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OVERDETERMINED SYSTEMS OF
FIRST ORDER PARTIAL DIFFERENTIAL
EQUATIONS WITH SINGULAR SOLUTION

SHYUICHI IZUMIYA AND BING LI

ABSTRACT. We study overdetermined systems of first order partial differential equations with
singular solutions. The main result gives a characterization of such systems and asserts that
the singular solution is equal to the contact singular set. We can also give a local normal
form of such systems up to contact diffeomorphism.

0. INTRODUCTION

In this papef we study overdetermined systems of first order partial differential equations
with singular solution. The first example of singular solutions was discovered by Brook
Tayler about 290 years ago (cf. [9]). 20 years after that Alex Claude Clairaut studied a class
of equations which have singular solutions [4]. This equation is called the Clairaut equation
now: y = - %, + f((%) It has a quite beautiful geometric structure as follows : There
exists a “general solution” that consists of lines ; y = ¢t-z + f(¢), where ¢ is a parameter and
the singular solution is the envelope of such a family. However, there are some examples
that the situation is not necessary like as the singular solution of the Clairaut equation
(cf., Examples 3.2, 3.3). In classical treatises of equations .(Cartan [2], Carathéodory (3]
, Courant-Hilbert [5], Forsyth [6] [7], Ince 7], Petrovski [16]) the discussions of equations
with singular solutions are informal. In these, a “general solution” of a differential equation
is defined to be an one-parameter family of solutions and a “singular solution” is a solution
which is not contained in the “general solution”. This definition of singular solutions is very
confused as usual in classical literature on differential equations; Even in modern articles
([10,13]), they studied under special assumptions. In this paper we try to give a rigorous
definition of singular solutions. The vagueness of the definition of singular solutions of
equations is caused by that of general solutions, so that we adopt the notion of complete
solutions instead of “general solutions”.

The main results are Theorems 1.1 and 1.4. We establish the notion of overdetermined
systems of first order differential equations with singular solution in Theorem 1.1. This

result is a generalization of the similar result on single equations in [11]. Furthermore we
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give a local normal form of such a class of differential equations up to contact diffeomor-
phism in Theorem 1.4. In Section 2 we give the proofs of results. Some examples in Section

3 are illustrating the results.
Acknowledgment. The authors would like to thank the referee for helpful suggestions.

All maps considered here are differentiable of class C™ unless stated otherwise.

1. MAIN RESULTS

A first order differential equation is most naturally interpreted as being a closed subset
of the 1-jet space of functions of n-variables J!(R™ R). Unless the contrary is specifically
stated, we use the following definition. A first order differential equations (or briefly, an
equation) is a relation F = 0, where F : (J}(R",R), zp) — (R%0) is a submersion germ
and 1 Sld <n.Ifl1<d then F = 0 is said to be an overdetermined system. Let § be
the canonical contact form on J'(R™,R) which is given by 8§ = dy — "1, pidz;, where
(z,y,p) are canonical coordinates of J}(R",R). Throughouf the remainder of this paper,
we shall consider J'(R™ R) as a contact manifold whose contact structure is given by
the canonical 1-form. We also have the canonical projection 7 : J}(R® R) — R™ x R
by #(z,y,p) = (¢,y). The notion of a solution of an equation is given by the philosophy
of Lie. A Legendrian solution (or, a geometric .sol'u,tio‘n) of F = 0 is defined to be an
immersion ¢ : (L, go) — (J*(R?, R), z9) from an n-dimensional manifold such that :*6 = 0

~and #(L) C F~!(0) (i.e. a Legendrian submanifold which is contained in F~1(0)). Then the
jet extension j'f : R® — J!(R™,R) is a Legendrian embedding. Hence, in our terminology,
the smooth solution of F' = 0 is a smooth function f such that j!f(R"®) ¢ -F~1(0). On
the other hand, we can show that a Legendrian solution 7 is given by (at least locally) a
Jet extension of a smooth function if and only if 7 o ¢ is 2 non-singular map. Thus we can
define the notion of singularities of solutions. We say that zo € L is a Legendrian singular
pownt if zg is a singular point of 7 0. We also define notions of singularities of an equation
F~1(0). We say that z is a contact singular point if 8(T,,F~1(0)) = 0. We denote the
set of contact singular points by L (F). We call it a contact singular set of F. A point
z € (E7,20) is called o w-singular point if rank d(7|F~1(0)), < n. We denote the set of
w-singular points by (F). We say that an equation F' = 0 is involutory at z € F~1(0) if
there is a Legendrian submanifold L tangent to F'1(0) at z. We also say that an equation
F =0 1is involutory if it is involutory at any point of (F~1(0), zo); Since single equations are
automatically involutdry, the notion of involutory equations is essential for overdetermined
systems of first order partial differential equations (i.e. d > 2) (cf. [14],[15]). An equation

F =0 is said to be completely integrable if there exists a foliation by Legendrian solutions
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on F~1(0). In this case such a foliation is called a complete solution of F' = 0. Then we can
define the notion of singular solutions. A Legendrian solution i : (L, go) — (J1(R", R), zo)
of F = 0 is called a singular solution (in the strict sense) if it satisfies the following
condition :

(*) There exists a representative ¢ : U —, E~1(0) of ¢ such that ¢(V) is not contained in a
leaf of any complete solutions of F' = 0 for any open subset V . C U.

