will write

Tg = {seS : xs = so (x) for any x& S}
kg = {seS : xs = so (x) for any xe A}
g = lagA : xa = ao (x) for any xe& A}

Proposition 2. Let {A/B, S/T} satisfy the centralizer property, and
assume that 8§ and T are H-separable extensions of T and B, respectively.

Let o & Aut(S/T) such that o (A)C A, and denote o =c¢ | A. Then o ¢

Aut(A/B), and we have 7;

k3, and J6®c5 # 72- via a®¢ —> ac for ae L.
TeT. Consequently, Tg; = JSE

Proof. Since AMTDO B by the definition, we have E'I B =1s. Then by
Theorem 1 [6] we have o & Aut(A/B). It is obvious that Kg :)3? and kg D

jé. Let SS be the S-S-module shch that Sd = § as left S-module and the
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right S-module structure is defined by s+ x = so (x) for se¢ S¢. X¢ S.
Then since § and A are H-separable over T and B, respectively, for an

$-8 and A-A-module S, we have the isomorphisms (35)3@65 = (Ss)T via sed

~

—>sd for s¢ (sg)°. deD and (Sg)"@eD = (S,)° defined in the same way.

~

But we have (Sg)° = Iz (Sd)n = g and (Sé)B = Vs(B) = Vs(T) = (Ss)T =

D, while D = D@cC. Thus we have D = D@cI: and D = Docks with Kz :)3?.

fand

Then D®c(Kg/I}) = 0. and we have Ky = J>, since C is a C-direct summand
of D. Now we have 7? D ;. Then we can define the map g of %;®CE to A};
by g(a@c) = ac for ae Jg s Te T, while Docl, = D®c(As)n ?'(Aé)e =D for
the same reason as above, where Aé is defined is the same vay as Sg.

~

Then D@mJgQCE = D@CE = D, and those maps yield the following commutative

diagranm

0 — D@c (Kerg) —> Dmc(quch) _ D@c'fg ——-—>D®c(Tg/J6'5) —> 0

Lo

—~
~ D ~

D ———> D
vhere all the column maps are isomorphisms. Then De&c (Kerg) = D®c(i;/JdE3
= 0, and we have Kerg = 3é/JsE = 0. Thus g is an isomorphism.
Let G be a finite subgroup of Aut(A/B), and write A® = {ae A :0 (a)

a for each o e G}. A is said to be a Galois extension of B relative to

G, or a G-Galois extension of B, in the case where B = A% and there ex-
ist finite xi, yi & A such that T xio (yi) =6 1g¢. If A is a G-Galois ex-
tension of B, A is both left and right B-finitely generated projecive,
and we have D ='§l®5ssJé (direct sum) (See [2]). The structure of H-se-
parable Galois extension was researched in [6] and [7] by the same au-
thor. Now we have our main theoren

Theorem 2. Let {A/B, S/T} satisfy the centralizer property, and.as-
sume that A is an H-separable extension of B. If furthermore A is a Ga-
lois extension of B relative to G, then S }s an H-separable Galois ext-
ension of T relative to the same Galois group G.

Proof. Since A is left and right B-finitely generated projective,



S is a left (as well as right) projective H-separable extension of T by
Theorem 1 [10], and each ¢ & G is extended to a o & Aut(S/T) uniquely
by Theorem 1. The set {0 : o &G} is a group by the uniqueness of the
extension of each o. We can identify this set with G. It is obvious
that § is a G-Galois extension of R = S%. On the other hand by Proposi-
tion 1 [2) and Proposition 2 we have Vs(R) = 2@733 @), = D. Then, R
CVs(Vs(R))C Vs(D) = T, where the equality is due to Theorem 2 (1)
[10). Cleary, T C S = R. Hence we have T = §% and § is a G-Galois ex-
tension of T.

