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ASYMPTOTIC BEHAVIOUR OF SOLUTIONS TO SEMILINEAR WAVE
EQUATIONS WITH INITIAL DATA OF SLOW DECAY

Hideo Kubo
Department of Mathematics, Hokkaido University Sapporo 006, Japan

Some useful and remarkable property are derived from a representa-
tion formula of a radially symmetric solution to the Cauchy problem for
a homogeneous wave equation in odd space dimensions. These prop-
erty provide us with enough information to consider the semilinear case,
namely, the associated integral equation with the problem will be con-
sidered on a weighted L*-space. This formulation enable us to deal

with the problem for slowly decaying initial data.

1. Introduction.

This paper studies the asymptotic behaviour of solutions to the following Cauchy

problem:

~ n—1 . .
(1.1) Ugp — Upp — u, = G(ug,u,) in R x [0, 00),
(1.2) u(r,0) = f(r), wu(r,0) = g(+) for »€R,

where u(r,t) is a scalar unknown, n = 2m + 8 with m a nonnegative integer and G())
is of class C™*2 over a neighborhood of A = 0 € R?. Moreover, f(*), g(r) € C°(R) are
even functions such that »™*1f(r) € C™*3(R), »™+1g(r) € C™+%(R). As is well known,
the equation (1.1) is the radially symmetric version of a special case of the nonlinear wave

equation:

(1.3) e — Apu = F(u', ") in R™ x [0, 00),



where u' (resp. u") represents the vector of first (resp. second) order derivatives of » with
respect to time and spatial variables.

We start our consideration from the following remarkable result established by F. John
[5]. In [5], he introduced a positive parameter 7, which describes the magnitude of the

initial data, defined by
: d d
= 25G) ZG+1)
n J}zojfggﬂ(d,) (oDl + () DA

Under the assumption that 7 is sufficiently small, he construct a function u(r,t) € C*(R x
[0,T3)) satisfying (1.1) with » = 3, G = u} and (1.2). Moreover, T, is estimated as
T, > %ec/”,v where C is a numerical constant. We call such u(»,t) an almost global
solution. T. C. Sideris [10] showed globél existence of a classical solution to the problem
(1.1) with n = 3 and G = (|u¢| + |u.|)?, (1.2), provided p > 2 and the support of the initial
data are compact. Under the same assumption on the initial data as in [5], H. Takamura
[11] proved ¢, = oo, provided n = 3 and G = 4! with p a positive integer with p > 2. On
the other hand, the author recently obtained a blow-up result for more slowly decaying
initial data even if p > 2 in three space dimensions. In ﬁvevspace dimensions, J. Schaeffer
[10] showed there exists a global solution to (1.1), which is classical at points (=, ) with
|z] > 0, provided G = (Ju¢| + |u,|)? with p > 3/2. Moreox;er, he obtained blow-up result
if 1 <p < 3/2in [10]. When the initial data are slowly decaying, F. Asakura [2] showed
there exists a global solution to (1.1) with n = 5, G = au? + bu?, where a, b are real
constants.

As far as I know, in higher space dimensions, there are few existence results were
established for slowly decaying initial data, such as [2], [5] and [11]. We shall investigate
to show global existence theorem for such data in higher space dimensions. (See also
(1.4) below). We mention here S. Klainerman’ remarkable work which have dealt with
the Cauchy problem for (1.3) with rapidly decaying initial data. In [6], [7], he showed
that .there exists a global classical solution for » > 4 and an almost global solution for
n = 3 with small initial data via the global Sobolev inequalities in the Minkowski space

R™*1 provided that F is a smooth function vanishing together with its first derivatives for



(u',4") = 0. However, the method requires that the initial data belong at least to L(R").
Hence we can not apply Klainerman’s result to our problem.
In this paper, we shall consider the problem (1.1), (1.2) in general odd space dimen-

sions for slowly decieasing initial data such that

m-+2 m+3 d

14 G+ 3 (DO + Y P A < &

where ¢ is a small parameter and & is a sufficiently small positive constant forn > 5, k = 0
if n = 3. We also assume that G()\1, ;) is even in A; and there exists a positive number

p with 2 < p < 3 such that
(1.5)1 DG < APPTI, ol <p, A <1,

where A is a positive constant, « € Z2 and Z. is the set of nonnegative integers. Further-

more, for |a| = m + 2, there exist positive constants B, v with v < 1 such that
(1.5)z IDX(G(A) = G(N)I < BIA=X*, A, [N] <1,

where we have set u = p—2ifm = 0 and p = vif m > 1. A typical example is
G = au? + bu? for m > 1.

We are now in a position to state the main result of this paper.

