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Scaling Limit of Anticommuting Self-adjoint
Operators and Nonrelativistic Limit of
Dirac Operators'

Asao Arai
Department of Mathematics, Hokkaido University, Sapporo 060, Japan

 Let A and B be two anticommuting self-adjoint operators and V(&) be a sym-
metric operator in a Hilbert space, where £ > 0 is a parameter. We prove that,

under some conditions for V( ) the resolvents of kA + k2B + & |Bl + V( )

converge as K — 00. This solves in a most general form the nonrelat1v1st1c limit
problem of Dirac operators.

I. INTRODUCTION

Since Vasilescu [13] introduced a proper notion of anticommuta-
tivity of (unbounded) self-adjoint operators, some progress has been made
on the theory of anticommuting self-adjoint operators (A.C.S.0.)[10,7,1-
3]. Samoilenko [10] and Pedersen [7] considered conditions equivalent to
Vasilescu’s original definition of anticommutativity of self-adjoint operators
and discussed some fundamental aspects of A.C.S.0. In [1] we investigated
more detailed properties of A.C.S.0. including commutation properties of
the partial isometries associated with A.C.S.0. and applications to Dirac
operators. In [2] we gave a new and “natural” characterization of anticom-
mutativity of self-adjoint operators in connection with Clifford algebra and
applied a result obtained as a by-product of the characterization to the
self-adjointness problem of operators of Dirac’s type. In [3] an application
of the theory of A.C.S.0. to supersymmetry is given as well as a summary
of the main results in [1,2].

In this paper we consider scaling hmlts of the sum of two A.C.S.0.
A motivation for this work comes from the nonrelativisitic-limit prob-
lem of Dirac operators, which has been extensively discussed in both the
physics and the mathematics literature (e.g., [5], [12, Chapt.6] and refer-

"This work is supported by the Grant-In-Aid 05640139 for science research from
the Ministry of Education, Japan.



ences therein). As is well-known, Dirac operators in relativistic quantum
mechanics have a parameter ¢ > 0, physically meaning the speed of light.
The nonrelativistic limit of these Dirac operators is then obtained by taking
the limit ¢ — oo in a suitable sense. As already remarked in [1], it is more
natural to regard Dirac operators as concrete realizations of the sum of two
A.C.S.0. in the abstract form or of its perturbations. In other words, the
sum of two A.C.8.0. or its perturbations give a most abstract form of Dirac
operators. Thus we are naturally led to consider the nonrelativistic-limit
problem of Dirac operators in the framework of the theory of A.C.S.0.
This view-point, which gives a most general idea for the problem under
consideration, has not ezplicitly been taken in the literature.

The present paper is organized as follows. In Section IT we present
some known facts on A.C.5.0. Let A and B be A.C.S.0. in a Hilbert space
H (Definition 2. 1) and kK > 0 be a constant. Section III concerns the limit

Kk — oo of the operator -
| H(k)=kA+ K?B. (1.1)

In applications to Dirac operators; this limit corresponds to the nonrela-
tivistic limit with x = ¢. It follows that H(k) is self-adjoint (see Lemma
2.2(vi)). One finds that, in considéring the limit mentioned above, the op-
erator H (k) itself is not a suitable object, but, the “renormalized” versions
of H(k) defined by -

HE (k) = H(x) £#2|B| (1.2)

are suitable ones*. It is shown that HX*"(k) are essentially self-adjoint
(Lemma 3.1). We consider the limit k — oo of these operators in terms of
the resolvents (H5"(k) — z)~1,2 € C\ R. It is shown that this problem is
reduced to the case where B is injective. Let

= inf o(| B|), : | (1.3)

the infimum of the spectrum of |B|. We shall see that the topology of the
convergence of (H3"(k) —z)~! has to be taken differently corresponding to
the case m > 0 and the case m = 0. Thus we discuss separately these two
cases. We prove that, in the case m > 0 (H¥"(k) — z)~! converge in the

*For the physical reason of this procedure in the context of the usual Dirac
operators, see [12, p.177, Remark 1].



