HOKKAIDO UNIVERSITY

Title Existence and non-existence results for wave operators for perturbations of the laplacian
Author (s) Jensen, A.; Ozawa, T.
Citation Hokkaido University Preprint Series in Mathematics, 188, 1-30
Issue Date 1993-03
DOI https://doi.org/10.14943/83332
Doc URL https://hdl. handle.net/2115/68934
Type departmental bulletin paper
File Information re188. pdf

kaido
\;\0\‘ U”/Ls

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




EXISTENCE AND NON-EXISTENCE
RESULTS FOR WAVE OPERATORS FOR
PERTURBATIONS OF THE LAPLACIAN

A. Jensen and T. Ozawa

Series §188. March 1993



¢ 160:
f 161:

§ 162:

§163:

t 164:
§ 165:
f 166:

f 167:

f 163:
f169:
§170:
f171:
§172:

f173:
f 174:
f175:
§176:

1177
§178:
f179:

f 181:
f 182:
1 183:

§184:
i 185:

HOKKAIDO UNIVERSITY
PREPRINT SERIES IN MATHEMATICS

A. Arai, Properties of the Dirac-Weyl operator with a strongly singular gauge potential, 26 pages. 1992.

A. Arai, Dirac operators in Boson-Fermion Fock spaces and supersymmetric quantum field theory, 30 pages.
1992.

S. Albeverio, K. Iwata, T. Kolsrud, Random paralle] transport on surfaces of finite type, and relations to
homotopy, 8 pages. 1992,

S. Albeverio, K. Iwata, T. Kolsrud, Moments of random fields over a family of elliptic curves, and modular
forms, 9 pages. 1992.

Y. Giga, M. Sato, Neumann problem for singular degenerate parabolic equations, 12 pages. 1992.

J. Wierzbicki, Y. Watatani, Commuting squares and relative entropy for two subfactors, 18 pages. 1992.

Y. Okabe, A new algorithm driven from the view-point of the fluctuation-dissipation theorem in the theory
of KM,0O-Langevin equations, 13 pages. 1992.

Y. Okabe, H. Mano and Y. Itok, Random collision model for interacting populations of two species and its
strong law of large numbers, 14 pages. 1992.

A. Inoue, On the equations of stationary precesses with divergent diffusion coefficients, 25 pages. 1992.

T. Ozawa, Remarks on quadratic nonlinear Schrddinger equations, 19 pages. 1992. '

T. Fukui, Y. Giga, Motion of a graph by nonsmooth weighted curvature, 11 pages. 1992.

J. Inoue, T. Nakazi, Finite dimensional solution sets of extremal problems in H!, 10 pages. 1992.

S. Tzumiya, A characterization of complete integrability for partial differential equations of first order, 6
pages. 1992.

T. Suwa, Unfoldings of codimension one complex analytic foliation singularities, 49 pages. 1992,

T. Ozawa, Wave propagation in even dimensional spaces, 15 pages. 1992.

S. Izumiya, Systems of Clairaut type, 7 pages. 1992.

A. Hoshiga, The initial value problems for quasi-linear wave equations in two space dimensions with small
data, 25 pages. 1992. .

K. Sugano, On bicommutators of modules over H-separable extension rings III, 9 pages. 1993.

T. Nakazi, Toeplitz operators and weighted norm inequalities, 17 pages. 1993.

O. Ogurisu, Existence and structure of infinitely degenerate zero-energy ground states of a Wess-Zumino
type model in supersymmetric quantum mechanics, 26 pages. 1993.

O. Ogurisu, Ground state of a spin 1/2 charged particle in an even dimensional magnetic field, 9 pages.
1993.

K. Sugano, Note on H-separable Galois extension, 6 pages. 1993.

M. Yamada, Distance formulas of asymptotic Toeplitz and Hankel operators, 13 pages. 1993

G. Ishikawa, T. Ozawa, The genus of a connected compact real algebraic surface in the affine three space,
11 pages. 1993. '

T. Hibi, Canonical modules and Cohen-Macaulay types of partially ordered sets, 6 pages. 1993.

Y. Giga, K. Yama-uchi, On a lower bound for the extinction time of surfaces moved by mean curvature, 16
pages. 1993.

Y. Kurokawa, On functional moduli for first order ordinary differential equations, 9 pages. 1993.

O. Ogurisu, Unitary equivalence between a spin 1/2 charged particle in a two-dimensional magnetic field and

a spin 1/2 neutral particle with an anomalous magnetic moment in a two-dimensional electric field, 4 pages.



EXISTENCE AND NON-EXISTENCE RESULTS FOR WAVE
OPERATORS FOR PERTURBATIONS OF THE LAPLACIAN

ARNE JENSEN AND TOHRU OZAWA

ABSTRACT. Schrédinger operators with time-dependent potentials are studied. Nec-
essary and sufficient conditions for existence of ordinary and Dollard-type modified
wave operators are obtained. Sharp results for potentials with a specified leading
term are obtained. Applications are given to the surfboard Schrédinger equation
and to Stark Hamiltonians. In the latter case the discrepancy between classical and
quantum scattering in dimension one is resolved.

1. INTRODUCTION

‘Let H(t) = —1A + V(t,z) be a time-dependent Schrodinger operator. The as-
sociated unitary propagator is denoted U(t,s). We give a series of necessary and
sufficient conditions on V(¢,z) for the existence of the ordinary wave operators
Wy = s-lims 100 U(0,2)Up(t) and the Dollard-type modified wave operators WP =
s-limy 200 U(0,¢)Up(t), where Up(t) = exp(2A) is the free evolution and Up(t) =
Uo(t) exp(—1 f; Vi(r,—i7V)dr) is the Dollard modified free evolution, with a decom-
position into short range and long range parts V =V, + V,.

The results are applied to Stark Hamiltonians and to the surfboard Schrédinger
equation, which fit into the present framework in the moving frame picture. In partic-
ular, the results obtained here resolve the discrepancy between classical and quantum
scattering for one dimensional Stark Hamiltonians discovered in [8]. This is done by
proving existence of the quantum wave operators with the time-dependent pure phase
modifier proposed by Graf [5] for potentials satisfying |V (z)|+|V'(z)| < ¢(log |z|)7?,
lz| > 2, B > 1. This is the same class of potentials under which classical scattering
is studied in [8]. For the surfboard equations we prove existence and unitarity of the
modified wave operators for potentials with minimal regularity, generalizing some
results in [22].

The main idea in the proofs given here is an effective use of the well-known fac-
torization of the free evolution Up(t) = M (t)D(t)FM(t) where M(t) = exp(iz?/2t)
is a multiplication operator, F' the Fourier transform, and D(t) the modified dilation
given by (D(t)p)(z) = (it)~™2p(t'z). This factorization makes obvious the t~!z
nature of the free evolution. This idea has recently been used in the study of long
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2 ARNE JENSEN AND TOHRU OZAWA

range scattering for non-linear Schrédinger equations, see [13, 4]. Related results
using this factorization for proving existence have been given by Yafaev in [20].

