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Scaling Limit of a Model of Quantum Electrodynamics

Fumio Hiroshima
Department of Mathematics, Hokkaido University
Sapporo 060, Japan

Abstract

This article gives a solution to an open problem in the paper: A.Arai; J.Math.Phys.31,
2653(1990). We present an abstract asymptotic theory of families of unitary operators {¢(x)}x>0
and self-adjoint operators {H, }«>0 acting in the tensor product of two Hilbert spaces. We prove
that HJ"(V,x), which represents a scaled total Hamiltonian of a coupled system of a one elec-
tron atom and a quantized radiation field, with parameters 0 < € < 1, £ > 0, and the electron
mass renormlized, is unitarily equivalent to an operator H[**(V, k), which can be regarded as
a decoupled Hamiltorian. Applying the abstract asymptotic theory and the unitary equiva-
lence, we prove that the resolvent of HI®*(V, &) strongly converges as £ — oo to an operator
which defines an effective potential of the electron. We compare the effective potential with that
obtained in the paper mentioned above.



I. INTRODUCTION

This article gives a solution to an open problem in Ref.1.

We shall discuss a nonrelativistic limit of a model in quantum electrodynamics, which describes
a nonrelativistic one electron atom coupled to a quantized radiation field. The nonrelativistié limit
we study on the model is a'sca.ling limit of the speed of light at the same time as the coupling
constant of the model gets a scale transformation.

In Refs.2 and 3, the Pauli-Fierz model (stated below) is studied. It is well known that the
Pauli-Fierz model is a realistic one in the sense that in a nonrelativistic region, it explains well
some physical phenomena such as Lamb shift, although the explanations are usually done by formal
perturbation calculation. In Ref.1, rigorous mathematical basis have been given to the Pauli-Fierz
model by using a nonrelativistic limit. However the Pauli-Fierz model neglects the self-interaction
term: A2. In this paper we consider a model with the A2-term. |

Let L?(R?) and FEM be the Hilbert spaces of state vectors of the electron and the quantized
radiation field, respectively. The total Hamiltonian H of the model is realized as a self-adjoint
operator in the tensor product L?(R?) @ FEM and has parameters ¢ > 0,e € R \ {0},m >0
denoting the speed of light, the elementary charge and the mass of the electron, respectively.
Introducing scaled parameters c(x),e(x), m(x), with a scaling pa,ra,meter K, wé define the scaled
total Hamoiltonian H(«x) by replacing the parameters c, e, m by c(«), e(x), m(x), respectively.

The main purpose of this paper is to investigate an asymptotic behavior of the resolvent of
H(k) as k.— oco. Fot this purpose, we shall show the exsistence of a family of unitary operators

{U(k)} x>0 on L2(R?) @ FEM guch that
H(k) = U(x)" H (k) (x)

is a special version of the self-adjoint operator H,; discussed in Ref.1. In Ref.1, the effective operator

Hepyof Hy as k — oo is defined as a self-adjoint operator in L%(R?) by

lim (H, —2)" ' = (Hegs — 2)"'e P,

K—+00

where P is a projection operator on FZM, We show that ﬁ(;c) strongly converges to a unitary



operator U as k — oo and

lim (H(x) - 2)™ = (Hegs - 2) @ P) A7,

K=+00

where ﬁeff is the eﬁ'ec;'tive operator of fI(fc) as k — oco. We shall present an explicit form of fleff,
and compare it with an effective operator of Ref.1.

The outline of the present paper is as follows. In Section II, we review fundamental facts in the
abstract Boson Fock space F(H) over a Hilbert space H.

In Section I1I, we define a family of inhomogenous linear tzansformations of the canoniéal pair

of field operartors a!(f) and a(f) in F(H) by the mappings:

d(f) — al(S(k) ) + a(T(x)f) + (I(x), f),
o(f) — al(T(x)f) + a(S(x)f) + (L(x), f), (11)

where 0 < & < o0, {S(k)} and {T(x)} are two families of bounded linear operators on H, and
{L(x)} is a family of vectors in it. It is well known that under some conditions for S(x),T(x)
and L(x), the both sides of (1.1) are unitarily equivalent. We denote by {#/(x)} the family of the
unitary operators on F(H) which implement the unitary equivalences. We shall show that under
some conditions, /() converges strongly to a unitary operator U as x — oo.

In Section IV, we review an abstract theory of asymptotics of a family of self-adjoint operators
{H} acting in the tensor product of two Hilbert spaces with a little modification of Ref.1 and
define an effective operator H.¢s of H, as kK — o0.

In Section V, we define our model. The Hamiltonian of the model without a potential for the

electron is defined as a self-adjoint operator in L?(R?%) @ FEM:
H=Ha@I+HP + HD + 1@ HEM,

which describes the interaction of one free electron and the quantized radiation field with the dipole
approximation. In Ref.1, the model, without the term H}z), was considered, which is called the
Pauli-Fierz model (Refs.2 and 3). In order to compare our model with the model of Ref.1, we shall

introduce an operator in L?(R?%) @ FEM by
Ho=HaoI+HD + eH® 4 1@ HEM,
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where 0 < ¢ < 1. We show that H, is unitarily equivalent to an operator which can be regarded
as a decoupled Hamiltonian I?: = H, ®I+I1® HEZM and the unitary operator, which implments
the unitary equivalence, is induced by the inhomogenous linear transformation on FEM stated in
Section III.

In Section VI, we shall discuss an asymptotic behavior of the total Hamiltonian with an electron
mass renormalized, H**(V) = H!*" + V, where V is the potential of the one electron atom and
H{°" is the mass-renormalized coupled Hamiltonian. The operator HI**(V) depends on parameters
c,e,m. The scaled total Hamiltonian H;*(V,«) is defined by replacing the parameters c,e,m by
c(k), e(x), m(x), respectively, with ¢(x) = ck, e(k) = ex”7, m(&) = mx~2. The non-relativistic limit
we study in this paper is taken in the sense of the scaling limit ¥ — 0. Since |e(x)|,m(x) — 0
as £ — 00, the non-relativistic limit is a scaling limit of the speed of light at the same time as
the magnitude of the elementary charge and the mass of the electron become 0. Using the unitary
equivalence relation of H]*" stated in Section V, we show that H**(V, ) is unitarily equivalent to

a self-adjoint operator which is of the form of H, discussed in Section IV:
Hy™(V,y k) = A7 () H () ().

The unitary operator U (x) is just of the form of that in Section III. Applying the abstract theory

in Sections III and IV, we fird that the effective operator erff of ]?:‘"‘(V, k) as K — oo satisfies
s— lim (H1(x) = 2)7 =8 (Hegs - 2 @ P) A

The effective operator H eff is of the form “Laplacian+Potential”. Its potentialis called an “effective
potential”. We show that the effective potential of I;Teff coincides with that of Refs.1 and 3.
In Appendix A, we prove Lemma 5.14. In Appendix B, we construct a generalized solution of

the Heisenberg equation.

II. FUNDAMENTAL FACTS IN AN ABSTRACT BOSON FOCK
SPACE

In this section we shall recall the definition of objects in an abstract Boson Fock space. Let H be
a separable complex Hilbert space with norm || || and inner product (-, ) (linear in ). Let J be

a conjugation on M, i.e., J is an antilinear isometry on H with J? = I, where I is the identity on



H. For f € Hand T € B(H) (B(H) is the set of bounded linear operators on H), we define f € H
and T € B(H) by

f=Jf T=JTJ.

Let ®™H be the n-fold symmetric tensor product of H with convention ®?H = C. The symmetric
Boson Fock space F(H) over H is defined by

F(H) = é Q" H.

n=0
Every element & € F(H) is a sequence & = {®(™}22; of vectors &™) € ®?H (n > 0) which
satisfies
l18]1° = 3 118" < co.
- n=0
We denote by Fo(H) the finite particle subspace
Fo(H) = {® = {8}, € F(H) | ™ =0 for all but finitly many n},

and by af(f), (f € H) a creation operator in F(H) which is definded on Fo(H) and leaves it

invariant satisfying the canonical commutation relations (CCR): for f,g € H,

La(f),a(g) 1= [al(f),a'(g)1=0,
[a(f),al(g) ] = (. 9),

where a(f) is the adjoint of a'(f)[ 5, (%) (the annihilation operator in F(#)) and
[A,B]=AB - BA.

The operator al( f)[x,(x) is closable; we denote the closure by the same symbol. Let C(H) denote
the set of densly defined closed linear operators in H. For any A € C(H), the second quantization
dT'(h) € C(F(H)) is defined as the infinite direct sum

dT(h) = EB dT'n(h),
n=0
with dTg(h) = 0 and

dlp(h)=h®IQ®.QI+I®h® .0 I+.+1®I®..0h(n>1).
{ > NN I . d A

n-times n-times n-times
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It is well known that if A is a nonnegative self adjoint operator, then so is dI'(k), and a*(f) :
D(dT(h)"*7) — D(dT(R)") (f € D(h"*%), n > 1), in particular for f € N> D(R™), al(f) leaves

neo D(dT'(R)") invariant. The number operator N is given by the second quantization of I:
dTl'(I) = N.

It follows that ® € D(IN) if and only if 322, n?|[8™)|[? < 00 and (N@)™ = n®("). The follwing

facts are well-known:
e (21 < AN IN +1)78]], & € D(ND), | (2.1)
[a}(f), N]¥ = +a!(f)¥, ¥ € D(N?), (2.2)

where + in Eq.(2.2) (resp. —) corresponds to a(f) (resp. a!(f)). In addition to the subspace

fo(H),uwe introduce two useful dense subspaces D and D, in F ('H) as follows:

D = L{a'(fi)al(f2)...a!(f)0Q | f; € H,j=1,..,n, n> 1},
Dy = Fﬁ D(N™),

n=1
where (2 denotes the Fock vacuum © = {1,0,0...} and £{...} the set of finite linear combinations of
{...}. We recall that for all f € H, a! leaves D and D, invariant. Further, using (2.1) and Eq.(2.2),

one can easily see that if f;, — fjasn — o0, j=1,..,N, N > 1, then for & € D,

dim [|a'(f1,0)--0! (fw,0)® = al(f1)...a! (fw)@]| = 0.

It is well-known that for f € H the operator

©(f) = i(al(f) - a(f))

is essentially self-adjoin‘t operator on Fo(H).

