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LOCAL DECAY ESTIMATES FOR SCHRODINGER OPERATORS
WITH LONG RANGE POTENTIALS

T. OzAWA

Department of Mathematics
Hokkaido University
“Sapporo 060, Japan

Abstract. For a class of long range potentials, sharp propagation estimates of the corre-
sponding Schrodinger evolution groups are obtained without low-energy cut-off technique.
Instead of low-energy cut-off, an explicit condition is given on the vanishing order in the

L? sense at zero energy of initial states.



1. Introduction.

In this paper we consider the local time-decay of scattering solutions for Schrédinger op-
erators with long-range potentials. Concerning this problem, explicit use of the low-energy
cut-off function is often made in the statement of the previous results (see [1, 3, 8, 10, 12,
14] and Remarks 2,3 below). A major reason consiéts in the fact that the low-energy part
of quantum states, even in the short-range casé, propagates slower than the high-energy
part and prevents the full dynamics from beha.ving as a classical motion with velocity sup-
ported away from zero to provide a sharp propagation estsimate (see [9, 11, 15]). When
one observes the propa.ga.tioﬁ of a particular state, however, the introduction of low-energy
cut-off function imposes the condition that the Fourier transform of the state must vanish
identially in a neighborhood of the origin. In this paper we present an explicit condition
on the vanishing order at the origin of the Fourier transform of states which ensures sharp
propagation estimates. Instead of the states with energy vanishing near zero, we t.urn
our attention to the states in the range of a modified wave operator of Dollard type and
consider the condition on vanishing order at the origin of the Fourier transform of the
~ inverse image of the states by the modified wave operator. In the usual case the range of
the modified wave operator coincides with the absolute continuous spectral subspace (see
[12, 17] and references therein), and moreover, the evolution of the states in the range of
the modified wave operator turns out to be explicit as time tends to infinity provided that
the right comparison dynéniics is constructed. In this respect, the method in this paper
is inspired by Cycon [2]. As compared to 2], we adopt a different choice of comparison
dynamics which seems much easier to handle. Concerning the construction of the compar-
ison dynamics, we follow [4, 16] though the choice of the phase function in the comparison
dynamics requires a further modification in order to exhibit a sharp approximation for the
full dynamics.

Let H = —2A+V be a Schrédinger operator on L?(R™) with real potential V. Through-
out the paper we suppose that the potential V satisfies the following condition.

Assumption (A). V is a multiplication operator by a real-valued function on R™ for
which the corresponding Schrédinger operator H = —1A + V is essentially self-adjoint
on C(R™ \ {0}). Moreover, V is decomposed as V = V(0 + V(1) 4 y(2) 4 y(3) with the



following property:
(A1) vO® ¢ C3(r™), vV ¢ C*(R™).

(A2) There exist measurable functions w; on Ry, j = 0,1,2, such that

8°V)(2)| < wiy(lz]) for all multi-indices a with |o <2,
|ef ‘

s / rwi(r)dr < o0 for i=0,1,2.
0
(A3) There exists a real constant y with 1/2 < g1 <1 such that

(2)*Helg2V(O) € L2°(R™) for all a with 1< |o| < 3,
2|V, |2 V) € L=(R),

where (z) = (1 + |=|?)/2.

Ezample. Let V(2) = A]e|™ + Aglz|™ with A;, A3 e Rand 1/2 < p <1 < v <
min(n/2,2). We distinguish three cases.
(a) When v < 1+ p, we take V{O(z) = Ay (2)=#, V) (z) = Ay(z)~%, V) = V — V(0 _
V), and V® = 0. Indeed,

[V®(z)| < Clla|™ = (2)#| + ClJ2|™ = ()]

