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On functional moduli

for first order ordinary differential equations

Yasuhiro KUROKAWA

Department of Mathematics, Hokkaido University

ABSTRACT. — We reduce some normal forms, which have functional moduli, for a certain
class of mapping diagrams. This class is associated to completely integrable first order ordi-
nary differential equations. The reduction is given relative to the equivalence relation among

the differential equations under the group of point transformations in the sense of S. Lie.
Sur les modules fonctionnels
pour les équations différentielles ordinaires du premier ordre

RESUME. — Nous donnons quelques formes normales, qui ont modules fonctionnels, pour
une certaine classe de diagrammes d’application. Cette classe s’associe auz équations diffé-
rentielles ordinaires du premier ordre co‘mplétement intégrables. Les formes normales s’0b-
tiennent relativement 4 la relation d’équivalence pour les équations différentielles sous la

groupe des transformations de points au sens de S. Lie.

Version frangaise abrégée. — Dans [5] il a été étudié la classification générique d’équa-
tions différentielles ordinaires du premier ordre complétement intégrables par la relation
d’équivalence sous la groupe des transformations de points au sens de S. Lie. Premierement
on rappele leurs résultats pour énoncer notre objet et théoreme.

Soit w: PT*R? — R? le faisceau cotangent projectif sur R?. Alors PT*R? ala structure
de contact naturelle. Pour tout z € PT*R?2 ii y a un systéme coordonnées locales (=, y,p)
au voisinage de z tel que 7(2,y,p) = (2,y) et la structure de contact soit donnée par
la 1-form w = dy — pdz. Un germe d’équation différentielle ordinaire du premier ordre
(ou bri¢vement, un germe d’éguation) est donné par un germe d’immersion f: (R?,0) —
PT*R2. On dit que f est complétement intégrable il existe un germe de submersion
p: (R?%,0) — (R,0) tel que du A f*w = 0. Alors on appelle le couple (1, f) un germe

d’équation d une intégral compléte. Soit (g,g) un couple d’un germe d’application C*°
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g: (R%,0) — (R?,0) et un germe de submersion x: (R?,0) — (R, 0). Alors le diagramme
divergent

(R,0) «— (R?,0) = (R?,0)
ou britvement (g,g), est appelé un diagramme intégral sil existe un germe d’équation
f: (R?,0) » PT*R? tel que (g, f) soit un germe d’équation & une intégral compléte et
que g = wo f. En outre on introduit la relation d’équivalence pour les diagrammes intégrals.
Soient (g,g) et (#',g') deux diagrammes intégrals. Alors (u,g) et (', g') sont équivalents

(resp. fortement équivalents) si 'on a un diagramme commutatif

(R,0) —— (R?,0) —2— (R2,0)

2| [+ [

(R,0) —— (R?%,0) —— (R2,0)

ol b,k et A sont des germes de difféomorphisme C® (resp. A = idg).

Suivant Lie on dit que deux germes d’équation f et f' sont équivalents s’il existe germes
de difféomorphisme C* k: (R?,0) — (R?,0) et h: (R?,7 0 £(0)) — (R2,7 o £(0)) tels
que ho f(0) = F(0) et ho f = f' ok, ol h est le relévement contact de k. Dans [5] il est
montré que deux germes d’équation complétement intégrable f et f' sont équivalents si et
seulement si les diagrammes intégrals (i, 7 o f) et (p', 7 o f') sont équivalents pour (g, f)
et (¢', f') génériques. De plus il est montré que fout diagramme intégral générique (g, g)
est fortement équivalent & un des germes suivants:

(1) p=v,9=(,2); (2) p=v - }u’,9 = (v?,v); (8) p=v— Lu,g = (u,0?);

(4) po = 3wt + 2u?v+ @0 g,9 = (ud + uv,9); (5) po = v+ a0g,9 = (u,v® + uv);

(6) pa = %vz + aog,9 = (u,v® + uv?); o, dans les cas trois derniers, cx(z,y) est un
germe de fonction C* sur (R2,0) avec a(0) = 0, et dans (4), (6) g—;‘(O) = +1, 22(0) =

respectivement.

Le germe de fonction o qui apparaissent dans les formes normales (4), (5), (6) s’appelle
un module fonctionnel de chaque forme normale.

