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GEOMETRIC SINGULARITIES FOR SOLUTIONS
OF SINGLE CONSERVATION LAWS*

SHYUICHI IZUMIYA! AND GEORGIOS T. KOSSIORIS?

0. INTRODUCTION

In this paper we describe the geometric framework for the study of generation and
propagation of shock waves in R appeanng in weak solutions of single conservation
laws

Oy |~ 0fily) _
(P) at+; i O

y(0,$1,'-- 7:1:71) = ¢($1)"' ,xn),

where fi’s and ¢ are C'-functions. Single conservation laws play an important
role in various fields, e.g., gas dynamics (see e.g., [12]) and oil reservoir problems
(see, e.g., [9]).

The geometric solution y of (P) is defined in the framework of one-parameter
unfoldings of immersions and it is constructed by the method of characteristics.
Although v is initially smooth there i is, in general, a critical time beyond which
characteristics cross. The geometric solutlon past the critical time is multi-valued,
that is singularities appear.

The notion of entropy solutions (see [9]) has provided the right weak setting for
the study of (P). Existence and uniqueness of the entropy solution of (P) have been
established in [9]. The single-valued entropy solution is in general discontinuous
and coincides with the smooth geometric solution until the first critical time. After
the characteristics cross, the entropy solution develops shock waves, i.e., surfaces
across which the entropy solution is discontinuous.

The entropy solution in a neighborhood of the critical time when characteristics
cross for the first time has been constructed by Nakane in [11] in the case of R™. The
entropy solution is constructed by selecting the proper discontinuous branch of the
geometric solution so that the entropy condition is satisfied across the discontinuity.
The case n = 1 has been studied e.g., by Ballou [2], Chen [3], Guckenheimer [7]
and Jennings [8].

The framework introduced in [11] describes only the way that shocks are gen-
erated. In this paper, we present the geometric framework to study the global
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evolution of shock waves. The entropy solution just after the first critical time is a
~ discontinuous single-valued branch of the geometric solution. In order to study the
evolution of the shock surface we need to study how the different branches defining
the entropy solution evolve in time. As the two branches evolve, the appearance
of singularities in a branch affects the form of the discontinuity. Whenever a new
singularity appears a new single-valued discontinuous branch has to be chosen so
that the entropy condition is satisfied across the discontinuity.

In the present paper, we classify the bifurcations of singularities appearing in a
single branch of the multi-valued geometric solution in Sections 3,4. This classifica-
tion predicts the generic way that shocks are generated and how two shocks interact
at their end points. In order to further study the evolution of a shock surface we
also classify how various singularities appearing in different branches bifurcate in
time in Sections 5,6. This classification describes how one shock interacts with
another at a middle point, how different branches evolve from an initially smooth
shock surface and how more than two shocks interact.

Acknowledgment. The authors wish to thank the Director of the Center for
Nonlinear Analysis M. Gurtin for his support. They would also like to thank C.
Dafermos for his constant encouragement regarding this project.

1. GEOMETRY OF FIRST ORDER QUASI-LINEAR
PARTIAL DIFFERENTIAL EQUATIONS

Since single conservation laws are the special case of first order quasi-linear
partial differential equations, we start to study the geometric framework of these
equations. We consider a first order quasi-linear partial differential equation:

n

(Q) Za,(m y)aa— - b(m y) = 0,

i=1

where a;(z,y) (1 = 1,...,n) and b(z,y) are smooth functions. We construct the
geometric framework of the above equations in the projective cotangent bundle
7 : PT*(R™ x R) —» R™ x R. We now review geometric properties of this space. We
consider the tangent bundle 7 : TPT*(R™ x R) — PT*(R" x R) and the dlﬁ'erentml
map dr : TPT*(R" x R) — T(R™ x R) of .

For any X € TPT*(R™ x R), there exists an element o € T (z,5)(R™ x R) such
that 7(X) = [a]. For an element V € T(, ,)(R™ x R), the property (V) = 0 does
not depend on the choice of representative of the class [@]. Thus we can define the
canonical contact structure on PT*(R” x R) by

K ={X e TPT*(R" x R)|r(X)(dr(X)) = 0}.
Because of the trivialization PT*(R™ x R) = (R" x R) x P(R" x R)*, we

can choose ((1,...,%n,¥),[€1;--- ;€a;n]) as the homogeneous coordinate system,
where [£1;... ;&n; 7] is the homogeneous coordinate of the projective space P(R™ x
R)*.

It is easy to show that X € K( y) ¢,y if and only if Y0 | p;€; + Ap = 0, where
di(X) = Z?:l#ib‘% + /\a%. An immersion ¢ : L — PT*(R™ x R) is said to be a
Legendrian immersion if dim L = n and di (T, L) C Ky, for any g € L.
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A first order quasi-linear differential equation (briefly, an equation) is defined to
be a hypersurface

E(ay,...,an,5) = {((z,9), [ 7)) € PT*(R" x R)| ) _ ai(=,y)é + b(z, y)n = 0}.

i=1

A geometric solution of E(ay,...,an,d) is a Legendrian submanifold L of PT*(R™ x
R) lying in E(ay, ..., an,b) such that 7|L is an embedding. We consider the meaning
of the notion of geometric solutions. Let S be a smooth hypersurface in R” xR, then
we have a unique Legendrian submanifold $ in PT*(R" x R) such that #($) =
which is given as follows :

S = {((z,y), [6;n])|the vector Zf, -éa— is a normal vector of S in R™ x R}.

It follows that if L is a geometric solution of E(ay, ..., an,b), then we have L = 77(-17)
We consider the condition of a smooth hypersurface S that S is contained in
E(a1,...,an,b). For any (z0,y0) € S, there exists a smooth submersion germ f :
(R™® x R,(z0,y0)) — (R,0) such that (f~1(0),(z0,¥0)) = (S,(z0,¥0)). A vector
| Yoy /'Liaia:; + ’\8% is tangent to S at (z,y) € (S;(zo,y0)) if and only if it satisfies
D #i% + /\%5 =0 at (z,y). Then we have the following representation of 3 :

(3. (o o) 6xiaD) = {((20), (553 ZLDIz10) € (5, o ua))}

By the classical theory of first order partial differential equations, the character-
istic vector fleld of E(ay,...,an,b) is defined to be

X(ay,...,an,b) = Z iz, y) +b(a: y)

Then we have the following characterization theorem of geometric solutions.

Proposition 1.1. Let S be a smooth hypersurface in R* xR. Then § is a geometric
solution of E(ay, . ..,an,b) if and only if the characteristic vector field X (ay, ..., an,
b) is tangent to S.

Proof. We have a local representation

(8. (o, o) o D) = 4((e2 ), 51 ZEDI(@10) € (5, @a,v0)),

where f : (R™ X R, (20,%0)) — (R,0) is a submersion germ with f~1(0) = S. It
follows that S C E(ay,...,an,b) if and only if

= et 2F i O
D i)z + Ha) g, =0



for (z,y) € (S,(z0,y0))- The last condition is equivalent to the condition that
X(aq,...,an,b) is tangent to S at (z,y).

The Cauchy problem can be solved by the method of characteristic. We say
‘that a geometric Cauchy problem (GCP) is given for an equation E(ai,...,ax,b)
if there is given an (n — 1)-dimensional submanifold ¢’ : S’ C R” x R such that the
characteristic vector field X(ay,...,an,d) is not tangent to S’. The following result
is well-known (cf. [1]), however we clarify the geometric situation in this paper.

Theorem 1.2 (Existence theorem). A GCP i’ : ' C R® x R has a unique
geometric solution, that is there exists a smooth hypersurface S C R* xR, S’ C S

such that § C E(ay,...,an,b), and any two such smooth hypersurfaces coincide in
a neighborhood of S'.

Proof. Consider the embedding ¢ : § C R™ x R, where S C (~¢,6) x §’' is a
neighborhood of 0 x S', ¢ > 0; here i(¢,¢) = Ti(q), ¢ € S', (¢,¢) € S, and T} is
an one-parameter group of translations along X(ay,...,ans,b). By the construction,
we have X(ai,...,an,b) € T'S,;s0 that Sc E(ay,...,an,b) by Proposition 1.1.

On the other hand, for any geometric solution L of E(ay, ..., axn,b), (L) must be
invariant under X (ay,...,an, b), so that it is coincide with S in some neighborhood.