1 1
SC/ (T+lz|2)—ﬂ/2—1dr+c/ (7+]z|2)—v/2—1d’r
0 0
1

1 .
SC|z|‘1-u/ 7—1/2d1,+0|z|—1—y/ 7'_(1+"_p)/2d1'=0|z|"1“",
0

0
(b) When v =1+ g, we take VO () = A (2) ™, VD =0, VD = v — v () =,
(c) Whenw > 1+p, we take V(O (z) = A (z)~#, VU = 0, VO)(2) = Ay]z|~# = V(O)(2)+
A2lz|7¥(1 — x(=)), V) (2) = A;]z|~*x(z), where x is the characteristic function of
the unit ball. '
Under the assumption (A), the modified wave operator of Dollard type for positive time
(1.1) Q= lim e H T (t) exp(— ]0 t VO)(—~irV)dr)

exists as a strong limit on L?(RR™), (see the proof below, or [17, 18] and references therein),

where U(t) = exp(i(t/2)A) is the free Schrddinger evolution group. To measure the
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vanishing order at zero energy of states, we introduce the following scale of function spaces
Xm with m > 0.
X ={¢ € L(R"); || € I*(R")}

where L?(R"), s € R, is the weighted L? space given by
Li(R*) = {¢ € Li,(R"); (=)'¢ € L*(R")}
with norm ||¢||za = ||{(z)*#||z2, and A denotes the Fourier transform given formally by

3(6) = Fg(£) = (2m) /2 / exp(—iz - £)$(z)dz.

We equip the norm || ||x,, by

li¢ll%.. = l1¢lIzs + €I~ l13.
In terms of the homogeneous Sobolev spaces, X,, = L2 N H~™. We summarize basic
properties of X,,.

Proposition 1. (1) X,, is a Hilbert space.
(2) X > Xt form >m' > 0.
(3) X = L% with equivalent norms if 0 < m < min(2,n/2).
(4) X, & L2, if2<m <nf2,n>5.
(5) F~1(C?(R™ \ {0})) is dense in X,,, for any m > 2.
We now state our main results. For £ € R we put (t) = (1 4+ ¢2)%/2.

Theorem 2. (1) Let 1/2 < p<land0 <o < p If0 <o <2u—1, then thereis a
constant C such that for allt € R, and ¢ € Xjy.

(1.2) le™ Q|2 , < Ct)™7 I8 Ix.-

If2p—1< o < p, then for any m > 8 there is a constant C such that for all t € R, and
- . ‘

(1.3) le™*FQg||zz . < C )7 |I$llx.n-
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(2) Let 0 <o < p=1. If0 < o < 1, then there is a constant C such that for allt € R,
and ¢ € X,

(1.4) C lleT™® Qg < Ct)lIgllx,-

Ifo =1, then for any m > 8 there is a constant C such that for allt € R, and ¢ € X,,

(1.5) lle*#Qgllza, < C(t)™" (log(t))]I$llx.n-

Remark 1. In the Coulomb case V(z) = Alz|~! with A € R\ {0} and n > 3, Cycon [2]

proved

e 09152, < O log®)™ 3 11(6)* expl;z)0"dllem.

la|<6n
In the repulsive case A > 0, it has been shown in [5] that for t € R\ {0} with |¢| > 1

llz|~ e g]|z2 < Clt| 7|l 3.
This indicates that the positivity or repulsivity may provide sharper estimates. But this

problem is outside the purpose of this paper.

Remark 2. In [1, 14] there are related estimates of e #*HQf(Hy) in the short-range case,
where Q is the ordinary wave operator, Hy = —-};,-A, and f is a low-energy cut-off function,

ie. f€C®(R,R) with f =1 on [Ag,00) and f = 0 on (—o0, Ag/2] for some Ag > 0.
Remark 3. Estimates of the form
”e_itHf(H)”B(L;'.L{,) <ci)y

have been obtained in [3, 8, 10, 12] for long-range potentials, where f is a low-energy cut-off

function, B(LZ, L% ) is the space of bounded operators from L2 to L2, and 0 < o' < 0.
Remark 4. Theorem 2 implies estimates of the form

|le™"*¥Qf(Ho)l|pzz,22_y < C(t)™°
for any low-energy cut-off function f in the case where 1/2 < p < 1 with 0 < o < g,
or 0 < ¢ < p = 1. Results of this type follow from the estimate in Remark 3 and the

boundedness of Qf;(Hp) in L2 for some low-energy cut-off function f satisfying f = ff;.
For the possibility of the latter boundedness, see [13].

Some of the results in Theorem 2 are optimal. In fact:



6
Theorem 3. Let1/2<p<1and0<o < pu. Let p € X4. When 2u—1 < o < p, assume

further that ¢ € X,,, for some m > 8. Then

(1.6) Jlim ¢7]|e=*5Qg||z2 = |[|€]77 ]|z

Remark 5. It seems that the formula (1.6) is new. A weak form of the lower bound

estimates for the Schrédinger evolution group is obtained in [5, 6].

