HOKKAIDO UNIVERSITY

Title On self-adjointness of Dirac operators in Boson-Fermion Fock spaces
Author (s) Arai, A.
Citation Hokkaido University Preprint Series in Mathematics, 212, 2-43
Issue Date 1993-08
DOI https://doi.org/10.14943/83356
Doc URL https://hdl. handle. net/2115/68958
Type departmental bulletin paper
File Information re212, pdf

kaido
\;\0\‘ U”/Ls

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




On Self-adjointness of Dirac Operators
in Boson-Fermion Fock Spaces

Asao Arail

Series £212. August 1993



HOKKAIDO UNIVERSITY
-PREPRINT SERIES IN MATHEMATICS

§ 185: Y. Giga, K. Yama-uchi, On a lower bound for the extinction time of surfaces moved by mean curvature, 16
pages. 1993.

§ 186: Y. Kurokawa, On functional moduli for first order ordinary differential equations, 9 pages. 1993.

ﬁ‘187: O. Ogurisu, Unitary equivalence between a spin 1/2 charged particle in a two-dimensional magnetic field and
a spin 1/2 neutral particle with an anomalous magnetic moment in a two-dimensional electric field, 4 pages.
1993, »

§ 188:  A. Jensen, T. Ozawa, Existence and non-existence results for wave operators for perturbations of the lapla-
cian, 30 pages. 1993. |

f 189:  T. Nakazi, Multipliers of invariant subspaces in the bidisc, 12 pages. 1993.

f 190: 8. Izumiya, G.T. Kossioris, Semi-local classification of geometric singularities for Hamilton-Jacobi equations,
24 pages. 1993.

f 191:  N. Hayashi, T. Ozawa, Finite energy solutions of nonlinear Schrédinger equations of derivative type, 21
pages. 1993.

ﬂ‘ 192:  J. Seade, T. Suwa, A residue formula for the index of a holomorphic flow, 22 pages. 1993.

f 193: H. Kubo, Blow-up of solutions to semilinear wave equations with initial data of slow decay in low space
dimensions, 8 pages. 1993.

§ 194: F. Hiroshima, Scaling limit of a model of quantum electrodynamics, 52 pages. 1993.

f 195: | T. Ozawa, Y. Tsutsumi, Global existence and asymptotic behavior of solutions for the Zakharov equations
in three space dimensions, 34 pages. 1993.

f 196: H. Kubo, Asymptotic behaviors of solutions to semilinear wave equations with initial data of slow decay, 25
pages. 1993.

f197: Y. Giga, Motion of a graph by convexified energy, 32 pages. 1993. ‘

f 198: T. Ozawa, Local decay estimates for Schrodinger operators with long range potentials, 17 pages. 1993.

f199:  A. Arai, N. Tominaga, Quantization of angle-variables, 31 pages. 1993.

f 200:  S. Izumiya, Y. I(ufokawa, Holonomic systems of Clairaut type, 17 pages. 1993.

f 201:  K.-S. Saito, Y. Watatani, Subdiagonal algebras for subfactors, 7 pages. 1993.

f 202: K. Iwata, On Markov properties of Gaussian generalized random fields, 7 pages. 1993.

f 203:  A. Arai, Characterization of anticommutativity of self-adjoint operators in connection with Clifford algebra
and applications, 13 pages. 1993.

f 204:  J. Wierzbicki, An estimation of the depth from an intermediate subfactor, 7 pages. 1993.

f 205:  N. Honda, Vanishing theorem for the tempered distributions, 11 pages. 1993.

f 206:  T. Hibi, Betti number sequences of simplicial complexes, Cohen-Macaulay types ;md Mobius functions of
partially ordered sets, and related topics, 25 pages. 1993.

§ 207:  A. Inoue, Regularly vacying correlations, 23 pages. 1993.

f 208:  S.Izumiya, B. Li, Overdetermined systems of first order partial differential equations with singular solution,
9 pages. 1993.

§ 209:  T. Hibi, Hochster’s formula or Betti numbers and Buchsbaum complexes, 7 pages. 1993.

f 210:  T. Hibi, Star-shaped complexeé and Ehrhart polynomials, 5 pages. 1993.

#211:  S.Izumiya, G. T. Kossioris, Geometric singularities for solutions of single conservation laws, 28 pages. 1993.



On Self-adjointness of Dirac Operators in Boson-Fermion Fock Spaces

Asao Arai
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Abstract |
It is shown that a class of Dirac operators acting in the abstract Boson-Fermion Fock space,
which were introduced in a previous paper (A.Arai, J.Funct.Anal. 105(1992), 342-408), is
essentially self-adjoint. The result is applied to the Wess-Zumino models of supersymmet-
ric quantum field theory to prove the essential self-adjointness of their supercharges and
Hamiltonians.
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I. INTRODUCTION

In the previous papers [1,2] (cf. also {3, 6,9,12]), the author developed a new theory
of analysis on the abstract Boson-Fermion Fock space (BFFS), introducing operators of
the de Rham and the Dirac types acting there. Some fundamental properties of these
operators were investigated. In particular, index theorems for the Dirac operators have
been established in terms of functional integral representations. In deriving the index
theorems, however, the (essential) self-adjointness of the Dirac operators was assumed. In
this paper we focus our attention on the self-adjointness problem of the Dirac operators
and give a partial solution to it. v

The present paper is organized as follows. In Section II we review the fundamental
framework of the theory presented in [1], summarizing properties of the operator d4 of the
de Rham type, the free Dirac operator @) 4 and the free Laplacian A 4 acting in the abstract
BFFS, where A is a densely defined closed linear operator playing a role of a “parameter”.
In Section III we first describe a perturbation of @ 4. This is defined from a perturbation
of d 4, which is given in terms of a Hilbert space-valued function F on the probability space
realizing the abstract Boson Fock space under consideration. We then show by an explicit
construction that the perturbed Dirac operator, denoted by Q 4(F) (Q4(0) = Q4), has at
least two self-adjoint extensions if it is not essentially self-adjoint. Section IV is devoted to
a detailed calculation of the perturbed Laplacian A4(F) := Q4(F)*Q4(F), where Q 4(F)
is the closure of @ 4(F'). This is done for a class of F. In Section V we prove that, for a
more restricted class of F', A 4(F) and @ 4(F) are essentially self-adjoint on a domain DF
included in D{Q 4(F)?). The idea of the proof is to apply a general theorem on essential
self-adjointness of semibounded operators [10,17]. Section VI concernes a class of “small”
perturbations of @ 4 such that @ 4(F) is essentially self-adjoint. In Section VII we give two
examples in the abstract framework under consideration. In the last section we apply the
results obtained in the previous sections to the Wess-Zumino models of supersymmetric
quantum field theory (SSQFT) to prove that, for a class of interactions, the supercharges
and the Hamiltonians with ultraviolet cutoffs are essentially self-adjoint on a suitable
domain. In Appendix we prove some elementary facts on decomposable operators in a
direct integral of Hilbert spaces with a constant fibre, which are needed in the main text
of the present paper. ‘ l

II. PRELIMINARIES

In this section we describe the fundamental framework of the theory presented in
[1] with some minor modifications in notations and definitions, and give some additional
results. Throughout the present paper, we shall use the convention that the inner product
(-, - )x of the complex Hilbert space X is complez linear in the second variable.

2.1. Boson Fock space

Let H be a real separable Hilbert space and {¢(f)|f € H} be the Gaussian mean zero
random process indexed by H ; We denote by (E, 1) the underlying probability space with
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the Borel field generated by {¢(f)|f € H}, so that
/ Dy = e WBI2  f gy
E

By abuse of notation, we also denote by ¢ an element of E.

We denote by P, the set of complex-valued polynomials in n real-variables (P = C).
For a linear operator T whose domain D(T') is a subspace of H., the complexification of -
“H, we define a subspace Py C L?(E,du) by

PT = ‘C{Pn(é(fl)1 ,¢(fn))!n 2 07Pn Epna fJ € D(T)OH’J = 17 7”}7

where L{---} denotes the subspace spanned by vectors in the set {---}. If D(T)NH is
dense in H, then Pr is dense in L?(E,du). For the case T = I, the identity on H, we
simply write Py = P.

Let M be a complex separable Hilbert space. We denote by L*(E,du; M) the
Hilbert space of M-valued square integrable functions on (&, 1), which is identified with
L*(E,du) @ M (e.g., [19, §11.4]). Let T : H. — M be a densely defined closed linear oper-
ator such that D(T) NH is dense in . Then we can define an operator 7'V : L*(E,du) —
L*(E,dp; M) with domain Pr by '

TVE = 30, Pa(6(f1), )T

=1

for vectors ¥ € Pr of the form

¥ = Pn(é(fl): T 1¢(fn)) | (2'1)

and by extending it by linearity to all ¥ € Pr, where 9;P,, denotes the partial derivative
of the polynomial P, in the j-th variable.
We denote by Jy the natural conjugation on ., and set

f=JHf7 »fEHc-

LEMMA 2.1. Let T be as above. Then T'V is well defined.