We consider the canonical projection 73 : R® XR — R™ given by 73(z,y) = z. Let
L be a geometric solution of E(ay,...,an,b). We say that ¢ € L is a singular point
if rank d(my o w|L) S n. We remark that ¢ € L is not a singular point if and only
if there exists a smooth function germ f: (R",z9) — R such that (5, (zg,y0)) =
(ﬁ;{‘aph {i(mo,yo)), where 29 = 7 0o w(q), yo = f(zo) and graph f = {(=z, f(a))|z €
n’ o)y

2. EVOLUTION EQUATIONS

From now on we consider the following equations:

dy <« dy
E ar iz, y)5— — y Ly =y
(E) at+;a( ) 5, ~ Ut 2y) =0
where a;i(t,2,y) (i = 1,...,n) and b(t,z,y) are smooth functions. In this case

we can construct the geometric framework in the projective cotangent bundle
II:PT*R x R®™xR) - R xR" xR with the trivialization PT*(R x R™ x
R) = (R x R® x R) x P(R x R® x R)*. and the natural homogeneous coordinate
((t,z1,. .y Zn,y), (05615 -5 €nsm]). We also adopt the canonical contact structure
K on PT*(R x R™ x R).

The equation is a hypersurface

E(l,a1,...,a,,0) = {((t,2,9),{0;&;1]) ePT*(R x R™ x R)]
n
o+ Z ai(t, Z, y)& + b(t7 Ty y)’? = 0}
i=1 :
and the characteristic vector field is given by

- 0 “N 0 0
A(l,(l],. .. ,an,b) = 'C;_)—t' + Zaz(talvy)_a_l— + b(taa’ay)a_y
i=1 o
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We remark that the dimension of geometric solutions is n + 1.

We usually distinguish the time and the space, however GCP is not enough to
serve to consider this case. We need a more restricted framework.

We say that a geometric Cauchy problem associated with the time parameter
(GCPT) is given for an equation E(1,a1,...,an,0)ifa GCP ¢ : S'CRxR®" xR
with ¢(S') C ¢ x R™ x R for some ¢ € R is given. Since X(1,ai,...,an,b) ¢
T(e x R® x R), the condition X(1,a1,...,a,,b) ¢ TS’ is automatically satisfied
when #'(S') C ¢ x R™ x R. It follows that GCPT is given if and only if there exists
an n-dimensional submanifold ¢’ : S’ C ¢ x R™ x R for some ¢ € R".

Remark. The Cauchy problem y(0,2) = ¢(z) is a GCPT. The initial submanifold
is given by
Ss0 ={(0,z, ¢(z))|z € R"}.

Let 2 : §' C 0 x R™ x R be an initial submanifold of GCPT. By Theorem 1.2, we
can construct a unique geometric solution $ such that S|0 x R* x R = S'. Since
X(1,a1,...,a,,b) € TS, S is transverse to ¢ X R"® x R for any ¢ € (R, 0). It follows
that Sc = SN (c x R® x R) is also an n-dimensional submanifold. The problem of
studying the singularities of the geometric solution is formulated as follows:

Geometric problem. Classify the generic bifurcations of singularities of the one-
parameter family of smooth mappings

%tIZSt‘—)Rn

with respect to the time parameter ¢, where #; : t X R” x R — R™ is given by
7(t,z,y) = z.

In order to study the singularities of the geometric solution we identify geometric
solutions with one-parameter unfoldings of immersions. Such a characterization,
which is given in Section 4 permits the use of the available singularity theory of one-
parameter unfoldings of immersions. In the next section we present the necessary
background material that we use in Section 4.

3. ONE PARAMETER UNFOLDINGS OF IMMERSIONS

We now describe the notion of unfoldings of immersions. Let R be an (n + 1)-
dimensional smooth manifold and u(R,ue) — (R,%y) be a submersion germ. We
call a map germ T : (R,up) — R x R™ x R of the form Z(t,z) = (u(u), z(u), y(u))
an unfolding of immersions if T is an immersion germ and Z|u~!(t) is also an
immersion for each t € (R, o).

In order to study bifurcations of singularities of unfoldings of immersions, we in-
troduce the following equivalence relation. Let Z; : (R, u;) — (RxR™ xR, (¢;, zi,y:)
(¢ = 0,1) be unfoldings of immersions. We say that 7y and Z; are t-P-A-equivalent
if there exist a diffeomorphism germ

®: (R x (R" x R), (t0,20,50)) — (R x (R™ x R), (t1,21,91))

of the form

(I)(t’ z, y) = (¢1(t), ¢2(t7 35)7 ¢3(t7 z, y))

s

5



and a diffeomorphism germ ¥ : (R, uo) — (R,u;) such that & 0 Ty = I3 o 0.

In an analogous way to that of Arnol’d-Zakalyukin’s theory for Legendrian sin-
gularities ([15]), we can construct generating families of unfoldings of immersions.
Let F: (R x R” x R,0) — (R, 0) be a function germ such that F|{0} x R®* x R is
submersive. Then F~!(0) is a smooth (n + 1)-manifold and 7p : (F~1(0),0) — R
is a submersion, where 7(¢,z,y) = t. Let 7 : (R, uo) — (R xR"” xR, ) be an unfold-
ing of immersions. Since the image of 7 is a codimension one submanifold germ of
R xR"™ xR such that each Image Z(x~(t)) is also a codimension one submanifold of
{t} x R® x R, We can choose a function germ £ : (R x R™ x R, (¢¢, 20, %0)) — (R, 0)
such that F|{tg} x R™ x R is submersive and F~1(0) = ImageZ. We define a func-
tion germ F : (R x R™ x R,(0)) — (R,0) by F(t,z,y) = F(t + to,z + o,y + yo)-
We call F a generating family of I. We remark that if F; (i = 0,1) are generat-
ing families of the same unfolding of immersions, then there exists a function germ
A (RxR™xR,0) — (R,0) with A(0) # 0 such that A(t,z,y)-Fo(t,z,y) = Fi(t,z,y).
We also consider an equivalence relation among generating families of regular Leg-
endrian unfoldings. Let

Fi: (RxR"xR,0)— (R,0)
be generating families of unfoldings of immersions Z; (i = 0,1). We say that Fy and
Fy are t-P-K-equivalent if there exists a diffeomorphism germ
¢:(RxR"xR,0) — (RxR" xR,0)
of the form
&1, z,y) = (61(2), 2(t, 2), ¢3(t, 2,))
such that
(F10 )0,y = (F0) 10,09
where (F())g(t.x’y)' denotes the ideal generated by Fp in the ring &y , ,) of function
germs of (,x,y) -variables at the origin.
For a generating family F' of Z, we define
of of

TP = (G D)oy + (s )

and P-K-cod f = dimRE(z,y)/Te(P-lC)(f), where f = F|0 x R® x R. We also say
that F'is ¢ P-K-versal deformation of f if

oF
ey = (5710 x R™ x R)r + Te(P-K)(f).

By definition, we have the following simple proposition.

Proposition 3.2. Let F; (i = 0,1) be generating families of unfoldings of im-
mersions I;. Then Iy and I; are t-P-A-equivalent if and only if Fy and Fy are
t-P-K-equivalent.

We can classify generic unfoldings of immersions under the ¢-P-A-equivalence
for any fixed n. In [15], Zakalyukin has given a generic classification of function
germs F : (R x R™ x R¥,0) — (R,0) under the t-P-K-equivalence for n < 5. In
our case, k = 1, so that we can detect generic normal form for any n by the same
method as that of in Zakalyukin ([15], Part 2.2). Since the set of function germs
F(t,z,y) with submersive function F|{0} x R™ x R is open, we have the followmg
theorem as a corollary of Zakalyukin’s theorem.

6



Theorem 3.3. For the generic unfolding of immersions I, the generating family
F is t-P-K-equivalent to one of the germs in the following list:

(°As) y 1+ eyt (1< k <n)

i=1

k-1
(141) y " 4yttt el k2l + D st 2< kSt 1),
i=1

Remarks. Fach germ F in the above theorem is a P-K-versal deformation of
f= FI{O}XR"XR'

On the other hand, we can prove that F is “structurally stable” relative to the
t-P-K-equivalence if and only if F' is a P-K-versal deformation of f by using the
ordinary method of singularity theory (cf. [6,10,13]). By this fact, we can assert
that the above theorem gives a classification of structural stable one-parameter
unfoldings of immersions, so that we call the corresponding unfolding of immersions
in the above list a stable unfolding of immersions. We argue the stability of these
in Appendix A. We only give the list of these unfoldings of immersions:

\ k-1
(°Ax) (t,u}f["1 + Zuiui,ul, contn) (1€Ek<n)

i=1

k
CAr) (turtt rub ekl £ -:tu%_l)—i-Zu,-u;,ul, cotn) (2L k< n+l).

=1

We also remark that the germ of type A, describes the situation that how the
singularity of the geometric solution appears or vanishes.

4. REALIZATION THEOREMS

In this section we identify the geometric solution of a (GCPT) introduced in
Section 2 with the notion of unfoldings of immersions.