Under some restrictive assumption on ¢ and V, one could obtain the éxponential decay
result with the L2 , norm replaced by the norm with exponential weights such as exp(—|z|)
or by the norm || - ||pa(x) for some compact K C R™ (see {19, 20]). But this is outside the
purpose of this paper.

The method of proof of Theorems 2 and 3 is roughly illustrated as follows. By the
definition of the modified wave operator (1.1), the full dynamics e #*¥ Q¢ looks like the

Dollard dynamics

(1.7) Up(t)¢ = U(t) exp(—i /0 t VO (—irV)dr)é

in L*(R™) as t — oo. In order to observe the large time behavior of the full dynamics
e *HO¢ in a more explicit way, we replace the Dollard dynamics Up(t)¢ by another

comparison dynamics W(t)g, given by
18) (W(R)6)(z) = (i) exp(ilel? /2t - iS(t,2/)d(z/1)

with appropriate real function S(t,£). With this form, we have |[(W(t)¢)(z)| =
t="/2|¢(z/t)| and therefore the right behavior of e~**# Q¢ in L2 is obtained through

(1.9) Tim 1 [|W()llz2 = [l1€]= dllz-

provided that W(t)¢ approximates e **¥ Q¢ better than the order O(t~°) as ¢ — co. For

this purpose we prove

(1.10) e 508 = W(gllze < [ 160, — YW (r)pllsdr
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and estimate the rate of decay of the integral in (1.10) as £ — oo, which depends on the
choice of phase function S and on the vanishing order at the origin of qg By a direct

calculation, we have

(1.11)
180 = EYW(#)||z> < |I(8:S — V(2€) — (1/2)t72|V S|*) | |1

+ 72 ((A8)3lIzs + VS - Vollza + | A a).

As in the original choice of Dollard, one might take

S(t, &) = /0 VO(r¢)dr.

This choice, however, leads to a rather unsatisfactory result since this imposes restrictive
conditions on the short-range part and'implies a weak decay rate of (1.11). In order to
obtain a better approximation, we take

(112) 56,0 = [ VOeyir— [ vOar

t
for 0 < o < 2p¢—1with1/2 < p < 1and 0 <o < p = 1. This choice requires the
condition ¢ € X4 since the short-range part of |VS|? creates singularity of the form |¢]|~*.
f2u—-1<o<pwithl/2<pu<lorec=gp=1,the preceding choice (1.12) turns out
insufficient since the long-rangé part of |VS|? grows like O(¢*~2#) for 1/2 < p < 1 and like
O((logt)?) for p = 1, both of which are larger than the expected rate O(t'~*). To cancel
the growth property of the quadratic contribution, we choose

S(t.6) = /0 O (re)dr /t T /0 (VYO (re)dr|2ds - / T VO (r)r,

t

As for the decay rate in time of (1.11), the choice (1.13) gives an optimal result for
2p—1 < o < p but not for ¢ = p = 1, still in the latter case this improves the re-
sult with the previous choice (1.12) by one logarithmic power. The restriction m > 8 of
Xm comes from the second term of the right hand side of (1.13) at the cost of better rate
of décay in time of (1.11).

This paper is organized as follows. In Section 2 we collect several preliminary estimates, -

including the proof of Propositon 1.1. Section 3 is devoted to the estimates associated
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- with the comparison dynamics W(t). In Section 4 we prove Theorems 2 and 3.

We conclude this introduction by giving notations freely used in this paper. z =
(21,7 ,2n) €R®, V = (84,++:0,), 0; = 0/0=z;, 8, = 8/8t. The variables in the Fourier
transform are usually denoted by £ = (§1,-++ ,£x) € R™ and the corresponding derivatives
0/0¢; might be denoted simply by §; when no confusion could arise. The time variable ¢
is usually taken to be positive and might be omitted in course of calculations. The norm
without subscripts || - || denotes the L?(R™) norm for scalar C valued functions and for
vector C* valued functions as well. Different positive constants might be denoted by the
same letter C, and if necessary, by C(*,- ,*) in order to indicate the dependence on the

quantities in the parentheses.