Now ve will study on the problem whether D is a Galois extension of
DN B, when A is an H-separable Galois extension of B. Denote the center
- of B by Z. Let A be an H-separable Galois extension of B relative to a
subgroup G of Aut(A/B). Then we have B = Va(Va(B)) by Proposition 8 [6],
and consequently, Z = Vp(D), the center of D. It is obvious that ¢ (D)=
D for each o & Aut(A/B). Let N = {0 6G : o | D = 1o} and R = AN, Clear-
ly N is a normal subgroup of G, and o (R) = R for each o & G. For each ¢

el let Jg be the same as in Proposition 2, and let furthermore

{3
n

Ly {ré R : xr ro (x) for each xe& R}

aoc (x) for each xe& R}

fae A : xa

—
(¥
[

do (x) for each x& D}

{de D : xd
Clearly J2 C Lg. But for each ae L, we have ae D, since BC R and ¢ | B
= le. Then since D C R, we have ace¢ Js' and ae lg- Thus we have e = Lg
C:Ié. We have aiso {th = th and in particular Jslé—x = C for each o, 1
e G by Theorem 2 [7]. On the other hand, it is well known that A is a
Galois extenion of S relative to N. Then by Proposition 1 [2] and Propo-
sition § [7] we have Z:)E:@PQNJ? = Va(R). Since Jglg-1= C for each o ¢ N
by Theorem 2 [7), we see that A is an H-separable extension of R by the
same theorem. Let A, be the A-A-module defined in the same way as Sy in
Proposition 2. The H-separability of A over R imlies thatA(As)“®cVn(R) =

(A$)R. But (Aé)“= Jg and (Aé)R = Lé. Hen;e we have Lé = Va(R)Js. As is
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shown in the proof of Proposition 2 there exists an isomorphism B¢ of
Decl, to D such that gg(dwa) = da for de D, ae ., while we can make D a

D-D-module D¢ in the same way as Proposition 2, i.e., xd-y = xdo (y) for

dst.

Z@ch = (Dochs)D = (Ds)D = Ié. since Jg is C-projective (See Lemma 2.1

x, YeD. Then 8¢ is a D-D-isomorphism of D@-:Js to DS' and we have

[5]). Then we have le = ZJg D (2$FGNJF)JG. =2@P6NJG;F. Using these facts
¥e can prove the next theoren
Theorem 3. Let A be an H-separable Galois extension of B relative
to G. With the same notation as above we have
(1) I = Ly = Va(R)J. Zocl £ I, via zga —> za for z&Z and ae J,

and Ig = 7] for each o € G.

6’

(2) A is an H-separable Galois extension of R relative to N

(3) D is a Galois extesion of Z relative to G/N if and only if D is a
separable Z-algebra and 7 = I ®penlp, that is, D is an Azumaya Va (R)-
algebra

(4) If the condition of (3) is satisfied, then R is an H-separable Ga-
~lois extension of B relative to G/N, and R = DB.

Proof. We have already proved (1) and (2). Let {No i} be the set of
cosets of N in G. Suppose that D is separable over Z and 7 = Ze?eNJf (=
Ya(R)). Then Isﬁ ZJSC = (EQ%NJP)JG.‘. = ZEBPeNJaF, vhile D = Z@®¢esly
-'-Zﬁ)i.f’éNJé;? = ¥ @i lo’,_" Then since D is H-separable over Z, D is a G/N-
Galois extension of Z by Theorem 2 [7]. Conversely suppose that D is
G/N-Galois over Z. Then D is separable over Z, and we have D = ZéBlc)L. »
Z@i.?eNJQP = L@gesl, = D. Then ve have I = X @®fenlp, since Zayeulﬂf
Clg;- Thus we have proved (3). Suppose that the condition of (3) is sa-
tisfied. Then there exist aj, bje D such T ajor(b;) = & i1 for each i,
since (04,:} is the set of the representatives of G/N. But aj, bje&e R and

R®“N. For each

G/N acts on R. Hence R is a G/N-Galois ext.ension of B =
x& R we have x = Ejaana&-(bjx)s DB. Thus we have R = DB, which is H-

separable over B, since D is Z-Azumaya.
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