Let ¢ : §' € 0 x R™ x R be an initial submanifold of GCPT. By Theorem 1.2,
we can construct a unique geometric solution § such that S|0 x R* x R = §'.
Since X(1,a1,...,a,,b) € TS, S is transverse to ¢ x R" x R for any ¢ € (R, 0).
It follows that S. = SN (¢ x R™ x R) is also an n-dimensional submanifold. If
we consider the local parametrization of S, we may assume that S is the image of
an immersion germ Z : (R x R™,0) — R x R™ x R such that Z|c x R" is also an
immersion for any ¢ € (R, 0). Hence we can choose the coordinate representation of
T as I(t,z) = (t,2(t,u),y(¢,u)). This completes the proof of first part of Theorem
4.1.

-1



Theorem 4.1. (1) The local geometric solution of the geometric Cauchy problem
associated with the time parameter for the quasi-linear first order partial differential

equation E(1,ay,...,ap,b) is Irﬁg?l’, where 7 : (R x R*,0) - R x R® x R is an
unfolding of immersions.
(2) Let T : (RxR",0) —» RxR"xR be an unfolding of immersions. Then there exist

function germs ai(t,z,y) (1 = 1,...,n and b(t, z,y) such that Im/ag\e.’[ is a local geo-
metric solution of the geometric Cauchy problem associated with the time param-

eter for the quasi-linear first order partial differential equation E(1,ay,...,an,b),
where the initial submanifold is Z(0 x R™).

Proof. The assertion (1) is already proved by the previous arguments. We prove

the assertion (2). By the definition, we have Z(t,z) = (¢, z(¢,u), y(t,u)). Since T is

an immersion germ, we have an epimorphism :
I* : C7o)(R x R™ x R) — C5°(R x R™),

defined by Z*(h) = hoZ, where I* : CZ{o)(RxR™ xR) is the ring of function germs

at Z(0). It follows that there exist a;, b€ I*: CZio)(R X R™ x R) such that

ai(t,z(t,u),y(t,u)) = %(t,u) (i=1,...,n)

and J
1
b(t, z(t,u),y(t,u)) = d_j(

These relations denote that each curve Z(#,u) from Z(0,u) is a characteristic flows,

so that X(1,a1,...,an,b) € TZ(RxR"). By Proposition 1.1, Irﬁg\el is a geometric
solution of E(1,aq,...,an,b).

Remark. Let F: (R x R™® x R,0) — (R, 0) be a generating family of an unfolding

t,u).

of immersions Z. If Iﬁl/a,g\eI is a geometric solution of E(1,ay,...,a,,b), then we
have
+Z (tly +b(tzy) —0 on F~1(0).

The above theorem guarantees that the class of unfoldings of immersions supplies
the correct class to describe the geometric solutions of (GCPT) for first order quasi
linear partial differential equations of evolution type. Thus, generic results for the
singularities of unfoldings of immersions can be translated to generic results in the
class of all first order quasi linear partial differential equations E(1,ay,...,an,,b)
and all initial conditions. However, our purpose is to find generic normal forms of
singularities for geometric solutions of single conservation laws, so that we must
also concern ourselves with what are the types of singularities that the geometric
solution to a given first order quasi linear partial differential equation might exhibit.
Representation Theorems 4.2-4.4 address this question.

Let 7: (S',u0) — R” x R be an immersion germ, where dim .S’ = n. We define
an immersion germ ¢ : (R x ', (0,u0)) — R x R® x R by 7(t,u) = (t;i(u)). We call
¢ a trivial unfolding of immersions induced by . Let T : (R,up) » R x R® x R be
an unfolding of immersion germs.” We say that 7 has a trivial bifurcation if T is
t-P-A-equivalent to a trivial unfolding of immersions induced by Z|u~(¢5). Then
we have the following theorem



Theorem 4.2. Let E(1,ay,...,an.b) be a quasi-linear first order partial differential
equation and T : (R,us) — R x R® x R be a stable unfolding of immersions. If
T has a trivial bifurcation, then there exists an unfolding of immersions I' such
that In?;g?f' is a local geometric solution of E(1,ay,...,ap.b) and I, ' are t-P-
A-equivalent.

Proof. Let G : (R x R™ x R,0) — (R,0) be a generating family of the unfolding of
immersions Z. Since G|{0} xR™ xR is submersive, the set ¢, = {(0, z,y)|g(z, y) = 0}
is an initial condition for the (GCPT), where g = G|{0} x R" x R. By the argument
of the proof of the first part of we can construct an unfolding of immersions 7’
which is a locally unique geometric solution around ¢,. '

We now choose a generating family F : (R x R® x R,0) — (R,0) of Z'. By
definition, F~1(0)|{0} x R” x R = ¢,, so we may assume that f and g are P-
K-equivalent, where f = F|{0} x R™ x R. Since F is a P-K-versal deformation
of f and T has a trivial bifurcation, &£|{0} x R™ x R € Te(P-K)(f), and hence
E(z,y) = Te(P-K)(f). Therefore, it follows that £, ) = Te(P-K)(¢) and G is also a
P-K-versal deformation of g. By the uniqueness theorem of P-K-versal deformations
(see [4]), F and G are t-P-K-equivalent. This completes the proof.

We remark that %A ;-type germs in Theorem 3.3 can always be realized as geomet-
ric solutions for any first order quasi-linear partial differential equation. However,
if an unfolding of immersions has a non-trivial bifurcation, the situation is different
as follows:

20y __
Bx'_

We now consider the function germ. f(z,y) = y® + «, then ¢; = {(—y>,y)ly €
(R,0)} is a curve in (R xR, 0). We adopt ¢ ¢ as an initial condition for the (GCPT),
then we can get an unfolding of immersion Z by the method of characteristics. .
Let G(t,z,y) be a generating family of Z, then g(z,y) = G(0,2,y) satisfies that
¢ = ¢g71(0). It follows that there exists A € & ,) such that A(0) # 0 and

f(z,y) = M=,y)g(z,y). Define a function germ F : (R x R x R,0) — (R,0)
by F(t,z,y) = Mz,y)G(t,z,y), then we have F~1(0) = G*(0) = ImageZ. and
F(0,2,y) = f(z,y). It follows that %& + y22E = 0 on F~1(0). Then we have
aF +y° %f = 0 mod(F)g,, ,,- Since F(O z,y) = f(0,z,y), we have 2E S Elo+y?e
(J +2)e,.,,- We can easily calculate that T.(P-K)(f) = (y?, T)(&a.y, T €z SO that

9E ¢ T, (P- IC)(f) This formula show that F cannot be a P-K-versal deformation
of f. However the generating family of type 4, : y® 4+ yt + 2 is a P-K-versal de-
formation of f. Then F is not ¢-P-K-equivalent to germ of type '4,. Since F and
G are t-P-K-equivalent, G is not ¢-P-K-equivalent to germ of type '4,. Thus the
L(;nfoldmg, of immersions of type 4, cannot be realized as a geometric solution of
_ZL + Y- 61: = 0.

'Example 4.3. Consider the equation :‘%’ti +y

Hence, we assume a kind of non-degeneracy condition on the first order quasi-
linear partial differential equation. We say that a first order quasi-linear partial
differential equation E(1,ay,...,an,b) is k-non-degenerated at (to,xo,yo) if

ak ) ,
3y C[f(thlO?yO) # 0,

9



k k k .
where %—E—(to,xo,yo) = (%yi’;l,(to,:vo,yo),...,Qﬁﬁ(to,xo,yo)). We simply say that
E(1,a1,...,an,b) is non-degenerated at (to,zo,yo) if it is l-non-degenerated at
(to,z0,Y0). Then we have the following realization theorem.

Theorem 4.4. Let E(1,a1,...,an,b) be a first order quasi-linear partial differen-
tial equation and I : (R,uq) — R X R™ x R be a stable unfolding of immersions.
If the equation is non-degenerated at (%o, z9,yo), then there exists an unfolding of

immersions 7' such that In'a;g?I’ is a local geometric solution of E(1,a1,...,ay.b)
and Z, I’ are t-P-A-equivalent.

Proof. Without loss of generality, we assume that (tg,z0,y0) = (0,0,0). Let G :
(R x R* x R,0) — (R, 0) be a generating family of the unfolding of immersion Z.
Since ¢ = G|0 x R™ x R is submersive, the set ¢g~1(0) is the initial condition for
the corresponding (GCPT). By the arguments of the characteristic method, we can
construct a unfolding of immersions Z' which is the local unique geometric solution
around ¢ ~1(0).

We now choose a generating family F : (R x R® x R,0) — (R,0) of Z'. By
definition, F~1(0)|{0} x R™ x R is equal to ¢~(0), then we may assume that f, ¢
are P-K-equivalent, where f = F|{0} x R" x R.

If P-K-codg = 0, then P-K-cod f = 0, so that f is already a P-K-versal defor-
mation of itself. Hence for the same reason as in the proof of Theorem 4.2, F is
t-P-K-equivalent to G.

We now assume that P-K-codg = 1, so that P-lC-codf 1. If aFlt =0 ¢
T.(P-K)(f), then we can get the required assertion by the uniqueness of the P-K-
versal deformatlon as in the previous case.