No precise statement of our results will be given here, since several definitions
are required as preparation. Let us briefly indicate the contents and point out the
main theorems. In Section 2 results on existence of Dollard-type modified wave
operators are obtained. The main results are Theorem 2.3 for general existence
and Theorems 2.13 and 2.16 on Stark Hamiltonians. In Section 3 a series of non-
existence results are obtained for ordinary wave operators (Theorem 3.2), Dollard
modified wave operators (Theorem 3.10) and for Stark Hamiltonians (Theorem 3.7).
Assuming a simple form of the leading behavior of the potential the results show in
a very precise manner that the behavior V() ~ |z|~!/? as |z| — oo is the borderline
case for the existence of the Dollard type modified wave operators. See Example 3.11.
In Section 4 existence and unitarity is proved for the modified wave operators for the
surfboard Schrodinger equation with minimal regularity assumptions on the potential,
see Theorem 4.5. Finally, in section 5 the results obtained here are discussed and
compared with other results in the literature. In particular, Stark Hamiltonians are
discussed in some detail.

Acknowledgement. T. Ozawa thanks Professor Jean Ginibre for suggesting using
the factorized free evolution in the study of the surfboard Schrédinger equation as well
as for communicating unpublished material on this subject. This research was carried
out at the Mittag-Lefller Institute. The support and hospitality of the Institute are
gratefully acknowledged.

2. EXISTENCE OF WAVE OPERATORS

In this section we give results on the existence of modified wave operators of Dollard
type for a class of time-dependent potentials. Obviously the ordinary wave operators
are included as the special case where the long range part of the potential vanishes.

2.1. Notation. Assumptions. Let Hy = —7A on L*(R™) with domain D(Hp) =
H?*(R™), the usual Sobolev space. The potential is a measurable function V: R x
R™ — R. We write V(¢) or V(¢,-) when we consider the potential as a multiplication
operator on L?(R") depending on the parameter ¢, and we write

H(t) = Ho + V(t,-) (2.1)
for the family of time-dependent Hamiltonians. We consider the problem
.d
if =H(t)e,  ¢(s)= o (2:2)

The associated propagator is denoted by U(t, s) such that the solution to the problem
(2.2) is given by () = U(t, s)po.
The first assumption is
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Assumption 2.1. Let V: R x R* — R be a measurable function. Assume that

there exists a unique unitary propagator U(t,s) associated with the problem (2.1)
and (2.2).

Throughout this paper we will impose Assumption 2.1 on V. Sufficient conditions
for V to satisfy Assumption 2.1 can be found in [23].

For the special case V = 0 we write Up(t) = exp(—itHp) for the propagator. The
following factorization is used throughout the paper

Uo(t) = M(t) D(t) F M(t). (2.3)

Here M(t) = exp(iz%/2t) as a multiplication operator, D(t) is the modified dilation
given by (D(t)g)(z) = (st)~™/%p(t~'z). Furthermore,

(PO = #(6) = ()" [ etp(a) do

denotes the Fourier transform. The inverse Fourier transform of ¢ is denoted ¢.
For the long range part of the potential V; we introduce the function

S(t,y) = — /Ot Vi(r, Ty) dr. (2.4)

We write S(t) or S(¢,-) for the multiplication operator and S(t,—iV) for the op-
erator defined via the functional calculus (or using the Fourier transform). These
conventions will be used without further comments in the sequel.

For K C R" the characteristic function is denoted by xx. The bounded operators
on L?*(R") are denoted by B(L?*(R")). The norm on LP(R") is denoted by || - ||,. The
gradient and Laplacian on R™ are denoted by V and by A, respectively. We abuse
notation and write V& € L*(R") instead of V® € (L*(R"))".

Throughout the paper N C R" denotes a closed set of measure zero, depending
on the potential and its decomposition introduced in the following assumption.

Assumption 2.2. Let V satisfy Assumption 2.1. Assume V = V; +V,. Assume
there is a real number m > 0 such that

(SR) For any compact K C R™\ N the time-dependent operator

xx()Ve(t, t(-))(1 =A™
is bounded on L*(R") and for some ¢, > 0

/|t|2to

XK(')VS(t,t('))(l - A)—m”B(Lz(Rn)) dt < co. (2"5)
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(LR) For any compact K C R™\ N there exists tx > 0 such that V.S(t) € L*(K),
AS(t) € L*(K) for all t, |t| > tk, and

Y (7SO ey =0 (26)
[ 19S50l dt < o0, (2.7
[t12tx
/ 12 | AS ()l o iy i < 0. (2.8)
[t12tx

Let us note that it suffices to check the conditions (SR) and (LR) for a sequence
of compact sets K; C R*\ N, j = 1,2,... with K; C Kj;1 and Uj51 K; = R*\ N.
We also note that condition (LR) implicitly imposes regularity properties on V. It
should be noted that all derivatives in this paper are in the sense of distributions.

The Dollard-type modified free evolution is given by

Up(t) = Uo(t) exp(:S(t, —iV)). (2.9)
2.2. An Existence Result. The main existence result here is stated as:

Theorem 2.3. Let V satisfy Assumption 2.2. Then the wave operators
D — ol
W = slim U(0,)Up(t)
exist.

Proof. It suffices to prove existence on a dense subset of L(R"™). Here we choose
F-1(C¥(R™\ N)). The proof is then based on the Cook method. We consider only
wbDb

¥
Let ¢ € F71(CP(R™\ N)) and let K = supp ¢. We start the proof by some simple
computations. We often omit the variable ¢ in the operators M(t) and D(t).

(16, + %A)(MDFM) = (i, + %A)Uo = Uyid,

2
= (MDFM)id, = MDF(id, — %)M (2.10)

a1
= MD(id: + 7z M) F M.

a1 L1
(0, + 5A)MD = MD(id; + 7). | (2.11)
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(¢ — H(t))(MD exp(iS(t)))

— MD(id, + Elt—zA — V(t, tz)) exp(iS(®)p

= M D exp(iS( t)){(—V(t tz) — 0,S(t)

w((vsa))? +55305(1)¢
1

+-2—t-2-A + VS t)-V(p}.

Note
V(t, tz) + 0:S(t) = Vi(t, tz).

(2.12)

(2.13)

We start the Cook argument by the following computation. Assume ¢t > s > tx and

use (2.12) and (2.13) to get
1U(0,2)M(2) D(t) exp(25(£)) — U(0, s)M(s) D(s) exp(iS(s))é|l2

= / U(0,7)(i0, — H(r))M(r)D(r) exp(iS(r))p drl;

/“V(TT (-)éll2dr
+ / t TV S(7))*8ll2 + 1(AS(7))@ll2)dr
4 / 2|V S(r) - Vplladr

t
+ / 2| Ag|adr.

(2.14)
(2.15)
(2.16)

(2.17)

Assumption 2.2 (SR) implies that the term (2.14) tends to zero as s,t — oco. By
(2.7) and (2.8) the same holds for the term (2.15). The term (2.16) is rewritten

¢ - t
/ ’r“z”VS(T) - V@ladr < ¢f s;1p ITI_I/ZHVS(T)”Loo(}\’))”vt,anz/ r=3%dr;
s T2tk s

such that this term tends to zero as s,t — co. The same fact holds trivially for the

term (2.17). We conclude the existence of the limit
4 = lim U(0,)M(8) D(t) exp(iS(2))¢
in L*(R™). Now

M(£)D(t) exp(iS(1))¢ = M(t)D(t)F M(t)M(~1) ™ exp(iS(t))$

= Up(t)M(—t) exp(zS(t, —1V))ep.
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Thus we obtain
[Up(t) — M(t)D(t) exp(iS(t))2|l2
= [|(1 — M(-1)) exp(iS(t, —iV))e||2
< t7V2)|V (exp(iS()))l2
StV ()| zor) 16l2 + V2V

where we used |1 — exp(iz?/2t)| < [t|"}/?|z| and changed to the momentum space
representation. Both terms above tend to zero as ¢ — oo, due to (2.6).
Finally we have

U0, )Up(t)p — w4l < IU(0,2)(Up(t)p — M(t)D(t) exp(iS(t))2)|l2
+1|U(0,8)M(2) D(¢) exp(iS(£))@ — oo 2.
Both terms tend to zero by the above computations. O

2.3. Short Range Potentials. We give several sufficient conditions on V,(¢,z)
which imply the short range conditions in Assumption 2.2. The first result gives
a condition which reduces to Enss’ short range condition for a time-independent
potential.