Here we shall briefly collect some known results about operators quadratic in a!. The notations
used below shall follow those of Ref.4. We denote the set of Hilbert-Schmidt operators on H by
I(H) with Hilbert-Schmidt norm || - ||gs. For any K € Iy(H), there exist two orthonormal sets

n=1

{u}2L, {6}, in H and positve real numbers {),}*, (the non-zero eigenvalues of |K'|) such

that

M

2
Z A;, < 00,
n=1

6



and for all f € H

M
Kf = Z /\n('(xbn’f)q‘,’n,

n=1

where M may be finite or infinite, but we shall consider the case M = 0o. For K € I,(H), we put

N
< af|KN|af >= Z )\naf("p-n)af(¢n))

n=1
N
<alKyla>= ) Ana(¥n)a(gn).
n=1

Then it is well known that for all & € D, the following limits exsist:

<al|Klat>®=s5- Nlim < al|Kylat > @, (2.3)
- 00 :
~ <a|lKla>®=s—- lim <a|lKyla> 9. : - (2.4)
N—=oo

Moreover, for all K € I(H),
(< al|K|at > ®,0) = (8,< a|K*|a > ¥), &,V eD. (2.5)

It follows from Eq.(2.5) that < a!|K|a! > is closable. We denote its closure by the same symbol.
One can show that for vectors of the form & = al(f1)...al(f,)Q (f; eH,j=1,..,n),
<alKla>® =Y (F;, K fi)al(f1)..al(fi)..al(f)..al (fo)Q, (2.6)
i#5
where ~in Eq.(2.6) means that the operators with index ¢, j are omitted.

By virtue of Eq.(2.6), we see that

<alK[a>™ = Z (f_ﬂ ) Ksz)'“(f_jzm—x ' K fizn)s (n=2m) (2.7)
N#EFEiem
<alKla>™®=0(2m >n) (2.8)

For S € C(H), we introduce the subspace in F(H)
Ds = L{al(f1)al(fo)..a' (fa),Q | f; € D(S),5 =1,2,.,n, n > 1},

It can be easily seen that for S € C(H) and ® € Dg, the strong limit

N k
<al|Sla>*:d=s- 1\}1_1}}30 : {Z aT(en)a(S*en)} : d

n=1
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exists independently of the choice of C.O.N.S. {e,}3%, in H with e, € D(S*) (n > 1). Its action
on the vectors of the form @ = al(f1)...a!(f,)Q (f; € D(S),j = 1,...,n) is given by

<allSla > @& = k' > aM(f1)a'(Sfu)al(Sfn)al ()R, (K < ),
n1<..ng
< adl|Sla>k: @ = 0, (k>n).

We shall next describe the commutation relations of < a!|K|a! >,:< at|S|a >*: and a!. For any
operator A, we define AT = 4%,

It is well known that for K; € L(H) (j=1,..,n), i € H(1=1,..,m) and & € D,

$ € D(< al|Ki|at >< al|Kalat > ... < al|K,]al >),

< d|Kilat > ... < at|K.lat > @ € D(a!(f1)...a'(fm)),

E

and for K € L(H),® €D

[a(f),< al|K|at >1® = ol (KT + K)D,
['(f), < alK|a >]® = —a(KT + K)2,
[a(f), < alK|a >]® =[al(f), < al|K|a! > ]® =0.

Similarly it can be easily seen that for S € C(H), f € D(S), g € D(ST) and & € Ds,

[ :< al|S|a >*:,at(f) 1@ = kal(Sf) :< al]S|a >*1: @,

[ :<a'|Sle >*:,a(g) 1@ = ~ka(57g) :< al|S|a >+ &,
We introduce two sets fg(’H) and 6 by

L(H) = {KehM\K =K7,||K|| <1},

0 = {zec|ls <|IK[I7*}

For K € I>('H), we have

N

1 1 i
E—'(—— < af|K|at >) Q
n=0 . 2

2 N
=Zan)

n=0

where a, = (2"n})7?|| < at|K]at > Q|2



Proposition 2.1 : Let K € I5(H). Then the following (1) — (4) hold:
(1) For all z € § and k > 0, the limit limy oo 2N nFa, 2" exists.

(2) 2, anz" =det(] — zK*K)™%, z € 6.

(3) Tizo n?an = [N*Q(K)IP, & > 0.

(4) For all & € D, the strong limit

N

1 | 1 1
— t t =s— }i (== HE 1 S
exp( 2<a.|K|a > =s Nh_l}lw';n!( 2<a|I\|a >)e,
exists and belongs t0 De.
Proof: See Refs.5,6 and 7. m]

For L € I,(H), S € C(H), ¥ € D and ® € Ds, we define

N
1 1 1
: exp(—-z- <d|Sla>):d=5- Jim > — (-5 <al|Sla >)": @, (2.9)
1 | X .
exp(-—;z- <alLlla>)p=s- Nh_xgo ZO F(_g < a|Lla >)"®. - (2.10)

In the summation of the definitions (2.9) and (2.10), the number of non-zero terms is finite. Hence
the definitions (2.9) and (2.10) are well defined and the both belong to D. By virtue of of Proposition
2.1, we can define for K € L(H), a vector (K) € Do by

(K) = N exp(~ 3 < ot K[! >)0,

where A is a normalized constant so that [[Q(K)|| = 1. By Proposition 2.1 (2), A/ is explicitly
given by
N =det(] - K*E)F = II2,(1 - A2)F.

Lemma 2.2 : Let K € I3(H), L € I(H), S € C(H), and put
. 1 T
Ui(K) = exp(—; < a'Kla' >),
1
Ua(S) =: exp(— 5 < al|Sle >) ¢,

Us(L) = exp(~3 < alLla >).



For ® € D and ¥ € Dy, the following commutation relations hold.
(1) [T(K),a(f) 18 = MK TA(K)E, £ CH.
() [Ui(K),a!(f)]@=0, feH.
(®) [Ua(S),0() ¥ = a(557 VAT, f € D(S).
(4) [Ta(S),0'(£) 1% = a(-3SNT(S), f € D(S).
(5) [Us(L),a(f)]®=0, fen.

(6) [Us(D),a!(f) 18 = ~a((L7 + DNTSL)S. | € H.

Proof: Tt is straightforwardly seen that on D

N R R 11 i Nt
N ;);l—, ~5 < d'|Kla >) a(f) - };E(’Em |Kla® > | o!(Kf)
N 1 1 n
=a(f)2-n—‘(——;;<af|K[af >) : (2.11)
11.=0 . -

The strong limit of the r.h.s. of (2.11) exists. Then, from the closedness of a(f), (1) follows. The

proofs of (2)-(6) are similar to that of (1), and the details are left to the reader. O
Lemma 2.2 ‘immediately gives the following corollary.
Corollary 2.3 : Let K € I;(H), K, and K5 be in B(X) and K1 K5 € I(H). Then
(K1 f)+ a(K2)}Q(K1 K1) =0, feH.
Proof: By Lemuma 2.2 (1), we can see that
a(K2/)U1 (K1 K50 = —al (K1 )V (K1 K719,

Since Uy (K1 K510 = Q(KK3!), the desired result follows. O

Proposition 2.4 : Let K € L(H),S € C(H), ST(K + ET)* € I,(H). Then,

(1) < al|K|at >* Q € D(AT(S)"),
(2) dT(S)" < d'|K|at >¥ Q@ =k < ot |(K + KT)S|at >< al|K|al >51 ,

(3) Q(K) € D(dT*(S)).

Proof: See Ref.8. O
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I1I. CANONICAL TRANSFORMS IN AN ABSTRACT BOSON
FOCK SPACE

In this section we shall investigate a family of inhomogenous linear transformations of the canonical

pair of field operators at(f) and a(f).
3.1 Fundamental facts

An inhomogenous linear transformation of the canonical pair of field operators a'(f) and a(f) is

induced by L € H and the sympletic group £ over H. For bounded linear operators T and S on

(7 5)

is in the symmpletic group X if and only if following relation holds on H & H:

‘H, we say that the matrix

[1]

S*JE =EJE* =17, (3.1)

J=I0 andE*:ST;.
0 —-I T S*

Throughtout this subsection, we fix Z € ¥ with matrix elements S and T being in B(#). Let L € H.

where

The inhomogenous linear transformation induced by = and L is then defined as thé mapping:
a(f) — oSN +aTH + (T, 5) = BY()),
a(f) — a'(Tf) + a(Sf) + (L, f) = B(f).
For simplicity, we sef
b'(f) = a'(SF) + o(T¥),
b(f) = (T f) +a(Sf).

In what follows, the notations b and B! denotes b! or b and Bt or B, respectively.

Equation (3.1) implies the following relations:

S$*S—T*T =1, (3.2)
S*T —-T*S =0, (3.3)

11



S§* ~-TT==1, (3.4)
TS*-ST* =0. (3.5)

One can see that b*(f) is defined on Fo(H) and leaves it invariant, and satisfies
(b(£)T, 8) = (T,b!(f)®), (3.6)

[8(f),b(g) 12 = [ b1(£),b1(g) ]® =0,
[8(),b1(9) 12 = (,9)2,

for @,V € Fo(H) and f,g € H. Furthermore by Eqs.(3.4) and (3.5), the operator a*(f) can be

represented as follows:
- o(f) = =BT ) + B(S"f) ~ (ST - TL, f), (3.7)
al(f) = B(S"f) - B(T"f) - (5L - TL, f). (3.8)

The adjoint-relation Eq.(3.6) implies that b!(f) is closable; we denote its closure by the same

symbol. In addition to the above condition = € ¥, we further suppose that
T € I,(H). (3.9)

It is well known that under the condition = € L, (3.9) is a necessary and sufficient condition for
that there exists a unitary operator &/ (up to constant multiples with absolute value 1) on F such
that

U BY U = d\(f).

This section is devoted to representing the unitary operator & explicitly. As we shall see below, the
unitary operator &/ consists of two different unitary operators U and S on F(H), which are called

the Intertwining operator and the Displacement operator, respectively (Ref.9):
U =ST.
Before proceeding to the construction of these operators we present some technical lemmas.

Lemma 3.1 : The operator S is bijective with
M TS~ <1, @) [IS7H < S

12



Proof: It follows from Eqs.(3.2) and (3.4) that $*S and SS* are bounded and strictly positive seli-
adjoint operators on H. This implies that S is bijective. Further, from Eq.(3.2) and a bijectivity‘
of 571, (1) follows. From the inequality ||S™Y|| = ||(I + T*T)~1S*|| < ||S*|| = |IS]|, (2) follows. O

By Lemma 3.1 we can define three operators K, K5, K5 on H as follows:

K, = TS,
Ky = S-T57'T -1,
K, = S™IT.