Suppose that &£ |,mq € T.(P-K)(f) for any generating family F of Z’. Since

F-1(0)is a g,eometnc solution of E(1,ay,...,an,b), we have a relation

OF <& OF OF '“1
T+;az(t,x,y)5§+b(t,z,y)a—y_0 on F~1(0),

so that
OF
_— = Z (t,’l”y) + b(t T y)_ mOd (F)E(L,:c,y)'

It follows that that

OF of of
'—'——It =0 ~;al(0ax’y)5—;+b(oarvl)a_ll' mod (f)v(a: v)*
Therefore
OF n df,

— o limamo = Z a;(0,0,1 J)a (0,9) + (0,0, y) 2L oy mod (fo)e, ,

1=1

where fo(y) = f(0,y). We may assume that fy € im" for k > 3, where 9, is the
unique maximal ideal of &£,.
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We now consider the Taylor polynomial of a;(¢, z,y) for sufficiently higher order
at (¢,z,0) with respect to y-variables as follows :

ai(t,z,y) = a;(t, z 0)+ay(t T 0)1;-}-18a 2(t z,0)y? + higher terms.

On the other hand
oF ) of of of
_§|t=0 € Te(P'}C)(f) - (f(w’y)a a_y(x7y)>£(z,y) + (5:3—1'(9“’?4)’ sy axn(m,y»t‘:x

It follows that

Zaz(O 0, y)a -(0,y) + 5(0,0, y) (y)

d ‘ d
Ualw) o), + <0—m(o,y),...,07i(o,y)>g,
and
;(ai(0,0,.O)-}-aa'(o 0,0)y + 1?; =-(0,0, 0)y? + higher terms)———(O Y)
fo 3f

For any linear isomorphism A:R™ — R", we have a relation

SiteS ZAU 5-(An,0).

We remark that the vector space

Ofo,

(o 00, + <§£<o,y>,...,%(o,y)>m

is an invariant under the action of the linear isomorphism A. Since

n

g 0 3]
Z a'i(o’ 0’ 0)_6%(07 y) € <5£(0, y)7 ceey 5{:(07 y))Ra

=1

we have

da; of o
(Z 5y (0,0,0) mi(O,y))y—{—hxghm terms

=1
af

€l 500e + {500 (00



By assumptions, -a—“L(O 0,0) # 0 and axj(0,0) # 0 for some 3,7 = 1,...,n. If
necessary, by applymg some linear isomorphism A, we have

Oa;
Z—(OO% (0,0) # 0.

i=1

It follows that 9, C (fo, 32)e, + (£L(0,9),..., 2L(0,y))r mod M2,

Since K-cod (fo) is finite (for the definition of K-finiteness, see [10 13]), then
there exists £ € N such that fmk (fo,%%)gy E)ﬁk_l If y € (fo,%'y&)‘,,,, we
have MM, = (fo, & By ) . Then this case is corresponding to the case £ = 1. We

may assume that y € (81:1 (0,y),.. ’82: £(0,9))r. It follows that there exist real
numbers A; (i = 1,...,n) such that y = 7, ,az 2£(0,y). If necessary, applying
a linear isomorphism A, we may assume that y = —f—(O y) for some i = 1,...,n.
By the same arguments as those of previous paragraphs, we can asserts that y? e

(fo, % o 8oy e + <8:c1(0 (7) R az 21.(0,))g. We can continue this procedure up to degree
k — 1. Eventually, every polynomlal of degree k — 1 is contained in the vector space

9fo of of

(f'o, >‘, + <5";;(0’y)’”"37n(0’y)>m mod 9.

Since im’; C {fo, %%)gy, we have

9fo of

0
<f07 ) +<5;;(0)y)a’a_1i;(07y)>ll§

It follows that :
Ez,y) = Te(P-K)(f) + MMy &2 ),

thus we have E(; ) = Te(P-K)(f) by the Malgrange preparation theorem. This
contradicts to the fact that P-K-cod(f) = 1.

By the classification in Theorem 3.3, the generic nontrivial bifurcations of singu-
larities are given by the germs ‘A (k = 2,...,n+1). Especially the first singularity
appears in the form of '4,, if the initial condition is smooth. We show that the 1A
singularity appear at an (k — 1)-non-degenerated point of the equation as follows :

Theorem 4.5. If an 'Ay singularity appears at a point (tg, ¢, yo), then the equa-
tion E(1,a1,...,ays,b) is s-non-degenerated at (to, z9,yo) for somes =1,...,k—1.

Proof. The method of the proof is analogous to those of Example 4.3 and Theorem
4.4.

Without loss of g,enelahty, we assume that (¢9, o, yo0) = (0,0, 0) We consider the
function germ f(21,...,2n,y) = y* T +yF (ka2 4. :i:.’L,l)-i-Zi:l z;y°~L, then we
adopt the hypersurface ¢y C (R™ x R,0). as an initial condition for the (GCPT).
We can get an unfolding of immersions Z by the method of characteristics. Let
G(t,%1,...2n,y) be a generating family of 7, then g(z1,...,2,) = G(0,21,...2,,y)
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satisfies that ¢ = g~1(0). It follows that there exists A € &, 4) such that A(0) # 0
and f(z1...,2n,y) = AM21,.-.,Zn,Y)9(21,...,Zn,y). Define a function germ

F:(RxR"xR,0)— (R,0)
by F(t,z1...25,y) = Mazy,. ..,mn,y)G’(t,wl,...,mn,y), then we have F~1(0) =
G~1(0) = ImageZ and F(0,21,...,%4,Y) = f(Z1,--.,Zn,y). It follows that

OF n OF oF B )
FrbaW + D ailh 2y g (be,) + btz Y) 5 (b5 Y) =0 on FTH0),

i=1
so that
_%{;.—:- i; ai(t,z y)—-—- + b(t, y) (t z,y) mod <F>5<c.=,y)'
It follows that
aaflt =0 = Zn: i(0,2 y)——- +6(0,2 y)— mod (f)e..,-
i=1

We now consider the Taylor polynomial of a;(t,z,y) of sufficiently higher order
at (t,z,0) with respect to y-variables as follows :

i 10%a; .
ai(t,z,y) = a;(t,z,0) + é;—ay(t,:v,O)y + :2-%&%-(15,1:,0)?;2 + higher terms.

On the other hand, we have

of 1 1=1
— = yi! 2<i<k-—
Bz, Y <i1<k-1
+2z;y E<i<n
and
of =(k+1)y*+(k=1)y* Xkt - £22) + ki(z’ — Dy 2
aJ . ¢ " i=2 Z .
It follows thmt
_OF | 19% '
|t =0 = a1(0,2,0) + By (0,:L,0)J + 9% > (0,3,,0)y2 + higher terms
1 a{)az | i—1 .
+Z (0, z,0) —I— (O T O)y+ 5 (0,2,0)y 2)y*~! 4 higher terms
1==2
a 2
+ Z (0,2,0) 8 —(0,z,0)y + 33 a’(O z,0)y?)(£22;y) + higher terms

15}
+ b(O,IE,y)a—Z;(w,y)

. Of. :
mod (f, b—;)%-,,,) + méjz)
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We can show that all elements of £, ;) except cy*~! are contained in T.(P-K)(f),
where ¢ is a constant real number.

If the equation E(1, al, .yQn,b) is not (k — 1)- non-degenerated at the point
(0,0,0), then we have 2 Sye (0 0,0)=0foranyi=1,...,nand s = 1,...,k = 1.

Then we have
Hlk=1) 4

Z(k 51 3y (on)ezm

This means that 45 |;=¢ € T.(P-K)(f) by the above calculations. This formula show
that F' cannot be a P-K-versal deformation of f. However the generating family
of type Ay is a P-K-versal deformation of f. Then F is not t-P-K-equivalent to
germ of type A;. Since F and G are t-P-X- equlvalent G is not t-P-K-equivalent
to germ of type A;.

On the other hand, let H be a generating family of a geometric solution of
E(1,a1,...,an,b). Suppose that H is t-P-K-equivalent to the germ of Ay, then
there exist a diffeomorphism germ

@:(RxR"xR,0) - (R xR" xR,0)

of the form

q)(ta z, y) = (9751 (t)a ¢2(t1 SL‘), ¢3(ta T, y))
and an element A(¢,z,y) € £ 5 4) such that A(0) # 0 and A(¢,z,y)H o B(t, z,y) =
F(t,z,y), where

Ft,z,y) =y* 4+ y* 1t 22+ £ 22)+ Z gyt (2<k<n+1).