Proof. For f = fi1 +ifs € H(f; € H,i = /=1), we define ¢(f) = &(f1) + 1¢(f2)-
It is well known or easily proven (cf. the proof of Theorem 6.3.1 in [15]) that for vectors

¥, ® € P of the form (2.1) and all f € H,,

L0 b= = [ 95V dut [ s(F)wsan (2:2)
E ‘ E E
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which is an integration by parts formula with respect to (w.r.t.) the measure p. Let
¥, ¥, € P such that ¥;(¢) = ¥2(p) a.e.¢. Then we have from (2.2} that

/(u,TV‘I’l)M@d/J,=/(u,TV‘I’z)M@d,u
E E

for all u € D(T*) and & € P. Since P and D(T*) are dense in L?>(E,dy) and M,
respectively, and M is separable, it follows that there exists a subset N of E with u(N) =0
such that for all u € D(T*)

(v, TVE (oM = (u, TVE{)M ¢ € E\N.

Hecne, TV¥,(¢) = TV U2(¢) a.e.¢, which means the well-definedness of T'V as an operator
from L?(E,du) to L*(E,du; M). 1t

In the case where M = H, and T = I, we simply write IV = V. For each f € H,,
we define an operator Vf in L*(E,du) with domain P by

Vil = (f,VT)y,, TeP.

Note that Y~7f is complexr antilinear in f.
For two vector spaces ¥V and W, V@W denotes their algebraic tensor product.

LEMMA 2.2. Let T be as in Lemma 2.1 and f € H.. Then, Vf and TV are closable
and the following relations hold:

P C D(V3), PED(T*) c D((TV)*), (2.3)
Vi, ¥ = (TV)*(Tu) = Vi1 ¥+ (T )T, TeP,ueDT*). (2.4)

_Proof. Using (2.2), we can prove (2.3) and (2.4). In particular, (2.3) implies that
D(V %) and D((TV)*) are dense in L*(E,du) and L*(E,dy; M), respectively. Hence V
and TV’ are closable. & ‘

We denote the closure of 7V and of V ¢ by the same symbol, respectively.
The Hilbert space L*(E,du) admits the orthogonal decomposition

o0

E ydp) = P Tr(H),

n=0

where I'g(H) = C and I',,(H) (n > 1) is the closed subspace generated by the Wick products
cd(f1) - B(fn) : (f; € Hy5 = 1,---,n) wrt. u [22]. It is well known that L?(E,du) is

isomorphic to the Boson Fock space over H, in a natural way [22].
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Given a self-adjoint operator S in H, one can define the second quantization dl'y(S)
of S as the self-adjoint operator in L*(E,du) which is reduced by each I',(H) with the

reduced part dT\™(S) = dT'(S) | T'n(H) being of the form

dr{V(S) 1 ¢(f) -+ $(f) 1= D 1 O(f1) -+ $(SF) - 6(fa) 5 fj € D(S).

2.2. Fermion Fock space

We next recall Fermion Fock space. Let K be a real separable Hilbert space. For p =
0,1,2,---, AP(K.) denotes the p-fold antisymmetric tensor product of K. ( A%(K,.) = C).
For u; € K,j =1,-++,p, we define the exterior product us A -+ Au, € AP(K,.) by

. |
u A A= Y 0)uo) B B Ug(y)
T oes,

= Ap(u1 8- Q up)

where G, is the symmetric group of order p, (o) the sign of the permutation o, and
Ay, = Zcesp oe(a)/p! is the antisymmetrizaiotn operator on the p-fold tensor product of
Ke.

“The Fermion Fock space A(K.) over K, is defined as the Hilbert space given by

AK.) = é AP(K
p=0

(e.g.,[19, §IL.4]). .
For a self-adjoint operator T in K, the second quantization dT' ¢(T) of T is defined as
the self-adjoint operator in A(K.) which is reduced by each AP(K.) with the reduced part

dl'P(T) = dU#(T) | AP(K.) being of the form
ar'?(1) =0,

P
') =3"19---0I8TQIg -&I.
N———r N’

k=1 L1 times p—k times

Let b(u},u € K, be the annihilation operators in the Fermion Fock space A(K,), ..,
b(u) is a bounded linear operator on A(K.) such that b(u) : AP(K.) = AP7L(K,) with

b(u) | A°(K.) =0,
P
b(u)ug A - Z L, ug ;&rull\ AU A ANup, p2> Lug € K,

(2.5)
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where U, indicates the omission of ur. The adjoint b(u)*, called the creation operator,
maps AP(K.) into AP1(K,) acting as '

b(u)*ul/\-u/\up:\/mu/\ul/\---/\up. | (2.6)
Moreover, the following canonical anticommutation relations (CARs) hold: |
{6(w),b(v)"} = (u,v)k.,  {B(w),b(v)} =0, w,veK,
where {A,B} = AB + BA. The CARs imply that
1) = llullc., € Ke.

For later use, we introduce operators quadratic in b(-)# (cf. [14]). Let Z(K.) be the
set of Hilbert-Schmidt operators on K. and T € Z5(K.). Then there exist two orthonormal
systems {¢,}0_1, {#.}}_; (N < +o0) and positive numbers ), such that

N
Z (¥, - mn - (2.7)

n=1

(e.g., [19, Theorem VI.17]). We define

N
< BITIE™ > =Y Anb(pn)*b(Pn)", (2.8)
N
BT > =) Anb(Bn)b(n), (2.9)
n=1
~ | | |
<BITIB > =D Anb($n)"B(¥n). (2.10)

One can show that, in the case N = +o0, the operator on the right hand side of (2.8)
[resp. (2.9), (2.10)] converges strongly on the dense subspace

A#(Ke) = {¥ = (TP} ) € A(K)TP € 4,(KB---BK,), TP =0
for all but finitely many p}

and these limits are independent of the choice of the representation of T given by (2.7).
We denote by < b#|T'|b% > any of these three quadratic operators with domain A ¢(K.).

LEMMA 2.3. We have
AH(Ke) C D{< b*|Tp" >*)
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and
< BT > =< b|T"b >, <b*|TIb>*=<b*|T*b> on As(K:).

In particular, each < b*|T|b% > is closable.
Proof. See [1,2]. &

We denote the closure of < 5*|T'|b% > by the same symbol.
The following lemma also will be used later.

LEMMA 2.4. For every ¢ € K. ® K., there exists a unique A(¢) € Zo(K.) such that
for al{ u,v € K, .
(U, A("[/’)'U)]Cc = (U ®67¢)KC®KC' (2']‘1)

Moreover, we have

A2 = [[¥llx.., (2.12)

where ||T||y denotes the Hilbert-Schmidt norm of T. The Hilbert space K. ® K. is isomor-
phic to ITo(K.) under the linear transformation A : K. @ K. — Z3(K.).

Proof. The existence of A(¢’) can be proven by using the Riesz lemma. The uniqueness
is obvious by (2.11). It is an easy exercise to prove (2.12). To prove the surjectivity of A,
let T € Z5(K.), so that it is represented as (2.7). It is easy to show that

N
’(/)T = Z An(;bn &® '(/;n, (2.13)
n=1 .

strongly converges in K. ® K. and :
. Alyr)=T - (2.14)

Thus A is surjective. H

We denote by 7 the transposition on K. Q K, , i.e., 7 is the unifary operator on K. ® K,
such that for all u,v € K,
Tu®v) =vQu.

For ¢ € K. ® K., we set )
¥ =Jx® Jcip.

LEMMA 2.5. For ol € K. Q K,

~1



Proof. Let u,v € K.. Then we have

(u, M) v)x, = (¥, v @ T)x,
= (19,4 ® v)k. k.
= (u® 7,7¢)k. ek,
= (u, A(T¥)v), -

Hence (2.15) follows. B

LEMMA 2.6. (i) Let y € K. @ K¢ and uj € K¢, j =1,--- ,p. Then

- 2 P )
(< bJA(L)b > ur A - /\up)(p C) R S— Z(_1)1+k(ﬁk TR
VP ~1)p i3
XUy Ao AU A AT A~ Ay
fOT allp > 2 and
(<BAW)E> g A Au) D =0, g#p—2.

(ii) For allT € Io(K.), v j
< b*[T|o >=dL'(T). {2.16)

Proof. Part (i) follows from a direct computation using (2.5), (2.9), (2.13) and (2.14).
As for part (ii), using (2.5),(2.6) and (2.10), one first proves (2.16) on A¢(K.) and then,
by a limiting argument, extends it as an operator equality. §

2.3. BFFS, operators of the de Rham type, and free Dirac operators

The BFFS we are concerned with is defined by

ANH,K) = L?'(E,d,u,) ® A (Ke)
= L*(E, dp; N(K.))-

We have -
AH,K) = P AP(H,K),
. B

where
NP(H,K) = L2( B, dp; AP(K.)) = L*(E, d) ® AP(K.).