By Eqs.(3.2) and (3.3), it can be easily seen that
KT =K1, Kl = K3, K¥ =S - I (3.10)

e

Lemmas 3.1 and Eq.(3.10) imply that K; € TZ(H), and from the definition of K5, K5 it follows that
K, € B(H) and K3 € I,(H). Thus we can define operators Uy, U and U3 in F(H) as follows:

U, = exp(—% < af|Kilat >),

Uy = : exp(_—--;— <al2(-K2)le >)

Us = exp(~3 <al(~Ksa >).
Since U3,U3 : D — D and Uy : D — Dy, the operator

U= NU1U,U;
can be defined on D, which maps from D to D,. The normalized factor A is explicitly given by
N =det(I - KTK,)5.
Lemma 3.2 : The operator U can be uniquely extended to a unitary operator on () with
U~ (f)U = al(f), feH. (3.11)

Proof: We begin with showing that Eq.(3.11) holds on D. By the commutation relations of U;
(j =1,2,3,) and a!(f) (Lemma 2.2), we have the following equations on D,
U102Usa!(f) = UrUsa!(f)Us + UrUza(Ksf)Us

al (I + K2)f)U1UsUs + Uy Uza( K3 f)Us. (3.12)
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Using the fact that a!((I + K3)f) = b}(f) + a(~T f) + a'(=T ST f), we have
(I + E) 00U = b1(f)U1U;0s + Uia' (=T ST )V, U3
+U1{al(EK1T f) + a(=T £)}U2Us. (3.13)
Hence it follows
Eq.(3.13) = b/()U1UUs + U1 Uz{a(~Tf) + a(-KITf)}Us. (3.14)
Combining Eqgs.(3.12) with (3.14), we obtain
U1UaUsa!(£) = b1(F)U1U2Us + UrUza(=Tf - KITf + Ks3f)Us.
Since Eq.(3.10) gives that =T — KIT + K3 = 0, we get for all ® € D and f € H,
- | Ual(f)® = bl(f)US. (3.15)
Then Eq.(3.11) holds on D. Next we put UQ = (UQ = AU10) and set
g =L{bt(f1). b (FH)LQ | fjeH,i=1,.,n, n>1).

Since we have already seen that al can be represented by 4 and for all Corollary 2.3 gives f € H,
b( f)ﬁ = 0, the subset G is irreducible with respect to a! in the sense of Berezin. Then we can get
G = F(H). Furthermore by Lemma 3.2 and the commutation relation of 4!, we see that U satisfy

that

106! (f1).-a(£)01] = 161 (1)1 ()] = [la' (f1)..al (fa)UL-

Hence we conclude that U maps D onto G and is isometry. Hence it can be uniquely extended to
a unitary operator on F(#). We denote the unique extension by the same symbol. Since b'(f) is
closed, so is U~1b!(f)U. Because D is a core of al, taking the closure of both sides of (3.15) on D
gives the desired result. The proof for b(f) is similar to that of b1(f). Thus we get Lemma 3.2. O

We define the operator 7(L) in F(H) by
m(L) = i{b(L) N (D)}
= i{a!(R) - o(R)},

where R =TL — SL. Thus n(L) is essentialy self-adjoint on Fo(H). We denote its closure by the

same symbol.
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Lemma 3.3 : Let S = exp(—in(L)). Then we have
St}(£)S~! = Bi(¥). (3.16)
Proof: For ®,¥ € Fo(H), since Fo(H) is the total set of analytic vectors of 7(L), we have

'm

(5718,b(/)S7'T) = Z( )"— (@ Pr@re, x(omy)
+Z( ’) = (=@re ()2, 7Ly
_ (@.50))

Thus Eq.(3.16) holds on Fo(H). Since b(f) is closed and Fo(H) is a core of b(f), we get Eq.(3.16).
The proof for b!(f) is similar to that of b(f). m

-

Theorem 3.4 : We put &/ = SU. Then we have
UBY(fu = d\(f), feN.

Proof: This follows from combining Lemmas 3.2 and 3.3. a

3.2 The strong convergence of the Intertwining operator and the Displacement
operator

In this subsection we shall present an abstract asymptotic theory of a family of unitary operators
{U(k)}o<r<oo, Which is induced by the cannonical pair of field operators al, on F(H).

We shill assume that families of bounded operators {S(«)}«>0, Hilbert-Schmidt operators
{T(k)}e>0 on F(H) and vectors {L(&)}x>0 in H satisfy the following corditions;

(A.1): For all 0 < & < o0, |
S(k) T(x)
(7 &)<

(A.2): There exist a Hilbert-Schmidt opertator 7’ and a bounded linear operator
S on F(H) such that

)l.“&o T(x) =T, in strong topology,

lim S(k) =S, in operator norm.
K—+00
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(A.3): The trace class operator 7*(x)T(x) holds
Jim T*(k)T (k) =T*T, in trace norm.
(A.4): There exists a vector L in H such that
s— lim L(x)= L.
From conditions (A4.1) and (A4.2), it follows
S T
- = | €L
(7 %)
We define

~ Be(f) = al(T(x)f) + a(S(k)f) + (L(x), f), 0 < £ < 00,
Bl(f) = a'(5(x)f) + (I(k), f), 0 < K < o0,
B(f) = a'(Tf) +a(Sf) + (L, f),
BY(f) = a'(5f) + a(Tf). + (T, f).

For simplicity, we put

be(f) = a (T (k)f) + a(S(x)f), 0 < k < o0,
bL(f) = a'(S(x)S) + a(T()f), 0 < & < 00,
b(f) = (T f) +a(Sf),
b(f) = (1) + o(T¥).
As was mentioned in subsection 3.1, the mapping ¢ — B! induces fafnilies of the Intertwining aﬁd

the Displacement operators {U(«x)}o<r<oo and {S(#)}o<x<oo, and the mapping a! — B}, U and S,
respectively. Putting U (k) = S(xk)U(x) and & = SU, we have

a}(f) = U(x) " BL(fHU(k), 0 < & < o0,
a(f) =UB(f)uU.

Much of this subsection shall be devoted to the investigation of asymptotic behavior of the family

{U(k)}ocn<coo as & — oo0. Since by Lemma3.1, the bijectivities of the bounded linear operators
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S(x) and S are guaranteed, the operators T(k)S~ (), 0 < k < 00, and TS~! are well defined and
Hilbert-Schmidt operators, respectively. In the precisely same fashion as in Section II, we define

operators K;(x) and Kj,(j =1,2,3) on F(H) as follows:

Ki(x) = T(k)S7(x), K1 =T57,
Ka(k) = S(k) = T(x)S™Y(k)T(x) - I, K3=S5-TST -1,
K3(k) = S7Y(k)T'(x), K3 = S™IT.

We denote a trace norm by || - ||7&-

Lemma 3.5 : The limit of the trace class operator Kj(x)K(x) as K — oo in the trace norm exists
with
Jim [|K7(k)K1(x) — KT Ka||zr = 0.
Proof: This follows directly from Lemma 3.1 (2), conditions (A4.2), (4.3) and two inequalities
K3 (R)K1(k) = KiKallre < (ST T s + 11572 IT13s) 11572 (x) = 572
HISTHHIST ()] T (8)T(8) ~ T Tliz,

157 k) = ST < ISTHEN IS THI IS () = S

We define two sets in C, ¥, and 9., by

9 ={z € C | |z] < ||K1(x)||7%}, 0 < & < o0,

Yoo = {2z € Cl|2| < || K1]|7%},

and put the intersection of these sets by

8= () e[)P0.

0<Kr< 0
Let § be the interior domain of the closed disk 9. From the fact that lim x — oo||K1(8)]| = || K1]l,
and |} K1(x)|| and || K1|| are less than 1, it follows that 1is contained in §. On account of Proposition

2.1, for z € 19, we have

Z ba(x)z" = det(] - zKi"(fc)Kl(/x:))";", 0< Kk < o0,

3
o

3 baz™ = det(l — 2K K1) 7, (3.17)

n=

(=)
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whete by(s) = 7ll < al| Kx(s)]at >7 Q|| and b, = zio| < a|Kyla? >* Q2.

Here we shall briefly summarize properties of an infinite determinant of a trace class operator.

Proposition 3.6 : Let A, B € I;(H). Then:

|—2

(1) det(J + 2A4*A) is a holomolphic function in z € € and has no zero points in |z| < ||A]

(2) For z € C,
dr
e eI +2474) - 7 det(I + 2B"B)| < [|4"A - BBl Ca(|IAll3, [| BIE, |2]).

where Cy(+,-,+) is a continous function on R x R x R.
Proof: From § XIII 17, Lemma 4 in Ref.10, it follows (1) and
|det(I + 24 A) ~ det(I + zB"B)| < ||A"A ~ B*BllzrCo(||All%s, 1| Blis, 121),

where Co(z,y, 2) = ze*(®+t¥)+1 Then for n > 1, we have

det(I +zA™A) - -é——- —~det(] + zB*B){

det(I + wA*A) —det(I + wB*B)i
dw
(w — z)"+1

dz"

n!
<%
27 Jjw—z|=r

< ;ﬁCO(IlAII%s, ||Blls, |2l + r)||A™A — B*Bl|zs,

where 7 > 0. Thus (2) follows. O

By Proposition 3.6 (1), we can define a family of holomorphic functions on the open set %

containing 1 with parameter £ > 0 by:

{FK(Z’ k)}0<'<<oo = {i nkbn(’c)zn} )
0<r< 0

n=0

. (o o]
F(z,k)= ) n*baz™.

n=0
Lemma 3.7 : For any £ > 0, and z € 19, the following limit exists
Jim Fi(z,k) = F(z,k).

Proof: We use induction on k. Let fix z € ¢ throughout the proof. In the case k = 0, by (3.17) and

Proposition 3.6, we can see
|Fe(2,0)7% = F(2,0)7%| < (|| K7 (%) K1(x) = K1 Kill7a) x Co(l|K1(k)s, | K1llrs, 121)- (3.18)
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Hence the r.h.s.of (3.18) converges to 0-as kK — 00. Thus lemma holds for k¥ = 0.
Assuming that the lemma is true for all ¥ <[ for some [ > 0, we can see that for [ + 1,

gl+1

Fz,l+1) = {%m (det(I - zK*(m)K(n))-%)} A4 i‘ P(n,Da,(k)z", (3.19)
n=0

where P(n,l) = n'*! —n(n - 1)..(n — ). We see that a first term of the r.h.s of Eq.(3.19) is a sum

of finite number of terms, each of which is a product of

d?

det(I - 2K}(k)K1(x))™ 27, e

det(l — zK{(k)K1(x)),j =1,..., 1 (3.20)
It follows from Proposition 3.6 (2) that the limits of the both terms of Eq.(3.20) exists with

. d P, d .
lim 7det(I—- ZBl(IC).Kl(K))) = ﬁdet(f - ZKIKI).

K— 00

On the other hand, by the induction hypothesis, the limit of the second term of the r.h.s of
Eq.(3.19) exists with
o0 o0
: n . n
Nh_»n;mo Z P(n,a,(k)z" = Z P(n,Da,z".

n=0 n=0

Thus we have completed the proof of Lemma 3.7. ]

In what follows, for the sake of brevity, we denote Q(Ki(x)) by Q(x), 0 < & < o0, and

QK1) = (o). Lemma 3.7 immediately gives the following corollary.