Thus we have A(0,z,y)H(0, ¢2(0, ), ¢3(0,z,y)) = f(z,y). Let G be a generating
family of the geometric solution which is constructed by the characteristic method
from the initial data ¢ r. By the uniqueness of the geometric solution, we can assert
that H is t-P-K-equivalent to G. However, by the previous arguments, G cannot
be t-P-K-equivalent to F. This contradicts to the assumption that H is ¢t-P-K-
equivalent to F. Thus the unfolding of immersions of type 4 cannot be realized
as a geometric solution of E(1,a1,...,a,,b) at the point (tg, 20, yo).

The following corollary of the above theorem shows that the first singularity ap-
pears at a non-degenerated point of the equation, if the initial condition is smooth.

Corollary 4.6. If an A, singularity appears at a point (to, 20, ¥o), then the equa-
tion E(1,a4,...,an,b) is non-degenerated at (ty,z¢,yo). ,
5. SINGLE CONSERVATION LAWS

In this section we apply the previous results on first order qua31 -linear partial
differential equations to single conservation laws. :
Here, we consider the equation of the form

dy | ~=0fily) _
(C) _37+Z Dz, =0,

=1
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where f;’s are smooth functions. This equation is rewritten as

(CI) Z dfl 5:1:—1' ’

so that it is considered as E(1, dfl/dy(y) ., dfn/dy(y),0). Set a;(y) = -f-(y)
1 < i < n. Then the characteristic equation assoc1ated with (P) through (0, xo) is
given as follows:

S0 = aily(ha(t), wi0) = 2ig
Y(t,2(0), 3(0,2(0)) = §(zo).
The solution of the characteristic equation can be expressed by
2(t) = 2o + ta(¢(z0)) and y(t, (1)) = y(0,2(0)) = ¢(z0).
Therefore we define the corresponding immersion
Tla, 9] : RxR" - RxR" xR

by
Ia, ¢](t, u) = (¢, u + ta(P(w)), $(u)),

where a = (a1,...,a,). We also define mappings

Fla,¢] : R x R" = R"

by
Fla, ¢)(t,u) = u + ta(é(u))
and '
fla, ¢;t0] : R* — R™
by

fla, ¢;to](u) = Fla, ¢](to, ).

By the classical theory of characteristics, it follows that the classical solution of
(C) is expressed by y(to,z) = ¢(f[a, d;t0]7*(z)) at z which is not critical value
of fla, #;to]. Then our problem is to study the singularities of f[a, ¢;ty]. We can
calculate the Jacobian matrix J(f[a, ¢;t,]) of fla, ¢;to] at uy as follows:

14cny C12 e Cin
Ca1 T+c ... Con
?
Cn1 Cn2 oo l4can

where ¢;; = to%(qﬁ(uo)):—lz(uo).

By definition (C) is called k- non-degenemted at (to,20,y0) if %J[—:ﬁi(y) # 0 at
(to,20,¥0), where ———L(y) = ( (Y, dy 4 1s (y)). Especially (C) is said to be non-
degenerated if it is 1 -non- degenerated Then we can summarize the corresponding

results for general first order quasi-linear partial differential equations of evolution
type to single conservation laws.



Theorem 5.1. Let T : (R,uq) — (R x R™ x R, (¢0, z0,%0)) be a stable unfolding
of immersions. Then , A

(1) If T has a trivial bifurcation, then there exists an unfolding of immersions I'
such that Ingg,?l" is a local geometric solution of E(1,a1,...,an.b) and I, I' are
t-P-A-equivalent.

(2) If the equation (C) is non degenerated at (%o, o, Yo), then there exists an un-
folding of immersions ' such that Inr;g?l" is a local geometric solution of (C) and
Z,T' are t-P-A-equivalent.

(3) If an A} singularity appears at a point (tg,Z0,Y0), then the equation (C) is
non-degenerated at (to, o, Yo)-

Proof. The statements of (1), (2) are the same as those of Theorems 4.2 and
4.4. By Theorem 4.5, if an 4, singularity appears at a point (tp,Zo,¥%0) =
(to, uo+toa(d(uo)), #(uo)), then the equation (C) is s-non-degenerated at (%o, zo, yo)
for some s = 1,...,k — 1. However, if (C) is s-non-degenerated at (to,zo,yo) for
some s 2> 2, then %(é(uo)) = 0. It follows that the Jacobian matrix of f[a, ¢; o]
is the unit matrix at ug. So the point (¢, g, yo) is not a singular point of the geo-
metric solution. This contradicts to the fact that the geometric solution has A
singularities at (tg, 20, ¥o0)-

In order to deal with generic properties for the Cauchy problem of single conser-
vation laws (P), we need a kind of the transversality theorems which is given in the
Appendix. For notions and elementary properties we use hereafter, see Appendix.
It follows from Theorems 3.3 and A.3 that the list of germs of map germs in the
remark after Thoerem 3.3 gives a classification of map germs f : (R®,0) — (R",0)
with 4-cod(f) <1 and dimKerdf <1:

kel
(OAk) (u£+l+zuiufvu17"'7un) (1 < k STL)

=1

k
(*4) (u,’i’i~1 + uﬁ“l(iu%_l .-+ ui_l) + Z u,-uil,ul, cosln) (2<k<n+1).

i=1

Let J¢(R",R™) be the ¢-jet space of mappings R® — R", where £ > n + 2. We
consider a stratified subset S = {S;};er of J¢(R",R") each strata is given by the
A-orbit of the ¢-jet of the germ in the above list. By Theorem B.1, we have the
following theorem.

Theorem 5.2. There exists a residual subset O C C*°(R"™,R) with the following
properties: For any ¢ € O and (to,ug) € R x R®, the germ I[a, d] at (to,uq) Is
t-P-A-equivalent to one of germs in the list of Remarks after Theorem 3.3.

6. MULTI-UNFOLDINGS OF IMMERSIONS

As we discussed in the introduction, in order to study how the shock waves
for the the entropy solution of (P) evolve, we study the bifurcation of singularities
appearing in different branches of the corresponding geometric solution. We classify
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the bifurcations of singularities of different branches by classifying the bifurcations
of singularities of multi-unfoldings of immersions which are expressed in terms of
multi-germs. '

Let Z; : (R,uq) — (R x R™ x R,(0,0,y;) (¢ = 1,...,7) be unfoldings of im-
mersions, where y1,...,yr are distinct. We call (Zy,...,Z,) ¢ multi-unfolding of
immersions. Let (Z1,...,Z,) and (Z3,...,Z,) be multi-unfoldings of immersions.
We say that these are t-(P-.A)(,y-equivalent if there exist diffeomorphism germs

®,: (RxR"xR,(0,0,y;) = (RxR" x R),(0,0,y;) (¢=1,...,7)

of the form ‘

and a diffeomorphism germ ¥ : (R,uo) — (R,ug) such that ®;0Z; = ) o ¥ for
any ¢ = 1,...,r. This equivalence describes how bifurcations of singularities of
geometric solutions interact.

By the arguments in Section 3, there exist generating families F; : (R x R™ x
R,0) = (R,0)of Z;, ¢ =1,...,r. We call F = (FYy,...,F,) a multi-generating fam-
ily of the multi-unfolding of immersions (Z;,...,Z,). We also consider an equiva-
lence relation among multi-generating families of multi-unfoldings of immersions.
Multi-generating families F' = (F1,...,F,) and F' = (Fy,...,F]) are t-(P-K)(,-
equivalent if there exists a diffeomorphism germ

@, (RxR"xR,0)—» (RxR"xR,0) (:=1,...,7)

of the form _
@it z,y) = (¢1(1), 2(t, 2, 9), 43(t, 2, 9))
such that ‘ .
(Fil 0 (I)>5(:,=,y) = <Fi)5(t,z,u)'

We have the following simple proposition.
Proposition 6.1. Let F' = (F,...,F;) and F' = (F},..., F}) be multi-generating
families of multi-unfoldings (Z1,...,1;) and (Z3,...,Z.) respectively.
Then (Iy,...,Z;) and (I},...,I;) are t-(P-A)(-equivalent if and only if F and F'
are t-(P-K)ry-equivalent. ,

According to the above proposition it is enough to give a classification of generic
multi-generating families under the (P-K)(,y-equivalence. For this we need to ex-

tend the results of the previous section to multi-generating families.
For generating families F; of &g, ¢ =1,...,r, we define a subspace of 5(1,; ¥) by

N o, I
Te(P(r)-}C)(j) = (—a—];_l’fl.>£(r.v) XKoo X ("3{7,](7'>5(z,,) + (0_11{1-, ceey —3—3:1‘;)&

and (P-K)(n-cod f = dimr&(, \/T((P-K)(r)(f), where f; = F;|{0} x R™ x R. We

(z,9)
also say that F' is a (P-K)-versal deformation of f if

r OF " B i
g(x,y) = (El{o} x R™ x R)R + Te((P'h)(r))(f)
By the versality theorem in [4], we have the following uniqueness result.
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Theorem 6.2. Let F' and G be (P-K)(y-versal deformations of f and g respec-
tively. Then F and G are t-(P-K)(,y-equivalent if and only if f and g are (P-K)y)-
equivalent. .