-8



Let A:H, — K. be a densely defined closed linear operator such that the self-adjoint
operator A*A is reduced by H. We introduce a subspace D4, of AP{H,K)} by

,gA,p =[’{Pn(¢(fl)= cee 7¢(fn))u1 AR /\upln > 07Pn € mej € D(A) ﬂH,
ug € K:cyj = 1727"' 7n;k = 1727"' 7p}'
Since D(A*A) is dense in H and D(A*A) N'H C D(A) N'H, it follows that D4 , is dense
in AP(H,K). '
For each p > 0, we define an operator ds, : AP(H,K) = APTH(H,K) with domain
@A,p by

dA’P\I, =vpt IZ(BJPn)(¢(f1)’ ’¢(.fn))Afj Aur A---Aup
J=1

for vectors ¥ € D 4 , of the form

¥ = Po(o(f1), -, d(fn))ur Ao Ay (2.17)

and extending it by linearity to all vectors ¥ € ® 4 . In the same way as in the proof of
Lemma 2.1, one can show that the operator d 4 is well-defined (i.e., if ¥, P € Dy,, T =P
a.e., then dg , ¥ =d4 ,® a.e.).

LEMMA 2.7. (i) For all p > 0,
dA,pgA,p C gA,p+1

and
dA,p+IdA,p = 0.

Moreover, d 4 , is closable.
(i1) Let

:Zl,p =£{Pn(¢(fl)7 1¢(fn))u1 A "'/\up+1]n _>_ 07Pn € Pnyfj EH7
up € D(A*),7=1,2,-- ,n;k=1,2,--- ,p} C APTH(H,K).

Then, for all p > 0,
4,5 CD(d%,)

and

1 < = - ~ |
dy ¥ =— D (A up) Py — Vi aru P UL Ao - AT Ao~ A
Apm¥ = 53 (1) (64 )Py = Vo P ) »

for vectors ¥ € % ;| of the form (2.17), where P, = Po(o(f1), - ,o{fn)).

9



Proof. See [1]. B

We denote the closure of d4 , by the same symbol. One can define from the sequence
{dap}s, of operators an operator d4 of de Rham type acting in A(H,K) by

D(ds) = {¥ = {TP}2, € A(H,K)| TP ¢ D(dA,p),i lldA,pi"”llz < oo},
p=0

(d40)0 =0, (da®)P) =dy 19"V p>1,¥ € D(da).

Let

D4 ={¥ = {TP}2, e AH, )P €Dy, NDY,_;, ¥ =0
' for all but finitely many p}.

LEMMA 2.8. (i) The operator d4 is densely defined with

D4 C D(dA)
and closed. Moreover
d3 =0

(ii) The adjoint d%y is given by

D(dy) = {¥ = (TP}, € ACH, KB € D(d3,), S (14, TPV < oo},

(@5 0)P =dy ) p>0,T € D(dY).

Proof. See [1]. &

We define :
Qa=ds+dy

with D(Qa) = D(da) N D(d%). We call Q4 a free Dirac operator.
The free Laplacian assoiated with the de Rham operator d4 is defined by

Ag=dyds+dadly

with D(A4) = D(d%d )N D(d 4d%). The following theorem has been proven in [1](cf. also
(2]).
10



THEOREM 2.9. (i) The Laplacian A4 is a nonnegative self-adjoint operator and the
operator equality
Ay =dly(A*A) Q@I+ 1QdT§(AA™)

holds.
(ii) The free Dirac operator Q4 is self-adjoint and essentially self-adjoint on every
core for As. Moreover, the operator equality

Aa=0Q%
holds.
REMARK. Let {e,}32; be a complete orthonormal system (C.O.N.S.) of X, with

en € D(A*),n > 1, such that Y >° ||A*e,||7;, < co. Then we can show that for all
¥ eDy '

da¥ =3 Ve, ®blen)"T,
n=1

dal = Vi.., ®ble,)¥

n=1
in the sense of strong convergence. Putting
€7f + \Vp
o(f)= "1+, fen,
() NG3 feHe

Yon-1 = b(en) + b(en)*a ' Yon = Z(b(en)* - b(en))7

A*e, 1A%e,
h2n-— 1= ’ h2n =
V2 ‘

we have

Qa=) ()
. n=1

on D 4 in the strong topology. Note that v, is a bounded self-adjoint operator with

{7n17m}=25mn’ m,nZ 11

which means that {y,}32; is a self-adjoint representation of an infinite dimensional Clifford
algebra [13]. Thus @ 4 is a generalization of the Dirac type operator Py given in Example
2 in Section IV of [13]; If A*e, and A*e,, are orthogonal for all m # n, then @ 4 is of the
form of )Py, and, in this case, Theorem 4.7 in [13] gives another proof of the self-adjointness

of QA.
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The BFFS A(H,K) admits the orthogonal decomposition
AH,K) = AL (H,K)® A_(H,K), (2.18)

with
+(M,K) = @/\2" (H,K), A_(H,K)= @/\”PH (H,K).

The spaces A4 (H,K) and A_(H,K) may be regarded as a space of “even forms” and of
“odd forms” on FE, respectively [1,2,5,6].
Let P4 be the orthogonal projection onto A+(H, K}, respectively, and define

T =P, —P_.

Then T satisifies
=7 I*=T,

i.e., T is a grading operator in A(H,K). The following proposition has been proven in [1].

PROPOSITION 2.10..
D(@4) = D(Q4)

and
Qal'+TQ4 =0 on D(Q4).

Remarks. (i) Proposition 2.10 and Theroem 2.9 imply that the quadruple
{NH,K),A4,Q4,'} defines a supersymmetric quantum theory [3,4,8,12,16,23].

(i) More detailed properties of Q4 and A4 are given in [1].

(iii) Decomposition theorems of the de Rham-Hodge-Kodaira type for the “de Rham
complex” {d4p}>2, and related aspects have been discussed in [5,11].

(iv) For a generalization of the above formalism to the case where the measure pu is
not necessarily Gaussian, see [5,6,9].

I1I. PERTURBATION OF THE FREE DIRAC OPERATOR AND SELF-ADJOINT EXTENSIONS

In this section we consider a perturbation of the free Dirac perator @ 4 introduced in
the last section. Let F' be a K.-valued measurable function on (F, 1). Then we define an

operator E(F) acting in the BFFS with the identification

(53]
AH, K) = / AK)du(8)

E

12



_ )
B(F) = [E B(F(#))du(9). BENEEY

(For the notation, see Appendix.) The following lemma can be proven by applying Propo-
sitions A.1 and A.2 in Appendix A.

LEMMA 3.1. Let F € L"(E,dy; K.) with some r > 2. Then the following (i)-(ii)
hold:

(i) The operator b(F) is densely defined with

D4 C D(B(F))

and closed.
(ii) We have
D4 C D(B(F)*)
and
3 o
iy = [ or@)dute) G

In what follows, we assume that ' € L"(E,du; K.) for some r > 2. We introduce a
perturbed de Rham operator d4(F) by

do(F) =d4 + b(F)*
with D(da(F)) = D(d4) N D(b(F)*). By Lemma 3.1, we have
D4 C D(da(F)*)

and
da(F) = d3 +5(F) on D(d3) 0 D(H(F)).

In particular, d4(F) is closable.
We now define a perturbed Dirac operator by

Qa(F) = da(F) + da(F)”
with D(Q4(F)) = D(Q4)ND(B(F))n D(E(F)*)._It is obvious that @ 4(F) is a symmetric
operator. We denote the closure of Q4(F) by Q4(F). We are concerned with the self-

adjointness of Q 4(F). We first show that QA(F) has self-adjoint extensions. A key fact
for that is given by the following proposition.

13



PROPOSITION 3.2. ] ]
ID(Qa(F)) = D(Qa(F))

and

{Qa(F),T} =0 on D(Qa(F)).

Proof. 1t is sufficient to prove these facts for Q 4(F) replaced by Qa(F). Let ¥ =

-~

{@P}ee | € D(b(F)*). Then we have
(ro)?) = (-1)*e», p>o0. (3.3)

Hence

1(F ()" (CLY DAk = IH(F(@)) E()IAck.):

which implies that T'¥ € D(b(F)*). Thus T D(b(F)*) C D(b(F)*). Since I'? = I, it follows

—~ o~

that D(b(F)*) C T D(b(F)*). Thus we obtain

o~ —~

I'D((F)*) = D(B(F)*). (3.4)

Moreover, we have by (3.3) and (2.6)

(B(F)TE)P(9) = (-1)77* VBF(9) A TF(9),
(TB(F)* )P (g) = (~1)P\/pF(¢) A TP~ (g),

Hence
{5(F)*,T'} = 0 on D(b(F)*). (3.5)
Similarly we can show that B _
| rD(E(F)) = DH(F)) (3.6)
and
{6(F),T} = 0 on D(B(F)). (3.7)

Proposition 2.10 and (3.4)—(3.7) imply the desired result. B

Jorgensen [18] introduecd a notion of abstract Dirac operator: Let X be a complex
Hilbert space and v be a grading operator on &', i.e., 7 is a self-adjoint. operator on & such
that 4 = I (y # £I). A closed symmetric operator T in X is called an abstract Dirac
operator w.r.t. the grading operator = if v leaves D(T) invariant and

{7.T} =0 on D(T).

14



In terms of this notion, Proposition 3.2 is rephrased as follows: The operator Q 4(F) is an
abstract Dirac operator w.r.t. T.