Corollary 3.8 : For any k > 0, the following limit exists:
lim IN*Q(0)]| = IN*Q(0)|.
Proof: Because of Proposition 1.1 (3) and Lemma 3.7, we have
Jim INFQ()I = lim Fo(1,2) = F(1,26) = [N*Q (o)

Thus Corollary 3.8 follows. |

Lemma 3.9 : For any k£ > 0, the following limit exists:

s — lim N¥Q(x) = N*Q(o0).

K00
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Proof: We begin with showing the existence of the weak limit of Q(x) as k — c0. Let & be of the
form & = al(f1)..al(fn)? € D. H n is odd, then (N*Q(x), ®) = 0. Hence it suffices to consider the

case n = 2m (m € N). Then we see that
(N*(x), 8) = (2m)*(= )™ 2(0, < al K3 ()] >™ ).

It follows from Eq.(2.7) that < a|K{(x)]a >™ & can be represented as a finite sum of terms, each
of which is a product of (f, K{(x)f;) (4,7 = 1,..,n). Hence one can see that in strong topology,

< a|lKi(k)la > ® —>< a|K{|a > P as k — co. Thus we get
(Q, < a|K7(k)|a >™ @) — (2, < a|Kla >™ B) (k — o0).

Since D is dense and Corollary 3.8 gives that ||N*Q(x)|| is bounded in &, we have

£

w = lim N*Q(k) = N*Q(c0). | (3.21)

Then Lemma 3.9 follows from Corollary 3.8 and Eq.(3.21). o

Lemma 3.10 : The strong limit of the unitary operator U(x) exists with

s — lim U(x)=U. - (3.22)

K= 00

Proof: It suffices to prove Eq.(3.22) on a dense subspace D. Let & = al(f})...a’(f,)Q € D. By

Theorem 3.3, we have

1| BLCf2)-BL(fa)20) — b1 (f1)..-bH (£} 2 (c0) ||
3=y {a! (5(k)f5) + a(T(k) £)}2(6) = T2y {a' (S £;) + a(TF;)}(00)]

finite

> et (X1 fr)-ah (X o f)2U(K) - a"‘(lel)’..au"(ann)Q(oo)l| (3.23)

Il U(x)® - T ||

IA

where a¥ means a or al, X, S(k) or T(x) (0 < & < 00), and X;,SorT, j=1,..,n. Since
the summation in the last inequality (3.23) is taken over a finite number of terms, we need only to

prove that each term goes to zero as x — co. We have

|la? (X1,0 f1)-- 0" (X S )U() — &P (X1 f1).n0 (X £)QU(00))]
< 2l (Xrefi)- @ (X = X5)f5)-wat (K f)2o0)|

‘}'”aul (Xl,nfl)"'au"(Xn,nfn)(Q(K') — Q(o0))[I- (3.24)
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The two terms in (3.24) can be estimated as follows:
lim ot (X1 f1)aM(Xsn = X5) f3)e 0 (X fr) - Q(00)|| = 0, § =1, ..., 7.
Since £2(o0) is in Deo, by making use of (2.1) and Eq.(2.2) again, we have

llah (X0 1) (X ) () = Qc0))]
< X ull (rla¥ (Xa £2)-04 (X e £ )(O(%) = Q(c0))|
0 (X0 f2)-- 0" (X e fa)(N + 1)(R(8) = Q(c0))]|)

< I |1Xefill ) (?) n||(N + 17 (Q(x) = Q(c0))|
1=0

It follows from Lemma 3.9 that

n

lim > (j) 7 [|(N + 1)/ (Q(x) ~ Q(c0)]| = 0.

§=0

Thus Eq.(3.22) follows. O

We define the operators 7 and w(«) in F(H) by

(k) = i{bs(L(x)) = bL(L())}, 0 < & < oo,
T =i{b(L) - b'(I)}.

It is easy to see that () and 7 are essentially self-adjoint operators on Fo(H) for 0 < & < co. We
denote their self-adjoint extentions by the same symbols. Then by Lemma 3.3, the Displacement

operators S(x) and S have the forms

S(«k) = exp(~in(x)), 0 <k < 00,

S = exp(—in).
By conditions (A.2) and (A.4), one can immediately see that
- 1 = : 9
s Klingo S(k) = S. : (3.25)
Now we are ready to prove the main theorem in this subsection.
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Theorem 3.11 : The family of unitary operators {{/(«)}o<x<oo has strong limit as k¥ — oo;

§ - KlHrgOU(n) =U. : (3.26)
Proof: Since U(x) = U(x)S(x), Eq.(3.26) follows from Lemma 3.10 and Eq.(3.25). O

IV. ASYMPTOTIC BEHAVIOR FOR A CLASS OF SELF-ADJOINT
OPERATORS

In this section, we shall briefly summarize the asymptotic theory for a family of self-adjoint opera-
tors. This kind of work has been done in many literatures. In paticular, we refer to Ref.1 and use
the same notations as those in Ref.1.

Let K be a complex separable Hilbert space and set
X=HQK.

Suppose that A and B are nonnegative self-adjoint operators in H and K, respectively, and KerB #
{0}. Let P, denote the projection from K to KerB. Let {C,}.>0 be a family of symmetric operators
in X and Fj, j = 1,2 real valued functions on R which satsfy the following conditions:
(C—-1):Forallk >0, D(A®I) C D(Cs) and Cx(A®I+ A)"!is a bounded operator for all A > 0
on X with

Jim [|Cx(A® I+M7 Y=o

This convergence is uniform in «x > xq for some k¢ > 0.

(C-2) There exists a symmetric operator C in & such that D(A® I) C D(C),
s— lim Ci(A®@I+A)"'=C(A4 T+

(C ~ 3): For j = 1,2, the limit lim,_.o Fj(k) = Fj < oo, exists.
. We define the operators in X', Ho, and H, by

Hox = Fi(k)A® I+ kI® B+ Fy(k),

H

H, = Ho,,g + C..

Lemma 4.1 : We put D(A® I)N D(I ® B) = Dyg. Then H, is seli-adjoint operator on Dyp,

bounded from below and essentially self-adjoint on any core of Hg . with k& > «o.

22



Proof: With a little modification of Theorem 3.1 in Ref.1, one can easily prove Lemma 4.1. o

We say that a densely defined linear operator S in X is in E(X) if and only if there exist

subspaces Dy(S) and Dx(S) dense in H and X, respectively, such that
Dy(S)®Dk(S)  D(S),

where ® means algebraic tensor product. For S € E(X), fe K and g € Dk(S), we can define the

partial expectation E¢ 4(S) which is a densely defined linear operator in H such that
D(Es4(S)) = Du(S)
(u, B g(SYW)n =(u® f,S(v® g))x, u € H, v € Dy(S).

Suppose that KerB = {afola € C} with some fg satisfying || fo]|| = 1. Then we define an operator
Heff in H by

Heff =hNA+ Eeff(C) + F3, where Eeff(C) = Ef,f(C).

Lemma 4.2 : Let C € E(X) with Dx(C) C KerB, and KerB = {afo|le € C}. Then, forallz € C

with Imz # 0 or z < 0 with |z| sufficiently large,
Jim (He+2)7" = (Hegs +2)7' @ P

Proof: See Ref.1. (]

V. A MODEL IN QUANTUM ELECTRODYNAMICS

5.1 Definition and some fundamental facts

We consider a model which describes a quantum system of one electron atom interacting with
a quantized radiation field. For a mathematical generality, we consider the situation where the
electron moves in R and the radiation field is over R? (d > 3). We shall denote by % (resp.m, ¢, €)
the Planck constant devided by 27 (resp. the mass of an electron, the speed of light and elementary
charge). We quantize the free classical radiation field in the Colomb gauge; the Hilbert space of

state vectors for the quantised radiation field is then defined by the Boson Fock space

FEM = (G etw,
n=0
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over the Hilbert space
Ww=LR)e..0 LR,

d-1 times

which denotes the one photon space. We denote by F&M the finite particle space in FEM . For
f € W we denote a creation operator in FEM by at(f), and define an annihilation operator a(f) in
FEM in the same way as in the case of the abstract Boson Fock space in Section IIL. For f € L2(R%),
we put

fr=(0,..,0,£,0,..,00e W (1<r<d-1),

(the 1-th component is f and the others are zero) and define a!(")(f) by at(f,), f € L*(R). We
denote by a¥")(k) the formal distribution kernel:

- ) = [k (R
The operator a!")(f) (f € L*(R%)) is well definded on FEM and leaves it invariant satisfying
[a(£),a%g) 1= [ a"(£),a!(g) ] =0,
[a(1),a"(g) 1 = 6.4(f,9) fig € I*(R), 1< r,s < d.
Let e"(-) : R? — R? (1 < r < d — 1), be a mesurable function such that
(1) k-e"(k)=0, (2)e (k) -e*(k) =56, aekeRe

The vector e” surves as a polarization vector of photon. We shall denote the uth component of e’
by e, (4 =1,...,d). Then the time-zero radiation field and the cojugate momentum are defined

by

d-— : -
Aule, f) = %Zl / dk\/%_jelﬁ{ f(k)e™*=al®)(k) + f(k)e*=a)(k)},

r=1

. d=1 -~
L)) = 753 [dbVR/ameOUfEe=am) - e (B},
“r=1

where w(k) = |k|, i = /=1, f(k) = f(—k) and f is the Fourier transform defined by

1

(27r)g

flky = dzf(z)e*=.



The function w(k) is regaded as the energy of a free photon with momentum k. For the sake of

simplicity, we write A,(0, f) and II,(0, f) as A,(f) and II,.(f) respectively. Let

D=wd.Quw.
N’
d-1
The free Hamiltonian of the quantized radiation field is defined by

HEM = hedT(D).
For each o € R, we define a Hilbert space M, by

Mo = {f | 1£1l = dw(k)Q"‘lf(k)l?dlc < oo}.
The field operators A,, I, HEM satisfy the following commutation relations on F&M,

[4.(f), Au(g)] = 0 fiaeM_y,

2

M) M)=0  fgeMy
[Ap(f),ﬂ,,(g)] = iﬁ(d#,,f—,g') fvg € M_;_ nM

L,
2

and on D(HEM?),

- [HEM,A/J(f)] = —zhnp(f) f € M_% n M%’
[HEM T,(f)] = ihc2A(-Af) fe MynMy,

where A is the Laplacian in the generalized sense and d,.(k) = e},(k)e](k) (summation over re-
peated indices is understood).
The Hilbert space F of state vectors for the interacting system of the one electron atom and

the quantized radiation field is of the form:
F = [*RY) @ FEM,

The electron momentum operator is given by the differential operator in the generalized sense

p, = —ikd/09z;, (j = 1,..,d), z = (21, ..., z4) € R,

p = (P1,.-,Pd)-

In order to define the interaction between the one electron atom and the radiation field as an

operator in F, we have to introduce a cut off for photon momenta: let p € S(R?) (S(R?) is the set
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of infinitely many times differentiable rapidly decreasing functions on R?) be positive and rotation
invariant:

p(k) > 0 for a.e.k € R? and p(k) = p(|k|).