Proposition 2.4. Let V, satisfy
/lt o Ix{etiatzen Va(t, )1 = A) sz mmydt < co. (2.18)

Then Assumption 2.2 (SR) holds with N = {0} and m = 1.
Proof. Since (1 — A)D(t) = D(¢)(1 — t~2A), we have
D)1 -A)T=(1-A)"D@)(1 -t2A)1 - A)™
Take K; = {¢]j? < |z| < j}, 7 =1,2,.... Let ¢ € L?(R"). Then (we consider
only t > 0)
lxze; Va2, 2(:))(1 = A) o2
= |xx; D) Vo) D(t)(1 - A) el
= Ixteti1tghel<in Vs DA = A) oll2
. < X gel -1t Vs () (1 = A) lsa@ap (1 +t72)lell2-
Thus (2.18) implies Assumption 2.2 (SR) with N = {0} and m=1. O

Let us also show that the condition used by Kuroda [12] implies our short range
assumption.
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Proposition 2.5. Let V: R* — R be a measurable function such that for some
e>0

(1 + |z])~7++V e L}(R"). (2.19)
Then V =V, satisfies Assumption 2.2 (SR) with N = {0} and m > n/4.
Proof. Let ¢ € LA(R™) and K; = {z|j~! < || < j},j =1,2,.... Then for ¢ >0
llxx; V(N1 ~ A) ™2
< Ixgelisesteisin (L + [2]) 724V - (1 + [2])2 772 D(E)(1 — A) ¢ ll2
SN+ D)TE*V o - xgeri-restetinn (1 + [21) 277 D()(1 — A) o lloo
S e(L+ 514577 (1 = A) 0o

Since (1 — A)™™ is bounded from L%(R"™) to L*®(R") for m > n/4, the result fol-
lows. O

Remark 2.6. The condition (2.19) is implied by the condition V = V; + V,, V, €
L*(R™),V, € LP(R™),2 < p < n, since Holder’s inequality implies (1+|z|)~2++V, €
L*(R™), if € is chosen sufficiently small. This condition is the one used originally by
Cook, Hack, and Brownell, see the discussion in the notes of [15].

2.4. Long Range Potentials. In this section sufficient conditions for the long range
condition in Assumption 2.2 are given.

Proposition 2.7. Let V: R x R™ — R be a measurable function. Assume there
ezists o € L'(R) N C(R) such that for any compact K C R™\ N there exists Cx > 0
such that

VYVt () Loy + RIIAV)(E, ()l < Cro(?) (2.20)
“fort € R. Then V; =V satisfies Assumption 2.2 (LR).
Proof. Fix a compact K C R"\ N. By (2.4) and (2.20) we get
t
IVS®)llwey < CL2 / o(r)2dr
~ 0
and
t
AS()|| o) < C'K/ ro(r)dr.
0
Let 1 < T < t. Then

. t
IVS(t)]|Leo(ry < T'( sup a(r))l/2 + ¢t - T)1/2/ o(r)dr
7€[0,T) T -
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and thus oo
lim sup ¢~ /?|| VS (t) || pee (i) < c/ o(r)dr.
t—00 T

Taking T — oo we conclude that (2.6) holds. To verify (2.7) we compute:
T
. /1 E 2 TS () [2en eyt
T t 9
< / 2 (/ o('r)l/zd'r) dt
1 0
T 2 ! 2
= —T‘l(/ o(r)%dr)" + (/ o(7)!/%dr)
0
T t
+2 / 1o (1) 2( / o (r)2dr) dt
1 0
1
< ( / o(r)/2dr)*

+2( / t)dt)* . /1 Tr?( /o ta(’r)l/2d7')2dt)1/2.
/1 T /0 () 2dr) < et /1 " o(r)dr,

and we conclude that (2.7) holds. The term in (2.8) is estimated as follows:

T
. / E 2 AS(0)]] gy dt

| g/th*(/otm(r)dr)dt
o7 OTm(T)dT+ /0 ro(r)dr + /1 ey

Thus

< c/ol ro(r)dr + /°° o(t)dt < oo.
1
Thus Assumption 2.2 (LR) holds for V =V,. O
We give three examples to illustrate the conditions in Proposition 2.7.
Ezample 2.8. Assume for all compact K C R*\ N
(VV)(t, o)l S er(L+ t) 2, ze K, p>1,
(AV)(ttz)| S cx(1 4 |t])7 7, z€eK, p'>1.
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Take o(t) = (1 + |t])~™»{»#"}, Then (2.20) holds. As a particular case one can take
V(t,z) = Mz — to|#/2,

A#0,u>1,veR and N = {v}.

FEzample 2.9. Assume

(VV)(t, 1)) S ex(1+ )21 +log(L + )™, o€ K, u>1,
(AV)(t,12)] S ex(1+ [t 21 +log(L + [t)) ™, c€ K, o> 1.

Take o(t) = (1 + |¢])~* (1 + log(1 + [¢]))~™n{##}, Then (2.20) holds.
The last example is for the surfboard equation, see Section 4. Note that in this
case the definition of the wave operator is changed, replacing U(0,t) by U(1,1).

Ezample 2.10. Let V(t,z) = 0(¢)®(t~'z). Sufficient conditions for (2.20) are V&,
A® € L (R™), and

t
lim |t|‘1/2|/ o(r)dr| =0,
0

Jt|—o0

t
/ t"zl/ 0(7‘)d7’|2dt < oo.
ft21 0

2.5. Stark Hamiltonians. Let £ € R" \ {0} be fixed in the sequel. The free
Stark Hamiltonian is given by K, = —%A + E - z, and the full Hamiltonian with
a potential ® by K = Ko + ®. The wave operators for the pair (K, Kj) exist if
and only if the wave operators for (H(t), Ho) exist, where H(t) = Ho + V(t,z) with
V(t,z) = ®(z — 3t*E). This result is obtained by using the moving frame picture,
see for example [9]. In this formulation the Stark Hamiltonians are covered by the
present formalism. Throughout this section we use the definition

V(t,z) = ®(z — 14E) (2.21)

without further comments. The coordinate along the fixed constant electric field is
denoted by z) and the orthogonal component by z,. According to this convention
we also write £ = (Ej,0) with Ej; > 0. We also decompose the gradient as V =
(V) V1). In the one-dimensional case conditions relating to , and V are omitted.

Proposition 2.11. Let & satisfy

/1 ||X{x[1'"<—r2}q)(w)(1 —_ A)_IIIB(B(R"))dT < 0. (222)

Then V =V, (see (2.21)) satisfies Assumption 2.2 (SR) with N =0, m = 1.
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Proof. Let Kr = {z||z| < R} and t > 4R/E);. Then
{tz — }t°E |z € Kp} C {yly < -1°Ey}.
Let ¢ = (1 — A)"Yp, ¢ € L2(R™). A change of variables yields

IV (A= Aol < ( Bty + HE)[ dy)
{vly<-$12E)}

< Mxgigg-3emp @0 = A) sa@m)
- (I1llz + %[ Ap]l2)
-such that Assumption 2.2 (SR) follows from (2.22). O

Next we look at long range potentials when the modified wave operator is the one
introduced by Graf [5].