Main Theorem. Let n be an odd integer with n > 3. Suppose that (1.4), (1.5) hold and
that p > 2 for n = 3. Then there exists a sufficiently small positive number €¢, depending
on n £ and G, such that for any ¢ with 0 < € < ¢p, the problem (1.1), (1.2) admits
unique global C?-solutions u(r,t) which are even in r. Furthermore, there exist numerical

constants C;, 1 < ¢ < 4 which depend only on n, & and G such that for any t > 0,

(1.6) lu(r,t)] < Cie < »>™, |D%u(r,t)] < Coe<r>"™"1 |a|=1,2,

an lu(ryt) — u®(r,t)| < Cse? < » >~™,
1.7
|D*(u(r,t) — u®(r,t))] < Cse? <» >"™71, |of =1,2,



where u%(r,t) is a C?-solution for the problem (1.1) with G = 0, (1.2) and we have set

<r>=vV1+ri

Pd

The proof of the above theorem is essentially based on the the following idea, given in
(5], which enable us to deal with singularity of a solution u(r,t) at » = 0. considering a new
unknown v(»,t) = ru,(r,t) When n = 3, it is easy to deal with singularity of a solution
u(r,t) at » = 0, by considering a new unknown v(r,¢) = ru,(r,t) and imposing higher
regularity on it so that u(7,t) has desired regularity. In higher space dimensions cases,
however, the procedure is more complicated, because there arise not only the singularity
but also the loss of derivatives. (See also [2]). We shall point out remarkable facts,
which will be stated in Section 2, to find that the equation (1.1) do have nice structure
to overcome such difficulty. In Section 3, the problem (1.1), (1.2) will be deduced to an
associated integral equation (3.1) below. The procedure is closely related to the argument
of Section 2. Most part of Section 4 is devoted to estimate the kernel of the fundamental
solution for the problem (1.1) with G = 0, (1.2) with f = 0. (See Lemmas 4.3 and 4.4
below). At the end of Section 5, employing iteration method as in F.John [4], we shall

prove the above theorem.

We hope that the above theorem will be proved for (n +1)/(n - 1) < p < 2, n > 6,
where the value (n + 1)/(n — 1) is seems to be optimal. (See also M. Rammaha [8]).

Throughout this paper, constants arising in the estimates will be denoted by C, de-

pending only on n, £ and G, and will change from line to line.

2. Preliminaries.

In this section, we shall review representations of fundamental solutions. Moreover,
we shall prove a very remarkable regularity result of the solutions in Proposition 2.5. First

we consider the homogeneous wave equation:

(2.1) Ut — Upp —

u, =0 for (r,t) €R x [0, 00).



Lemma 2.1. Suppose that H(p) € CZ(R) and n > 2. Set

n—3

2

(2.2) u(r,t) = [1 H(t+ ra’)(l ~o?)™do, m=

Then u(r,t) belongs to C*(R x [0,00)) and is even in r. Moreover, u(r,t) satisfies (2.1)
with u,(0,£) = 0.

Although the lemma is well known (e.g. Courant-Hilbert [3], p.699-p.703), we shall

give an elementary proof.

Proor oF LEMMA 2.1: It immediately follows from the assumptions that u(r,t) € C*(R x
[0,00)). In addition, changing the variables as ¢’ = —o, it is easy to see that u(—r,t) =
u(r, ).

We now show that u(r,t) satisfies (2.1).

1
(n— Du,(r2) = - / H(l)(t+ra);—(1——az)m+1da
T =

1
=7 / HO(t +r0)(1 — o?)™do

= r' {utt('r,t) = ., (1 1)},

where H(*)(p) = (:Z—))"H(p), k € Z,. Thus we have proved the lemma. OJ

From now on, let n be an odd integer with n > 3, that is, n = 2m + 3 with m a

nonnegative integer.

Lemma 2.2. Assume that g(r) € C°(R) is an even function such that r™tg(r) € C™*+?
(R). Then for 0 < j <m, 0 < k < j+2, *+1g(*)(#) is continuously extended at r = 0.
Moreover, there exists a positive constant C = C(m) such that
e do ..
(28) [P < C sup (Y g, I <1, 0< 5 <m, i=0,1,2
lel<1

In addition, g(r) € CI(R) and satisfies

i . d m if m .
(2.4) 90()] < sup [(H)™H+(m g, o <1, §= 0,1,
lpl<1 &P



ProoF: To begin with, let » * 0. We note that
28): ) =k Zc,. () (), 0<k<j<m.
These relations are easily proved by the induction together with Leibniz’ rule. Moreover,
| o J d o
(2.5)2 ritiglitir) =" Cia(5) M (" g(r), i=0,1,2.
: =0 '

We shall give an integral expression of #/g(7), 0 < j < m. Setting §(r) = +™+1g(r),
we obtain

#) =50+ [ s =+ [

“hence we have »™g(r) = fo GM(#A)dA. Letting » — 0, we get §(1)(0) = 0. Repeating the
analogous argument, we obtain §((0) = 0, 0 < I < m. Therefore it follows from Taylor’s
formula that for 0 < j < m,

(2.6) rig(r) = (—-17 / (1 — A™=igim=i+1)(p2)d,

which implies that #/g(r) € C7*1(R), 0 < j < m. Hence, for » = 0, if we define »/+1g(*)(5)
by (2.5), it becomes continuous over R. The other assertions are easily derived from (2.5),,

(2.6). O

Lemma 2.3. Suppose that the assumptions on g(r) in Lemma 2.2 are fulfilled. Let u(r,t)
be as in (2.2) with H(p) specified by

(2.7) Hy(p) = 5;5 ™ ("™ *1g(p)).

Then u(r,t) belongs to C*(R x [0,00)) and satisfies (2.1). Moreover, when r # 0, we have

t-+r
(2.8) wnt)= [ oK (om0

-7

where

K(pr,t) = CX 2y L

2m/!
¢(P, T)t) = T - (t - p)z'

)’"¢"‘(p,r t),

(2.9) dp 2p



Furthermore, we find that
() K(p,t) is not only odd in » but also odd in p.
(%2) u(r,t) satisfies (1.2) with f(r) = 0.