Notre préoccupation est de classifier les diagrammes intégrals génériques par 1’équiva-
lence (non forte). On remarque que les germes de (1) & (6) ne sont pas équivalents. Donc

notre objet se réduit de classifier les familles des germes (4), (5), (6) par I’équivalence.
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D’autre part, la forme normale (5) est aussi une des formes normales pour les diagrammes
divergents, appelés familles & un paramétre de courbes planes, étudiés par Dufour [3]. De
plus il a classé la forme normale (5) par ’équivalence dans [4]. Dans cette Note on classifie
les formes normales (4), (6) par ’équivalence, qui est un analogue du résultat de Dufour
sur (5). |

Indiquons par A, (resp. A,) ’ensemble des modules fonctionnels de (4), (6).

Maintenant on énonce notre théoréme.

THEOREME. — A) Soit (fta,g) un diagramme intégral de (4). Alors, pour tout o € A,
il existe un o' € A, tel que '

(1) (#ayg) soit équivalent & (par, g),

(ii) «'(0,y) = %‘5(0, 0)y + 2xay® pour tout y <0,
ol Yo = %;%(0,0). .
B;) (7=1,2) Soit (ft,g) un diagra.mmé intégral de (6). Alors, pour tout o € A, il existe
un o € A, tel que

(1) (pa)g) soit équivalent & (por, g),

(i) o' = 6z + FXa2? sur Dj,

ot xo = £5(0,0), § = £1, Dy = {(2,y)|y = 0} et D, = {(z,7)|27y = 42°}.

Remarque. — x« est un invariant de (4), (6) relativement a 1’équivalence.

Dufour a montré aussi la unicité pour les modules fonctionnels. Pourtant, nous ne

pouvons pas montrer I'unicité comme les germes (4), (6) sont assez compliqués.

1. Introduction

In the recent article (Hayakawa et al [5]) it has been studied the generic classification of
completely integrable first order ordinary differential equations by the equivalence relation
under the group of point transformations in the sense of S. Lie. At first we recall their
results to state our purpose and theorem. _

Let w: PT*R? — RZ be the projective cotangent bundle over R2. Then PT*R2 has the

natural contact structure. For any z € PT*R? there is a local coordinate system (z,y,p)
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around z such that =(z,y,p) = (z,y) and the contact structure is given by the 1-form
w = dy — pde. A first order ordinary differential equation-germ (‘or briefly, an equation-
germ) is given by an immersion-germ f: (R2?,0) —» PT*RZ?. We say that f is completely
integrable if there exists a submersion-germ p: (R%,0) — (R, 0) such that du A f*w = 0.
Then we call the pair (g, f) an equation-germ with a complete integral. Let (p,g) be a
pair of a C*map-germ g : (R?,0) — (R?,0) and a submersion-germ p : (R?,0) — (R, 0).
Then the divergent diagram

(R,0) & (R?,0) 2 (R?,0)

or briefly (1, g), is called an integral diagram if there exists an equation-germ f : (R?,0) —
PT*R? such that (p, f) is an equation-germ with a complete integral and that g = = o
f. Moreover we introduce the equivalence relation among integral diagrams. Let (p,g)
and (¢',g') be integral diagrams. Then (g, g) and (p',g') are equivalent (resp. strictly

equivalent) if the diagram
(R,0) —£— (R%,0) —Z— (R%,0)

| [+ [

(R,0) —— (R2,0) —— (R2,0)

commutes for some C*diffeomorphism-germs A, k and h (resp. A = idg).

Following Lie, two equation-germs f and f' are called equivalent if there exist C* diffeo-
morphism-germs k: (R?,0) — (R2,0) and h: (R?,7 0 £(0)) —» (R2,x o f/(0)) such that
ho f(0) = f'(0) and ho f = f' ok, where h is the contact lift of h. In [5] it hés been shown
‘that two completely integrable equation-germs f and f' are equivalent if and only if the
integral diagrams (p, = o f) and (p',n o f') are equivalent for generic (g, f) and (4', f').
Furthermore they showed that any generic integral diagram (g, g) is strictly equivalent to

one of the following germs:

(1) 1= g = (ur0); (2) = v — udyg = (u2,0); (8) = v— Fuyg = (1 02);

(4) o = 30 + JuPo-+ @0 g,g = (5 + 0, 0); (5) p = v+ 0 g, = (1,0° + w2

(6) po = 39> + @0 g,g9 = (u,v® + uv?); where a(z,y) is a C* function—germ on (R?,0)
with (0) = 0, and additionally in the case (4), (6) & 52(0) = =£1, 92(0) = 1 respectively.
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The function—germ a which appear in the normal forms (4), (5), (6) is called a functional

modulus of each normal form.