Theorem 2.12. Let : R — R satisfy
/]: ||X{1’|.‘L‘"<-r2}(V¢)(1 hand A)_m”B(LQ(Rn))TdT < o0 (2.23)

for somem, 0 <m < 1. Let V; = ®(—12E) and V,(t,z) = ®(z— Jt°E) — ®(—3¢*E).
Then V satisfies Assumption 2.2 (SR, LR).

Proof. Since V; is independent of z, the (LR)-conditions are trivially satisfied. We
write

1
Vi(t, ta) = /0 (ta - V8)(toz — L2E)do.

Fix R > 0 and ¢t > 4R/E). Using the change of variables as in the previous proof we
get with ¢ = (1 - A)™"¢, ¢ € L*(R"),

IxraValt, tC))l2 < Rellxgypype-temy (VR = A) ™ llaamny

L (Ut)"n/2”(1 - A)m(¢((ta)—l(')))l|2da
< th”X{yly"s—%tzEu}(vq))(l — A)"Isz2mny)

[ @ oy mdslol

Since 2m < 1, condition (2.23) shows that V; satisfies Assumption 2.2 (SR). O

Let us note that Graf’s conditions ® € C'(R"), V®(y) = O(|y|™'"%) as |y| = o
imply (2.23). Our conditions allow some local singularities in V®. If we impose
further conditions on ®,then we can allow slower decay in the direction opposite the
electric field.
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Theorem 2.13. Let & € C*(R"). Assume for somem, 0 <m < 1

lim &(=rE) = 0, (2.24)
/1 ||x{,|,“<_,z}(VL<I>)(1 — A)_m”B(Lz(Rn))TdT < o0, (2.25)
/1 Ix ety ey (Va1 = A) ™ s(zacamyrdr < co. (2.26)

Then the modified wave operators WP exist with the choice Vy(t,z) = ®(—3t2E).

Proof. Assumption 2.1 is satisfied, since V is bounded and continuous, see e.g. [23].
We take

S(ty) =— /ot o(—1r2E)dr + y ®(—3t’E).
We have
|WM4LMﬁmmwwMmemm=m—mwm%ﬂwm

which tends to zero as t — oo by (2.24) and dominated convergence. Thus we can
use this S(t,y) to prove existence of the Graf modified wave operators. We calculate:

Vi(t,tz) = ®(tz — 1°E) + 8,5(¢, z)
= ®(tz — %tzE) — @(—%ﬁE) — t:l:“(V“q))(—--;—t;’E)

— /0 (2 - VO (toz — 12E)do — tay(Vy0)(~12E)
_ /0 (o1 - V.8)(toz — 12E)do

+ [{ie)ton - 128) - (@@)-38) bt
= /Ol(t:z:J_ -V, ®)(toz — 1°E)do

- /0 : /0 (toz - V(V0))(to0z — 12E)d0 do.

Repeating the estimates in the proof of Theorem 2.12 and using (2.25), (2.26), we
get integrability of ||xx, Vs(t,t(-))(1 — A)™¢|l2, with0 <m < 1. O
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The argument in the proof of Theorem 2.13 can be refined further. To do this we
take

S(t,y) = /(I)(—-T?E)d7'+y Z( +1), Vi®)(-1t2E).

7=0

Then the proof of the following result is straightforward. Further details are omitted.

Proposition 2.14. Assume ® € CV+3(R") for some integer N > 0. Assume for
somem, 0 <m < 1,

1Lrgr1/2v1q>(-rE) , 7=0,1,2...,N,
/1 ) X ¢e1zy<=r2y (VE®)(A = A) ™| s(z2(mmyridr < 00, j=1,2...,N,
[” X 4z12<-2}(V] V.9)(1—-A)" ™sz2@eyr’tldr < oo, j=1,2...,N,
/1°° "X{wIxn<—r’}(VN+l(v‘I)))(1 - A)—m”B(L?(Rn))?‘N“dT < oo.
Then the modified wave operators W exist with the choice Vi(t,z) = ®(—1¢E).
In the one-dimensional case we can obtain the following result based on the mod-

ified wave operator introduced in [9]. In this case we take F = 1 to simplify the
notation.

Proposition 2.15. Assume & € L*(R) N C*(R) with

o0
/ ”X{xlx<—r7}®’”oo7'—ld7‘ < 0. (227)
1
Let'V(t,z) =Vi(t,z) = (= - 3t%). Then V satisfies Assumption 2.2 (LR).

Proof. Let Kp = {z||z| < R} and assume ¢ > 4(R+1). Following the computations
in [9] we find for z € Ky

¢ R+1 gt
/ 79 (rz — 1r¥)dr = (/ +/ )r®'(rz — 17%)dr
0 0 R+1

We now estimate:

R+1
/ 7®'(rz — %Tz)dr <(R+1)?* sup |®'(v)]
0

lyl<2(R+1)?
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and

¢
/ 7®'(rz — -;-Tz)d'r

R+1

= ’—t(t — )7 ®(tz — 3t%)
+(R+1)(R+1-2)'®((R+1)z — {(R+1)?)

t
- / z(z — 7)7°®(rz — 17%)dr
R+1

< 2[|®lleo + (B + 1)][®loo + Bl 2flco / (r = R)*dr.
R+1

These computations imply
IVS@)llzeg S & 8> 4(R+1),
such that (2.6) and (2.7) hold. Similarly, we have
/t 720" (rz — 1r¥)dr = t*(z — ¢)71®/(tx — 14?)
R+1
~(R+1*(z -~ R—-1)"1®'(R+ 1)z — L(R+1)?)
+ {(z = 1) — 2%z — 1)} B(tz — 11?)
—{z-R-1)T"-2*z - R-1)}®((R+ L)z — {(R+1)?)
— /t ((z —7)72 = 32%(z — 7)) ®(rz — 3r%)dr.
R+1

We estimate

t
/ ?®"(rz — 17%)dr
R+1

< 2|9 (tz — 3t) |+ ¢ sup  |®'(y)] + cl|®]|co-
lyl<2(R+1)?

and

S(R+1)° sup  |2"(y)].

2
ly|<2(R+1)?

R+1
/ 720" (12 — 17%)dr
0

Combining these estimates we get
tHASOllzexy < C Xy 1yg-13 @ Wlloo + b7
which is integrable by (2.27). O

We now use this result to resolve the discrepancy between classical and quantum
scattering discovered in [8]. We use Proposition 5.1 together with Proposition 2.15.
See the discussion in Section 5.
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Theorem 2.16. Assume ® € L*(R) N C*(R) with

lim &(—r?) =0, (2.28)
/1 (It 15<—r23Blleo + 4o <rty @ lloa)r~dr < 0. (2.29)

Let V(t,z) = ®(z — 1t?). Then the modified wave operators with the Graf modifier
Sa(t) = — f(: O(—37%)dr ezist.