Moreover we suppose

p*(k)
/md w(k)3dk < 00.

Here p surves as a cut-off for photon momenta. Then the free Hamiltorian of the coupled system
of the one electron atom and the quantized radiation field with the full minimal interaction and

the cut off  is defined by

H= Ei-z-(p®f+eA(:c,p))2+I®HEM.

=x:

In this paper, however, we take as the free Hamiltonian of the coupled system a version of H
simplified by the dipole approximation, which replaces the term A(z,p) with A(p). Moreover,

introducing a parameter 0 < € < 1, we define the operator H, in F by
1
H = Z_m(p2 ® I+ 2ep, ® Au(p) + ee’T @ A%(p)) + I @ HEM,

The operator H is the main object to be analyzed in this paper. In the case € = 0, it corresponds
to a simpler model which has been considerd in Ref.1, and in the case € = 1, to the model H with
the dipole approximation. We investigate an asymptotic behavior of H. and compare it with that

of Hy (e =0).

Proposition 5.1 : The operator He(0 < € < 1) is self-adjoint on D(p?®I)n D(I @ HEM) and

bounded from below. Furthermore it is essentially self-adjoint on any core of p2 @ I + I @ HEM,

Proof: See Ref.1. m]

It is well known that there exists a unitary operator © on F such that
OF = L[}(R?; FEM), (5.1)

The r.h.s. of Eq.(5.1) is the set of FEM_valued L? functions on R%. Let F be the Fourier transfom

from L2(R?) onto itself and set O(F ® I) = F. Then F is the unitary operator on F and set
FF = I*(R4; FEM).
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It is not hard to see that the operator FH . F~! in L?(R% FEM) is decompsable: (Ref.11)

[+2]
FH.F!= / H.(p)dp,
rd
where i
Hop) = —Rp + Zp, - 4 (p) + ef-z-Az(p) +HEM (per?).
- 2m mr T 2m ’

Theorem 5.2 : For every p € R?, the operator H.(p)(0 < € < 1) is self-adjoint on D(HEM) and

bounded from below. Furthermore it is essentially self-adjoint on any core of HEM,

Proof: See Ref.11. a

5.2 The Heisenberg field

=

In this subsection we shall prove a unitary equivalence of H.(p) and HEM and derive an explicit
form of the corespdnding unitary operator by making use of abstract results in Section III. In order
to do this, we need to solve the Heisenberg equation of field operators explicitly. The Heisenberg

field A,(f,t) (f € L*(R%),t € R) is definded by a solution of the Heisenberg equation:
d i
EA#(f: t) = 'ﬁ[ He(p);Ay(f: t) ]: (5.2)

Au(f,0) = AL(S).

The canonical cojugate momentum is defined by a solution of the following equation:

FLOA= L HGIGD) (53)
II.(f,0) = I.(f).

In the case where ¢ = 1, the equation Eq.(5.2) has been solved in Ref.11. Mimicking the method
used in Refs.11,12 and 13, we shall solve Eq.(5.2). Any solution of the Heisenberg equation A4,(f,t)

satisfies the following formal equation:

197 e
wae 0] Au(z ) = ——pu(hp, + eedu(p, 1)),

where

o = (2)7F [ 4 (B)p(k)e
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and A,(z,t) is a formal kernel of A,(f,1)

/ Au(z, 1) f(z)ds = A,(f, 1).

We define
e?d -1 p(k)?
De(z)_m—ez-z— Rl Wy

The function D¢(z) satisfies the following:

dk, ze€C\[0,00).

Lemma 5.3 :

(1) The function D is analytic in C\ [0,%0) and has no zero points in € \ [0, c0).
(2) For s € [0,00), Dex(s) = limp—o D.(s £ ih) exists and lim,_.oo Dex(s) = m
(3) There exists dy, > 0 such that [Dey(s)| > dn, s € [0, ).

(4) For™all s € [0, 00),

. 62 d - 1 A2 2_1
Det(8) — De—(s) = 2mie— | — Vg p%(Vs)s373,

where V is a volume of the (d — 1)-sphere S;_;. It is given by V4 = 27r24/I‘( %) (T'(2) is the gamma
function).

Proof: An elementary exercise. See Refs.11,12 and 13. a

We define the opeator Gy, (h > 0) by

_ f(&) ’
(Gr)E) = d I

- It is not so hard to see that G} is a bounded linear operator on L?(R%) and the strong limit
lim,_o G, = G exists. Furthermore G is skew symmetric (G* = —G) and also the bounded
operator on M, _4. Because of Lemma 5.3 (3), we can define

2

ep(k)

, k€ R%
Dex (k)

Qex(k) =

For simplisity, we put
Qet = Q.
We set
T f = 8 f +65QuE Gui 1y pf, (1< 1y <d).
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Lemma 5.4 : Throughtout this lemma, we suppose that m > 0 or m < 0, and denote the Heaviside
function by 8;

9(m)={ 1, m>0
0, m<O0

In the case where m < 0, the function D(-) has a unique zero point in (—00,0). We denote it

—E2%(E > 0). v is defined only in the case m < 0 by

= __1__.____. >0
V= D/(_E2)1/2 )

Then the operator T, has the following properties:

(1) T € B(Ma) and Tonf = Tou f, f € B(Mo),a = :I:-;—,O.

=

If f is rotation invariant, then so is T, f.

Q 1 _ e b f Vwey? f
(2) (dya\/_w—sy T—T“uf> - m+6 ( pa\/— > - ( \/—Ez Fya; \/-—) ’
where 6§ = e—||—||2 and fe M_,.

m

3 WZ’TW 1= Ec_g(d;wp, )Q.
(4) Tu.vﬁa = 6;1.1/ ?Q

6 ﬁ2da5

(5) T*udvaTaﬂ =dug — ‘972(Faﬂ, ) Fap, Fop = ¢ B2 +w?’

(6) 6 T d T*ﬁeﬂ = (51-3

(1) e TnToqee = Ors.

-1
(8) lef =T f+(1-7) ( wf — ( Vd) [d;wf]> , f € Mo

where 7 = = /S f([le)dQ and dQ is volume element on Sy_;.
d-1

d— -1
) e TwTuetf = 6af = (=) (S2Va) llepfl, € Mo,

(10) Let his a rotation invariant function. Then,

T2, dvahTap = T dyahTag, on Mo

(dm%_a,h:r,wf) - (dya%,hfuyf) . KT f € Mo

(11) T, Fa=0. (m <0).
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(12) (4, F.) = -m-\-[cgzaw. (m < 0)

(13) an - 97—"7 Fpa + m + 5dyap-

1
(14) (Fpa5Fav)=6pV‘7_2'- (m<0).

Proof: See Rel.14.

We define the Fourier transform of the fields 4,(f) and II.(f) by

A5 = AuF), T(F) = T.(F).

We put
B(T)(f)p) = \/—{A\ (\/— #,,6 \/CTJf)'*‘ZH (WT;VEZ%)
1 Qe
hp
¥ (ﬂcw)“f)}
= b))+ pu(I, f), f € My
BI(fp) = %{A (ST aves) - (ih:f“’“y%)
1 Qe '
¥ p”(ﬂcw)“f)}
= W) 45,0, £), f € Mo,
where

) = M
# V2c3w3

By the definition of A,(f) and II,(f), we can represent b%") by linear combinations of a*(*)’s:

€ My.

bO(f) = O W) f) 4+ O W ),
b)) = aT(’)(W{;”)f) + a(’)(W(_r’s)f),

where W:(tr”)(l < rs <d-1)is operator definded by

. 1,1 . g
W-(F S)f = 2 \/—e#Tyl’ u\/_'*' \/—6 nv VT)f’
(715) —_— l 1 * ~S ~
w2 f - E(T—epT;w u\/— \/_ep. pv u\/—
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Let
Wy = (W;(J's))lgr,sgd-h
and
h AR A
L = (L0 )1gugd, 1<r<a-1 = ;

(a1 (a1
L(l ). I’Ei )

We see W4 € B(W). For the vector of the form f =f1® .0 fa_1 € W, we define B}, p) by

d—1

B(f,p) = ) BU(f,,p) = al(W_£) + a(W4f) + (Lp, 1),
r=1
d—1
Bi(f,p) = ) BIC)(f,,p) = al(Wf) + o(W_1) + (Tp, £).
L r=1 .

By virtue of Lemma 5.4 (5) and (6), one can easily see that W satisfy the following algebraic

relations:

WiW,-WW_ = I,
W W -W-W, = 0,
WiWE - W_W_. = ],
W_W:_ had W-.F—VW = 0.
We have seen in Section III that the above ralations are equivalent to that Z(W) € £, where ¥ is

the sympletic group over Hilbert space W and Z(W) is defined by

E(W):(%’: :V_V;)

‘Lemma 5.5 : We put W, = M, ®.... & M,, o € R. Then for f € Wy N Wi, we have
Ne———
d-1

[ He(p), B(£,p) ] = £B"(hcdf, p), on F&™ 0 D(HEM3),
where + (resp.-) corresponds to B! (resp. B).

Proof: This follows directly from using Lemma 5.4 (3) and the commutation relations of A4,,1I,

and HEM O
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Now we can construct the Heisenberg field. For all ¢ € R, we define the operators in FEZM as

1 = h r \/f—z —tewt 7 F
A#(f)tlp) ﬁ; {Bf(r) (% 'C‘Ut IJV.f’ ) + B( ) (\/’T‘Je tevT#Vf)p) }

I

- femMy,

Tmts ”"( “”\/(‘—5 m) -

l = : F —tcwt 1 2

WZ{BK”(@ he'telT,, f,p) — BU(Vewvhe e T,, f,p)},
r==]

fGM_;_.

IL.(f,tlp)

Theorem 5.6 : The operator A,(f,t|p),(f € M_;_nM%) and 1L, (£, t|p), (f € M;_ﬂM%) satisfy the
Heisenberg equations Eqs.(5.2) and (5.3), respectively, on F&¥ n D(HEM%) with initial conditions
Au(f,0lp) = Au(f) and I,(f,0|p) = IL.(f), respectively. Furthermore if { is real, then for each
t € R, 2,(f,t|p) and II,(f,t|p) are essentially self-adjoint on F&M.