2. Preliminaries.

We first give preliminary estimates associated with the norm in X,,.
Lemma 1. Let m > 0 forn > 2 and let m € (0,1) U [2,00) for n = 1. Then |¢|"™/2V ¢ €
L? for ¢ all € X,,. Moreover,
@1) Y < Olmym)liélls for 0<m < min(2,n),

(22) 24l < (m(m +2)/2)||4]|x,, for m>2.

Proof. By Hardy type inequality [7], for 0 < m < n we have
1€Vl < C(m, n)[[(-2)™/4V || = C(m,n)|||=|™/*+1¢).
This proves (2.1). Let m > 2 and ¢ € X,,. Since |[V¢|? = (1/2)A|4)? - Re(g?)AqZ), by
integration by parts and Hélder’s inequality we have for € > 0.
[ e + ey mrvipag

< (m(m+2-n)/2) [(ef + ey =2NePlapag + [(62 +e) 180 dldg

< (m/2) max(m + 2 —n, 0)|||¢]7™/* 1 + ||1¢"™4|| |AG)] .

< (m/2) max(m + 2 = n, 0)|||¢]~™ ||/ ™||p|*=2/™ + |16 I%..

< (m(m +2)/2)|14ll%..-



By the monotone convergence theorem, this implies (2.2). Q.E.D.
We now prove Proposition 1.

Proof of Proposition 1. For part (1), the only nontrivial issue is the completeness but the
proof is standard and straightforward. Details are omitted. Part (2) follows by Hélder’s
inequality. Parts (3) and (4) follow from Hardy type inequality [7] of the form

HI&I""‘$II < C(m,n)l|(-2)™24|

for 0 < m < n/2. For part (5), let ¢ € X,,, with m > 2. Let two functions f,g € C=(R)
satisfy 0 < f, 9 <1, f=0on (—00,1/2], f =1on [l,0), g =1 on (~0,1}, g = 0
on [2,00). We set ¢; = F~l4;, j > 1, where 9;(€) = £(il€|*)9(572|¢|?)d(¢). Then
¥; € O (R™ \ {0}), ¥; — ¢ and |€]"™4; — |¢]"™ in L? as j — co. It Temains to prove
Av; — Adin L? as j — co. This follows from the fact that |¢|~2¢ € L? and |¢|~1V$ € L?
(see (2.2)). Q.E.D.

We next collect estimates for phase functions 5(°) and S(%), defined by

(2.3) SOt,¢) = / t VO (r¢)dr,

0

t

(2.4) SM(t,¢) = — / ” v(re)dr.

Lemma 2. (1) Let1/2<p<1and0<0 < p. Let 1 <j<3. Then there is a constant
C independent of t and £ such that

(2.5) Y 1895, &) < cer-Pgl i
la|=3

(2) Let 0 <6 <p=1. Let 1 < j < 3. Then there is a constant C independent of t and ¢
such that

(2.6) > 10%5O(t,6)] < Ct*~° (log(8))* (1 + €] 77~°).

lec|=j
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(3) Let 0 < j < 2. Then there is a constant C independent of t and £ such that

(2.7) S 10550, 6)] < Ol /l BT

Nal=i

Proof. By definition and assumption, for 1/2 < p < 1 we have

> 18250, ¢))

laj=1 .

<2 /0 t |7 6=V (r¢)|dr

le|=4

L . ot . '
<l [ 2oty 7rar = 0P [ el oty rar
0 0
i [[rtrtyiorar = clgpoie [t gy-inar
<Ol [ rirtyr-rir = gy rar

1 1
< Ui [ He) e = 000lgl 5 [0,
0 0
where we have made the change of var_ia.ble_ v = t~272, This proves (2.5). Similarly,

forp=1 t
3 1075t 0)l < CleP™? [ rtr)ar,
0

|ex|=j

The last integral is estimated by

t | t|¢|
[ rtrorrar =i [Teaaryte
< C min{t]¢|*, (log(8))(1 +¢]2))
< G (log(®)°(1 + [¢ ).

This proves (2.6). Similar estimates show (2.7). Q.E.D.