Our concern is to classify generic integral diagra.rﬁs by the equivalence (not the strict
equivalence). We remark that the germs (1) to (6) are not equivalent each other. Hence
we would like to classify the families of the germs (4), (5), (6) by the equivalence. On
the other hand, the normal form (5) is also one of the normal forms for generic divergent
diagrams, which are called one-parameter families of plane curves, studied by Dufour [3].
Furthermore he classified the normal form (5) by the equivalence in [4]. In this paper we
will classify the normal forms (4), (6) by the equivalence, which is an analogy of Dufour’s
result on (5).

Denote by A, (zesp. A,) as the set of functional moduli of (4) (zesp. (6)).

Now we state our theorem.

THEOREM. — A) Let (ft,9g) be an integral diagram of (4). Then, for any a € A, there
exists an o' € A, such that

(1) (#a,g) is equivalent to (par, g),

(ii) &'(0,3) = §2(0,0)y + 3xay® for all y <0,
where xo = %;%(0,0).
B;) (7=1,2) Let (pta,g) be an integral diagram of (6). Then, for any « € A, there exists
an o' € A, such that

(1) (#a,g) is equivalent to (pat,g),

(ii) o = bz + 2xo2? on Dj,

where xo = —g—:;‘;—‘(O, 0), 6 =+1, Dy = {(=,y)|y = 0} and D3 = {(=,v)|27y = 42%}.

Dufour also have shown uniqueness of functional modulus. However the germs (4), (6)
are so complicated that we can not obtain the uniqueness result in this paper.

In this paper, we assume that all mappings and diffeomorphisms are of class C'*°.

The author would like to express his sincere gratitude to Professors I. Nakai, S. Izumiya
and G. Ishikawa for their valuable advices and constant encouragements. Also gratitude

to Professor T. Morimoto for his useful comments.



2. Proof of Theorem

The proof is based on the following two propositions.

PRrOPOSITION 2.1.(Takens [6]) — Let 4: R,0 — R, 0 be a diffeomorphism such that P?
has the form 92%(z) = z + 2*F(z) with F(0)#0 and k > 2. Then there is an orientation
preserving diffeomorphism A: R,0 — R, 0 such that, in some neighbourhood of 0 € R,

-

Ao orl(z) = ke + fz* + xz2*1

where 6 = 1 and x € R.
The following is implicitly proved in [5].

PRrOPOSITION 2.2. — Let (p',g') be an integral diagram which is equivalent to (pq,g)
of (4) (resp. (6)) for some @ € Ay (resp. A,). Then (p',g') is strictly equivalent to (pqr,g)
of (4) (resp. (6)) for some o' € A, (resp. A,). ’

For each case A, By, B; we will define a map-germ v,: (R, 0) — (R?,0), as follows. In
the case A: Put A = {(=z,9)(272% +4y® < 0}. Note that A = {(2,9)|}(g"(=,y)) = 3}. Let
(21,%), (uz,y) and (us,y) be the preimages of (2,y) by g for each (z,y) € A near (0,0),
where u; = u;(=,y) (j = 1,2,3) are three real roots of the equation U3 + yU — 2z = 0
and ordered by u1 < uz < us. For each o € Ay set ¢j(z,y) = pa(u;,y). We see clearly
a(0,9) = e5(0,9) = 24* +a(0,9), c2(0,3) = (0, ) for any (0,y) € A. We set 7a(y) =
(a(0,y), 33* + «(0,y)) for each a € A4,.

In the case B; (resp. B;): Note that §(g~*(z,y)) = 2 for any (z,y) € Dy (resp. D,).
Let (2,v1), (2,v2) be the preimages by g for each (z,y) € Dy (resp. D;), where v; =
. vj(2,y) (7 = 1,2) are three real roots of V3+2VZ—y = 0 (v, is the multiple root). For any
(z,y) € Dy (resp. -D3), set ¢j(2,y) = pa(z,v;). We see clearly c1(z,y) = a(z,y), c2(z,y) =
127 + a(2,7) (resp. 1(2,3) = 22? + (e, ), e2(2,3) = 2 + a(z,3)). We set 7a(z) =
(c1(=,0), ca(,0)) (resp. Ya(2) = (c1(2, 372°), ca(2, 2 2%)) for each o € A,.
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LemMa 2.3. — Let 8 : (R,0) — R be a function-germ such that
(2.1) 6(0) = 6'(0) =9"(0) =08"'(0) =0

In the case A for any a € Ay there exists an o' € Ay such that

(1) (#a,g) and (a1, g) are equivalent,

(i) =y +'(0,y)" — xa@'(0,9)° +6(c (0,9)) = 0 for all y < 0,

- where xo = %—;%(0, 0).