Proof: By the definition of B, we see that

{Aa (:T*aﬂdg,,m?) + Ao (Tapdas T f )}

1 Qel, 1 Qea 1 ,n 3
+2ﬁpa{((cw)2 \/———- y ;wf) ((cw)z \/a pr,Uf)}.

Hence the initial conditions are checked by Lemma 5.4 (2),(3),(4),(5),(6) and (10). Using Lemma

DD | bt

A#(f,OIp) =

5.5, one can easily see that A,(f,t) and II,(f, ) satisfy the Heisenberg equation Eq.(5.2) on Fo(H)N
D(HEM%), respectively. If f is real, then A,(f,¢|p) is symmetric operator. By the definition of
Au(f,t|p), we see that for & € D(N;'),

14,7, tlp)8I] < 2MI(N + 1)78]| + M, (p)]|3]), (5.6)

where M, and M,(p) is independent of ¢ € R. Hence one can easily see that for any s € R, the

limit

- IIA,;(f,tlp)"‘Iflls EM
1\}1_120;_: o, ¥ € Fy " (H)

exsists uniformly in ¢. Hence A,(f,t|p) is essentially self adjoint on FZ¥(H). The proof of the

statements about II,(f,|p) is similar to that of A,(f, t|p). O

For real fuction f, we denote the self-adjoint extentions of 4,(f,t|p)[ 5 () and I (f, t]p) [ 7,(2)

by the same symbols respectively.
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Lemma 5.7 : The operators A,(f,t|p) and II,(f,t|p) satisfy the following equations:

(1) Au(f,tlp) = exp (i1 7(5)) 4 ) exp (=i Hip)), F e M_y,

() W5, tp) = exp (i1 H(0)) Wl Dexp (=iz B, fe

o
.

Proof: Let us prove (1). Let p € R? fix throughout the proof. It suffices to prove the case where f
is real. For f € M_y N My, we define

Gu(t) = exp(iAu(fitlp)), w=1,....d.

Let C® =N D ((HEM)”> . For &, ¥ € FM N C*=, we can define

Fu(t) = (¢,(2)2,9),
Fu(t,n) = ((14.(f, tlp)) &, ¥).

Since C* N FFM is a set of analytic vectors of A,(f, 1), we can see that

N
) 1

n=0

It follows from Lemma 5.6 that F,(¢,n) is differentiable in ¢ with
d =i, n n n
ZIu(tn) = —(=0)™{(4.(£,1p)" @, H(p)¥) - (H(p)®, Au(f, tlp)" ¥)}.

Moreover, we can show

N N
1|d A5 )| + | Au(f, tlp)"®
ﬁzm}ﬂ(t,n)lsall OIS AT T .

n=0
By the proof of Lemma 5.6, the 1.h.s. of Eq.(5.7) converges uniformly in ¢t as N — co. Then we

have that F,(t) is also differentiable in ¢ with
d = d
E;F#(t) = EEF#(t)n)
-1
= (02 H(p)¥) - (Hc(p)®,4,(-1)T)} .

Recall that FEM N C> is a core of H.(p). Hence, for &,¥ € D(He(p))_, we éan take ®,,V, €
FEM 0 C* such that &, — @ and ¥, — ¥ and H.(p)®, — Hc(p)® and H(p)¥, — H.(p)¥, as
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n — o0. Then one can easily see that (¢,(1)®,, H.(p)¥,) converges to (¢,(t)®, H(p)¥) uniformly
in ¢, and (¢,(t)®n, ¥n) to (¢.(1)®, ¥). Hence we see that (¢,(t)®, ¥) is also differentiable in t with
d i i
£6.08 0 = (8,00 1.0)7) - (FEE2,6,07) (5:5)
Let 6(t) = exp(i£ H(p)). We put

G,(1) = (A(~1)8,(1)0(1)2, ¥), 8,7 € D(H.(p).

Then we have that

G, (t+ h}z = Gy(t) _ (%(t +m)o(e 4 hya, 0 hlz - 9(%)

+ (s + e, =N =840 ) o (LD -0, Su(-1o)Y )

= I(h) + II(h) + III(h).

One can easily see by Stone’s theorem and the strong continuity of ¢,(¢) in ¢ that

lim {7(k) + IT1(R)} = +{(0(~ 8,082, L)) ~ (H()®, 6(~1)8,(0()V)}.
From Eq.(5.8) it follows that

lim 11(h) = ZH{(0(-08,(D0()2, H(p)T) ~ (Hp)2,6(~1),(D0)D)}.
Thus G ,(t) is differentiable in ¢ with
%G#(t) = 0.
Hence it follows from the initial condition that
Gu(t) = (exp(i4,())®, V). (5.9)

By Eq.(5.9), for all s € R, we have

exp(is A, (/,1lp)) = 6(2) exp(isAu(£))6(~1). (5.10)

Each side of Eq.(5.10) is one parameter unitary group in s. Hence we get the desired result by

Stone’s theorem. By a limiting argument employing (2.1), we can extend (1) to ziny feM_,. The

-

proof of (2) is similar to that of (1). O
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5.3 A unitary transformation of H,

We denote the set of Hilbert-Schmidt operators on W by I(W). Since W) has the integral

kernel

WET'S)(k,kI) — eiCELT)(k)e&:)(kl)ﬁ(k)a(?/)’
¢ o[kl + K N)(|kIIK]) 7

one can easily see that W) ¢ L%(R? x R?). Hence we have
W. € L(W).
Lemma 5.8 : For every p € R?, there exists a unitary operator U(p) on FEM sych that
- . U= (p)B\(f,p)U(p) = a'(f), feW. (5.11)

Proof: Note that B¥(f, p) is just of the form of the operator B}(f) considered in Theorem 3.4 with

the folowing identifications:
H=WT=W_5=W,,[L=Lp.

Hence we obtain Eq.(5.11) by Theorem 3.4. . o

Lemma 5.9 : Let 4(p)Q = Q(p). Then for all p € R?,

Q(p) € D(Hc(p))-

Proof: We set K = W_W3?, and H = v/ L Since ||y@ W[ 2(gayge) < 00, we have HW_ €
- L(W). Tt follows from the fact HY(K + K7)* = 2HK that HT(K + KT)* € L(W). Then by
Proposition 2.4, we obtain that Q(p) € D(HZM). Since D(HEM) = D(H(p)), p € R?%. we get the

desired result. O

Lemma 5.10 : Forallp e R4, f € W,

exp (i%f[e(p)) B(f,p)exp (—i%He(p)) = B(e“ia:tf,p).
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Proof: By the defenition of B(")(f,p), Lemma 5.4 (7),(9), and Lemma 5.8, one can see (BI(f) =
BY(f))

exp (i%fle(p)) BU)(f,p)exp (—i%He(p))
1

=% {2,, (:/I—ET;,,e;\/E b p) +4fl, (%T;Velvj;;,t p)} +pu (L, f)

= .;_B(J) (e—icwt \;——Q;TyuTﬁaeL\/Jf +»e'—iwt\/(;6;TppT;ae£ %)

N7
1z ; - ot 1 o o
+53t($) (ezwt\/aeiT,,pT:ae;% - e"Wtﬁe;TV“Tyae;\/Jf)
= B") (e~ f,p), f € Mo.

Thus we get the desired result. m
We set for p € R?
F(p) = L{B'(f1,), - BN (£, D)2p), Q) | §5 € W, =1,y m 2 1),

As was seen in Eqs.(3.7) and (3.8) in the abstract case, a!(f) can be represented by B!(f). Hence
F(p) is irreducible in a! in the sense of Berezin. This implies that F(p) is dense in FEM . Lemmas

5.9 and 5.10 gives the following corollary.

Corollary 5.11 : For all p € R¢, there exists a real number E(p) such that
.1 1
exp (i7H49)) 20) = exp (i1 B(3) ) 90). (5.12)
Proof: Using the denseness of F(p), we can easily see that if there exists & € FEM such that
B(f,p)® =0, forallfe W,

then @ is a constant multiple of Q(p). On the other hand, from Lemma 5.10 it follows that for
p € R?

B(f, p) exp (z'—;{Hc(p)) Q(p) =0, for all £ € W.

It follows from Lemma 5.9 that expi(t/%)H(p)) Q(p) has to be of the form Eq.(5.12). O

Corollary 5,11 means that E(p) is an eigenvalue of H.(p).
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Lemma 5.12 : The eigenvalue E(p) is explicitly given by

_ 1 .29 2y _
E(p) = 5-mp"(1 - 24+ eA) -,

where
€ Qe —~1 P 682 -1 P
A= ( (Wi —£ ) 1= ( W_w3;hHms) ) .
2 \ Vs V), Jar VW),
Proof: See Appendix A. O

We define m/, mg and mgg by

1 1 2A  eA?
am’ T~ 2m  2m  2m’
1 2A
me | m’

= 1 eA?
me  m

Lemma 5.13 : For p € R?, the unitary operator &/(p) maps D(HEM) onto itself with
U ) E(pYU(p) = B + E(p), on D(H)
Proof: Making use of Lemma 5.10 and Corolllary 5.11, one can see that on F(p),
exp (i%He(p)) = U(p) exp {ictdI‘((D) + Z%E(p)} U (p). (5.13)
Since each side of Eq.(5.13) is a one parameter unitary group in ¢, we get Lemma 5.13. m]

As was seen in Lemmas 3.2 and 3.3 and Theorem 3.4, the operator U(p) can be represented by the

Intertwining operator U and the Displacement operator S(p):

U(p) =S(p)U.

By Lemma 3.3, one can see that S(p) has the form “exp(—ip,7(L,))”, where

d—1 A r s
e en,p erp
Iy=if (r) (#) _ (___u___) } . 514
Pum(L) "mt st Z} {a V2he3ws : V2he3ws (5-14)
It is well known that S(p) maps from D(HZM) onto itself. Then, from the proof of Lemma 5.13 it

also follows that U maps from D(HZM) onto itself. We define unitary operators on F by

~ ® ~ o
U:F—l(/dUdp) . §=F (/ S( )dp)F, i=80.
®
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Put

d-1 T T A

e enp enp
Te=it b o {a(r) (___y___) _ gl (_ﬂ___)} , 515
m + s Z V2he3ws V2hcdw? ( )

r=1
Then, by Eq.(5.15), one can easily see that S = exp(—iT") and U = I ® U. It is well known that §
maps Do = D(p?® I)n D(I ® HEM) onto itself (Ref.1). Then we see that U maps Do onto itself.

Theorem 5.14 : The unitary operator u maps Dy onto itself and satisfies

~ ~ 1 | :
UHI = 2—m,p2 @I+I1® HEM —y on Dy. ~ (5.16)

Proof: For f,g € D(p?) and 8,7 € D(HEM)’
(P EAGe9,90T) = [dpiENe) (HHS(E)UE,SE)UY)
= [ ai)ae) (B + #54) 2,%)

1
((WPQ®I+I®HEM—77) (f®<I’),g®‘I’)-

Il

Then Eq.(5.16) follows on D(p?)@D(HEM). Since D(p?)®D(HEM) is a core of the r.h.s.of
Eq.(5.16), Theorem 5.14 follows. O

We note that the operator b! and the Intertwinig operator U are independent of p € R%. Hence
we can see that they are concerned with only the self interaction A%(p) of the quantized radiation
field. In fact putting € = 0, we get W4 = I, W_ = 0 so that in this case U = I, b = a! holds.
Moreover, .on the Displacement operator S, if € > 0, the electron mass term “m 4 §” appears in
the generator T’ (see Eq.(5.15)). This implies that “6” comes from an effect of the self-interaction

of quantized radiation field.