3. Estimates for comparison dynamics.
In this section we prove several estimates for the comparison dynamics W(t) Through-
out this section we assume ¢ > 10 and ¢ € C(R \ {0}) for simplicity. We first recall the

factorization of the free Schrédinger evolution U(t) = exp(i(t/2)A) [4, ‘16]

(3.1) U(t) = M(¢)D(£)FM(t),



11

where

M(t) = exp(ilz|?/2t).,
(D(tY$)(z) = (it)~™/ 29 (=/t).

Equivalent definition of W () in (1.8) is then given by

(3.2) W (t) = U(t) M(—t) exp(—iS(t, —iV))
| = M(t)D(t)F exp(—iS(t, —iV))
= M(t)D(t) exp(—iS(¢, ) F,

where phase function S is defined by

(3-3) S(t,6) = SO, €) + SN2, ¢),
H0<o<ou—lor0<o<p=1,

(3.4) 5(,€) = SO+ SV - [ 71V (r,)par

if 2p—1 < o < p. In the limiting case 2 — 1 = ¢ < 1, we need both (3.3) and (34) for

technical reasons. We now consider
. . 1
(3.5) (16, - H)W ()¢ = (38, + EA)W(t)qS - VW(t)g.
For the first term on the right hand side of (3.5), follovﬁng (4], we compute

(3.6) (i8; + %—A)W(t)sb
= (100 + 3 A)U () M(~1) exp(—iS(t, ~iV))¢
= U ()i M(~t) exp(—iS(¢, —iV))é
= UOM(~)(i0 ~ 5t7*2") exp(~iS(t, ~iV))¢
= UM(-=)F (0, + 517*0) exp(-iS(t, )b

A

= UM (=) F~((8:S)(t, ) + %rm) exp(—iS(t, ).
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For the second term, we compute
(3.7) VW(t) = VM(£)D(t) exp(~iS(t, )

= M()D(&)V (£€) exp(~iS(t, £))
= U() M(~t)F 2V (£€) exp(—iS(t, ).

By (3.6) and (3.7),

(3.8)
(0 - MWt
= U(t)M(~t)F~texp(—iS(t,-))
(8.5 - V(t) — %t‘z(WSl’ +iAS))d— it~VS -V + %t'qu;).
This gives
(3.9) ||(:0: — H)W(t)4]|

< 11848 = VO (s6) = VO (t£) - 54|V S|
HIVO) + vl
+E(AS)P +72]IVS - VI +172) A1

We estimate the terms on the right hand side of (3.9). We distinguish four cases.
() 1/2<p<1,0<o<2u—1.
(i) 1/2<p<l,2p—-1<o<p.
(i) 0<o<p=1
(iv) o=pu=1.
(i) When 1/2 < p < 1and 0 < o < 2u — 1, we have by (3.3) that §,5(¢,¢) = V(O (¢¢) +
V(1(t¢). By assumption,

(3.10) (V) + V)l < Gt~ (111741 + 111€124l1)-
By Lemma 2,

(3.11) t2NIVSIPSll < G (1l1el =>4l + 111D,

(3.12) t2I(AS)? Il < Ot R(|[1€1m 22 Bl + 1K€l 41,

(3.13) t72|VS - V|| < Gtk (|||g]" 1+ V|| + [|[¢] 72V ).
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Collecting (3.9)-(3.13) and using Lemma 1, we obtain
(3.14) (80, — HYW (t)¢]| < Ct~**|¢|lx, .

(ii) When 1/2 < p < 1and 2 — 1 < o < p, we have by (3.4) that

(3.15)
0.8 = VO te) + VI(1¢) + -;—t"zlvs(ﬂ)|2’
(3.16)
[VS[? = VSO 4+ |vsM)? 1| /“” 72v250) . v 5O 4r|?
t

—2(vs® 4 vs1)y. / " y250) . Y5O g _ 9y SO vs),
¢ .

where V2S denotes the Hessian matrix. In the first norm on the right hand side of (3.9),
the contribution of the slowest component (1/2)t2|VS(%)|? is cancelled by the first term
on the right hand side of (3.16) multiplied by (1/2)¢~2. Instead, the third term on the
right hand side of (3.16) gives the strongest singularity at the origin, which should be
minimized by choosing 8 =1/2+¢/4 with 0 < ¢ < 4(x—1/2) in Lemma 2. The restriction
6 > 1/2 ensures the integrability of the associated time integral. The contribution of the

third term is therefore estimated by
I [ SO SO < e =gl
.