It has been shown in [18] that every abstract Dirac operator has a self—adjomt extension
which is also an abstract Dirac operator. Here we explicitly construct two self-adjoint
extensions of @ 4(F) by employing an idea used in [6,7].

By (2.18), every ¥ € A(H,K) can be represented as

¥y
¥ = 7 , ¥ e AL(H,K).

Then every linear operator in A(H, K) is given by a 2 X 2 matrix with entries being linear

operators. For example, we have
r I 0 (3.8)
= ) 3.8
0 -1

It follows from Proposition 3.2 that there exists a uniqﬁe densely defined closed lin-
ear operator Qa(F}y (resp. Qa(F)-) from AL(H,K) (resp.A_(H,K) } to A_(H,K)
(resp.A+(M,K) ) such that ‘

- 0 Qa(F)-
QalF) = <QA(F)+ 0 ) - (3.9)
The symmetricity of Q 4(F) imp]iés that
Qa(F)y+ CQa(F).". (3.10)
Let . ‘
QP(F) = (QA(OF)+ QA(§)+ ) (3.11)
and

(3.12)

PROPOSITION 3.3. Each Q(’)( F) is a self-adjoint extension of Q4(F) and an ab-

stract Dirac operator w.r.t. T'.

Proof. 1t is easy to see that Q(j)( F) is self-adjoint. By (3. 9) and (3 10), (j)(F) is

an extension of Q 4(F). Using (3.8), one can easily check that QA is an abstract Dirac
operator w.r.t. I'. B
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IV. THE LAPLACIAN ASSOCIATED WITH THE PERTURBED DIRAC OPERATOR

By von Neumann'’s theorem(e.g.,[20, Theorem X.25]), the operator
A4(F) = Qa(F)"Qa(F)

is self-adjoint and nonnegative. We call this operator the Laplacian associated with the
perturbed Dirac operator Q 4(F). The essential self-adjointness of Q 4(F) is closely related
to that of A4(F') as is shown in the following lemma.

LEMMA 4.1. Let © be a core for A(F) such that ® C D(Qa(F)?). Then Q4(F) is
essentially self-adjoint on ®.

Lemma 4.1 follows from an application of a general fact given in the following lemma.

LEMMA 4.2. Let T be a symmetric operator in a Hilbert space X. Suppose that there
exists a dense subspace D such that D C D(T?) and T? is essentially self-adjoint on D.
Then T is essentially self-adjoint on D.

Proof. The fact stated in this lemma should be more or less well-known (cf. [20,
Chapter X, Problem 28]), but, for the sake of completeness, we give a proof. Let T be the
closure of 7. Then, by von Neumann'’s theorem, the operator

L=(T)yT=1°T

is self-adjoint with

D(L)={f € D(T)ITf € D(T")}.

Since T' is symmetric, we have T? C L. Hence it follows that D is a core for L. We can
easily show that for all f € D,

1

ITfIl < %

(L +1)f]l-

Moreover, for all f € D,

0= (Tf,(L+1)f) = (L+DATH < L+

Thus, by applying a variant of Nelson’s commutator theorem (e.g., [19, Theorem X.37 }),
we obtain the desired result. R '

Proof of Lemma 4.1

Apply Lemma 4.2 with X = A(H,K) and T = Q4(F). &
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Employing Lemma 4.1, we shall prove, for a class of F, the essential self-adjointness of
Q 4(F) by proving that of A4(F) on a domain included in D(Q 4(F)?). For this purpose,
we need to know an explicit form of @ 4(F)? on a suitable domain. The rest of this section
is devoted to the computation of Q 4(F)2.

We introduce a class of K -valued measurable functions on E. Let 1 < r,s < oo and
define a norm || - |}, on P4@D(A*) by |

”@”r,s = ”(I)”L'(E,du;Kc) + ”AV Q@ Iq)”Ls(E,du;lCc)®lCc + ”AV bl Iq)”Ls(E,du;ch)®lCc?

where
' A= JcAy.

We denote by W7;*(K.) the completion of P4&D(A*) in the norm || - ||,

DEFINITION 4.3. We say that a K.-valued function ® on E is in the set F;’ if
S D((AV)*) n W:{s(/'cc) and, for all f € D(A) NH, (@zAf)/Cc is real.

Let G be a K. ® K -valued measurable function on E. Then, for a.e. ¢ € FE, we
can define three kinds of quadratic operators < b#[A(G(4))|b* > (see Section 2.2). These
operators can be extended to operators in A(H,K) as decomposable operators:

<FA@F >= [ < FIACENE > dulo).

We introduce

DY =L{Pu(¢(f1)s - 1 &(fa))ur A -+ Aupln,p > 0, Pn € Pp, f; € D(A"A) N'H,
u‘kED(AA*),j=l,2,---,n;k=1,2,---,p}, ‘

which is dense in A(H,K). We denote the closures of the operators AV, AJyV :
L*(E,dp) — L?*(E,du;K.) with domain P4 by the same symbols. The main result of
this section is the following.

THEOREM 4.4. Let F € F;* withr >4 and s > 2. Then, @&2) C D(Q a(F)?) and
Aa(F) =Qa(F)?
—Au+ (AV)*F + ||F|2 + < " A(AV R T F)[5 >
+<BAAV ST F) o> + < b |A(AV R T F)[p* >
+ < bHA(AVQI F)*|b> (4.1)

17



on ’,9542).

Formula (4.1) has been derived in [1] with a different notation for the quadratic oper-

ators in b% (-} and under slightly different conditions, although the details of the derivation
of (4.1) was not given there. The present formulation gives a refinement of the correspond-
ing result in {1} and may be a most general one to obtain such an explicit form of A 4(F)
as (4.1). For these reasons and for the sake of completeness here we present, by a series
of lemmas, a detailed proof of (4 1).

In what follows, we often omit the subscript & in the inner product (-,-)x of the
Hilbert space X if there is no danger of confusion.

Let T be a densely defined closed linear operator from H, to K. such that D(T) N'H
is dense in H.

LEMMA 4.5. Let G € L*(E,du; K.} N D{(TV)*) with some s > 2. Suppose that

there exist sequences {G}32, C P and {e,}32; C D(T*) such that Y0_, Gnen — G in
L*(E,du;K.) as N — co. Then, for all ¥ € Pr,

oC

((TV)*G, W)L"’(E,dﬁ) = Z(—%MT*C"G,L + ¢(T*en)Gm ‘I’)LZ(E,du)- (4.2)

n=1

Proof. Let ¥ € Pr. Then we have

(TV)*G, ¥) = (G, TVY)

[o o]

= Z (Gn) 6T*e.,,‘1{)

n=1 _
= Z(~*T“e.nGn7\Ij)‘

n=1

Then, using Lemma 2.2, we obtain (4.2). B

For each function G € L*(FE,du;K.) with s > 2, we define an operator {?T,G in
L*(E,du) by

D(Vrg)="Pr,
Vre¥ = (G,TVE)., ¥ePr.

By Hélder’s inequality, one can easily show that €7T,G‘I’ € L*(E,du).

18



LEMMA 4.6. Let G be as in Lemma 4.5. Then, %T,G is closable with

D(€7§’,G) D>Pr

and
ﬁ}’G\If = ‘P(TV)*G - VT,G«‘II, ¥ € Pr.

Proof. Let ¥,® € Pp. Then

(Fr.68,7) = /E (TV(8),G(8))x. ¥(6)du

= (V1ee, ®,Gn¥)

n

1
-

M

(®, V5., (G ¥)).

Il
o

n

Using Lemmas 2.2 and4.5, we see that (4.3) and (4.4) hold. &

LEMMA 4.7. Let F € W}* withr > 2 and s > 2. Then the following (i)-(iv) hold:

—~

(i) Da C D(dab(F)*)ND((F)*d,) and
{da,b(F)*} =< B|A(AQ T F)[5" >

on Dy4.
(i) D4 C D(E4H(F)) N D(b(F)dY) and

(d5,6(F)} =< BIA(AQ IF)* B>

on 4. _ _
(ili) D4 C D(dab(F))ND(b(F)da) and

{da,B(F)} =< b*|A(AV QT F)[b > +Var

on @A- _ _
(iv) Da C D(d4b(F)*) N D(b(F)*d%) and

{5, 8(F)*} =< B AAV QT F)*[b> -V 1 p + (AV)*F

on D 4.
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Proof. Tt is easy to see that D4 C D(b(F)#). Tt is sufficient to prove (4.5)~(4.8) for
vectors of the form

\Il.—.{O,---,O,\II(P),O,---,}e@A (49)
with

U =Pr(@(f1), - 0(fm))us Av+ Ay, f; € D(A) N, ui € D(A),

j=1,-- 7’m7k=17"' 1 P-

Throughout the proof, we set

—~—

Pm = Pm(d)(fl)y vt 7¢(fm))
(i) For ¥ given by (4.9), (B(F)*¥)® =0 for k # p+ 1 and

BEY TP (@) = /o F IPaF() At A Ay (4.10)

By the aésumption on F, there exist sequences {F,}22., C P4 and {e,}°%; C D(A*) such
that F(V) .= Zle F,e, satisfies

IFY) — Fllir(g,auic.) — 0, (4.11)
”AV@I F(N) —AVQI FHL’(E',d;L;Kc)®/Cc — 0, (412)
1AV I F\N) _ AV QI Fj

Lo (EduiK ek, — 0, (4.13)
as N — oo. By (4.10} and H8lder’s inequality, we have
[B(FUY*® — B(F)*T|]? = |[b(F — F)* g2
<C [ auBapIF - FOIR,
E

o[ du!ﬁmlq>2/q ([ dutire —Fllkc>2/r

with a constant C' > 0, where 1/¢ + 1/r = 1/2. Hence, by (4.11), we obtain
BFIN G - p(F)*T

as N — co. Since F,, € P, it follows that b(F(M))*¥ ¢ D(d4) and

(dab(FUY0) P = /(p+ D)(p+ 2){n}y + 17},
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where

ny =Z‘97§mAfjAF(N)/\U1/\"'/\Up

j-—l
¢ _ZP AVF, Nen Aug A== A
=1‘5mA ((AV®IF(N))®U1® - ® up).