Proor: For p # 0, we have from (2.7)
(2.10) Hy(p) = Cip/ g (p).
] =0

Applying Lemma 2.2 with k = j, we find that Hy(p) belongs to C*(R). So, by Lemma 2.1,
we have u(r,t) € C*(R x [0,0)) and satisfies (2.1).

Changing the variables as p=1t-+roin (2.2) and integrating by parts m times with
respect to p, we have (2.8).

(8) It is clear that K(p,—r,t) = —K(p,r,t). Since ¢™(p,7t) is a polynomial of
1
degree 2m, we find that (‘%ﬂ)mqy”(p, 7,t) is even in p. Hence, K(p,r,t) is odd in p.
(3d) Note that (2.10) implies that Hy(p) is an odd function, so u(r,0) = 0. For

» # 0, it follows from (2.8) that

. t+r
ut(")t) = g(t + T)K(t + 777’t) - g(t - T)K(t - 7)T)t) + Z g(P)Dt-K(p)"')t)dp'

-7

Since K(p,r,t) is odd in p, we get u;(r,0) = 2g(#)K(r,r,0). Note that

L, 01 1 ’
2m+1l ¢ 7 — ym_m — pmtl(Z\ym nm m

=7

= ™ () (<1) mi (2,

1
hence K(r,»,0) = 3 80 that u,(r,0) = g(r). By the continuity of g(r), this also holds for
r=0.0]

The following lemma is easily derived from the standard argument. So we omit the

proof.



Lemma 2.4. Assume that f(r) € C°R) is an even function such that p™tf(p) €
C™*3(R). Then H;(p) € C*(R). Moreover, setting

(2.11) v u(r,t) = D, / Hy(t +ro)(1 — o?)™do,
; -1
we have then u(al,t) belongs to C*(R x [0,0)) and satisfies (2.1), (1.2) with g(») = 0.

At the end of this section, we shall show that u(r,t) defined in (2.2) does gain regularity
by multiplying ».

Proposition 2.5. Let H(p) € C*(R) and u(r,t) be as in (2.2). Then »™+lu(r,t) €

C™+3(R x [0, 00)). Moreover, for any a = (ay, a3) € 22 with |« < m, we have
44

(2.12) DZ,(r™u(r,t) = pmti-lel /1 H(t + r0)po(0)do,
-1
where
(2.13) bo(0) = an, ——d—a') (_%)a, (1= ®)™, Coo=1.

- Furthermore, when |a| = m, we have

(2.14); D‘Df‘,t("mﬂu(":t)) = [_1 H(t+ ro-)(—;;)ﬁba(o-)da

+ H(t + 7)¢a(1) - H(t - T)"/)a(_]')’

D D5 (™ ur ) = [ H(t+70)(— g0 Wbalo)do

+H(t + 7)Y (1) + H(t — 7)¢o(-1).

(2.14),

Proor: We shall use the following relations:
(2.15) D, H(t+r0)=0D,H(t+rc), rDH(t+rc)= D, H(t+ ro).
Let n > 5. It follows from (2.2) and (2.15) that
1 d
Di(r™tu(r,t)) = r™ / H(t + ‘ra)(—d—)(l — o®)"do,
-1 o

D,(r,m+1u(r?t)) =" /:1 H(t+ro)(1- %a)(m _ o?)™do,



which implies that (2.12) holds for |a| = 1.

Suppose that (2.12) holds for some & € Z2 with || < m. When || < m — 1, since
Ya(£1) =0, it is easy to see that (2.12) holds for a +f with |8]| = 1. Moreover, if |a| = m,
we get (2.14). Therefore we have proved (2.12), (2.14). When n = 3, the procedure is

more easy. So we omit the proof for the case. [J

3. Formulation of the Problem.
The aim of this section is to formulate the problem (1.1), (1.2) so that its solution is

furnished by a solution of the associated integral equation:
(3.1) u(r,t) = u®(r,t) + L(u)(r,t) in R x[0,00),
where u°(r,t) is a C*-solution of the Cauchy problem (2.1), (1.2) and

(3.2) L(w)(r t) = /0 dr /_ H{t=r+r0,) (1= 0o,

1 18

(33) H(p, T) = m(2p ap)m(sz-i-lG(uhu?)(p:r))'

In other words, we shall find appropriate aésumptions on u(r,t) which assure that H(p, 7') €
C*°(R x [0,00)), where C*°(R x [0, 00)) is the set of functions u(r,t) € CO(R x [0, %))
whose derivatives up to order k with respect to » are continuous. Throughout this paper,

-we denote
: k

julp =) sup [Diu(nt)] for we C*(R x [0,o00)).
=3 Rx[0,00)
Now we define a function space X on which we shall find a solution of (3.1):
X ={u(r,t) € C*(R x [0,00)) : ™ u(r,t) € C™ (R x [0, 0)),
Py (r,t) € C™FEO(R x [0, 00)), ||u|| < oo},

where
(3.4) [[el] = |#™ulo + | Dr (#™* ) iz + 7™y gz

Here we shall present an useful lemma which is an analogue to lemma 2.2.