This requires m = 8 + ¢ > 8 in the assumption ¢ € X,, of the theorems. Note that we
may assume that 8 < m < 10 without loss of generality. Other terms on the right hand
side of (3.9) with (3.4) are estimated similarly except for the norm involving V@, where an

additional use of (2.2) with m = 8 + ¢ is needed. We have thus proved that for all m > 8
(3.18) 120 = YW ()| < C(m)t™~*||g|x.,..

(iii) When 0 < o < g = 1, we estimate (3.9) by using (2.6) in a way similar to the case (1)

to obtain

(3.19) 1(20: — H)W (t)¢]] < Ct~*(logt)?||¢llx.,
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where the slowest contribution proportional to t~?(logt)? is given by t~2|||VS|?¢|| from
the right hand side of (3.9).
(iv) When o = p = 1, we estimate (3.9) by using (2.6) in the same way as in the case (ii)

with some necessary modifications. For instance, we replace (3.17) by

el [ SO v sOarg] < Ol Gogt)llel=+31
by using Lemma 2 with § =1/2 + ¢/4 for 0 < ¢ < 2. With m > 8, we finally obtain
(3.20 (68~ EYW (8]l < Clm)t~*(log )il x..,

where the slowest contribution proportional to t~%logt is given by the terms linear in S

from the right hand side of (3.9).

4. Proof of Theorems 2 and 3.
In this section we prove Theorems 2 and 3. Let ¢ € C°(R™\ {0}). By Cook’s argument,
"~ we have for t > s > 10, '

& W@ - = ws)all < [ 166, ~ I (gl

By (3.14), (3.18), (3.19), (3.20) and (4.1), e*FW(t)¢ éonvergeé strongly to a limit ¢ € L?

as t — oo and

(42)  [¥ - FWE)l < /tw I(i0, — H)W(r)g|ldr < CKpo(t)ll$llx,..»

where -

(212, 4) if 1/2<p<l,0<o0<2u~1,
_ ) @#*,m) if 1/2<p<l, 2p—1<0o<y,
(Ep,o(t) t(n,0)) = (t~1(logt)?,4) if O<o<p=1,.
(t"'logt,m) i o=p=1.

By (3.2) and Lemma 2 with 6 = p > 1,

(4.3) |U(t) exp(—iS(t, —iV))¢ — W(t)|]
| = [|(1 = M(~t)) exp(—iS(t, —iV))¢||
<72z exp(-iS(t, ~iV))4||

=t712||V(exp(=iS(t, ))d)|| = 0 as t— oo.
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By Lemma 2 with § = y and the dominated convergence theorem with wy € L,
(4.4) || exp(=iS(D (¢, —iV))¢ — exp(~iS(t, —iV))4||
= ll(exp(iS(t,) = iSO(t, ) = I = 0 as ¢ — oo.
From (4.2), (4.3)‘, and (4.4) we obtain
(4.5) [l #U(t) exp(~i5( (2, —iV)) — ||
< || U (#)(exp(~iS®(t, ~iV))$ — exp(=iS(t, ~iV))¢)|

+ || F U (t) exp(—iS(t, —iV))$) — e FW(t)g||
+ e EW(t)p - $|| > 0 as ¢ — co.

This proves ¥ = Q¢ and (4.2).implies
(4.6) le™*5 Q¢ ~ W ()|l < CKpo(t)|8llx,..,-

By part (5) of Proposition 1 and the boundedness uniform in time of e~#*#Q and W (¢),
(4.6) still holds for all ¢ € X, ). On the other hand, (3.1) shows

(4.7) IW#)gllzz, = ID®)Bllz2, = II(t6)~#ll < t=7[l1¢]=" BlI.

Combining (4.6) and (4.7), we obtain Theorem 2 for ¢ > 10, where we have chosen
(Epo(t), l(pe,0)) = (¢*72#,4) in the limiting case ¢ = 2 — 1 < 1. This completes the
proof of Theorem 2 since e **# ()¢ is estimated by ||¢|| in the norm of L ,. By (4.7) and

the dominated convergence theorem,
(48) Jim £ [[W ()l = Illel" 3]l

Theorem 3 follows from (4.8) and (4.6), where we have chosen (K, (1), £(g, 7)) = (t™#,m)
in the limiting case 0 = 2p — 1 < 1 since p > o = 2u — 1. Q.E.D.