Our objective is to classify multi-generating families F' = (F3, ..., F},) which are
(P-K)(r)-versal deformations of f = F|{0} x R™ x R. Then we need a classification
of multi-germs f of (P-K)(;)-cod f < 1. The following estimate of codimensions is
useful for such a classification.

Lemma 6.3. Y i_, K-cod(fp ;) < (P-K)(ry-cod(f) + n.
Here, K-cod(fy,:) = dimmﬁ'y/(%%i,fo,i)

Eye

Proof. We have K-cod (fo,i) = diang(z,y)/(%’ fi) ey T M€z y), so that
> K-cod (fo,:)
i=1
0 Of:
—dlng(x y)/< fl,fl)‘,(a__ o X ( f afr)v(,,- ) + M, g(z )
Sdlng(z’y)/Te(P K)(f)
T.((P-K)¢r
+ dimg (( ))(f)
<ayaf1>»(,_-y) ’ (E)y’f")"("'?u)-*_s)Jt g(f )
s, 3}
<AimgE(, 4/ Te((P-K)(m)(f) + dim (57~ f . a»cf "

<(P-K)(ry-cod (f) + n.

We say that multi-function germs fo = (fo,1,..., fo,r) and go = (go,1,---,90,r)
are K, -equivalent if fo ; and go ; are K-equivalent for ¢ = 1,...,r. For the definition
and properties of the K-equivalence, see [11]. We now define

oL fose, %o <af°"

Te(K)(ry(fo) = (5= » for)e,

We also define the notion of K (ry-versal deformation of fy as follows : Let F =
(Fy,...,F;) be a s-parameter deformation of f, (i.e. F;: (R® x R,0) — (R,0) is
a function germ such that Fj|{0} x R = fo; for any ¢ = 1,...,r.) We say that
F=(F,...,F)isa IC(T)-versal deformation of a multi-germ f; if

= (5110} x x R)z + T.() (o).

We also define the discriminant set of F as follows :
Dp=Ui=1Dp,

where

= OF; OF;
Dp, ={u e R| Fi(u,y) = 5{;(“’3/) ==

= 0 for some y € (R,0)}.
We have the following lemma.
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Lemma 6.4. If a multi-generating family F is an one-parameter (P-X)(,y-versal
deformation of f = F|{0} x R™ x R, then it is an (n + 1)-parameter (K),)-versal
deformation of fo = F|{0} x {0} x R.

We summarize the strategy for the classification, which will be presented in the
next section, as follows :

Step 1. We classify multi-germs fo = (fo1,..., fo,r) with (K)n-cod(fo) <n+1
under the (K)(r)-equivalence, where (K)(,-cod (fo) = Y7, K-cod (fo,i)-

Step 2. We construct (n+1)-parameter (K),-versal deformations F of the normal
forms fo = (fo,1,. .., fo,r) obtained by Step 1. We fix each germ F' and we consider
a smooth function germ ¢ : (R"*1,0) — (R, 0). By the theorem in Zakalyukin [15,
part 2.2], we can classify ¢ under coordinate changes of R®*2 which preserve the
discriminant set D p. This classification generically corresponds to the classification
of F' under the (P-K)(;)-equivalence which preserves the projection on the t-space
(i.e. the t-(P-K)(r)-equivalence).

Step 3. We can check that each normal form obtained by Step 2 is a (P-K)(y-

versal deformation when we consider ¢ as a parameter. Thus we can detect normal
forms of generic multi-Legendrian unfoldings by the P(,y-Legendrian equivalence.

7. CLASSIFICATIONS

In this section we pursue the strategy we referred to at the end of the last section.
Since we consider how singularities interact, we may assume that K-cod (fp ;) > 1
for a multi-germ fo = (fo,1,..., fo,r). It follows from Lemma 6.3 that r < n + 1.
By Theorem 3.3, we have the following classification.

Lemma 7.1. For generic multi-generating families F = (Fy,...,F,) of multi-

unfoldings of immersions, the corresponding multi-germs fo = (fo1..., foy;) are
(K)(r)-equivalent to one of the multi-germs in the following list :

,
(ykl""l,;..,yk""l) rSZkiSn—}—l.
i=1
We can easily construct a K(,y-versal deformation for each multi-germ by the
usual method. Then the corresponding list is as follows :

kl k" r
i=1 i=] =1

Let
G(UL,1, ey UL gy ooy Urdye ey Ur s )
be a K(,)-versal deformation of a multi-germ g = (g1, ..., gr), where y; = K-cod ¢;)
for ¢+ =1,...,r. Define a multi-germ G by

1
G(UL, 150 Ul gy ey Urdye ooy Un gy, UL,y - - s Uy Y)
— ! n
=G(UL,1, - Ul gy ee ey U1y ey Ur s YY)

for p=n+1-3"_, pi. We now consider a function germ ¢ : (R**1,0) — (R, 0) on
the (U1,1y e ey Ul gy ooy U Ty ey Up gy, U1, - - o , Uy )-space. We can apply the theorem
of part 2.2 in [15], so we get the following :
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Proposition 7.2. (Zakalyukin [15]) Suppose that

ot ot
Dur #0,...,8uwr #0

and
tluyy=--=u,,,, =0 IS a Morse function germ:.

Then there exists a diffeomorphism germ ¢ : (R™+1,0) — (R"*1,0) preserving the
discriminant set D such that t o ¢ is equal to uy or uy , &+ Fup,, +(u1)?+
oo (uy)?

We notice that a submersion germ ¢ : (R"*1,0) — (R,0) which satisfies the
assumption of the proposition is generic. We can detect generic normal forms of
multi-unfoldings of immersions as follows.

Theorem 7.3. The multi-generating family of a generic multi-unfolding of immer-
sions is t-(P-K)(y)-equivalent to one of the mu]tz-germs in the following list:

(CAky,..ky)
ky ’
(yk‘+1+2miy'_l,... kr +1+szr L gyl 1),
=1

where 1 <r < Zk‘j <n.
=1

where2 <k <n+1.
(A% A%,,...5)

(yk1+1+yk1—l(t+mkl+k2+ +x2 K + .oty

ky —1
2 2 i—1
tap k- £22)+ Z iy,
i=1
ks '
k241 i-1 yhrtl -1
Y +Z$k1+1y 1ee. +Z$E;_:k +i¥ )s
=1
where { = ij, 2<r<f<n+1l,
i=1
Proof. Let G(u1,1,-- %1,y -cslnlyee Uy, Y) be a K(ry-versal deformation of
a multi-germ ¢ = (g1,...,9r), where p; = K-codg; for i = 1,...,r. Define a multi-
germ G by
GUr, 15 ey Uy oy Ul e e ey Uy ULy ee ey Uy Y)
=G(Ug,1, ey Ul gy ey Urdyee ey Ur oy YY)
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forp=n+1-37_, ui

Let F(t,z,y) be a multi-generating family of a ¢-(P-.A)(,)-stable multi-unfolding
of immersions. Then F is a (P-K)(,)-versal deformation of a multi-germ f =
F{0} x R™ x R, so that F is a (K)(,-versal deformation of a multi-germ f, =
FI{0} xR. If f is (K)(ry-equivalent to g, then F and G are (P-K)(,)-equivalent (i.e.,
there exist diffeomorphism germs

T (R*M xR,0) = (RxR") xR,0) (i=1,...,7)

of the form

\Il(u’ ‘.7) = (¢1(u), d)2(u)’ 71[)3(“’ y))

such that U*(F)e, = (G)g, ,,)- By the remark after Proposition 7.2, we may
assume that t); satisfies the assumptlon of Proposition 7.2, so that there exists
a diffeomorphism germ ¢ : (R™*!,0) — (R™*!,0) preserving the discriminant set
Ul=1Dg, such that t; 0 ¢ is equal to uq or tug ,, - s, £(ug)? £ % (u,)2
Here, the discriminant set U{_;Dg. is the wave front set of a multi-germ of a
Legendrian submanifold in PT*R"*!, Then we can construct the unique contact
lift ¢ of ¢ preserving the multi-germ of the Legendrian submanifold. That is, (¢ x
1R)*G(u,y) = G(#(u),y) gives the same multi-germ of the Legendrian submamfold
given by G. We can choose the coordinates of (R x R",0) as follows

= 1r/)2 0 ¢(u))

{t=¢1o¢(u)

where u = (u1,1,.. ., U1,y oy Ur 1y ooy Upp,, UL, - - -, Uy ). By the above equality we
can represent the coordinates u by the coordinates (¢, z). This procedure gives the
normal forms as follows : Let G be a germ of the form

k1
. (yk1+1+rzu1,iyi—-l,_“ k+1+zur1yz 1) T<ZI" <n+1.
Cod=1 i=1 i=1
It follows from Proposition 7.2 that t = uy or t = fuy 4, £ -k up,, = (uy)? £

- £ (uy)?, where pj = k; andu—n-}—l—-z= kj. If1§7‘32§=1kj§7zand

t = u;, then we can use the coordinates

Ui =i, (1< i<k ugi =244, 1 <0< k), upi = Tegi, (1< <ky),

\vhe1e ¢ = Z;—l kj, so that we get the normal forms (%Ag, .. &, ). f r = 1 and
2 <k <n+1, we already got the normal forms in Theorem 3. 3. f2<r <
Z 1 ki Sn+landt =duy, - Fup, £ (ur)? £+ £ (u,)?, then we can

detect the normal forms (A A k,_,’_._,k,,) by the,appropriate coordinate changes.
Finally, we can easily check that each normal form is (P-K )(r)-versal.
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APPENDIX A. STABILITY OF UNFOLDINGS OF IMMERSIONS

Here we consider the stability of unfoldings of immersions by using the standard
method of singularity theory. We refer the articles [10,13] about this topics.