Proof. We consider only the Wf’ -case. We introduce

t
S(t,y) = —/ O(ry — %Tz)dT.
0
We will prove that for any compact K C R™ the limit
lim (S(t,) — Salt)

exists uniformly for y € K. Then combining this result with Proposition 5.1 and

Proposition 2.15 the theorem follows. .
Assume K C[-R+1, R—1] for some R > 1. Thenfort> Rand y € K

R t
Sat) = S(t) = ([ + [ )(@(ry = 45 = (=3

The integral frdm 0 to R tends to zero by (2.28). We now integrate by parts
¢ t 1
/R((I)(Ty —1r%) - (—1r%))dr = /R /0 Ty®'(70y — %Tz)dé’ dr

17 ¢ R
= /0 (3?[9—_2 (t0y — Lt%) — 5 _yR<I>(R9y — %R2)> dé

1 gt
_ Y Y 1.2
/0 /R <0y — + Oy - T)2><I>(7'0y 57" )dr do.

ty
m@(tﬁy — 3 >0 as t— oo,
uniformly for y € K, 6 € [0, 1], so the first term vanishes. Furthermore,

Y TY
\( + 2)@(703/ — %7'2)

Oy —1  (By—1)

Now

< cxla(rdy — 37|

which is integrable from R to co by (2.29). This proves the result and hence the
theorem. 0O
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3. NON-EXISTENCE OF WAVE OPERATORS

We give a series of results on non-existence of the limits lim;_,o, U(0,t)Up(t)¢ and
limy—,eo U(0,8)Up(t)p. Results for the limit ¢ — —oo are entirely analogous and are
omitted.

1. Non-Existence Results for Ordinary Wave Operators. We give a con-
nection between the existence of lims—,o U(0,¢)Us(t)p in L2(R™) and the supports of
¢ and a certain scaling limit of V. We recall that throughout the paper N C R" is
a closed set of measure zero, depending on the potential under consideration.

Assumption 3.1. Let V satisfy Assumption 2.1. Assume there ex1st to>0,We

Li,(R*\ N), m > 0, and a function § € €([to, ), R4) with [ 0(t)dt = +oo.
Furthermore, to each compact X C R™ \ N there exist ox € CZ([to, o0),R4) with
limg,o ok (t) = 0, and pg € L([to, 00)), px = 0, such that for ¢ > ¢,

Ixx{DE)7V(t,-)D(t) = 6(O)W }(1 — A) ™™ [|sza(mmy) < ox()8(2) + px(2)-(3-1)
Theorem 3.2. Let V satisfy Assumption 3.1.
(i) Let ¢ € L*(R™). Assume lim;_,o, U(0,2)Us(t)p exists in L*(R™). Then W¢ =
0

(ii) Let ¢ € L*(R™). Assume a0 € L*([to, o)) for any compact K C R™\ N.
Assume W@ = 0. Then limy—o, U(0,t)Us(t)e ezists in L*(R™).

Proof To prove the first part we take 7 € S(R"), the Schwartz space, such that
b e €°°(R" \ N) and assume K D supp®. Let ¢4 = limmeo U(0,t)Us(t)p. We
assume (3, W) # 0 and show that it leads to a contradiction. Let ¢ > s > to. We
compute:

(U0, ) M()D(t)) — U(0,)M(s)D(s)h, 0+)
= [ W), - Er)M)D(Yb, )i

— _/t(MD(D-IV(T)Dz,Z»),MDc,ﬁ)dT (32)
+ [ (MD(DV(7) D), MDF (o~ M) (33)
+ (MD(D™ V(1) D), Us(r)o — U(r, O)ps )dr (3.4)

+ [ (MD£23,U(r,0)p4)dr. (3.5)
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These four terms are estimated as follows. The first term (3.2) is estimated by
[ @008, 9)ir| = | [ 0, e
| + [0 VDD = 00wy By
> (w4, [ 0(r)ar
- [[(exe) + oo 1@ = 8Bl

The second term (3.3) is estimated by
| [ V78, Flo = Medr| < [ IV (r,r(Dilallt = Mgl

< / t{ Ixx{D(r)*V(r)D(r) = 0(r)WH1 — A) ™™ ||s(z2(m))
@ = DY Pl + OWRI (L - M(7))elledr
< / t{(ax(f)ﬁ(r) + ()1 = A)™ Bl + 6(7) W[}
(11 = M(7))ell2dr.
The term (3.4) is estimated in the same manner:

[ XV (rr (DB () = U(r, 0)ps ladr

< [Aox@)0) + oI = BBl + o) W)
NU()e - Ulr, 0)ps ladr.
Finally (3.5) is estimated by

t
/ | Al l2dr-

Fix € > 0. If we note that lim;_,o, 0x(t) = 0, we can determine T'(¢) > o such that
fort > s> T(e)

2l llall+]l2 = (U0, )M (¢)D(t)sh — U(0, s)M(s) D(s), o+ )|
> {I(h, W)| - €} / 0(r)dr — cs™ - C / pr(r)ir.
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We conclude that (1/;, W@) = 0. Since 3 varies over a dense set, we conclude Wo =0.
This proves the first part of the theorem.

To prove the second part it suffices to consider ¢ € §(R™) with ¢ € C(R"™\ N),
W= 0, by a density argument. Let K = supp ¢. Using (2.11) and W¢ = 0 we get

I(U(0,)M(#)D(t)¢ — U(0, s)M(s)D(s)|l2

=1l [ v(@.7)60, - H(r) M) D(r)dr
< [ ID Y @)Dplir +4 [ T 1adldr
< [ Il D VD) = W1 = ) lsaaquny

t
(1 = Ay @adr + / 2| A2 dr.

The result now follows from Assumption 3.1. [J

This theorem states in a fairly precise manner that O(|z|™!) is the borderline for the
existence of the ordinary wave operators, if one excludes oscillation in the potential.
Let us illustrate this fact by a few examples.

Ezample 3.3. Let V =V, + Vo, Vi(t,z) = Mz —tog ™1, A # 0, v e R™, 0 < py < 1,
and |V;(t,2)] < |o — tvg|™#2, py > py. Let N = {v1,v2} and let K € R"\ N be
compact. Let 6(t) = t7# and W(z) = Az — v1|™**. Then

Ixx (D)7 V() D(t) — 0(O)W)lszamny < et7 = ox(t)0(2)

with ok (t) = ct**=#2, Thus the conditions in Assumption 3.1 are satisfied. (To verify
Assumption 2.1 one can use results in [23].) The logarithmic borderline case can also
be obtained in this type of example. Take V = V; + V, with

Vi(t, ) = Az — tvg |7} (1 + log(1 + |z — tvy )™

and
Va(t, )| < clz — tva] /(1 + log(1 + |z — twa])) 7,
with g > 1. Further details are omitted.

Ezample 3.4. Let V = Vi + V3, Vi(t,z) = Az? —*|7" /2 A £0,v, e R, 0 < py <1,
and |Va(t,z)| < ||z| — [¢][7#2, g2 > p1. Then we take N = {z||z| = 1}, 0(¢) = t~#1,
o (t) = ct*~#2, W(z) = M1 — 2?|~#/2, Further details are omitted.

Ezample 3.5. V(t,z) = M|z — tho|"#, v e R*\ {0}, £ > 1, 0 < p < 1/k. Take
ok(t) = /\min{“tl'km L |v|““l |z € K},
() = t=#*, and W(z) = Alv|~*. For k = 2 this example yields the result in [14].
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We also give an example for the surfboard equation, see Section 4. Note that the
definition of the wave operator is changed in this case, replacing U(0,1) by U(1,1).