Lemma 3.1. Let u € Xand 0 < j < m+1. Then we have # DIt u,(r,t), » Dit*u(r,t) €
C°(Rx[0,00)) fori = 0,1,k = 0,1,2. Moreover, there exists a positive constant C = C(m)
such that

(3.5) <D 1), [P DI ()] < Clall, || < 1.

Proor: By applying Lemma 2.2 to u.(r,t), it follows from (2.3), (2.4) that

|# D3t uy(r,t)| < Cﬂ? | Dt (o™ (p, 7)), 7| <1, i=0,1.
r|L1 ‘

Similarly we have |»f Ditky(s )| < Csuplp|‘51 | DLtk (pmty(p, 7))| for |r| <L k=
- 0,1,2. So it is easy to see that (3.5) holds. O

It follows from (3.5) and the definition of ||-|| that there exists a positive constant Cj,
depending only on n, such that |u,(r,t)| + |u,(7,t)] < Col||| for any (r,t) € R x [0, 0). In

what follows, we fix a small positive number § satisfying Cp6 < 1 and set

Xs={v e X; ||u]| < 6}.

Lemma 3.2. Suppose that G € C™*?(By(0)) and satisfy (1.5), where B;1(0) denotes a
ball of radius 1 about the center 0 € R*. Set F(p,7) = G(ut,%,)(p,) for v € X5. Then

we have
(3.6) - PHIF(p,m) € CHMOR x [0,00)), 0< k< m.
Moreover, there exist constants C; = C;(m,G) > 0,1 = 1,2, such that

(3.7) |DL(p*** Flp, )| < Cullull?, for |p| <1, 0<5<k+2,
(3.8) IDiF(p,7)| < Cal[u|l?]p| 2™+ for |p| 21, 0<j<m+2.

Proor: First we shall show (3.6). It is clear that F(p,7) € C°(R x [0,0)), hence it

suffices to show

(3.9) P IIF(p,7) € CTHAO(R x [0, 00)),

10



by. virtue of the argument in the proof of Lemma 2.2.

Since F(p,7) € C™+*0((R\{0}) x [0,0)), we have for p # 0

j
(3.10) Di(pm™* F(p,7)) = p™ 17 Y " Chp*DEF(p,7), 0<j<m+1,
k=0

By the chain rule, we get for k > 1
(3.11) D F(p,7) = Y Cap(D*F)(p, 7)(D5 wi(p, 7)) (DB u, (p, 7)),
k

where _X—fk stands for the sum over @ = (a1, a3), B = (B1,B2) € Z% such that 1 < [a| < k,

@11 + c2f2 = k and (D*F)(p, ) = (D*G)(u¢,u,)(p, 7). Substituting (3.11) into (3.10),

we have |
Di(p™*1F(p, 7)) = Cop™ =7 F(p, 7)

(3'12) J ~ & 1 b aif _Banb a

+ Y ChY_Cas(DF)(p, 7)(¢" D5 us(p, 7)) (72 DB, (p, 7))

k=1 k '

Employing Lemma 3.1, we find that Di(p™t1F(p, 7)) € CYO(R x [0, 0)), i.e., (3.9) holds.
Next we shall show (3.7). It suffices to show (8.7) for k = m, because for 0 < k < m—1,

we have

PR = ey [ (- DR,
where F(p, 1) = p™ 1 F(p, 'r).v F‘roﬁ (1.5)1, we have for o € 7% with |a| < m + 2,
(3.13) | |ID*G(A\)| < CJA|H®)  for |Al <1 |
where g(c) = max(p — |a|,0). In addition, noting that |u.(r,t)| + |u,(r,t)| < 1, we have
I(D“F)(P; ™) < COfju]|%®).

Employing this and (3.5), (3.12) yields (3.7) for 0 < j < m + 1. Moreover, differentiating
(3.12) with j = m + 1 with respect to p and using (3.5) and
|Do(DF)(p,7)] = |(D1D*F)(p,7) Dpus(p,7) + (D2 D*F)(p, 7) Dyur(p,7)|

(3.14)
< O]9 for |a| =m +1,

11



we obtain (3.7) for j = m + 2.

Finally, we shall show (3.8). Let |p| > 1. Since u(p,7) = mtl

ui(p, 7)), we get

pm+1(p
|Dbuip, )| < Cllal|lp| "), 0<I<m+2.

In addition, this estimate is also valid for u, (r,t). Therefore we obtain (3.8) from (3.11)
together with (3.13) and (3.14). Thus we have proved the lemma. O

Corollary 3.3. Let the assumptions on G in Lemma 3.2 be fulfilled and w € X5. Then
we have H(p,7) € C*°(R x [0,00)). Moreover, there exists a constant Cy = Cy(m,G) > 0
such that

(3.15) 1D H(p, 7)| < Cullul]? < p>~C=1m+D) 5= 1,2,

Furthermore, there exist constants C; =Ci(m,G) > 0,2 <i<7,such that for u, & € X5,
the followings hold: Let 0 <j<m+1landi=0,1. Then

(3.16)1 [DY(F(p,7)~ F(py7))| < Calllw—alll ([P~ + [I[&llP =)ol 7™, o] 2 1,

(3.16): 1Di(H(p, ™)~ H(p,m)| < Cilllu = lll (lull P + [[allP=) < p >=C=m4D),

111

= 'é;;!(z—’; ap)m(szHﬁ'(P,T)) and

where we have set F(p, ) = G4, %, )(p,7), H(p,7)
el = 1#™ulo + [ D (#™ )| mgr + |77 e,
so that

lulll=llull = >~ sup |DP¥2DZ,(r* u(r,1))] for we Xs.
lal:le[O,oo)

For the top order derivatives, we have
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(3.16) ID2(E(p,7) = Hp, )| < Colllw = alll* (Ifull™*? + [|&]|™*?) < p >=(=10m+1)
. 4 ’ )
+ Crllu = al| (lulP* + [|3]P77) < p >~ 1Y),

where p is as given below (1.5),.