All the other components of d AE(F (¥ ))*\Il are zero. As in the preceding case, we have

0 =Y O PmAf; AF Aur A+ Ay

j=1
Simlarly, using (4.12), we have
1) = Prdpra((AVR T F) Qw1 ® -+ ® uy).

Since d 4 is closed, we conclude that b(F)*¥ € D(dA) and

(dab(F) 0)P+2) =\/(p+ 1)(p + 2){>_ 8;PnAfi AF Aug A+ Ay

J=1
+ Prdpa((AVRIF)Qu ® - Qup)}t.

On the other hand, it is easy to see that ¥ € D(Z(F)*dA) and

(B(F)*da®)PtD = \/(p+ 1)( Za B A Afj Aup A+ Aup.

j=1

Using the antisymmetry of wedge product, we obtain

({da, o(F) }10)"*) = /(p+ 1)(p+ 2) PrnAdpi2(AVR T FRu1 ® -+ B up).

We have

N
> b(AVEF,)*blen) ur A Aup = /(p+ 1)(p + 2 Aps2((AVR T F) @ ui @ -+ @ up).

=

({da, B(F)}T)PH) = lim S b(AVE,)*b(en)*ur A -+~ A, (4.14)

N——)oo —
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in AP*2(H,K). There exists a subsequene {Ni} such that (4.14) with V = N} holds a.e.
in the strong topology of A(K.). Hence we have for all vy € K¢,k =1,--- ,p+2,

(v1 A+ Avpya, ({da, B(F)*}T)P+2)
Ny
= lim > (b(en)B(AVF)v1 A+ Avpy, TP)

n=1

— 1 Y
Dy

koo
n=1

x m Y (7 AT, 8 @ AVE) UL Ao AT Aw-- ATj A--- Aupyg, T(P))
= (<BAAV QI F)*[b> vy A--- Avpye, TP |
= (1 A+ Aupya, (< B[A(AV @ T F)[p* > ©)(P+D),
where, in the third equality, we have used Lemmas 2.5 and 2.6. Therefore we obtain
({d 4, b(F)*}2)PD) = (< b*|A(AV @ I F)[bp* > 9)P+2D) | ae.

Thus (4.5) follows.
(ii) We need only to show that ¥ € D(d%b(F)) N D(b(F)d%). Then (4.6) follows from
taking the adjoint of (4.5) on D 4. It is easy to see that ¥ € D(b(F)dy). We have

BF)®)P-1 = — Z Y P (Fyujyur A= AT A A up.

Hence, in the same way as in the proof of part (i), we can show that
B(FYNYE — B(F)E
in A(H,K) as N = co. Obviously 5(F{™)¥ € D(d). Moreover, we have
(5 b<F<N>)w><? =

p .
= s D S s PP ) = e, PP,
- j=1 k<)
+ Po(AVF™) up @ uy) — Prn(AVFY u) @ uy)
- (%) PP, ;) 4 (A7) P (F) )}
XU A AU Ao AU AN Up.
By (4.11) and (4.12), the right hand side converges in AP72(H,K) as N — oo. Thus
Y F)¥ € D(d%), i.e., ¥ € D(d% b(F)).
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(iii) We have

P : ’
(dab(FONTYP) =N (1P Y AVER) Ay AT A Ay
j=1
N —
+ ) Pralen,u; ) (AVEL) Aug AT Ao Ay} (4.15)
n=1

In general, we have for all u,,v,,u € K,and N > 1

N

N
1D (unyw)vnll S 1D vn ® @l Hlull:

n=1

Hence
N

1> en,uJ AVF*H,C <AV ® I FM||x. ex. .

n=1

Using this estimate and (4.13), we see that the right hand side of (4.15) converges in
AP(H,K). Thus ¥ € D(d4b(F)). As in part (ii), we can show that

(dab(F)T)®

P
Z )i 1Fuj)(AVPm)/\u1/\ U A Ay
=1

+ Po(< B IAAVRT F)p > ug AT Ao Ay,

.

On the other hand, it is easy to see that ¥ € D(b(F)d4) and
(b(F)d40)?) = (F, AVP)u1 A-- Z YU F,u ) (AVER) Aug AT A+ Au.

Thus (4.7) follows. ’ :
(iv) In the same way as in the preceding cases, we can show that ¥ € D(d%b(F)*) N
D(b(F)*d%). Then, taking the adjoint of (4.7) on D4, we obtain (4.8). ¥

LEMMA 4.8. Let F € L"(E,du; K.) withr > 4. Then ©; C D(b(F)#¥b(F)#) and

{b(F),b(F)"} = . {B(F),®(F)} =0, {b(F)",B{(F)"} =0 (4.16)

on Dy.



Proof. Let ¥ € . Then, by Hélder’s inequality, we have

[IB(F)#B(FY* T < L OINRLIC)

(/ 1F (&)l du(s )4/7(/ ()1 . d ()) )

where 4/r+2/q = 1. Hence DrC D(b(F)#b(F) ). Formula (4.16) follows from the CARs
of b¥(.). §

P}'oof of Theorem 4.4

We have @f) C D(d%da) N D{(dad%) C D4. Hence the domain properties stated in
Lemmas 4.7 and 4.8 imply that @g) C D(Qa(F)?) and we have

Qa(F)? QA+{dA:b<F)}+{dA> F)*}+{d, b(F)} + {d2,b(F)"}
+ (o(F) +B(F)")?

on @g). Then (4.5)—(4.8) and (4.16) yield (4.1). &

As a corollary of Lemma 4.7, we have

PROPOSITION 4.9. Let F € W}° withr > 2 and s > 2. Then
alA(F)2 =0 onD4u.
if and‘ only if
AV @RI F(¢) € A(K)t aed. . (4.17)
Proof. By part (i} of Lemma 4.7, we have
da(F)? = {d4,b(F)*} =< b*|A(AV @ I F)[b* >

on © 4. By the proof of part (i) of Lemma 4.7, < Z*]A(AV ® I F)[p* >=0 on D, if and
only if (4.17) holds. Thus the desired result follows.

Proposition 4.9 gives a necessary and sufficient condition for d4(F') to be nilpotent
on D 4. Under condition (4.17), the last two terms on the right hand side of (4. 1) vanish,
so that the form of A 4(F) becomes simpler.
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V. ESSENTIAL SELF-ADJOINTNESS OF THE LAPLACIAN AND THE PERTURBED
DiraC OPERATOR

In this section we prove that for a class of F, A4(F) and Q4(F) are essentially
self-adjoint on a suitable domain.
Let

% = L{P(d(f1)r - 1 8(Fad)ur Ao - Aupln,p > 0, P, € Pr, f; € C™(A*A),
Uk € COO(A‘_l*),] = 1,... ,n;k = 1,... ’p},

where C(T) := N2 D(T") (T: a linear operator in a Hilbert space). We denote by
Ny the number operator on the Boson Fock space L*(E,du): Ny = dl'y(I), i.e., Ny is the
self-adjoint operator such that N, [ I',(H) = n. We prove the following theorem.

THEOREM 5.1. Let F € F;* withr >4 and s > 2. Suppose that F € X ;T (H) ®
K. for some M < co and there exists a constant C > 0 such that

I HFI, ©llz2(E,du) < CHNe + 1) ¥l 122,40y, (F.1)

WV A*F)¥| L2 ap) < OV + 12 8|12 2,du), (F.2)

AV @I Fllik g, Ullza(z,dn) < CIHNs + 1)°¥)|12(2,d0), (F.3)
AV &I Fllx. ox. Ul ,am < CI(Ns + 19| 12(2,du), (F.4)

for all & € D(NZ). Then As(F) is essentially self-adjoint on DF.
As a corollary of Theorem 5.1, we have the following result.

THEOREM 5.2. Under the assumption of Theorem 5.1, Qs(F') is essentially self-
adjoint on DF.

Proof. This follows from Theorems 4.4, 5.1, and an application of Lemma 4.1 with
D=2 cdP. &

The rest of this section is devoted to the proof of Theorem 5.1. The basic idea for
that is to employ the following theorem.