Then we have the following theorem.

Theorem 1.1. For an equation F : (J}(R™,R),2z) — (R%,0) and a Legendrian solution
i:(L,q0) — (JY(R™ R),z) of F =0, the following conditions are equivalent.

(1) ¢ is a singular solution of F = 0 and F = 0 is involutory.

(2) There exists a complete solution of F = 0 such that each leaves are transverse to i.
(3) Image: C T (F).

In [12] it has been shown that F = 0 is completely integrable if and only if it is
involutory and X (F) is empty or an n-dimensional submanifold. By definition, if £.(F)
is an n-dimensional submanifold, it is automatically a Legendrian solution of F' = 0. Then

we have the following corollary of Theorem 1.1.

Corollary 1.2. An involutory equation F : (JY(R™,R),z) — (R¢%0) has a singular
solution if and only if £.(F) is an n-dimensional submamfo]d Moreover, ZC(F) Is a

singular solution of F'= 0.

The corresponding result for the case d = 1 has been obtained in [11]. We call the
equation which satisfies the condition in Corollary 1.2 an equation with singular solution.

We remark that we can easily check the above condition by the following proposition.

Proposition 1.3. Let F = (Fy,...,Fy) : (JYR",R),2) — (R%0), be a submersion
germ. Then »
1) (F~Y(0), zo) is involutory if and only if [F;, F}], = 0 (i, = 1,...,d) for any z € F~1(0),

where

0G oF OF 98G OF oG
—G-—— Z(
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£ 0G _9G oF,

[FvG] =F

2) (F~1(0), z0) is contact singular at z if and only if



at z.

Proof. For the proof of 1), see Proposition 1.6.3 in [14].
The proof of 2) is given by the fact that F~1(0) is contact singular at z if and only if
there exists (A1y...,24) #(0,...,0) in R? such that

9/\()\1dF1+'+/\ddFd)=0at z.

We can also give the normal form of such equations up to contact diffeomorphism.

Theorem 1.4. Let F : (J}(R™,R),z0) — (R%,0) be an equation with singular solution.
Then there is a contact diffeomorphism germ

f : (Jl(Rn’R)’ZO) - (Jl(Rn’R)aO)

such that f(F~'(0)) = {p1 =+ = pa-1 =y = 0}.

The following proposition describes a more detailed relation between the singular solu-

tion and each member of the corresponding complete solution.

Proposition 1.5. Let F': (J}(R™,R), z5) — (R%,0) be an equation with singular solution.
- Let L be a leaf of the complete solution which transverses to the singular solution Z.(F).
1) If £(F) is Legendrian non-singular, then dn(T.,L) C dn(T,,Z(F)) for any z, €
LNX(F).

2) If L is Legendrian non-singular, then dr(T,,Z(F)) C dr(T.,L) for any zy € LNI(F).

The basic ideas of the proofs of theorems are as follows : If F' = 0 is involutory and Z.(F)
contains an n-dimensional submanifold L, we can assert that the equation may be consid-
ered as a single equation of the form y = h(z',p'), where (', p') € T*R*~4*1, (cf., Propo-
sition 2.1). By the theorem of Kostant-Sternberg [8], a neighbourhood of Lj in T*R"~4+!
has the same structure (i.e. corresponds to the contact structure on J}Y(R"~4t1 R)) as
a neighbourhood of the zero section of T*L,, where Lj is a Lagrangian submanifold of
T*R"~4*! corresponding to L. Then we can choose the local foliation around L; which
corresponds to the fibres of T*L,, as the required complete integral. This is the main part
of the proof of Theorem 1.1. Other parts of the proof depend on the (ordinary) classical
method of characteristics. For the proof of Theorem 1.3, we also use the Kostant-Sternberg

theorem to construct the contact diffeomorphism germ.
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2. PROOF OF THEOREMS

In this section we shall give a proof of Theorems 1.1 and 1.3. First we give the proof
that (1) implies (3).