ProoF: It follows from (3.3) and (2.5); that
(3.17) H(p,7) =Y Cip’**DiF(p,7) =D CuDE(p* F(p,)),
j=0 ‘ k=0
hence by (3.6), H(p,7) € C*°(R x [0, 00)). Moreover, combining (3.7) and (3.8), we obtain
(3.15).
We shall show only (3.16)3, because the others are obtained in a similar fashion. From

(3.11), we have
D+ (F(p,7) = F(py7)) = ) Capl(D*F — D*F)( D5 u,)* (DB, )
k
(318) +(DUF)(D2 w)™ = (D5H)™)(Df*u,)
+ (DF)(D}a)* ((D5w, )2 — (D5, )*2)]
For |p| > 1 and |a| < m + 1, we have from (1.5);
[D=F = D"F| < C flju = ] (=121~ + [[l[P-1o1-2) [p|-o-lebims2),
In addition, (1.5)2 yields
[D*F = DF| < C [~ alll* [ol ™, o] =m+2.

On the other hand, we have

a1—1
|(D51ut)a1 — (Dflﬁt)al| ::](Dgl'u,g — Dgl'&,t) Z Ck(Dglut)h(Dglﬁt)al_k—1|
k=0
<Ol =l (ol + [l [pio2m+,

if @; > 1. Combining these estimates with (3.18), we obtain (3.16);. O

At the end of this section, we shall show that the problem (1.1), (1.2) is equivalent to
(3.1).
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Proposition 3.4. Let u € X; such that u(—r,t) = u(r,t). If u(r,t) satisfies (3.1), then it
is a unique C*-solution to the Cauchy problem (1.1), (1.2).

PrROOF: As is well known, the uniqueness of a solution to (1.1) is valid. (See [5], Theorem
4, R. Agemi [1], i).156). So, it suffices to show that L(u)(,t) is a C%-solution to (1.1) with
zero initial data, because u?(r,t) is a C2-solution to (2.1) with (1.2).

Since u(r,?) is even in », by (3.18), H(p,r) is odd in p. Therefore we have
t 1 '
(3.19) Dy L(w)(r,t) = / drD, / H(t = 7+ ro)(1 = o?)™do.
0 -1

From this and (3.2), we have L(u)(»,0) = D;L(w)(r,0) = 0. Moreover, it follows from
Lemmas 2.1 and 2.3 (i7) that ‘

AL(u)(r,t) = /: drA /: H(t -7+ 'r&)(l — o )"do

1
+ D, / H(t—74+r0)1-0*)"do = G(n,1),
-1

=t

where we have set A = DZ — D? — n-l

D,. Thus we have proved the proposition. [J

4. Homogeneous Wave Equations.

Proposition 4.1. Assume that f(»), g(r) € C°(R) are even functions such that »™+1 f(r)
€ C™*3(R) and r™*1g(r) € C™*%(R). Moreover, suppose that (1.4) holds. Let u®(r,t)
be a C*-solution of the problem (2.1), (1.2). Then v°(7,t) € X and there exists a positive
constant C; = C;(m), i = 1,2 such that

(4.1) [u%(r,t)] < Cre < >7™, |D*u’(r,t)] < Che <» >"™7 a| =1,2,

~where a € Z%. In addition, we have |[u%]| < Cse.

Proor: By Lemmas 2.1 and 2.4, we have

(4.2) 2%(r,t) = /_11<H$” + Hy)(t +70) (1~ o)™ do.
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By (2.10), Lemma 2.2 and (1.4), we have (H§1)+Hg)(p) € C?(R) and there exists a positive

constant C such that
(43) S IDEY + H)p) < Cey i=0,1,2,

Therefore, by Proposition 2.5, we have »™+14%(r,1) € C™+3(R x [0, 00)), »™+14(r,t) €
C™*2(R x [0,00)), hence we have only to show (4.1). Moreover, since u®(,t) is even in =,
in what follows, we assume that » > 0. _

By employing Proposition 2.5 together with (4.3), it is easy to see that (4.1) holds for
0 < » < 1. Before carrying out the the proof of (4.1) for » > 1, we shall review another

representations of 4%(»,t) for such r, which is a direct consequence of Lemma 2.3.

Lemina 4.2. Let » > 1. Then we have

(4.4) G0 1) = I(g)(r,8) + DeI(F)(m ),
- where
| 1
(4.5) I(g)(nt) = — Hq(p)¢™(py . t)dp.

t—r
Moreover, we have

t+r

(46) - o)) = [ oK (e 0.
where K(p,7,t) = r™+1K(p,r,t) and K(p,r,t) and #(p,»,t) is as in (2.9).

By assuming following two lemmas, we shall complete the proof of (4.1) for r > 1.