Ezample 3.6. Let V(t,z) = 0(t)®(t7'z). Let & € LE (R™\ N). We can take 6(t) =
t#, 0 < p < 1,o0r 0(t) = t7(logt)™*, 0 < p < 1, or B(t) = t7!sin(tY)], A > 0,
0 < p £ 1. In these cases the conditions in Assumption 3.1 are satisfied.

3.2. Stark Hamiltonians. For the Stark Hamiltonian with Graf’s modifier we have
the following result:

Theorem 3.7. Assume ® € L®(R") N C}(R"), E € R"\ {0}. Let Vi(t,z) =
O(—3t°E), Vi(t,z) = ®(z — H2E) — ®(—11?E). Assume there evists § € C(Ry)
with § > 0, [7° 0(t)dt = co. Assume there exists W € L} (R™\ N) such that for all
compact K C R™\ N,

Jim () D) Vi) D(E) = Wllsqzaquey = 0 3.9)
Let ¢ € L*(R"). Assume limy_..o U(0,t)Up(t) ezists. Then W = 0.
Proof. The line of proof is very close to the one for part (i) of Theorem 3.2. We note
(10, + SA)M(7)D(7) exp(3S(T))d
= M(7)D(r)exp(iS(7))(z5A + ®(—172E) ).
Since the extra term is a function of 7 only, we can replace D(7)~'V(7)D(7) by
D(r)'V()D(r) ~ ®(=17*E) = D(r)'V,(1)D(7).
Now the arguments can be repeated, with px = 0 and
ok (t) = xx (6(t) 7 D(t)7Va(£) D(t) — W)lls(z2(me)-
Further details are omitted. [J

E’xample 3.8. Take dimension n = 2 and let E = (2,0),
T2
(1'+ 22)1/2(1 + log(1 + z2))
Let N = {0}, 6(t) = (2tlogt)~!, and W(=x;,z2) = z,. Then the conditions in
Theorem 3.7 are satisfied, so both the usual wave operators and the Graf modified

wave operators fail to exist. Note that in this example V®(z) = O((|z|log |z|)™?) as
lz| — oo.

(I)(xl,:l"?) =
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3.3. Non-Existence of Modified Wave Operators. We give a result on the
non-existence of a Dollard type modified wave operator.

Assumption 3.9. Let V; = V satisfy Assumption 2.1. Assume there exist ¢, > 0,
Wy € LS, (R*\N), and 6, € C(Ry) with 6; > 0, [ 61(7)dr = oo, such that for every
compact K C R™\ N one can find tx > to, ox € C(R4), ok 2 0, limy_,, ok () = 0,
px € LY([tk, 0o0)) with the property

[t72(VS(t))? = 1(8)Whl|Leo (i) + 2| AS ()l Lo (i) S or (2)02(2) + pr(2). (3.7)
Assume furthermore

Jim 12|V S(t)| oy = 0. (3.8)

Theorem 3.10. Let V satisfy Assumption 3.9. Let ¢ € L*(R™). Assume that
lim;—,o U(0,2)Up(t)p ezists in L*(R™). Then Wi = 0.

Proof. Let ¢ € S(R™) with ¥ € CP(R”\ N). Let K = supp ) and write @y =
limy—,o U(0,t)Up(t)p. We compute again:

(U0, 8)M(2)D(t) exp(iS(2)) — U(0, 5)M(s)D(s) exp(iS(s)) b, o+)
= / (U(0,7)(i0, — H(r))M(r)D(r) exp(iS(7))$, ¢+ )dr

= [ WOn)ME)D(r) expS(r)) (~Vilr, 7€) = £(VSY: = xAS))
+ 2—:5A1/A) + 2—:—;‘75 . VI/;),LP.{.)CZT.
The quadratic term is written as
— 25 (U(0,7)M(7)D(7) exp(iS(7))(VS)*$h, p4)
= — g5 (M()D(7) exp(iS(7))(VS)*, U(r, 0)p4 — Un(r)e))
— L (M(7)D(r) exp(iS(7))(V 8%,

Uo(7)(1 = M(=7)) exp(iS(7, —=iV))p) = 55((VS)*, ).
We estimate as follows:

—7=((VS)4,9)] = 30u(M) (Wi, )| = 3(ox (7)02(7) + px (7)) ¥ ll2llolle,

|~ 502 (M(7)D(r) exp(iS(r))(VS)*, U (7, 0)o - Ub(T)w))I
< 31U (7, 0)p4 = Un(7)ell2(02(r)IWidllz + (o (7)8:(7) + prc(r)]l2),
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|~ 522 (M(7)D(r) exp(iS(r))(VS)4, Up(r)(1 = M(~r)) exp(iS(r, —iV))p)|
< 1V (exp(ES (7))@l (0s(DIWailla + (ox(T)6a(r) + px (7)) [B]2):

Therefore we can treat the the quadratic term as follows: Given ¢ > 0, then there
exists T'(¢) > 0 such that

|-32(U(0, 7)M () D(7) exp(iS(7))(VS) %, 04)]
> (Wi, )] — €)61(7) — C(e)px(7)

for all t > T'(¢). The remaining terms are estimated above by an expression £6;(7)
plus an integrable function. Thus we can proceed as in the proof of Theorem 3.2 to
conclude W1 =0. O

Ezample 3.11. We illustrate this result by the example
V(z) = Me|™*(1 + log(1 + |z])) ™/
with A £ 0 and 0 < g < 1. Tt suffices to take N = {0}, Wi(z) = A¥z|=3, 6,(¢) =
t~'(logt)™*, and pk(t) = cxt~'(logt)~#~2. Further details are omitted.
We also give an example for the surfboard equation, see Section 4. Note that the

definition of the wave operator is changed in this case, replacing U(0,t) by U(1, ).

Ezample 3.12. Let V(t,z) = 0(¢t)®(¢~'z). To verify the conditions in Assumption 3.9
we can take ® € L2 (R") with V& € L (R") and then take
0(t) = t7?(logt)™*?, 0<pu <1,
6:1(t) =t~ (log £) ™,
Wy = 4(V9)?,
p(t) = Ct~(logt)™#2,

4. THE SURFBOARD SCHRODINGER EQUATION

The Schrodinger equation with a time-dependent Hamiltonian of the particular
form

H(t)=—-1A+0()®(t 'z) (4.1)

is called the surfboard Schrodinger equation. Theorem 2.3, Proposition 2.7, Theo-
rem 3.2, and Theorem 3.10 have direct applications to this case. See the examples
2.10, 3.6, and 3.12. In this section we obtain a result on existence and unitarity of
the modified wave operators for this particular equation. See [22] for previous results
on this problem.
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Note that due to the singularity in the potential at ¢ = 0 the definition of the wave
operator should be modified. We follow [22] and take

W2 = slim U(L,)Up({)-

Another possibility would be to use Up(t—1) in the above definition. If lim; 4 8(t) =
0, then the two definitions give the same wave operator.

Throughout this section we consider only the ¢ — oo case. The t — —oo case can
be treated analogously.

We introduce the notation I = [0, co). We also use the space

(1) = {p € 2R | leldmy = Y. le?020l3a(mny < o}
Jo|+]B8]<1

Assumption 4.1. Let V(t,z) = 0(t)®(¢"'z), where & € L*(R") with V& €
L*(R") and 6 satisfies the following conditions:

6 € €((0, 0)), @€ L*(I)NL*(I), a>1, (4.2)
hrn t_l/z/ 6(r)dr =0, (4.3)
/1 t"z(/o |0(7‘)|d7’) dt < oo. \ (4.4)

We record the following result which is a special case of the results obtained in

[23].