Proof of Theorem 1.1, (1) = (3). Let 7 : (L,g0) — (J*(R™ R), 29) be a singular solution
of F' = 0. Suppose that there exists a point ¢; € L such that i(q;) = 27 ¢ Z.(F). This
means that F' = 0 is contact regular at z;. By the classification theorem of the geometric
theory of first order differential equations (see [14], Corollary 2 of Theorem 2.2.7), we
may assume that F(z,y,p) = (p1,...,pq). Define a submanifold Eg by 21 = --- = 24 =
pr = -+ = pg = 0. It is easy to show that Fy has a contact structure 8|E,. Since the
contact Hamiltonian vector field of p; = 0 for j = 1,...,d is given by X, = —'667,- (see [6],
Theorem 1.4.3) and ¢ is a solution of p; = -+- = py = 0, then —3%1, € Ti(L). It follows that
bo=1(L)N{zy =--- =24 =0} is an (n — d)-dimensional submanifold in E,. Since i is a
Legendrian immersion, {p is also a Legendrian submanifold of Ey. By Darboux’s theorem,
we can easily show that there exists a foliation on Ejy leaves are Legendrian submanifold
of Ey such that ly is a leaf of this foliation. Since —5%' ¢ TE,, the leaves are isotropic
submanifolds of J!(R",R) with the non-characteristic property. Thus we can solve the
“parametrized” Cauchy problem by the usual characteristic method (see [14] Proposition
1.5.3). Then we have a local complete solution of p; = - - = pg = 0 such that i(L) is a leaf

of this solution. This contradicts the definition of the singular solution in the strict sense.
We can also prove that (2) implies (1).

Proof of Theorem 1.1, (2) = (1). Let:: U — F~1(0) be a representative of i. If there exist
an open subset V. C U and a complete solution such that (V') is contained in a leaf of such
a foliation, then there exists a transversal foliation on F~!(0) around (V') whose leaves
are Legendrian submanifolds. Then F~'(0) is an isotropic submanifold around (V). This

contradicts the fact that dimensions of isotropic submanifolds are at most n.

We now prepare for the proof that (3) implies (2).
Let F: (J'(R",R), z9) — (R%,0) be an equation such that z, is a contact singular point.
The following proposition describes the local normal form of (F~1(0),20) up to contact

diffeomorphism.

Proposition 2.1. ([14],{15]) Let F = 0 be an involutory equation such that zq is a contact

singular point. Then there is a contact diffeomorphism germ

f:(JY(R"R),z) — (J'(R",R),0)
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such that f(F~1(0)) = {p1 = -++ = pa—1 = y — h(z',p') = 0}, where 2’ = (z4,...,24),
p' = (pa,...,pn) and h(z',p') is a function germ at 0.

For our purpose, we may consider the equation of the form in the above proposition.

We now define a map germ
Gh: (R x T*R™4+,0) — (J}(R™,R),0)
by |
Gh(l‘l, e axd—lvmlvp,) = (xla ceeyTd—i, .73,, h(x,7pl)1p’)'

We define a 1-form on T*R"~*! by 6, = dh — Y ;._,pidz;. Then we have the following

one to one correspondence.
{L| L is a solution of p; = -+ = pg—1 =y — A(z',p’) = 0}

Gp 11 I
{Rd"l x L'|i: L' C T*R™*! is a maximal integral submanifold of 6, = 0},

where II(z,y,p) = (z,p') and (L) = II(L). It follows that a solution of a equation

p1=-=Py_ 1 =y— h(z',p') = 0 may be regarded as a maximal isotropic submanifold
of (T*R™%*1 6,). Since —df), = Yi_4dpi A dz; is the canonical symplectic two form, a
solution of p; = -+« = pg—; = y — h(z',p') = 0 corresponds to a Lagrangian submanifold
of (T*R™™4*+! ), where w = —df,. For the definition and properties of Lagrangian

submanifolds, see [1]. We now quote the following very important result.

Theorem 2.2. (Kostant-Sternberg [8]) Let (P,w) be a symplectic manifold, L a La-
grangian submanifold and « a smooth 1-form on a neighbourhood of L in P witha | L =0
and da = w. Then there exists a tubular neighbourhood V of L in P, a neighbourhood U of
zero section L in T* L and a unique "local” vector bundle isomorphism K : (V, L) — (U, L)
such that I is the identity on L and K*68 = «. Here, 81, is the canonical 1-form on T*L.

Now we can prove that (3) implies (2).

Proof of Theorem 1.1, (3) = (2). Since Imagei C I (F), F = 0 is contact singular, so we
may assume that v

F_l(o) ={p1 = pa—1 =y — h(a',p") = 0}.