Lemma 4.3. Suppose that ~-1 <t—r<p<t+r or0<r—1t<p<Lt+r. In addition,

let » > 1. Then for any a € Zf,_, there exist a positive constant Cy ,, such that
(4.7) D7 K(p,7,8)| < Cam xalp)y
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where
<p>mt, e 20,
(4.8) Xa(p) = <p>TArTl<p>™H, o 21,

<p>ml4r i< p>m 4 i< p>mH of > 2

Lemma 4.4.
(i) Assume that r > 1. Then for any f8, ¥ € 13, there exists a positive constant Cp
such that

(4.9) ID t(D K(P:":t) p=ti7)| < Cpy Xp+y(E £ 7);

(17) Assume that # > t. Then for any 8, v € 72, there exists a positive constant C'ﬂ,.,
such that

(4.10) |D t('D K(P""vt) p___r__t)l < éﬂn X.B+'7(" —t),

END OF THE PROOF OF PROPOSITION 4.1: We first assume f(r) = 0 hence by (4.4),
#™¥1940(p,t) = I(g)(r,t). By (1.4) and (4.7) with « =0, (4.6) yields |I(g)(r,%)| < Cer, so
that [r™u®(r,t)| < Ce.
Let t > » and m > 1. It follows from (4.6) that for any 8 € 72 with 1 < |6] < m + 2,
t4r ‘
DEDID(r i) = [ oD DI R (o, 1)

t—r

03+1
+ Z Dfrplati=k( Z o g(t +r0)DE K (t + ro, 7, 1))
k=1 o=z=%1

+ZD91"( > o +ra)D' ‘DK (t + o, 7y t)),
o==+1

which is easily proved by the induction.
By (1.4), (4.7) with |a| = 1 and (4.9) with 8 4+ = 0, we obtain
/ t+r :
(4.11) |D? (r™*1u(r,t))| < Ce {<p>"1" 42" 1}dp+ Ce < Ce.

t—r

In a similar fashion, we have |D?, D, (+™*1u%(r,t))| < Ce, hence we get ||u|| < Ce.
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When g(r) =0, we have »™*14(»,t) = D, I(f)(r,t). Proceeding as before, we obtain
the same results. The other cases are also similar, so we omit the proof. Thus we prove

the Proposition 4.1. O

In the rest of this section, we shall prove Lemmas 4.3 and 4.4. We now set

mtt( D Lym im0 ).

J— - _1 m
(4.12) K(p,»t)=+"K(p,r,1t) = (2—)—-p 0_,’.%

m!

Then Lemma 4.3 is equivalent to the following lemma.

Lemma 4.5. We make the assumptions of Lemma 4.3. Then for any a € Zﬁ_, there exists

a positive constant C = C(m, ) such that

|D:tf(/7:7at)| <Cr™ Xa(p)'
Proor: It follows from (4.12) that

(4'13) th—K—(P’T’t) = ZCJ'K',-&(F, 7"t)’

j=0
where we have set
- Kj,a(P, "1t) = Pj+1D$1D?2+j¢m(P,"’t)'
We set 8 = (a1, 03 + 7). When 0 < |a| + 7 < m, we have

Df,t‘ﬁm(l’)’)t)»: Df,t(" +1- T)m (7' —t+ T)m

= Z Colr +t —r)™ 1ol (3 — t 4 p)m =180,
o<p '

Sincer+t—p<2randr—t+p<2r,2<p>, we get
|Df,t¢m(p$ T,t)l S C’m,ﬁ'rm < P >m—[ﬂ|,

hence |D;z,tKJ'1a(p1 rit)! SChpgt™ <p >mtl-laf,
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H|B| = |a|+j = m+1, we have then | D3, Kj o(p,7t)| < Crmg < p >™H2-lel p2m—I8],
Moreover, when |8| > m + 2, we obtain DZ,Kj o| < Cm,g < p >™*1 »2m~1Al. Combining

these estimates, we get the desired estimates. O

We shall prepare the following lemma to prove Lemma 4.4.

Lemma 4.6.
() Assume that >1. LetB,ye€Ii. If[B+9] <m—1o0r2m+1< |8 +4|, we have

Df,(D @™ (o, T, t)lp—‘t:h ) = 0. Moreover, when m < |B + 4| < 2m, there exists a
positive constant Cy = C1(m,S,7) such that

(4.14) [D2(DY8™ (7)) S Cur®m 184,

(i) Assume thatr >t. Let 8, v € Z2. If|B+7| > 2m+1, D,‘B,t(D 9™ (py 7, t)| ) =0.
Moreover, when |3+ 7| < 2m, there exist positive constants C; = C;(m,,7), i = 2,3
such that

p=r—t

p=r— t

(4.15)1  |DZ,(D7 ™ (p,m )| <G <r—t >N g4y <m,
(415): D} (D7¢™(pimt)|,_,_ ) < Cs r?™ PN, m 1< |B+9] < 2m.

PROdF: We shall show only (4.15), because the others are handled in a similar fashion. It
follows from Leibniz’ rule that for |y| < 2m

D} ™ (pmt)| _,_ =D Co (2ty"l(2(r — g))mlr—cl,

Y

where 3 stands for the sum over ¢ € 7% such that o < yand m —|o|, m— |y —o| > 0.