Lemma 4.2 (Yajima [23]). Let V satisfy Assumption 4.1. Then there ezists a
unique unitary propagator U(t, s), t,s € I, associated with H(t) given by (2 1). Fur-
thermore, U(t,s) maps H*(R™) into H2(R”) and is strongly continuous in (t,s) €
I x 1. For ¢ € H*(R™) we have

U(t,s)e € C1(I x I; L*(R™)),

QU (1, s)p = HRU (L, ),
10,U(t,s)p = =U(t,s)H(s)e.

This result is used without further comment in the sequel.

Lemma 4.3. Let V satisfy Assumption 4.1. Let ¢ € ¥(1). Then U(t,s)p € X(1)
for allt,s € I and we have

(z+atV)U(L,s)p = U(t, s)(z + isV)
+i / 6(r)U(t, 7Y (V) (= () (r, s)pdr. (45)
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Proof. We start with a formal computation

i;?;(U (5,7)(z +irV)U(7,8)) = U(s,7)([z + iV, =3A + V()] + iV)U(7, )
= U(s,7)ir0(r)r " (V®)(r 7' (-))U(r,s).

Integration from s to ¢ and application of U(¢,s) on the left yields (4.5). To justify
the computation one considers each component and replaces z + i70;, by iA(zx +
170z, )(zk +i70;, +1X)71. After calculating the commutator above one passes to the
limit A — oo. Computations of this type are common in the Mourre theory, see for
example [1]. Further details are omitted. [

Lemma 4.4. Let V satisfy Assumption 4.1. Let ¢, € X(1). Then
10,(, U(1,1) M () D(¢t) exp(25(t))¢)
| = —5%((::; +tV)U (2, 1), M(2) D(t)(:V) exp(:5(t))p). (4-6)
Proof. Assume ¢, € S(R™). Then
10,(%, U(1, 1) M () D(t) exp(iS(t))p) = i0,(D(t)™ M(t) U (2, 1), exp(iS(t))p)
= (D)7 M) U(t, 1), (~8:S(t)) exp(:S (1))
+ (=0, D() ™ M(2)7"] = D(t)"' M(t) " H(2)) U(t, 1), exp(iS(8))p)-
Now we use
—i[0,, D() ' M(t)7'] = D() ' M (1) TN (3A) = 3z AD(E) I M ()™
to continue the computation
= (D) M(8)7 U (2, 1), (=V (8, 2()) — 8:5(2)) exp(iS(t)))
+ (zz AD(E) T M() U (L, 1)9, exp(iS(2))p).
The first term vanishes due to (2.4). The second term is rewritten using
V)D)'M(t)™! = D(t) M (t) " (z + itV). (4.7)
We get, using also the domain properties in Lemma 4.3,

_ _%( D) M(2) Nz + itV)U(t, 1), (iV) exp(iS(t)))

- _51_2(@ +itV)U(, 1), M(£)D(2)(iV) exp(iS (2))p)-

We can now use Lemma 4.3 and V® € L™(R") to extend this result to all ¢, €
(). O '

Our main result is the following theorem.
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Theorem 4.5. Let V, = V satisfy Assumption 4.1. Then
WP = slimU(1,6)Un(t)
ezists on L*(R™) and is unitary.
Proof. Let us first prove exis£ence. It suffices to consider ¢ € S(R"). Let
¥(t) = U(L M(2)D(t) exp(=S(1)%-
Then fort > s > 1
() = ()N = —2Re(b(2) — %(s), %(s))-
By Lemma 4.3 we have 9(s) € £(1). Thus we can write

I4(0) = w9 = ~21m [ 30, ((r), 9(s))ds

= Re [ 7 (U(r)D()(V) expliS(r)P,
(z 4 irV)U(r,s)M(s)D(s) exp(iS(s))p)dr.
Now use (4.5) and the adjoint of (4.7) to write

=Re | '+ (M(r)D(r)(V) exp(iS(r)), Ulr, s)M(s)D(s) (V) exp(iS(s))@)dr
+Re [ MDYV expliS(r))e,

i [ 0mUr (O ()7, )M ()D(s) exp(~S ()b dn)dr

< / T2(V) exp(iS(7))@llz (V) exp(iS(7))pll2dT (4.8)
[ expliS@ [ lo@ldnlTRlalipldr (4.9)
We have

(V) exp(iS(7))éll2 < IVS(7)lollpllz + V22
< /0 [6(mdnllV @lleoliellz + IV l2.

Hence the term (4.8) is estimated by

3 Rl [ owian+1)([ et + vyar, |
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which for s large is estimated by

¢ / B / " o(n)ldn)dr.

The term (4.9) is estimated by the same expression. The condition (4.4) in Assump-
tion 4.1 implies the existence of

o4 = lim (2). (4.10)
Now

IUQL, 1)U ()¢ — ¢+lla < I1U(L,1)(Un(t)e — M(2)D(t) exp(iS(£))¢)|l2
+ UL, 8)M(2)D(t) exp(iS(¢))@ — o+ l2
< (1 = M(=2)) exp(iS(t, —2V))ell2
+ UL, 8)M () D(t) exp(iS(4))p — #l2-

The first term tends to zero by the computations in the proof of Theorem 2.3 and
condition (4.3) in Assumption 4.1. The second term tends to zero by (4.10). Since

S8(R") is dense in L?(R™), we have proved existence of Wf = s-lim;,o U(1,t)Up(2).
To prove unitarity it suffices to prove existence of s-lim,—,., Up(t)*U(¢,1) on §(R™).
Let ¢ € §(R™) and let
o(t) = exp(~iS() D(t) M UL, 1),

We have v(t) € £(1) by Lemma 4.3. We calculate as above for ¢t > s > 1

[o(t) = v(s)|[2 = —2Im / 18, (v(r), v(s))dr.
Rewrite using Lemma 4.4

10r(v(r),v(s)) = —%((w +irV)U(r, 1)y, M(7)d(7)(iV) exp(:5(7))v(s))

= _é_i_?((x + i V)U(T, 1),

M)V exp(i [ 0(a)dn®)D(s)™ M(s) U(s, ).
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We commute (:V) to the right and then use (4.7) to get
= —5m3((z +irV)U(r, 1),
exp(=i [ 0(n)dn®) [ 0(n)dn (V) D(s) ™ M(s) U (s, 130)
~ 53((& +irV)U(r, 1),
exp(=i [ 8(n)d1®)D(s) M(s) (e + isV)U(s, 1),

Thus we get

o) = o < [ 7o +irV)U DYl T 0l [ 0G0l e

+ / (@ + VYU (r, Dbl (@ + isV)U(s, 1) |lndr.

Now using (4.5) we conclude that both terms are estimated by
t T
- 2
[ ([ eianyen

Yy = lim v(t) (4.11)

t—oo

Thus

exists. Finally we have

|| exp(=iS(t, —EV))Uo(—)U (¢, )9 — P ll2 = U (¢, 1)9 = Up(t)d+ 2
< U@, )9 — M(£)D(t) exp(iS(t))h+ 2 + 1M (¢) D(2) exp(iS(2))tb4 — Un(t)d+ |l
< U@, )% — M()D(t) exp(iS(2)p+ 12 + 11 — M(2)) exp(eS(t, =i V) lo-

Both terms tend to zero as ¢ — co. This computation completes the proof. [

5. DISCUSSION

We discuss the results in the pre\}ious sections. The modified wave operators W{
a priori depend on the decomposition V = V; + V,. We have the following result
which is a variant of [6, Theorem 3.1]. The proof is omitted.