Let 7: (R xR™0) — (R x R® x R,0) be an unfolding of immersions of the form
I(t,u) = (t,z(t,u),y(t,v)). By definition, we can choose coordinates such that the
components of the unfolding of immersions is the above form. We say that T is
infinitessmally t-P-A-stable if

Oz Oy z Oy

it = w1, 5 e + (o 2

(t,u) I 1 cee 7n>£(t,u) +(t? w)*gﬁ,z) X I*g(t,z,y)>

where 7 : 8(’;“';2) 5(7:'*"1) is the canonical projection defined by n(h1,...,ny2) =
(hay...,hnt2) and (¢, 2)*, I* are the pull back homomorphisms defined as in The- -
orem 4.1.

We can define the notion of ¢-P-.A4-stability and show that it is equivalent to the
notion of infinitesimal stability. However, we do not need this fact so that we omit
the details. We define map germs

F[I]: (R xR",0) — (R",0)

by o
FI)(t,u) = z(t,u)
and
fiz}: (R*,0) — (R",0)
by

FIZ)(w) = 2(0,w).
We say that F[I] is en infinitesimally A-versal deformations of f[Z] if

OF(I]

&= (=,

emobe (2 i =1, e, 4 A1

Proposition A.1l. Under the above notations, the following are equivalent.
(1) 7 is infinitesimally t-P-A-stable.
(2) F[I] is an infinitesimally A-versal deformations of f[Z].

Proof. Suppose that F[Z]is an infinitesimally A-versal deformations of f[Z]. Since
Zo = I]{0} x R™ is an immersion, we have T3, ;) = €y so that

OF[T ofl1],.
et = (e + <—fL1|z =1, n)e, o+ FIIVER) X Ty =
OF[T], Oy ofZ] oy ony o T
(( ot |t=o, —@—; t=0)>R + (( Du; TL, t_o)ll =1,. )S.. + f[I] ga:) X I0‘5‘(::,3/)-
It follows that
Oz Oy dr Oy

Exty = ({1

(t,u) — ’_a—t'ﬁ E))Sz)-‘*—(( aul du z)ll = 1 )"(‘ u)

+(t,2) EG 4y X I*g(t.z:,y) + M E(t.tal)
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By the generalized Malgrange preparation theorem[14], we have

: 0
Oz Oy or @_Iz =1,... ,n)g(t’u) + (¢, 1:)*5(':,,;) X I*g(t,x,y)-

8n+1 = 77(((17 —a?’ '(r_)_t))“::)"'(( aui’ 6Ui

(t,w) ™

The converse direction of the proof is given by the direct arguments.

Our purpose in here is to give a characterization of the stability in terms of
generating families. Let Fr : (R x R® x R,0) — (R,0) be a generating family of
an unfolding of immersions 7 : (R x R*,0) — (R x R™ x R, 0). Then we have the
following characterization theorem.

Theorem A.2. Under the above notations, the following are equivalent.
(1) 7 is infinitesimally t-P-A-stable.
(2) Fr is the P-K-versal deformation of fr, where fr = Fr|{0} x R® x R.

In order to prove the theorem, we need some preparations. For a given function
germ G(t,uy,...,ur,v), we define map germs

G: (R xR" x R,0) — (R,0)

by

G(t,u1,... , Ure1,v) — Ur,
where (¢, u1,...,urv) € (R xR” x R,0) and
Ig: (R x R",0) — (R",0)
by |
Zo(t,uyy . yurv) = (U1, ooy Upm1, G(E, g, .o oy Upra1, ).
We also define a vector space

' — aIg aI!] o * OT
Te(A)(Ig) = (an s —51-)—12 = 1, et — 1)5(1‘,’0) +Iggu)
where I, = Ig|{0} x R" and v’ = (uj,...,uy—1). Then we have the following
lemma.

Lemma. Under the above notations, the following are equivalent.
(1) G is the P-K-versal deformation of §, where § = G|{0} x R" x R.
(2) Zg is the infinitesimally A-versal deformation of Z,.

Proof. By definition , we have

. Jg .
To(P-K)(§) = (5 8) gumy +(

9 %_ 1y,
Ouy’ T Oupy Y

We define a map germ

7, : (R",0) — (R" x R, 0)
by

fg(ul, co o1, v) = (Ug, o Uee, g UL, e Upn, v), W),
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We consider the pull back homomorphism
L3 €y = Ew s
then we have Kerf’g" = (g(u1,. ., Ur=1) = Ur)g,,,y- 1t is easy to show that

Jg dg dg

Li(T(PENG) = (G ey (G Gy W8

Furthermore, we have I;(£,) = I;(£.),

= dg 9y _ .
(I )" (( )5(.. o T (aul T Buy ] 1)1; (S..)) = T(P-K)(9)

and '_‘7'.';((-";—?[{0} x R” x R)r) = (42]{0} x R")g. It follows that G is the P-K versal
deformation of § if and only if the following condition holds:

oG . 0 Og g
b= 200 xR+ B+ (2 52 e

On the other.hand, we consider the subring {0} X & vy C S{u,,v), where 0 €
Er7L . Tt is easy to show that v

(u',v)’

01q

{0} % ) N ((GEHO} x Rz + To(A)(T,))
dg dg o

-0} x(<—-—1{0} X R+ (5D ey + (g s D)

Since {0} X Eur, ) + Te(ANZy) = €[, ) We can show that the following conditions
are equivalent:

o _,0G Jyg dg dg )

O Ewwm=(3 Bt (gl gy By, Ve
) . aT .

(i) Elwr ) = (5710} x R")g + Te(A)(Zy).

This competes the proof of Lemma.

Proof of Theorem A.2. By Proposition A.1, it is enough to show that the condition
(2) is equivalent to the fact that F'[Z] is an infinitesimally A-versal deformation of
flZ). it %1 # 0 at 0, then there exists a function germ G(¢,z1,...,2,) such that

F7H0) = {(t,z1,. .., 20, Gty 21, . ., 2 ))|(E, 21y -+ o, 20) € (R X R™,0)].
In this case, we may consider that
I(t,.’l}l,...,l'n) = (t,IL‘l,...,.'L'n,G(t,.’L'l,...,.’En))
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so that F[Z](¢,z1,...,2n) = (21,...,2x). Thus f[Z] is the A-versal deformation of
itself. Of course F([Z] is also the A-versal deformation of f[Z].
On the other hand, the corresponding generating family is given by

Fr(t,z1,...,20,y) = G(t,z1,...,20) — ¥

so that we have

0 0
Te(P-K)(fI) = (l,g(ml, . ,.’L'n) - y)g(;,,y) + <'87g1'y ceey a_a:g:>£z = g(a:,y)7

where g(z1,...,2,) = G(0,z1,...,2,).

In the case when %‘ﬂl = 0 at 0, we may assume that -‘g—ff # 0. It follows from the
implicit function theorem that the corresponding generating family may be given
by v

Fr(t,z1,...,20,y) = G(t, %1, .., Tn=1,Y) — Tp.
This case corresponds to the lemma if we put » = n and (t,u1,...,us,v) =
(t,%1,...,Zn,y). The assertion of the lemma gives the proof of Theorem A.2.

By the proof of the lemma, we also have the following proposition.

Proposition A.3. Under the same notations as those of Proposition A.1 and
Theorem A.2, we have the following equality:

A-cod f|Z] = P-ICcodfz,
where A-cod f[I] = dimp &,/ T.(A)(f[Z)).

APPENDIX B. A TRANSVERSALITY THEOREM

Here we show a transversality theorem for mappings
Fla,¢] : Rx R"” — R"

defined by
Fla, ¢](t,u) = u + ta(4(u)).