VI. AN ASYMPTOTIC BEHAVIOR OF THE TOTAL HAMIL-
TONIAN

In this section we shall discuss an asymptotic behavior of the total Hamiltonian of the coupled
system of the one electron atom and the quantized radiation field with the dipole approximation.
We take the potential V(z) of the atom to be a real valued measurable function on R® which

satisfies
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(V =1): D(p?) € D(V) and for all A > 0, V(p? + A)~! is bounded with
tim [[V(p? 4+ 1) = .
A=r00

(V—-2):Forallt>0, z € R?

2
/R LY (g)ldy < co.

Condition (V — 1) implies that the Hamiltonian of the atom

is self-adjoint on D(p?) (Ref.1). Taking the mass renormalization into account, the mass-renormalized

total Hamiltonian of our model is defined by

T

HV) = Hi (V)@ I+ HY + eHP + 1@ HEM,
where

- 1 e 2 e?
H(V) = 50 4V, B =~ @ 4u(0), [ = 5—-T® 4%(p).

For k¥ > 0, we introduce
c(k) =ck, e(k)= k™7, m(k) = mk™2,

which are regarded as a scaled speed of light, a scaled elementary charge and a scaled mass of the
electron respectively. We define the scaled Hamiltonian H[**(V,) by replacing the parameters

c,e,m in HI**(V) by c(x),e(x), m(x) 1espectively:
HI™(V, k) = HE"(V,8) @ T+ £ HY + eHE + kI @ HEM,
where

p*+ V.

B8 = el

mo(k) is the scaled mass; ¢, e, m in mg replaced by c(«), e(x), m(x), respectively. From now on, for
any object A (e.g., operators, vectors, etc.) which has parameters c,e,m, we denote by A(k) the

object with ¢, e, m replaced by c(k), e(x), m(k), respectively.
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We want to consider the scaling limit £ — co of H;**(V, ). Obviously c¢(x) — o0,e(k) —
0,m(k) — 0 (k — ©00), in this sense, the scaling limit x — oo in H(V,x) coresponds to the
nonrelativistic limit at the same time as the magnitude of the coupling charge and the mass of the
electron become 0. In Ref.1, the scaling limit of the Pauli-Fierz model has been studied with a
different scaling c¢(x) = cx and e(k) = ex?. In that case, the scaled Hamiltonian, H33(V, k), which

is taken another mass renormalization into account, is given by
HER(V,k) = HERA(V,k) @ I + xH®Y 4 kI @ HEM, (6.1)

where H5% 4 denotes the renormalized Hamiltonian of the atom (Ref.1). Without the difference of
mass renormalization from ours, Eq.(6.1) can be regarded as Hj**(V,«) (¢ = 0) in our model. In

this sense our model H]**(V, k) is a generarized one. We set

£

Cx(V) = U(x)™Y(V @ Di(x),0 < & < o0,
cvV)y=Uu\(vei,

and define H7e(V, &) by

qren(v,k) = P’ ® I+ &I HEM — (k) + Cu(V).

Zmoo(fc)

Lemma 6.1 : The following limits exist:

(1) nl-l-rn;o Wai(k) =1 in operator norm,
(2) Jim WI(k)W_(k) =0 in trace norm,

enVh . _ (r)
mp:]}#m.

Proof: (1) Let us prove the convergence of T}y, (x) in & first. For any f € M_,, using Lemma 5.3
. 2

(3) s-— hm L(')(fc) = —

(3), we see that for sufficiently large x > 0

g pr‘i"Iloollp\/_lloollGII(l_ Il
m& — (m + dm) '

160 f = T (k) fll1 €

L
2

Hence we have

lim T, (%) = 6, I in opeator norm in B(M_;_).

K=r00
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In the same way one can easily see that T}, (k) — 6,, I as k¥ — oo in operator norm in B(M). Then
2

from the definition of W, (1) follows. Since the trace norm of WZ (k)W _(x) is |[W£T’5)(-, -)|[%2(dxd),

we have
IV et < L e lip/verlPla/vell?
- Ul (mdxed) = 42 (mk — (m + dp))? J
as k — 0o. Thus (2) follows. (3) is trivial. » O

Let So(p) be the Displacement operator corresponding to the case e = 0 for p € R? and put
~ ®
So =/ So(p)dp.
rd
Lemma 6.2 : The strong limit of ﬁ(fc) exists as k — 0o with
=~ s — KIHEOLI(N) = So. (6.2)

Proof: For any p € R%, note that U(p, k) = S(p, £)U(x) and So(p) aze just of the operators U(x) =

S(k)U(x) and & = SU considered in Theorem 3.12, respectively, with the following identifications:
T(x) = W-(x), S(k) = W4(x), L(¥) = puL{(w),
T=0, S=1I L=p,I{),.

By Lemma 6.1, the conditions (A4 — 1) — (A — 4) in Section III are checked. Hence Theorem 3.12

yields
s = lim U(p, x) = Sa(p). (6.3)

For every ® € F, we put (F®)(p) = ®(p), where F is the unitary operator defined in Section 5.
Then

(%)@ — So|1* = 2/|2||” - 2R€/md( U(p, £)2(p), So(p)2(p) )dp. (6.4)
The integrand in (6.4) can be estimated as

[(U(p, £)2(p), So®(p))| < [|12(0)II*. (6.5) -

The 1.h.s of Eq.(6.5) is integrable. Hence the dominated convergense theorem and Eq.(6.3) yield

lin [ (U(p,R)B(5),S0(p)2(p) )dp = |3

K—O0
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Thus Eq.(6.2) follows. ~ O
We shall next check the conditions (C ~ 1) — (C — 3) in Section IV with the following identifi-

cations:

H = L*(R%),K =W, C, = C(V),

1
=2 B = gEM - = n(k).
A=p°,B=H*" F(k)= 20 (R Fy(k) = n(k)

(C—1): From the assumption (V ~ 1) it follows that (p?+ A)~? and #/(x) are commute. Thus for
all £ > 0, D(p? ® I) C D(C(V)) and C(V)(p?® I + X)~! is bounded operator for all A > 0 with

I [1C(V)(P* @ T+ 07| =0,

the convergence is uniform in & > 0.

(C - 2)": By virtue of Lemma 6.2,we see that
s—lim C(V)(P*@ I+ )" =C(V)(P°® I+ M)\

(C - 3): It is easy to see that

2 \?
(1) o= Jim = () s
s—=o0 2moo(k)  2m \ 2mc? w 2Moo

(® - lim n(x) =0.

By (C — 1)’ = (C — 3)' and Lemma 4.1, it can be seen that H7"(V, &) is self-adjoint on Dq for all

K> 0, bounded from below and essentially self-adjoint on any core of

P’ @I+ k1@ HEM _y(k).

Zmoo(li‘,)

The fundamental theorem concerning our model H7*(V, «) is the following:

Theorem 6.3 : For all k > 0, the unitary operator L?(;») maps Dy onto itself and satisfies
(k)™ HI™(V, k)l (k) = HI**(V, k), on D.

In particular, HCT?"(V, k) is self-adjoint on Dy for all £ > 0 and bounded from below.



Proof: The unit.ary equivalence follows from Theorem 5.14, the self-adjointness from that of & eV, k)

on Dy. ; O

Theorem 6.3 means that the effect of the interactions of the one electron atom and the quantized
radiation field, and self-interaction of the field, H }1) and H 1(-2), in HI**(V, k) can be regarded as the
transformed potential Cc(V) in the decoupled Hamiltonian H7¢*(V, k). In Ref.1, C(V) formally

can be regarded as the potential which has a fluctuation in the position of the electron.
Lemma 6.4 : The operators C,(V),0 < k¥ < 00 and C(V) are in E(F) with
Diaay(Ce(V)) = Diagwe)(C(V)) = D(p?),
Dzsm(Cx(V)) = Dren(C(V)) = D(HEM),
The partial expectations Eq(Cx(V)) and Eq(C(V)) of Cx(V) and C(V), respectively, with respect
to  are given by |
Eq(Cx(V)) = Vessm, on.D(p?),
EQ(C(V)) = Veff, on D(p2)7

where Vessx and Veys are the multiplication operators associated with the functions
Vet fn(z) = (27C(p))~* / dye~ =3P 28RV (y), 0 < & < oo,
. .
Vess(z) = (27C(p))~ % / dye~le=1P 120y ()

_d-1(Rh\?é |5(k)P
Culp) = =5~ (}}Tc) %‘c/dkw(k)su — A (R)) 0<k<oco,

: d—1( h\?e? |6(k)|?
Clp) = —7~ ('m—c) o [ MO
1 €2 d-1 P2 (k') '
where  Axek) = —e——s—— | 50 T

Proof: The proof is same as that of Lemma 3.3 in Ref.1. Hence it is omited. O

In Ref.1, it was shown that C(p) can be interpreted as the mean squre fluctuation in the position

of a free electron. We show the main theorem in the present paper.

Theorem 6.5 : For all z € C with Imz # 0 or 2z < 0 with |2| sufficiently large,.

. ren — a 1 -1 . Q-
s_,;lﬂro‘o(Hee (V,k) = 2) 1=So{(mpz+veff+z) ®P0}Soly
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where P, is the projection from FZM o {af|x € C}.

Proof: By the same identification as that of stated in (C — 1) — (C — 3)' and Lemmas 4.2, 6.2 and

6.3, we can prove Theorem 6.5. ’ m|

REMARKS
(1) The operator Vg is called an “effective potential”. The effective potential Vs, coincides with
that of Ref.1. However in the case x < 0o, the partial expectation Ves¢ . in terms of Fock vacuum
dbse not coincide with that of Ref.1.

(2) In Ref.1, scaled parameters c(x) and e(«) are introduced by
c(k) =ck, e(k)= ekt (6. 6)

réspectively and m is not scaled. In this scaling case, it follows from Theorem 6.4 that

5, Cx0) =0,
nlinc}oVeff,K(x) = V(z), z€Rr%

Then we expect that the effective potential becomes trivial.

(3) We introduce a renormalized electron mass mye, by:
Mren=m— 0§

and the interaction Hamiltonian with the renormalized mass m,¢, by:

1
2mren

H™mren = (P I+eA(p)+ 1@ HEM.