Moreover, we get

NS Y Coptmlottl (p —gym-lytpoo-dl,

(416)  |[D2,(D1,4™(p,m1)|
. a+&7+ﬁ

p=r—t
Let B4+ <m.Ift<r/2,ie.,t<r—t, we have

tm—|0+5|(,. —t)ym-lr+b-o-4l < (r — )28+l <o < g SIB
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Ift>r/2,ie.,t>r—t, we have

tm-—|a+6| (1’ _ t)m—|'1+ﬁ—a—6| < tm—|a+6|(,r . t)m—|ﬁ+1| t|cr+6|
<™ <r—t>™IBH

Therefore we have (4.15); from (4.16). Furthermore, when m+1 < |8+ | < 2m, we have

then
tm_|0+5| (7‘ — t)m—l7+ﬁ—0—6l S TZm—|ﬁ+7|’

hence we obtain (4.15). O

The following corollary is equivalent to Lemma 4.4.

Corollary 4.7.

(2) Assume that » > 1. Then for any B, v € Zi, there exists a positive constant C; =
C1(m,,7) such that

(4.17) |Df,t(Dz,tf(P»"':t)lpﬂi‘,)l S CLr™ xpaq(t£7);

(1d) Assume that r > t. Then for any B, v € 1%, there exists a positive constant C; =
Ca(m,B,7) such that

(418) [D2( D1, K(p,7,8)],_, )| < Cs 7™ xpaalr — ).
PROQF:.‘Anangously to (4.13), we have
DR (1), ps, = 3 i),
\ i=0
where we have set K;(r,t) = (t £ 7)1+ (D] . Dig™)(p,r, t)lti?. Proéeeding as in the proof

of Lemma 4.5 with employing Lemma 4.6 (i), we obtain (4.17). Moreover, we get (4.18)

In a similar fashion. OJ

5. Proof of the Main Theorem.
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Proposition 5.1. Let u € X;5. Suppose that G(Ay,A;) € C™*%(By(0)) is even in A, and
satisfy (1.5) and that p > 2 for n = 3. Then we have L(u) € X and there exists a positive
constant C; = C;(m,x,G), i = 1,2 such that

(5) - [L(w)(r,8)] €1 <> [l

Moreover, we have ||L(u)|| < Cs|[x|?.

Proor: We set
1 : ,
(5.2) E(r,t;7) = / Ht—1+r0o,7) (1 -0®)"do.
' -1

By Corollary 3.3, H(p,7) € C**(R x [0, 00), hence we have E(r,¢;7) € C»2°(Q), where we
have set @ = R x [0, 00) x [0, 00). Moreover by Proposition 2.5, we have ™+ D, E(r,t;7) €
CmtamI20(Q), »™ 1 E(r, 85 1) € C™FI™HIO(Q). Note that we have from (3.2) and (3.19)

(5.3) L(u)(r,t)=A E(r,t;7)dT, DtL(u)('r,t)=/; DyE(»,t; 7)dr.

Therefore we get L(u)(r,t) € C*(R x [0, 00)), ™+ Dy L(u)(r,t) € C™*+2O(R x [0, 00)) and
™ L(u)(r,t) € C™3O(R x [0, 00)). Hence we have only to show (5.1) for » > 0, because
L(u)(r,t) is even in r.

Analogously to the proof of (4.1) for 0 < » < 1, we obtain for such »
(5.4) [P E(r,t;7)| < C <t — 7 >~@-00m+1) 1)1

if we exﬁploy (3.15). Hence we obtain (5.1) for 0 < 7 < 1, because of the assumptions on
.

In what follows, let » > 1. To begin with, we note an analogue to Lemma 4.2.

Lemma 5.2. Let r > 1 and set 74 =1 — 747 and
(5.5) I(rt,7) = ™ E(r,t;7).
Then we have

(56) Hontin) = o [ Hlpir) 47(prmt =Yg

by
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Moreover, we get

(5.7) Hrtir) = [ ™ Fp,7) K(p,r,t - 7)dp.

[v-1
We shall nqw!freturn to the proof of (5.1) for » > 1. By (5".3) and (5.5), we have
(5.8) P () (r,8) = /0 I(r 8, 7)dr
We divide the 7-integral into K;(r,%), i = 1,2, that is,
(5.9) K t) = / T ty7Ydr,  Ky(rt) = fo t I(r,8; 7)dr — Ka(r,1),

where we have set 7y = max(t —» £ 1,0).
We first deal with the case 0 <7 <i¢_ ort; <1 <t where |y_| > 1. Therefore (5.7)
yields | |
(5.10) sl Sl [ <p> 00 g,
v

if we employ (3.8) and (4.7) with a = 0. Therefore we have
: t T+
(5.11) |K1(t)] < C||v||? / dr / < p>~-1m+1) g5
0 lv-I
Applying the following lemma to (5.11), we easily have

(5.12) 1K1 (,1)] < C]|u||?r.

Lemma 5.3. For any p > 0, there exist positive constant C; = C;(p), i = 1,2 such that
o t 73
(4) I/ dr/ <p>T1Hdp| < Cur;
0 71

t Ya
(i4) |/ dr/l <p>TT dp| < G,
0

‘11|

ProoF: (i) Changing the variables as £ = 7 + p, 7 = 7 — p, we have

t 12 t4 e e,
I/ d‘r/ <p>T1THdp| <C d£/ < I— >k gy
0 71 t—r ¢ 2

’ t+4»
SC’/ d£/ <np>"17E dy.
t—r R
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(i7) As above we have

t+7
/ dr/ <p>Frhdp== / dg/ >=28 dn.
[ral

Since < %_17. >"'2""5 C(1+¢—n)~1"#, ¢-integral is dominated by C(1+£ —t+7)~1-~,

Therefore we have the desired estimate. [J

Next we consider the case 71 < 7 < 73 where we shall use (5.6). The following lemma

is proved similarly to Lemma 4.5, so we omit the proof.