In the case B; (resp. By) for any a € A, there exists an o' € A, such that
(1) (Bayg) and (pat,g) are equivalent,
(i) —22 + o'(=,0)® — xac(2,0)® + 6(c!(z,0)) = 0 on D;
(resp. —2% +¢? — (5 + Xo)c® + 9(c) =0 on D,)

where ¢ = %z + a’(z, 2—47'933), Xa = 5,,2 (0 0)

Proof. — Since any o € A, (resp. A,) has the condition -g—‘;(O, 0) = =+1 (resp. 42(0,0) =
+1), by the implicit function theorem, there exists the function-germ %, : (R, 0) — (R, 0)
such that I'my, = graphi, in each case. By direct calculations, we see respectively in the
~case A, By, B,

Fale) = ot 3¢ = 7xae® + o(lY),

$ale) = o+ 36 = Txac® +0(1el"), ¥ale) = e+ 50 — 25 +xa)e’ + o((el).

In the case A, By, Bj respectively, define the function-germ ¥, : (R,0) — (R,0) by

_— 1 1 1

Palc) =c+ Zcz - -‘Ixmc3 + ZQ(C),
— 1, 1 g 1, -1, 11 s 1
Palc) =c+ 2c 2xac + 29(c), Yal(c) =c+ 6c 6(9 + Xa ) + 69(6)'

Then by Proposition 2.1 there exists an orientation preserving diffeomorphism-germ
A: (R,0) — (R,0) such that 9, = Ao, 0A~! in each case. Since (Ao pa, g) is equivalent
to (Ka,g), by Proposition 2.2 there exists a functional modulus o' € A, (resp. A,) in the
case A ('resp. Bi, B;) such that the following diagram commute, hence (ga,g) and (pq, g)

are equivalent:



(R,0) «*=— (R?%,0) —Z— (R?,0)

| H

(R’ 0) ‘m (Rz,O) "—;_) (Rz)o)
k ‘lh

(R,0) —— (R;’, 0) —— (R%,0).

a!

In the case A since the set {(0,y)|y < 0} is preserved by h and since A is orientation

preserving, the above commutative diagram implies
(2.2) A x A(Im7al, o) = graphipe N {8c < 0} = Im(varly<o)

where § = g—‘;(0,0). In the case By (resp. B;) since a discriminant set Dy (resp. D) is
preserved by h, the above commutative diagram implies A X A(Im~v,) = graphig = Im,:.
Therefore by definition of 9., 7. we have the equation in Lemma 2.3.(ii) in each case.

This completes the proof.

Remark 2.4. — In the case A, by (2.2) if § = 1, then ¢ = &'(0,y) < 0, thus %9;—:(0, 0)=1.
Similarly, if § = —1 then §2(0,0) = —1. That is $2(0,0) = %2(0,0).

The functional moduli &' in Lemma 2.3 depends on # and «. Now, by means of special
choice of 6, we normalize o' such that o/(0,y) (resp. a'(,0), o/(2, =%)) is the poly-
nomial as low degree as possible in the case A (resp. By, B;). Note that the degree
of the normalizé,tion is not zero for the condition of the functional moduli g—;‘(0,0) =
£1 (resp. 92(0,0) = £1). In the case of xo = 0, we have the normalization tol degree
one. In the case of x, # 0, we can not have the normalization to degree one because of
the condition (2.1) for 6, thus we consider the normalization to degree two. In fact, it is

possible as follows: For any x € R we define the function-germ 6, : (R,0) — (R,0) by

{0 if x=0
b, = .
aof if x#0

where £(t) = ml+y1T2xt xl"'zxt, a(t) = %th4 + -i-x?’t5 + %—x*te.-
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Then the 0, satisfy the condition (2.1) in Lemma 2.3. Moreover we define the function-
germ h, : (R x R,(0,0)) — (R, 0) by h,(¢,c) = —t* + ¢ — xc® + 6, (c) for any x € R. By
the definition of 6, it can be directly shown that h,(£t,t + ¥t2) = 0 for all ¢ € (R, 0).

" Hence we can easily have
LEMMA 2.5. — If (t,c) € hy,"*(0), then ¢ = £t + %42 for any x € R.

For any a € A, (resp. A,), set x = %;;%(0,0) (resp. x = %—(0,0), I+ g%%(0,0)).
Then, by Lemma 2.3, Lemma 2.5 (and Remark 2.4 in the case A), we obtain Theorem A),

B1), B2).

Remark. — x4 is an invariant of (4), (6) relative to the equivalence because we can see
that by the direct calculation the third coefficient of the Taylor expansion at the origin for

¥4 is invariant under the conjugate 1, = A~ 0 7, 0 A for a diffeomorphism-germ .
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