Let H™*"(k) be the scaled interaction Hamiltorian for H™ " with parameters Eq.(6.6). The
generator of the Displcement operator for H™"**(«) (see Eq.(5.15)) is independent on x > 0 and
coincides with Sy stated in Lemma 6.2. Since for sufficiently large & > 0, Myen(k) < 0, we see
that H™**(x) with sufficiently large x > 0 becomes the unphysical interaction Hamiltonian. In
Appendix B, we show that in the case where the interaction Hamiltohian has a negative electron

(W) ¢ . (6. 7)
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Hence for H™ **(k) with sufficiently large « > 0, (6.7) holds. Then it implies that the unitary
operator i (x) satisfing Theorem 6.3 can not be constructed for H™ "(x) with sufficiently larg

k>0.
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APPENDIX A

In this appendix, we prove Lemma 5.12. In order to do that, we shall prepare some lemmas. For

p € &%, E(p) is given by

_ (H(p)2p), Q)
B =“aim),0)

Then we get

1 d
E(p) = %hz (P2 - 2ppvapp +e€ Z(pp,A;w)z) -

v=1

where

R <m>ﬁﬁ>
Ap,y_zcz (\/w_s’(W+) \/(j 0.

Hence it is sufficient to show that A,, = 6,,A. Let us fix Ao = mc?/ee? > 0 throughtout this

Appendix. Put

_d-1 p(k)?
H(s) = ] /uzd.s'-—k2+z'0dk’ s> 0.

Let B4 = (0,00), and Ry = {z € R|z > A}. From the definition of D.(s) it follows that
m
DC(S) = ,\_0()‘0 - H(S)),S > 0.
From Lemma 5.3 it follows that
d—

(H1): Jim H(s) =0, H(0) = =2 H3/ulf* <o,

V) P/sE7 <0, (53 0),

(H.2): ImH(s)=—7Xp (d
Lemma A.1l : For any /\'E R4, there exists M > 0-so that
dist (RanH,Ry) > M. (A.1)
Proof: From (H.1), for any 0 < € < ], there exist s; > 0,so‘> 0 such that

|H(s)| < €, for all s > s1,

|H(s)— H(0)| < ¢, for all 0 < s < sp.

46



By the fact that H(0) is negative number, it follows that

inf |H(s)—z|> X —e.
0<s<s0,51 <s,2ERy

By (H.2), there exists h > 0 such that infsg<scsy [ImHA(s)| > h. Putting M = min(X — ¢, 4), it
satisfies (A.1). | ' O

By Lemma A.1, for Ao, we can get ky, > 0 and an open set II(Xo) consisting Ry, such that
dist (RanH,II(A)) > ha,-
Hence we can define for all A € II()o)
d_4 d_4 o
THV()‘)f = 6pvf + kaz Gw? d;wpf)
where

Qx(s) = X%(s)'

Note that @y, = Qct and inf,50 |A — H(8)| > hy, > O.-
Here we regard T,.(X) as the mapping from II()\g) to a set of bounded operators:

T () : (Ao) — B(Ma), a = :!:%

Lemma A.2 : The operitor T,w(A) can be expanded in a neighborhood of any X € II(Ag) in
operator norm in B(M,), o = %3: for A € II(o) with |\ — '] sufficiently small,

Tuw(N) = 6,0 T+ i(—l)"‘l(/\ - A’)”—lT,Sg-l)(/\’), (A.2)

n=1
where

n— P d_ d_1.
T,Eu Dy = mtﬁ 1Gws™1pdp, (n'>1).

Proof: Noting that

N ¢ 4yn-1 _ hn-1 e M= n-—1
’AIH—Z“)N(AHi) < 3 At
- n=1 (X - H) oo n=N+1 Ao
one can easily prove Eq.(A.2). ]
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Let W4 ()) be an operator defined by replacing T}, by T}, (A) in W. Since T,,,()) is B(M,) -
valued holomorphic function on II(Ao), (o = £3), so is T,,()). Hence by the definition of W1 (),
it can be seen W(2) is B(W) -valued holomorphic function on II(A¢). We put for A € II()),

WL)W4(0) - WE)W-() = A1(3)
WL)W3() - Wo ()W (2) = Ag(2).

By the fact that for all X' € Ry,

Wi OIW4() - W OOW-() =1
W4 (WW3(\) - W- )WV =1,

we ha,ye that
AILH}\' Aj(A) =1 (j =1,2) in operator norm.
Hence one can take an open set II.(Ag) such that
Ry, C II(Ao) C II(Ao),
18,(A) = I|| < €< 1 (j =1,2), for all X € (o). | (A.3)
In what follows, let fix the open set II(Ag).
Lemma A.3 : For ally)\ € (Xo), W4 () is bijective on W.

Proof: It follows from (A.3) that Aj(A)>1—€> 0,5 =1,2. Hence we have for all \ € II()\o),

WAEWL(A) = WE(OW_(A) + Ay(A) >0,

W4 (WW3() = Wo ()W) + As(A) > 0.

Then we see that W4 (A)W4(X) and W (A)W?()) are strictly positive self-adjoint operators on
W. Thus Lemma A.3 follows. o

Lemma A.4 : The operator W, ())~! is continous in A € IL()o) in operator norm.

48



Proof: For any X € II,(\g), by the proof of Lemma A.3, we see that
W)™ < (1 = o7HIWEMI-

Since ||[W?% (A)|] is locally bounded in A, for all & € C with |h| sufficiently small, there exists By < oo
such that ||[WZ% (X + h)|| < B). Hence for h stated above, |

W)™ = WA+ h)7Y < (1 - ) 2B |[W4()) = W4 (X + R)]].

Thus Lemma A.3 follows. m]

Lemma A.5 : The operator W4 (X)™! is differentiable in A € II()\o) in operator norm.

Proof: One can straightforwardly see that

W)™ - Wi(A+h)?
h

~ W) WL Q)W (M)

|k|—0

< lim ||W+(A)-1||{HW+(A)'— W+(A+h)—w+(A)H|IW+(A)‘1||

= |h|—0 h
Wi(A+h)—Wi(A - -
+| [ - w0} (4.4
By the continuity of W (A)~! and differentiability of W () in ), the r.h.s of (A.4) converges to
0 as [h] — 0. Thus Lemma A.5 holds. v a
We have

(I = W4()) = e Y(M)ep,
where

-1 d=1

Y() =5 (v T 6T + 0T 6w T) Q).
Lemma A.6 : If A € R, is sufficientry large, then
IW4+(3) = I]] < 1. (4.5)

Proof: Let supg¢, |H(s)| = My < co. For A € By with A > My, we have for all. f € L?(R?),

s 1] |
|le}. Ye, fll < = iy X const. (A.6)
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Then for sufficientry large A € Ry, the r.h.s. of (A.6) is less than 1. Thus (A.5) holds.

We define a complex-valued function on II(Ao) by

_ Q()e _1(”)13 )
) = o2 (B2 (a7 )

Then, by Lemma A.6, for sufficiently large A € R,,, we have that

Aw(N) = 226 (Q\(/Af ((I-W (A))""l)“’)?)o-

n=1 w

Lemma A.7 :If A € R,, is sufficientry large, then A, () = 8,, X A(A), where A(]}) is a function

on II(Xo) independent of z and v.

Proof: Note that for any rotation invariant function .g,

d-1
EY(Nelelo = ( - ) Y(M\)e.
Hence one can easily see that

- n~1 (m)ﬁ_e; = bty tz tn-z
(I =W4(A)") o thgt:"—ge wYep e Yes Ye”n_z\/_

— d-—1 n-l rvwn-—1 ﬁ

Hence we get -

a0 =Y 5 (5) (2 v L) b = 40050

n=]

Thus we obtain the desired result.

O

Now we prove Lemma 5.12. By Lemma A.5, the function A,,()) is holomorphic on II.(Ag), and

by the construction of II(Ag), the real line R, is included ir II()g). Then by Lemma A.7 and

theorem of identity in complex analysis, we can conclude that for all ) € &),

A“,,(/\) =0 (u 75 l/), An()\) =l = Add(/\) = A()\).

Since Ag > 0 is an arbitrarily given real number, it follows that A,,(A) =0 (g # v) and A11(N) =

.. = Aga(A) = A(Q) for any A € R,;. This completes the proof of Lemma 5.12.
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APPENDIX B

In this appendix, we construct the Heisenberg field in a general case. We define operators in F(H),

Cu(p) and Du(P), by

G = = (gt + B (o) + alFu)

Y

Dﬂ(p) = \/ﬁ (_ﬁhpp - CEEa(Fa#) + ﬁa(Fé#)) .

Lemma B.1 : C,(p) and D, (p) are essentially self-adjoint on FZM and satisfy following commu-

tation relations on F&¥,

(1) [Calo), Dulp) ] = byt
(2) [Culp), Cu(p) 1 = [ Du(p), Du(p) ] =0,
(3) [Cu(p), B(f,p) 1= [ Dulp), B(f,p) ] = 0.
Proof: The i)IOOf of the essentially self-adjointness is similar to that of Theorem 5.6. (1) follows

from Lemma 5.4 (14). (2) is clear. (3) follws from Lemma 5.4 (11). a

Lemma B.2 : The following commutation relations hold on FEM N D(HEM %)
[ He(p), Du(p) | = ihcED,(p),
[ He(p), Cu(p) ] = —1hcEC,(p).

Proof: By Lemma 5.4 (12), one can easily obtain the desired result. a

Now we can construct the Héisenbexg field in the general case. We define

A tp) = »——Z{B*(’ (ﬁ ewter T f, p) + B (f— it ’wa,p)}

\/_ (\/CUFW \/— ) (Cu(p)e'® — D, (p)e™tF)

(4 N
- 5 pV ( \/—)37 \/—) (f € ]Vf_%_),
IL(f,tlp) = LZ{B"(T)(\/C_J e'*te Ty f,p) — B (VowVhe ot TT;wf’p)}

(5

Varf ) (Culp)e® + D (p)eP), (f € y).
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Theorem B.3 : The operator 4,(f,t|p), (f € M_%OM%) and I,(f,t[p), (f € M%nM%) satisfy the
Heisenberg equations Eqs.(4.2) and (4.3), respectively, on FEM n D(HEM3) with initial condition
E#(f,OIp) = A,(f) and ,(f,0lp) = II,(f), respectively. Furthermore if f is real, then for each
t € R, A,(f,t|p) and I1,(f,|p) are essentially self-adjoint operators on FEM,

Proof: Similar to that of Lemma 5.6. O

Lemma B.4 : The operators Zu( fytlp) and"ﬁp( [, t|p) satisfy the following equations:

O A1) = op (119 Au N (2 HD) , Fe My,

= .t .1 a
(@) B, (1.tlp) = exp (i Hulp)) () exp (~i3 H(9)) o F € by,
Proof: Similar to that of Lemma 5.7. O

Using Lemma 5.4 (5) and (6), in the general case we get

WiW, - W-W_ = I,
W, W_-W_-W, = 0,
W W, - W_ W~ = I+6Z,,

W-W! -W,.W- = 60Z_,

where

(r) _ 12 ()

F) = Fuel.

) & om0 (vor2,) ),

This implies that in the case m < 0

E(W) ¢ 5.
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