: 1
Lemma 5.4: We put &(p,7,t) = ,._m¢m(P’ 7,t). Let xo be as given in (4.8). Assume that
-1<t—r<pLt+ror0<r—t<p<t+r. Letr > 1.

(¢) For any a € Z%, there exists a positive constant C = G(m, ) such that
(5.13) DB £ C <> xalol
(#) Let o € Z3. Then we have

(5'14) D:tQ(Pa r’t)lt:l:r =0, if |al <m-1L

Combining (3.15) and (5.11) with a = 0, (5.6) yields

’ T+
(5.15) . [ I(rt;7)| < C[|'u.||pj < p >~ @=Dm+1)+m g5 < Cp||u|]?.

Since t4 —t_ < 2, we have IKz(r,t)] < Cr||u|l? from (5.9.) and (5.15). Hence combining
this with (5.9) and (5.12), we obtain |L(u)(r,t)] < C <7 >~™ ||u]|F.
Proceeding as before and repeating the similar argument to Proposition 4.1, we also

obtain the estimates for the derivatives of »™+1L(u), »™*1 D, L(2). O

Proposition 5.5. We make the assumptions of Proposition 5.1. Then there exist con-

stants C; = C;(m,k,G) > 0,1 < i < 3, such that for u, & € X;, the foilowings hold:

(5.16) 12(w) = L(@)lll < Calllw = alll (HlllP=* + [allP~*),
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|1 Z(x) = Z(2)I| - [l £(w) — Z(@)]]|

(5.17) -
< Colllu = all]* (|Jul|™*? + [|&]|™*2) + Callw — | (flullP~* + [|&l[P~1),

where p is as given below (1.5),.

ProoF: Note that for 0 <r<L1,
t 1 .
L(w) - L(3) = / dr/ {H(t—7+r0,7) = B(t =7 +r0,7)} (1 = 0F)"do
0 -1 '

and for » > 1,

1 . pt t—74r R
i [ 4 [ 4B () = oy} (et - )dp
0 t—7—7 .

L(u) - L(a) =
t t—7+r . . ‘
= [ar [ 1R - B} Koyt = m)ap

Employing (3.16) and repeating the analogous argument of the proof of Proposition 5.1,

we obtain the proposition. [J

Now we are in a position to prove the Main theorem.

Proof of the Main Theorem: We shall concentrate on the case m > 1 or m = 0 and
2 < p < 3, because the procedure is simpler when m = 0 and p = 3. We define a sequence

of functions {ux}rez, by
(5.18) . up = ug + L(up—q) for k>1, wug=1u"

where 4%(r, ) is the solution of the problem (2.1), (1.2). By Proposition 4.1, there exists

a positive constant Cp, depending only on 7, such that
(5.19) ||« < Coe.
Moreover, (5.16) and (5.17) imply that for » € Xj,
(5.20) IE@I < CallulP,

where Cy = C1 + C; + Cs and Ci, Ca, Cs are as in (5.16) and (5.17).
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Let €9 be the greatest upper bound of ¢ satisfying -
(5.21) 2Coe < min(6,2), 2P72C4(Coe)* ' < 1

In what follows, we assume 0 < € < .

First we shall show u, € X5 for any k € Z. To do this, it is enough to show
(5.22) | |luall < 2[[woll, k€ Zs4,

because of (5.19) and (5.21). Indeed, (5.22) follows from the induction with employing
(5.18), (5.20) and (5.21). ”

Next we shall show that {u} is a Cauchy sequence in X;. From (5.18), (5.16), (5.22)
and (5.21), we obtain o '

(528)  lMnss = walll = 1ECws) = D)l < llos —wacall, k> 1.

Moreover, employing these relations repeatedly, we have

k

k-1
1 .
llles = wolll < (3) 4C4llwoll?, k21,

1
lllwn — w1l < (3)
where we have used (5.18), (5.20). Noting Coe < 1, we have from this and (5.19),
1ok Ly
lllur — va-al| < 4C4(Coe)?(7)" < 404 Coe(3)*, k2 1.
Combining this with (5.17) and (5.23), we obtain

| | . 1
(5.24) [12(un) = L(wa-1)Il < Sllwa — |l + Cse”(5)*,

where we have set Cy = 2™ +3+26C;CY CF.
Now we shall show that Y ;- , ||ux — ux—1|| converges. Indeed, noting 0 < p < 1, we

have from (5.18) and (5.24),
1 k-1 P 1 kp
llen = wa-al < (5)" 7 llwa — wol + Cse? (k - 1)(35)™,

which yields Y o, |Jur — ur—1]] < 2C4(Coe)? + CeeP. Therefore uy is a Cauchy sequence

in Xs. Since X is complete, there exists v € X5 such that u; converges to . In addition,
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u satisfies the integral equation (3.1), hence u is the C?-solution of the Cauchy problem
(1.1), (1.2), because of Proposition 3.4. This completes the proof of the Main Theorem. O

e
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