THEOREM 5.3 ([10}, cf. also [17]). Let M,,n >0, be Hilbert spaces and

M =€BM”

n=0

be the inifinite direct sum of {M,}32,. Let
Do = {f = {f™}2, € M|f™ =0 for all but finitely many n }.
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Let N be the self-adjoint operator such that N | M,, =n ( the degree operator on M ).
Let T be a self-adjoint operator in M which is reduced by each M, and S be a symmetric
operator in M which satisfies the following conditions (i) and (ii):

(i) Do C D(S) and there exists a constant C > 0 such that
15711 < CHN + 1) f1l, € Do.
(ii) There exists an integerp > 0 éuch that for all f € Dy and for fm—n| > p+1,

(™, 87) = 0.

Suppose that T + S is bounded from below on Dy N D(T). Then T + S is essentially
self-adjoint on Dy N D(T). ' ‘

Remark. Condition (i) is a special case of the condition (B1) of Theorem 2.1 in [10}],
i.e., the case L = I with the notation there.

We prepare some lemmas. Let
Pn = ‘C{ Qs(fl) ¢(fn)) : lf] € H:] = 1: ,TL,} C Fn(H):n 2> 0.

Note that P,, L P,, for n # m.

LEMMA 5.4. Let G € @fﬁopj for some M < oo and ®,, € Py, and ¥,, € P,,. Then
the following (i) and (ii) hold:

(i) Iflm—n|> M, then
(®m,G¥n)12(E,du) = 0-
(if) If jm —n| > M -1, then
(®rms (VG)¥n)L2(2,dw) =0
forall f € H,.

Proof. We need only to note that G¥, € @,JCV[:'SnPk and (V(G)¥, € @%:BH"’P;C. ]

We can write



with ‘
Fa= @ Tm(H)8A°(K).
m+p=n

Each element U™ ¢ F, is written as

g(n) — Z g(m.p)

m+p=n
with ¥{P) ¢ rm(Hj ® AP(K.). Let
Pin=L{:o(f1)---¢(fn)) : |f; € CF(A"A),j =1,--- ,n,}, n20.
Then the subspace

Dni= P PLaBA(CT(AAT)B - BC=(44")).

m+p=n

is dense in F,,.

LEMMA 5.5. Let F € F" N [@Y_ T (M) ® K] withr > 4,5 > 2 and M < co. Let
&M ¢ D, W™ € D,.. Then the following (i)-(v) hold:

(i) If|n—m|>2M, then
(&), 1|3, 7)) = 0. 6
(i) Ifln—m|>M+1, then
(@), (AV)*F)E™) \(3.x) = 0.
(iii) Ifln—m|> M —1, then
(™, < B*|A(AV & I F)*[b > U™ 2010) = 0. (5.2)
(iv) Ifln—m—2|>M—1, then
(™, < B |A(AV ® I F)b* > ¥(™) 31y =0 (5.3)
v) Ifln—m+2|>M—1, then

(2™, <BIAAV ® I F)"[b > W) x5 ) = 0.



Proof. (i) Let F'Y) be as in the proof of Lemma 4.7. Then we have

(@™, |IF|I%,¥™) = lim (8™, ||F5, wt™)

No—roo
N
=4, > (enre)(®, Ff F ™).
k=1
N
- i : (s,p) * (r,p)
‘ Nh—rynoo Z(Ek,eg) Z Z (@n ’FkFe‘I'm )7

k,f=1 s+p=n rt+p=m

Since Fy, € ©M_,T,,(H) for all k, it follows that FyFy € ®2M I'(H). Hence, by Lemma
5.4(i),
(809, FfFuGP) = 0

if |s —=r| = [n —m| > 2M. Thus (5.1) follows.
(ii) It is sufficient to show that, if [s — 7| > M + 1, then

(Ps, (AV)*F)Qr) =0 (5.4)
for all P, € PY,,Q» € PZ,- We have by Lemma 4.5

N
(Ps, (AV) FQT‘) = hm Z(Psa (’“{7171:4“6ka + ¢(A%er) Fi)Q-),

N —co
k=1

which, together with Lemma 5.4(ii), implies (5.4).
(iii) By the proof of Lemma 4.7(iii), we have

2

(@, < b*]A(AV ®1I F)|b>¥m) = Z &M, o(ATHV Fr)* blen)T(™).
k=

Since b(u)*b(v) maps AP(K.) into itself, it turns out that we need only to show that, if
|s—r|>M -1, then :
(P.sn (u7AJ'HVFk)K:CQr)

for all P, € PY,,Q- € PE,,u € K. and k > 1. This follows from Lemma 5.4(ii). Thus
(5.2) follows.
(iv) By the proof of Lemma 4.7(ii), we have

(27, <FIMAV ST F)lb* > ¥ = Lim 5 (87, H(AVER)"b{en)"¥™).
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Since b(u)*b(v)* maps AP(K.) into AP*2, it turns out that we need only to show that, if

s —r| > M -1, then :
‘ (}%70%‘4VT%)KJQT)=:O

for all P, € PL,,Q- € PL,.,u € K. and k > 1. This follows from Lemma 5.4(ii). Thus

(5.3) follows.

(v) Similar to the proof of (iv) or consider the adjoint relation of (5.3). N

We denote by N¢ the number opefator in A(K.):Ng = dlg(I), ie., Ny is the self-

adjoint operator in A(K.) such that Ny | AP(K.) = p.
LEMMA 5.6. Let T € ITo(K.). Then, for all ¥ € D(N;/?-)’
| < b*|Tlb > ¥|| < |IT|| |1V} ],

| < BT > || < TN} e,
| < &*|T16" > T < |ITl /)N + 2)Y22].

Proof. Let T be as in (2.7). Let ® € A(K.) and ¥ € Af(K.). Then
N
(2, <¥ITIb > D) < D Pnll(b(90) @, 5(¥n) ¥)

n=1

N
< 3 alial] (o)D)l

N N
< Q0 PP Hbwn) IR 8-
n=1 n=1

We have
N
>l =713
n=1 .
and
N fore)
D 1b(un) B2 = > (F, b(yn) b(thn) ¥)
n=1 n=1
< (¥, N;¥)
= ||V} w2,
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Hence we obatain - ,
(@, < b*[T|b > ¥)| < ||T |1V}l |l2ll,

which implies (5.5) with ¥ € A¢(K.). Since A¢(K.) is a core for Ny, a limiting argument
gives (5.5) with ¥ € D(N}ﬂ). Similarly we can prove (5.6).

To prove (5.7), we recall that, if T € Zp(K.), then T* € Z5(K.) and [|T|[2 = ||T*|2
(e.g.; [18, §V1.6]) and note that (5.6) implies that K :=< b|T*|b > (Ns+¢)~1/? is bounded
for all € > 0 with ||K|| < ||T*||2 = ||T||2. Hence its adjoint is bounded with ||K*|| < ||T|l2.
On the other hand,

K*=(Ng+e) 2 <b*[T|6* >  on Ag(K.).
Hence, for all ¥ € A¢(K.),
(N5 +e)7H2 <b*IT)6" > ¥l < 1Tl 12l
Note that
(Nf +6) 72 < b*|T|b" > T =< b*|T|b* > (N; + 2 +¢)~ 128,

Thus we obtain
|| < b*|T|8* > T|| < [|T]]2}}(Ny + 2+ €)1/20]].

Taking the limit € — 0, we have
| < o[Tfo" > Tl < ITII(Ny +2)'/2 ],

Thus (5.7) follows.
We are now ready to prove Theorem 5.1

Proof of Theorem 5.1

Let
Hy =||Fll%,, H2=(AV)'F,
Hy =<0 |A(AVQ®I F)p>, Hy=<b{(AAVQI F)*[b>,
Hs =< b |A(AV QI F)[p* >, Hg=<b{(AAV &I F)*[b>,
and

6
Ur =) Hj,
i=1
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so that, by Theorem 4.4,
AA(F) = QA(F)2 =As+Up on @f

Let
N=N,Q®I+1I® Ny.

Then we have :
NI F,=n.

By Lemma 5.6 and (2.12), we have
VIR, P < [ 1479 @ T F@IPING ¥ du(s),
1P < [ (A7 © T PP + 276 R e 2u(0)
1 < [ 14V @ T PPN H(0)| k. du(e),
for all ¥ such that the right hand sides are finite. Let G be a function on E such that

G| 12 (2,0 < CH(Ny + 12| 12(m,ap) -

Then, for all ¢ > 0 and € > 0, we have

[E IGO)PINs + V2B (@) ., ()
< [IGOPIF@ e

< [ 10+ OB Reedute) + 32 [ IGE IO du(®)

=el|(Ns @71+ VYR iy + I GP @ T ¥|[3 5 1
< Cil(N 4+ 193 3.)