ACKNOWLEDGMENTS
Part of this work was carried out when I visited Laboratoire de Physique Théorique et

Hautes Energies in Orsay, Matematisk Institut in Aarhus, and Institut Mittag-Leffler in



16

Djursholm. I wish to thank these institutions for their support and hospitality. Special

thanks are due to Professors Ginibre and Jensen for enlightening discussions.

REFERENCES

[1] W.O. Amrein, M.B. Cibils, K.B. Sinha, Configuration space properties of the S-matriz
and time delay in potential scattering, Ann. Inst. Henri Poincaré, Physique Théorique,
47, 367-382 (1987).

[2] H.L. Cycon, An upper bound for the local time-decay of scatiering solutions for the
Schrodinger equation with Coulomb potential, Ann. Inst. Henri Poincaré, Physique
Théorique, 39, 385-392 (1983).

[3] H.L. Cycon, P.A. Perry, Local time-decay of high energy scattering states for the
Schrodinger equation, Math. Z., 188, 125-142 (1984).

[4] J. Ginibre, T. Ozawa, Long range scattering for non linear Schrédinger and Hartree
equations in space dimension n > 2, Commun. Math. Phys., 151, 619-645 (1993).

[5] N. Hayashi, T. Ozawa, Time decay for some Schrodinger equations, Math. Z., 200,
467-483 (1989). |

[6] N.Hayashi, T. Ozawa, Lower bounds for order of decay or of growth in time for solutions
to linear and non-linear Schrodinger equations, Publ. RIMS, Kyoto Univ., 25, 847-859
(1989).

[7] LW. Herbst, Spectral theory of the operator (p? + m?)*/? — Ze?/r, Commun. Math.
Phys., 53, 285-294 (1977).

(8] H. Isozaki, Decay rates of scatlering states for Schrédinger operators, J. Math. Kyoto
Univ., 26, 595-603 (1986).

[9] A. Jensen, Spectral properties of Schrédinger operators and time-decay of the wave
functions, Results in L*(R™), m > 5, Duke Math. J., 47, 57-80 (1980).

[10] A. Jensen, Propagation estimates for Schrédinger type operators, Trans. Amer. Math.
Soc., 201, 120-144 (1985).

[11] * A. Jensen, T. Kato, Spectral properties of Schrédinger operators and time-decay of the
wave functions, Duke Math. J., 46, 583-611 (1979).



17

[12] A. Jensen, E. Mourre, P. Perry, Multiple commutator estimates and resolvent smooth-
ness in quanium scatteing theory, Ann. Inst. Henri Poincaré, Physique Théorique, 41,
207-225 (1984).

[13] A. Jensen, S. Nakamura, Mapping properties of wave and scattering operators for two-
body Schrodinger operators, Letters in Math. Phys., 24, 295-305 (1992).

[14] A. Mohapatra, K.B. Sinha, W.O. Amrein, Configuration space properties of the scatter-
ing operator and time delay for potentials decaying like |2|~*, & > 1, Ann. Inst, Henri
Poincaré, Physique Théorique, 57, 89-113 (1992). |

(15] M. Murata, Asymptotic ezpansions in time for solutions of Schrédinger type equations,
J. Funct. Anal., 49, 10-56 (1982).

[16] T. Ozawa, Long range scattering forﬁonlinear Schrodinger equations in one space
dimension, Commun. Math. Phyé., 139, 479-493 (1991).

[17] P. Perry, Scattering theory by the Enss method, Math. Reports 1, 1-347 (1983).

[18] -M. Reed, B. Simon, “Methods of Modern Mathematical Physics III. Scattering Theory,”
Academic Press, New York (1979).

[19] D.R. Yafaev, Spectral properties of the Schrodinger operator with a potential having a
slow falloff, Punct. Anal. Appl., 16, 280-286 (1982). |

[20] D.R. Yafaev, The low energy scattering for slowly decreasi’ng potentials, Commun.
Math. Phys., 85, 177-196 (1982). |