In this case Tppn-d+1 0 G; '(i(L)) = L} is a Lagrangian submanifold of T*R»~4*+! where

Trepn-a+r : RETY x TR+ o rR-4+H



is the canonical projection. It follows that 8, vanishes on L} so that we may apply the
Kostant-Sternberg theorem to conclude that there exist a tubular neighbourhood V' of L},
in T*R™~%*! and a unique (local) vector bundle isomorphism K : V — (T* ko011 ) such
that K is the identity on L}, and K*8r; = —6,. Since the fibres of the cotangent bundle
T*Lj — L) are maximal integral submanifolds of ¢ r;, = 0, these fibres make a foliation

whose leaves are corresponding to solutions of the original equation.
We can also prove Theorem 1.4.

Proof of Theorem 1.4. By the same arguments as those of in the proof of Theorem 1.1,
we may also assume that d = 1. In this case we have F~1(0) = {y — h(z,p) = 0} and
Gi (Ze(F)) = Ly is a Lagrangian submanifold of T*R™ on which 6, vanishes, where
6y = dh — z:-;l pidz;. The Kostant-Sternberg theorem asserts that there exists a tubular
neighbourhood V of Ly in T*R™ and a unique (local) vector bundle isomorphism K :
V — T*Lj such that K is identity on Ly and K*fy, = —0,. We denote local coordinates
of Ly as (1,...,2;,) and the corresponding canonical coordinates of T*L, is denoted by

(z%,...,2h,py,...,ph). We <.:1efiner a diffeomorphism germ
P VxR—-T*L, xR

by
&(z,p,y) = (K(2,p),y — h(=,p)).

On the other hand, we have the canonical contact structure on T*L, x R given by the
contact form dy’ — Y"1, pidx}, where (2},...,2',p!,...,p",y') is the canonical coordinate
on T*L, x R induced by the previous arguments. It follows that ®*(dy’ — > & pidz}) =
dy—dh+6; = dy—>_"_, pidz;. Since V x R may be considered as an open set of JYR™ R),
® is a local contact diffeomorphism. By definition, we have ®({y = h(z,p)}) = {y' = 0}
and ®(L) = {p} = -- = p), = 0}. This completes the proof.

Proof of Proposition 1.5. Let L be a leaf of the complete solution which is transverse to
Se(F) in F~Y(0). Firstly, we prove the assertion 1). If |5, (F) does not contain =|L,
then they are transversal at a point zo. It follows that there exists a vector v € T, L such
that dm(v) ¢ dn(T;,Zc(F)). Since rank dr|S.(F) = n, we have dr((v)r + T2 Be(F)) =
Tr(z)R™ x R. However, we have L.(F) C £,(F) so that rank dr|F~ 1(0) < n at zp. This
contradicts to the above fact.

The assertion 2) can be proved by the same arguments as the above.



3. EXAMPLES

In this section we shall give typical examples of systems of equations with singular

solution.
Examples 3.1. (The Clairaut system) Consider the following equation around the origin:
pr=-=pa1=y—= Y zipi+ [(Pa,-..,Pn) =0,
t=d

where f is a smooth function. The complete solution is given by f(t,z) = 3 .I_, ziti—as1+

f(t1,...,tn-a+1). Each of them is Legendrian non-singular. The contact singular set is
given by
of of -
— .. = —Dp = = .. = 1 =Y — 'i+ a--'7n=0-
{3pd Pd aon Pn = P1 Pd-1=Y ;wzp f(pa p ) }

It is easy to show that . (F) = I(F) and dn(T;,Z(F)) C dr(T,,L) for any zy €
LN X (F). Here, L is a leaf of the complete solution.

Example 3.2. Consider the following equation around the origin:
p1="=pg-1 =Y — f(z1,...,2,) =0.
The complete solution is given by
Ly = {(u1,-- s ua=1,t, f(2),0,uq,...,un)|(t,u) € R* 74! x R},

where ¢ = (%1,...,tn~4+1) is the parameter.

The contact singular set is given by

{pr="pi-1=y— f(za,...,20) = aTi—Pd="' = e — pn = 0}.
It is easy to show that w(L;) C n(Z.(F)).
Example 3.3. Consider the following equation around the origin:
D1 :y—-’ng:() (n=2)
We have a complete solution s : (R x R?,0) — J}(R% R) defined by s(t,u,v) = (3u? +
t,v,2u?,0,u), where ¢ is the parameter. In this case the contact singular set is {p; = p, =
y = 0}.
Example 3.4. Consider the following equation around the origin:
y—2p’=p°=0 (n=1).
We can calculate that L.(F) = {(z,y,p)ly = z - p% + p® and p‘- (22 + 3p) = 0} and
Ze(F) = {(2,y,p)ly = p = 0}. Then we have L.(F) G T.(F).
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