(Nf+ )% (D) |akc.ydm(9)

with a constant C; > 0. Hence, using the conditions (F.1)-(F.4), we obtain
HHJ\I’“/\('H,K:) < D||(N+1)2‘I’”/\(H,K.)1 v ED(N2)7 ]:17 167 (58)

with a constant D > 0. Lemma 5.5 implies that, for all o7 ¢ ’D‘n,\I!("‘) € D,, with
In —m| > max{2M,M + 1},

(q)(n), H]'\Ij(m))/\('H,IC) = 07 ] = 17 e 16‘ (59)
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Since D, is a core for N2 and we have (5.8), we can extend (5.9) to all ®™ ¢ F, and
T(™) e F,.. Hence it follows that

(@), Up®™), x) =0, & eF,, ol ¢ Fom-
We also izave from (5.8)
1Qa(F)*¥|| < Cl(Aa + N + )T}, T eDF, (5.10)
with a constant C' > 0. It is not so difficult to show that D is a core for A4 + N2 (e.g.,

apply Theorem VIIL11 in [19]). Hence we can extend (5.10) to all ¥ € D(A4) N D(N?),
at the same time, obtaining :

D(A4) N D(N?) € D(Qa(F)?)

and

AA(F)=Qu(F): = As+Up on D(A4)N D(N?).
By fhese results, we can can apply Theorem 5.3 to the present case with
M = AH,K),M, = fn,lfv =N,T=0A4S=Usp
to conclude that A4(F) = Q4(F)? is essentially self-adjoint on D(A4) N Dy with
Do = {T = {¥M}2 e A(H, )T ¢ F,, ¥ =0 for all but finitely many n}.

Finally we show that D% is a core for A4(F) = Q4(F)%. Let ¥ = {¥(™}=_ ¢
D(A4) N Dg. Then there exists an M < oo such that Pl = 0 for all m > M. Let
glm =3 e with U9 € T,(H) ® AP(K,). Since A4 is reduced by each

s+p=m

Fop :=Ts(H) @ AP(K.)

and

Dep :=PF, @ Ap(C®(AA*) @ ---RC™(AA*")) C DY
is a core for Ay [ F, p, there exists a sequence {¥2P(n)}o2; C D, , such that

\yg,p)(n) — \Ifﬁ;’;”),
A TP (n) 5 A TP

as n — 0o. Hence, putting



2

we have

U(n) > ¥,
Ag¥(n) — A0, (5.11)

as n — co. Since N2T2P) = m2¥2 it follows that
N?¥(n) - N?¥

as n — oo. Hence, by (5.8),
Upl(n) — Up¥

as n — oo, which, together with (5.11), gives
AA(F)T(n) = Aa(F)T
as n — oo. Thus D(JAA) NDy is included in the domain of the closure of A 4(F') restricted

to D% . This result and the essential self-adjointness of A4(F) on D(A4) ND; imply that
A 4(F) is essentially self-adjoint on ©DF.

VI. A CLASS OF SMALL PERTURBATIONS FOR THE FREE DIRAC OPERATOR

For functions F satisfying the assumption of Theorem 5.1, the perturbation

—~

Vr = b(F) + b(F)*

is not necessarily small w.r.t. the free Dirac operator () 4. We can also consider a class of
F such that Vg is “small” w.r.t. Q4.

THEOREM 6.1. Let FF € L"(F,du;K.) with some r > 2. Suppose that
D(dTy(A*A)) C D(||F|l%,) and there exist constants a € [0,1/4] and b > 0 such that

(2, 1P, )] < a(¥,dTy(A7A)T) + b||¥|[*, ¥ € D(dT5(A"4)).

Then D(Q4) C D(Vp) and Qa(F) is essentially self-adjoint on e‘very core of Q4. In
particular, if 0 < a < 1/4, then Qa(F) is self-adjoint on D(Q 4).

Proof. Let
P = L{Pa($(f1), 1 0(fa))n 2 0, Pn € Pn, f € C°(A%A),j =1, -+ ,n}
and {£,}5%; be a C.O.N.S. of A(K;). Then the subspace
€ = L{nénln € PF,n > 1}
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is dense in A(H,K). Let ¥ € €, so that it is written as

N
¥ = Z nnEn

n=1

with an N < oo and 7, € PY. Then we have

(@A, = ann A

Hence we have -

. |
BEY* iy < 3 [ IF@ln(o)Pa

= Z Ty HF”}c M) L¥(E,du)

n=1
< Z{a(nn_, dTs(A* A)1p) + b(71n, )}
n=1
= o{¥, dT3(4"4) © I + 1 ¥ e
Since € is a core of d's(A*A) @ I, it follows that D(dl',(A*A) @ I) C D(b(F)#*) and
|[o(F)# U2 k) < (¥, d05(A%A) @ TT)a(r i) + BT A i)y ¥ € D(dTH(A*A) @ I).
It is obvious that D(Q%) = D(A4) C D(dl"b(A*‘A) ® I) and
(T,dT5(A%A) @ IO Ay € (0,800 air0) = 1Qa¥ A k), ¥ € D(QE).
Hence we obtain
lI6(F FY* U ) < allQa¥l iy + 01 A0x) ¥ € D(QY).

Since D(Q:’A) is a core of @4, this inequality extends to all ¥ € D(Q4) and we have
D(Q4) C D(b(F)#). Thus we obtain D(Q 4) C D(VF) and

IVe¥|lai) < 2VallQa¥||ac i) + 2VO[[E|Iacnx), ¥ € D(Qa),

which, together with the Kato-Rellich theorem (e.g., [20, Theorem X.12]) and Wiist’s
theorem [20, Theorem X.14], implies the desired result. W
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VII. EXAMPLES

In this section, we discuss examples of the perturbed Dirac operator Q 4(F). If there
is no danger of confusion, then we omit the subscript X in the norm || - ||x of the Hilbert

space &X.

EXAMPLE 1. Let {e,}22; be a C.O.N.S. of K. with e, € D{A*) for all n > 1 and

{frtozi{gntnz: C D(A) such that

Z falPllgnll® < oo,
n=1

0

> AL P llgall® + 12l Agal?) < 00,

n=1

> llA%eall [Hall Hlgnll < oo,

and,\ foral N > 1,

Let ’
F(N) Z fn)¢ gn) en

Then we have

@Ik, = D1 $(Fa)élgn) :

Let » > 2. Then

WEN g gy = HZ[ B(£2)0(0n) : P N 5 )

2

r/2
(Z If: o ”LT(E’ d“))

By the hypercontractive estimate (e.g., [22, Theorem 1.22]), we have

Il 2 &(fn)(gn) : Horeawy < (r =Dl 0(fn)o(gn) : I2( 2 dp)-

In general, we have
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lé(h1) - S(Am)¥llL2( 2,4y < 27 H [R5l )I(No + m)y™ 2], ¥ € D(N;?). (7.5)

(This can be easily proven by using the unitary equivalence between L2(E,dy) and the
Boson Fock space over H, and the number operator estimates for the annihilation and the
creation operators, cf., e.g., [22], [20, §X.7].) By (7.5), we have

I: 6(Fn)b(gn) : Hle2(m,am < Cllfalt Hlgnll

with a constant C > 0. Hence we obtain

N r/2
I 2 e,y < ((7" -1)%¢* ) an”?'”gn”z) '

By using this estimate and (7.1), we see that F") converges as N — oo to

oo

Fi=Y": ¢(fn)(gn) : €n - (16)

n=1

in L"(E,du; K.). Condition (7.4) implies that for all f € D(A) and a.e.¢, (F(¢), Af)x, is
real.

We have
N .
AVQEI F) = Z(¢(9n)‘4fn Qen+ ¢(fn)*4gn b2y en)7
n=1
AVRIFU = "(B(gn)Afn ® en + ¢(fn)Agn ® €n).
n=1 B
Hence

[AV® I F N) ”IC = Z{I‘b (gn) IQHAfn” + 2Re[p(gn)" Cb(fn)(AfmAgn)]

n=1

+6(fn) P Agnll*}
N
<2 (18(gn) Pl ALl + 16(£2) Pll Agall®)-

n=1

In the same way as in the preceding case, we can show that

2

&

N

. r/
1AV & T FOI5 5 e e, < C{Z(IlAfnll2I|9n112 - ||fn||2||Ag,,|12>}

n=1
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-

with a constant C > 0. Hence, by (7.2), AV ® I F() converges to AVQ I F in
L"(E,du;K.) ® K. as N — oo. Similarly we can show that AV ® I F'™) converges
to AVQI Fin L"(E,du; K.) @ K. as N — co. Thus we have proved that F € W7*(K,)
for all 7,5 > 2.

Let ¥ € P4. Then

oo

(F,AVE) L2 (B auxy = D (Viee, : 8(Fn)$(9n) 5 9) L2(E,d0)

n=1

= Jim (Gy,¥)12(5,an);

where

N
Gy = Vi, : $(F2)8(gn)

n=1
We have
Viiee, 1 0(fn)8(gn) = —(A%€ny [2)0(9n) — (A%€ny gn)d(fn) + S(A%en) : &(fn)B(gn) : .

Hence

" N
G~z (E,dw) < C Y [1A%nll 1 fall llgall

n=1

with a constant C' > 0. Hence, by (7.3), Gn converges to

G = Z VA* 1 0(frn)d(gn) :

in L*(E,du) as N — co. Therefore we obtain
(Fy AVY) 2B duic,) = (G ¥) L2(8,du)

which implies that F € D((AV)*) and (AV)*F = G. Thus we have proved that F € F;’
forall r,s > 2.