Proposition 5.1. Assume that U(t,s) is a unitary propagator. Assume S;: R X
R - R, j = 1,2, are measurable functions. Assume

WPt = st-lim U(0,t)Us(t) exp(i5:1(t, —iV))



26 ARNE JENSEN AND TOHRU OZAWA

ezists on L}(R"). Then
w2 = s-lim U(0,)Us(t) exp(iSa(t, ~iV))

ezists on L*(R"), and Wf’z = f’l, if and only if for any compact K C R™ and
anye >0

meas{{ € K ||exp(iSi(t,€) — S2(t,€)) — 1| > e} =0 as t— oo.
An analogous result holds for W27 and t — —co.

One application of this result is to prove that for certain potentials a modifier is
needed. This is essentially the argument given by Dollard to prove that the ordinary
wave operators do not exist for the Coulomb potential V(z) = Alz|™, X # 0.

The existence results obtained here generalize several known criteria by allowing the
potential to be time-dependent. On the other hand, for the general time-independent
potentials the strongest results on existence seem to be those in [7, Chapter XXX].

The conditions on existence in our assumptions are of a type that includes poten-
tials for which completeness fails. As a simple example take dimension n =4, ¢ > 0,
and V(z1,22,23,24) = —¢, for all z with |z;| + |z2| + |z3] < 1, and zero otherwise.
This potential satisfies the condition in Proposition 2.5. If c is chosen sufficiently
large, then ga.(H) = [Ao, 00) for some Ay < 0, such that asymptotic completeness
fails. This example is due to Weidmann [16]. For other examples, see [19].

Let us add a few comments on how to prove completeness in the present framework.
The computations in the proof of completenessin Theorem 4.5 can be carried through
in general. Let

v(t) = exp(—iS(2))D(t) " M(t) U (¢, 0).
We have fort > s> 0

o) = o(s)l = ~21m [ i0n(u(r),o(e)d.
Repeating the computations in Section 4 we find
[i8:(v(7), v(3)| < Valr, 2)U(r, 0)ll [
+ 7720+ 79Ol [ H9 Vi, 22)duT (s, 00l
+ 772|(z + 7 V)U (7, 0)3b)| ll(; +:sV)U(s,0)¢]|s.
If we assume
| W2, 00l < oo, (51)
(VYU 0l < OO+, (52)



EXISTENCE AND NON-EXISTENCE 27

we can conclude existence of
lim exp(~iS(£))D(t) M() U t, 0)9,
and if we furthermore assume |
Jim £V S (1) = O,

we get existence of

lim Up()U(t, 0)¥.

For a time-independent potential the conditions (5.1) and (5.2) would follow from
decay assumptions on V, and V; and propagation estimates for U(t, 0), together with
an assumption that the spectral support of ¢ relative to H is a positive distance
away from the point spectrum of H. For time-dependent potentials the formulation
of the concept of completeness requires some care. This problem is solved in [10, 11],
where a geometric characterization of “scattering states” is given and asymptotic
completeness is proved for a class of time-dependent long range potentials. See also
the discussion in [21].

The results in Section 3 on the relation between the support of ¢ and the support
of a suitably time-scaled limit of the potential are similar to those first obtained by
Yajima [22] for the surfboard Schrédinger equation. Some of the results in [22] are
extended in Sections 3 and 4.

The results in Section 3 give essentially sharp conditions on existence and non-
existence for potentials with a dominating term of a particular form. Without such
assumptions only very weak results are obtainable. A few results of this general
nature are available in the literature. In [2] necessary and sufficient conditions for
the Cook criterion are discussed. One result is that the criterion

[ It Vet < o0

is necessary and sufficient for the Cook criterion with respect to the dense set
F-1CP(R™). '

In the paper [3] necessary conditions for the existence of ordinary wave operators
are obtained. The problem is considered in a fairly general framework and conse-
quently only rather weak conditions on the potential are found. This is not surprising,
since the ordinary wave operators are known to exist for oscillatory potentials with
arbitrarily slow algebraic pointwise decay O(|z|#), 8 > 0. As an example, take for
n=3
sin(|z|*)

|z[f
with 8 > 0 and 2a + B > 3. For this potential the ordinary wave operators exist.
Assuming this particular form of the potential White has obtained necessary and

V(z) =
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sufficient conditions on the parameters a and f for existence (and completeness)
of the ordinary wave operators, see [17]. White obtains his results essentially by
combining {6, Theorem 3.1] with a proof of existence (and completeness) of modified
wave operators.

Finally we discuss the results on the Stark Hamiltonians in some detail. In [8]
a discrepancy between classical and quantum scattering for one-dimensional Stark
Hamiltonians was discovered. It was shown that the classical wave operators exist
and are complete for potentials satisfying essentially

V()] + V()] < c(logle)™®, B>1, o] >R (5.3)

Furthermore, for potentials with behavior V(z) ~ |z|™7 as |z| — oo the ordinary
quantum mechanical wave operators do not exist, if v < 1/2, see [14, 8] and Ex-
ample 3.5. Hence the discrepancy. Graf [5] (see also [18]) proposed the modifier
exp(—1 fot V(—3172E)dr), which is a pure phase factor. He proved existence and com-
pleteness with this modifier in any dimension, if the potential satisfies V' € C(R")
with VV(z) = O(|z|~?"¢) as |z| — oo. The existence part of his result is extended in
Theorem 2.12, replacing the pointwise condition by an integrability condition of Enss
type. In Theorem 2.13 this result is further refined. Here the pointwise requirements
are essentially V, V(z) = O(|z)|™'~¢) and V||V (z) = O(|:z:”l_%‘5) as T — —oo.
In Theorem 3.7 we then obtain a necessary condition which in Example 3.8 is used
to show that the Graf modified wave operators fail to exist in dimension n > 1, if
VV(z) = O((]z|log|z|)~). Thus we have found the borderline behavior for Graf’s
modifier in dimension n > 1.

In [18] a different modifier is proposed. Here a modification is applied in the
variable z, together with the Graf modification in the variable ). The condition
used allows some oscillation in the z, variable. In particular, for

V(iz)=(1+ :v"’)"‘/2 cos(|z)|*) cos(|z1|P)

withe >0,0 < a<1/2,0 <8< 1/2 a# B, itis shown that the ordinary
wave operators exist if and only if ¢ + max{a,8} > 1/2. White assumes for the
general result on existence and completeness of his modified wave operators that the
the long range part satisfies [(92Ve)(z)] < (1 + |:l:”|)""l%l and (02V)(z) = o(1) as
|z| — oo for all multi-indices a. This result should be compared with Theorem 2.13
which requires less differentiability and stronger decay in the z, direction, but uses
the simpler Graf modifier. By the preceding discussion this condition seems close to
optimal for existence.

In the one-dimensional case we first generalize the existence part of [9] to potentials
satisfying essentially (5.3), i.e. the condition used in the classical mechanics result
(8], see (2.27) in Proposition 2.15. The modifier used here is the one used in [9],
for which the intertwining relation fails. Finally, combining Proposition 2.15 and
Proposition 5.1 we show in Theorem 2.16 that this modifier can be replaced by
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Graf’s modifier, thus resolving the discrepancy between the classical and quantum
mechanical scattering theories for one-dimensional Stark Hamiltonians. We expect
that completeness also holds with this modifier.
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