As an application of the transversality theorem, we have Theorem 5.2. Through-
out the reminder of Appendix B, we fix the smooth mapping a(y) = (ay,...,an(y))-
Let JY(R™,R™) be the ¢-jet space of mappings R™® — R", where £ > n + 7 We use
notions and results in the theory of singularities of smooth mappings (cf.,[8],[11]).
Let f, g: (R™,0) — (R",0) be map germs. We say that f and g are A-equivalent if
there exist diffeomorphism germs 4, % : (R™,0) — (R™,0) such that Yo f = god. It
follows that there exists an action of Diff(R" 0) x Diff(R™,0) on J¢(n,n) induce by
the A-equivalence, where Diff(R™, 0) is the group of diffeomorphism germs of (R™,0)
onto itself and we use the canonical decomposition J{(R™, R") = R" x R" x Jn,n):

¥ : Diff(R", 0) x Diff(R™,0) x J¢(n,n) = J4(n,n)

by ¥((1, $),75f) = jé(Hofod~!). We say that a subset S C J¢(n,n)is A-invariant
if it is invariant under the above group action.

For any subset S C J¢(n,n), we denote that § = R™ x R™ x S under the
decomposition JY(R",R") = R™ x R™ x J¢(n,n). Let C*®(R",R) be the space of
C'°*-functions equipped with Whitney C'°*°-topology. Then we have the following
theorem.

o~
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Theorem B.1 (A transversality theorem). Let S be an A-invariant submanifold
of J¢(n,n). Then

Ts = {¢ € C=(R™,R)|j{F[a, 4] is transversal to 5}
is a residual subset of C*°(R™,R). Here, we define a map
jiF[a,4] : R x R® — J¢R",R")
by
1Fla, g1(t,v) = j*Fila, ¢](u),
where Fyla, ¢|(u) = Fla, ¢}(, u).

Moreover, if S is closed subset, then T's is an open subset.

In order to prove the transversality theorem, we need some preparations. The
second assertion of Theorem B.1 is follows directly from the following lemma.

Lemma B.2. Suppose that S is a closed subset of J¢(n,n). Then Ts is an open
subset of C*°(R™, R).

Proof. We now define the following mapping
| ¥, : C®°(R™,R) —» C=°(R x R",R")
by ¥,(¢) = Fla, ¢]. If we consider a mapping
ax : C°(R™,R) — C*(R",R")

defined by a.«(¢) = « o ¢, then if is continuous for Whitney C*-topologies (cf.,
[6]). It follows that @, is also continuous, so that the statement follows from the
well-known fact (cf., [6]) that

Ts={® € C®°(R x R",R")|5¢® is transversal to S}.
is open subset of C°(R x R™, R™)whenSisclosed.

We need the following fundamental transversality lemma (cf., [6]).

Lemima B.3. Let X, B and Z be smooth manifolds with W a submanifold of
Z. Let j : B — C*®(X,Y) be mapping (not necessarily continuous) and define
®: X xB —Y by ®,b) = j(b)(z). Assume that ® is smooth and that & is
transversal to W. Then the set {b € B|j(b) is transversal to W} is dense in B.

There is the canonical identification on R-vector spaces (cf., [10,13]):
T.J (n,n) = (M,)" modMEH?,

where (9,)" denotes the n-fold Cartesian product of M,. For a map germ f :
(R™,0) — (R",0), the tangent space of the orbit through z = i&f under the action
of the A-equivalence is given by

T(A)z) = (%,...,gg—)mtu + (f*(9M,))" mod MEH!.

Then we have the following simple lemma.
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Lemma B.4. Let f: (R®,0) — (R",0) be a map germ of the form f(uy,...,u,) =
(fi(ug, ... un),ug,...,uy,). Then we have

(M4)™ = My x {0} + T(A)(j§ f) mod oM.

Proof of Theorem B.1. Let B be the space of polynomial functions of (R",0) —
(R, 0) of degree at most £. Define a smooth mapping,
gla,¢] :Rx R* x B’ - R"

by gla, ¢](t,u,b) = Fla, $+b](¢,u). Then the Jacobian matrix of g[a, #] with respect
to u-variables at ug is given as follows:

l+4+cn C12 Cin
C21 1 + C22 ... an
’
Cni Cn2 v 1+ Cnn

where ¢;; = t%’l(w + b)(uo))%tb)(uo).
Define a mapping
®:RxR"x B' — J{R"™,R")
by
B(t,u,b) = jigla, 6)(t,u, b) = j’gla, $) e (v),

where gla, ¢)y(u) = gla, 6)(t, b, ). h
In order to apply Lemma B.3, we need to know that ® is transversal to S.

Assuming that this transversality condition holds, then given ¢ : R® — R we can
find a sequence by,by,.... € B converging to 0 so that limy_oo(¢ + b)) = ¢ in
C*(R™ R) and Ts is dense in C*°(R"™,R).

Without the loss of generality we may consider at the point (t9,0,0) € RxR"x B
and assume that ¢(0) = 0. If o9& +(0) = 0 for any ¢ = 1,...,n, then g[a, ], o)
is local diffeomorphism at the orlom so that the A-orbit thlough jégla, ¢](t0,0)
is open subset. Since S is an .A invariant submanifold, ® is transversal to S at
(t0,0,0). We now assume that to +(0) # O for some ¢ = 1,...,n. Then the mapping
a:R — R" is an immersion at 0 It follows that there exlst diffeomorphism germs
h:(R" a(0)) — (R*0) and k : (R,0) — (R, 0) such that hoaok(y) = (y,0,...,0).

We consider a smooth mapping
glhoaok,¢]: R x R" x B' - R"
defined by
glhoaok,¢)(t,u,b) = Flhoaoh,¢+b(t,u) = (u +( + b)(u), uz, .., up).

By Lemma B.4 and since S is A-invariant, we can easily show that |{t,} x {0} x B
is transversal to S at (t9,0,0), where ®(t,u,b) = j¢j[hoaok, Bl(t, u, b).
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On the other hand, we define R-linear isomorphisms
Th:(9,)" — (I1,)"

by 5
B
nee) = (2.
| THE) = (5, ¢
and
tk : 91, — M,
by
dk1 dk,

tk(n) = (— cey—— ).
(1) = (G v )
Under the canonical ident1ﬁcat1on, we can show that

d®|{to} x {0} x B =Tho (d®|{te} x {0} x B) otk modMi:,

Since S is an A-invariant submanifold, we have Th(TS) = TS, so that ®|{ts} x
{0} x B is transversal to S at (¢,0,0). Of course ® is transversal to S at (g,0,0).
This completes the proof.

Remark. We can also prove the multi-jet version of Theorem B.1. Thus the list

of

the classification of multi-germs in Section 7 is the generic list for initial data

¢ € C*°(R", R). However the proof is rather a tedious, so that we omit it.
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10.

11.

12.

13.

14.

15.

REFERENCES

V. I. ARNOL'D, Geometric Methods in the Theory of Ordinary Differential Equations,
Springer-Verlag, 1983.

. D. P. BALLOU, Solutions fo nonlinear hyperbolic Cauchy problems without convexity condi-

tions, Trans. Amer. Math. Soc. 152 (1970), 441-460.

. N. M. CHEN, On types of singularities for solutions of nonlinear hyperbolic systems, Bull.

Inst. Math. Acad. Sinica 10 (1982), 405-4186.

. J. DAMON, The unfolding and determinacy theorems for subgroups of A and K, Memoirs of

Amer. Math. Soc. 50-306 (1984).

. J. GLIMM, D. MARCHESIN and O. MCBRYAN, Unstable fingers in two phase flows, Com-

mun. Pure Appl. Math., 34 (1981), 53-75.

M. GOLUBITSKY and V. GUILLEMIN, Seble mappings and their singularities, Graduate
Texts in Math. 14, Springer-Verlag, 1973.

J. GUCKENHEIMER, Solving a single conservation law, Lecture notes in Mathematics 468,
Springer Verlag, New York, 1975, pp. 108-134.

. G. JENNINGS, Piecewise smooth solutions of a single conservation law exist, Adv. in Math

33 (1979), 192-205.

. 8. N. KRUZKOV, First order quasilinear equations in several independent variables, Math.

USSR Sb. 10 (1970), 217-243.

J. MARTINET, Singularities of Smooth Functions and Maps, London Mathematical Society
Lecture Note Series 58, Cambridge university press, 1982.

S. NAKANE, Formation of shocks for a single conservation law, SIAM J. Math. Anal. 19
(1988), 1391-1408.

D. WAGNER, The Riemann problem in two space dimensions for a single conservation law,
SIAM J. Math. Ann. 14 (1983), 534-559.

C. T. C. WALL, Finite determinacy of smooth map germs, Bull. London Math. Soc. 14
(1981), 481-539.

G. WASSERMANN, Stability of unfoldings in space and time, Acta. Math. 135 (1975), 57—
128.

V. M. ZAKALYUKIN, Reconsiructions offronts and caustics depending on a parameter and
versality of mappings, Itogi Nauki, Contemporary Problems in Mathematics 22 (1983), 53-93.

28