We next show that the function F given by (7.6) satisfies the estimates (F.1)—(F.4) in
Theorem 5.1. We have :

(E,du}-

Ik, 22 (2,0 < 2 1= 6(fn)d(gn) :

< Z'Ifn” lgnlI*)1IC
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with a constant C' > 0. Hence (F.1) is satisfied. Similarly we can show that F satisfies
(F.2)~(F.4). Thus the function F satisfies the assumption of Theroem 5.1. In the present
case, we have

Qa(F)=Qa+ 2{1 B(F2)B(gn) : B(en)*+ : O(fn)P(Tn) : blen)}, -
A4(F) = Qa(F)?

- A4+z{ | 8(£a)6(a) ¢ = (B, £2)0(am) — (Fem, gm)0(f2)

+ ¢(A%en) : ¢(fn)o(gn) : +d’(gn)b(Afn) b(en)+¢(fn) (Agr)*b(en)
+ 6(gn)b(en) D(Afn) + 8(fn)blen) b(AGn) + ¢(gn)b(Afn)"blen)”

+ ¢(fn)b(Agn)*blen)” + #(Fn)b(en)b(Afn) + ¢(fn)b(en)b(Agn)}, - (1.8)

on @Ef), where the right hand sides of (7.7) and (7.8) converge strongly on @f). In
summary, we have prove the following fact.

THEOREM 7.1 Assume (7.1)-(7.4). Then the Dirac operator Qa(F) and the Lapla-
cian As(F) defined by (7.7) and (7.8), respectively, are essentially self-adjoint on DF .

EXAMPLE 2. Let G be a measurable fucntion on (E, zz) such that
G(¢) > 6 ae. ¢ (7.9)
with a constant é > 0. Suppose that
ker A = {0}, (7.10)
so that A*A is invertible and (A*A)~! is self-adjoint. Let {fn.}3%; C D((4*4)~/?)
satisfying ~

SISl <0, 6 Y AL < o (711
n=1 n=1

Let {€,}22; be a C.O.N.S. of K.. For each N = 1,2,---, we define

S &(fn)en

Then we have

SN b))
G2

1Fx()lk. =
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In the same way as in the preceding example, we can show that for all » > 2

N 1/2
”FN“L’(E,d#;ICc) <C (Z ||fn“2) .

n=1

Hence Fy converges to

S Zf: (fr)en
Fi= =200

as N — oo in L™(E,du; K.). The perturbed Dirac operator associated with the function
F' is of the form '

Qu(F) = Qu+ 3 ARlenl L OU)Nen) (112
n=1

THEOREM 7.2. Assume that (7.9)—(7.11). Then the Dirac operator Q 4(F) given by
(7.12) is self-adjoint on D(Q 4) and essentially self-adjoint on every core for Q4.

Proof. The following estimate is well-known:

16(F) 2 225 < 2AN(AA) 7 |l lADs (A" A 2T+ £l 11T,
¥ € D(dT,(A*A)12).

Using this estimate, we have

(T, PR, 9)] < 672 5 (W, |6(£)20)

n=1

<62 <SZ |](A*A)‘1/2fn||2> (T, dT(A* A)T)
+257 ) |I£RIPIIP, ¥ € D(dT5(A"A)).
n=1

Hence, by (7.11), we can apply Theorem 6.1 to obtain the desired result. N

VIII. APPLICATION TO MODELS OF SSQFT

In [1] the author showed that some models of SSQFT are given as concrete realizations
of the abstract theory described in Sections II-IV. In each of those models, the Dirac opera-
tor Q4(F) and the Laplacian A 4(F') correspond to a supercharge and the supersymmetric
Hamiltonian, respectively. Hence we can apply the results obtained in the present paper
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to the those SSQFT models to prove the essential self-adjointness of their supercharges
and supersymmetric Hamiltonians. Here we only state the results on the N =1 and the
N = 2 Wess-Zumino (WZ) models. For the details of these models, see [1,16]. We follow
the notations of Section VII in [1].

8.1. The N =1 WZ model on a cylinder

The Hilbert space of state vectors of this model is the BFFS LY(D(T}Y,duo) ®
A(L*(T})) (the case where E = D(T})',K. = L*(T})) and a supercharge of the model
is given by

1 | | -
Q=0+ — /T (0 + - (@) (el +b9u()de

where a and b are real constants. Applying Theorems 5.1 and 5.2, we can show that Q,
and Q% (the supersymmetric Hamiltonian of the model) are essentially self-adjoint on the
subspace

L{P(d(f1)r 1 0(fn))ur A-e- Aup|P € Py, fj,ux € Cw(Tel),j =1,.-,n,
k= 17' Y 2NV Y > O}

8.2. The N =2 WZ model on a cylinder

The BFFS for this model is L*(D(T}) x D(T})', duo @ duo) @ AN(LA(T}) @ L2(T})).
A supercharge of the model is given by '

G = Qo - 75 /T (P (0n(a)) + ¥a(a) PR + () P(2e(e))
2 (2)* P (2)) e,

where
P(z) =Az* + pz, z€C,

with constants u, A € C. Applying Theorems 5.1 and 5.2, we can prove that é,; and éi
are essentially self-adjoint on the subspace

L{P(¢(f1®g1), 1 d(fa @ gn)) (U1 B VL) A=+ A(Up @ Vp)| Py € P,
fjagj’ukyvk € COO(Tll)’j = 17"' 7n7k = 17 Dy, p > 0}

Remark. The above results can be extended to the case where the one-torus Tel is
replaced by R and a space-cutoff function with suitale regularities is introduced in the
interaction term of Q. (resp.Q«).
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APPENDIX. SOME FACTS ON DECOMPOSABLE OPERATORS

Let (M, ) be a measure space and H be a separable Hilbert space. We say that an
operator A in the Hilbert space

5
LM, duiH) = | Hdu(m)
M

is decomposable if for a.e. m € M, there exists an operator A(m) in H such that

D(A) {fe L2(M du; H)| f{m) € D( (m)) a.e.m € M, A(m)f{m) is measurable,
[ 1Am) )l < o0}

and, for all f € D(A4),
(Af)(m) = A(m)f(m) a.e. m.

In this case we write

&
A= / A(m)du(m).

M

The A(m) are called fibres of A (cf. [21, §XIIL.16]).

PROPOSITION A.1. Let A be a decomposable operator in L*(M,du;H) such that
each fibre A(m) is closed. Then A is closed.

Probf. Let f,, € D(A) such that Af, — g € L2(M,dp; M) and f, — f € L*(M,dw; H)
as n — co. Then it follows that there exists a subsequence {nk}$>; such that for a.e. m

Fo () = (), A(m) fug(m) — g(m),

as k — oo in the norm of H. The closedness of A(m) implies that f(m) € D(A(m)) and
g(m) = A(m)f(m). Hence f € D(A) and Af = g. Thus A4 is closed. B

We denote by LP(M,du)®H the algebraic tensor product of LP(M,du) and H.

PROPOSITION A.2. Let (M,u) be a probability measure space. Let A be a de-
composable operator in L*(M,du;H) such that each fibre A(m) is bounded on H and
HAG| € LP(M,du) for some p > 2. Let r = 2p/(p — 2). Then A is densely defined
with : :

D(A) D L™(M,du)@H (A.1)
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and A* is given by

&
A = /M A(m)*dp(m). (A.2)

Proof. Since A(m) is bounded, D(A(m)) = H so that for all v € L2(M,du) and
f € H, we have u{m}f € D(A(m)). Let u € L"(M,du). Then, by Holder’s inequality,we
have -

[ 1aemyutm) i < [ m)PlAEIPl s
r[2 p/2
< ([ wemras) ([ nawmiede)” 1B < oo.

Hence u(-)f € D(A). Thus (A.1) follows. Since the subspace L™(M,du)®@H is dense in
- L3(M,du; M), it follows that D(A) is dense in L3(M, du; H).
Let f € D(A*) and A*f = g. Then, for all A € H and u € L"(M,du), we have

[ stmynomyd =0, (4.3)
M .

where n(m) = (A(m)h, f(m))x — (h,g(m))x. Let s = 2p/(p+2), so that 1/r +1/s = 1.
Then, by Hélder’s inequality, we have

p/(p+2)

(A(m)l] llf(?n)llw)sduﬁ MA(m)|[Pdu e 1f () 3o < oo.
M M M

Hence (A(:)h, f(-))n € L*(M,dy). Similarly we have (f,g(-))» € L*(M,du). Therefore
n € L*(M,du). Since L*(M,du) is the dual space of L"(M,du), (A.3) implies that n{m) =
0 a.e.m. Hence (A(m)h, f(m))y = (h,g(m))s a.e.m. Since H is separable, it follows that
A(m)* f(m) = g{m) a.e. m. Hence we obtain

D(A)C D ( / ? A(m)*du(m)) . (A.4)

M

It is easy to see that the converse inclusion relation of (A.4) holds. Thus (A.2) follows. B
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