operator-norm topology as £ — oo (Theorem 3.2), while, in the case m = 0,
they converge in general only in the strong topology as & — oo (Theorem
3.5). The idea of the method of the proof is similar to that of the methods
used in [5] and [12; Chapt:6]; but; we need some modifications (in particular,
in the case m = 0) due to the fact that B is not necessarily bounded. We
give a counter example, which exemplifies that, in the case m = 0, the
topology of the convegence of (Hi(k) — 2)~! cannot be strengthened in
general to the operator-norm topology. Section IV is devoted to extensions
of the limit theorems established in Section III to the case where Hi"(k)
are perturbed by a symmetric operator. In the case m = 0, we adopt a
III; we use the abstract Foldy-Wouthuysen transformation introduced in
[1] to prove a convergence theorem for the perturbed operators.

In the present paper we do not discuss concrete examples of Dirac
operators, for which we refer the reader to [12].

II. PRELIMINARIES

In this section we recall some basic facts on A.C.S.0. We denote
by D(A) the domain of the operator A. For two linear operators A and B
acting in a Hilbert space; D(A + B) is always taken to be D(A) N D(B)
unless otherwise stated.

DEFINITION 2.1 [7]. Two non-zero self-adjoint operators A and
B in a Hilbert space are said to anticommaute if, for all t € R, &4 leaves
D(B) invariant and
| 4B C Be "4,

Remark. It can be shown that this definition is symmetric in A
and B [7]. For definitions equivalent to the above one, see [13,9,7].

B A self-adjoint operator A in a Hilbert space has the polar decom-
position

A =UylA|

with U4 a partial isometry uniquely determined by the condition kerUy =
ker A [6, p.358]. The self-adjointness of A implies that Uy is self-adjoint.

3



We say that two self-adjoint operators in a Hilbert space are said
to strongly commute if their spectral measures commute. The following
lemma summarizes some fundamental properties of A.C.S.O.

LEMMA 2.2 [13,7]. Let A and B be A.C.5.0. in o Hilbert space.
Then the following (i)-(vi) hold: |

(i) UBA - —AUB and UAB C —BUA.

(ii) Ug|A| C |A|Up and Ua|B| C |B|Ua.

(iii) |A| and |B| strongly commute.

(iv) UaUp + UgUy, = 0.

~ (v) A and | B| strongly commute, and B and |A| strongly commaute.

(vi) A+ B is self-adjoint. |

Let A and B be A.C.S.0. in a Hilbert space H. In the rest of
this section, we assume that B is injective. Then Up is unitary and self-
adjoint. It follows from Lemma 2.2(i) that Ug # +I, where I denotes
identity. Hence we have the orthogonal decomposition

£

Hye = kéI‘(UB F I).

f:hEH:i:} | o (21)

with

The orthogonal projections onto H. are given by
. 1 .
P, = -Z—(I:l: Ug). (2.2)

Relatively to the decomposition (2.1), every linear operator in H is repre-
sented as a 2 X 2 matrix with entries being linear operators. For example,

we have .
I 0 I 0 0 0
UB - ’ P_|_ = ) P_ = . (23)
' 0 -1 0 0 0 I
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Since | B| strongly commutes with Usg, it follows that | B| is reduced by H..

Hence /18] ;
B={" " , (2.4)
0 —|B|-
where |B|+ = |B| | Hx.
Lemma 2.2(ii) implies that |A| also is reduced by H, so that
Al 0
14] = : (2.5
0 |4]= |

‘Moreover, it follows from Lemma 2.2(iv) that there exists a unique partial
isometry W, with intial domain (ker A) NH, and final domain (ker 4)* N
H= such that

0 W3 '
Ua = —. (2.6)
Wa O | ‘
By (2.5) and (2.6), we obtain
0 WilA|-
WalAly 0

Denéting by e+ (A) the orthogonal projections onto (ker 4)- NHa, we have

er(A) = WiWa, e_(4)=WaW}. (2.8)
Noting the well-known fact that (ST)* = T*S* for all bounded linear oper-
ators S and densely defined linear operators T and using the self-adjointness

of A, we have

Al W3 = W3H|A|-, [A|-Wa=Wal|Al+. (2.9)

LEMMA 2.3. The self-adjoint operator |A|+ (resp. |A|-) strongly
commutes with |B|4 (resp. |B|-). Moreover,

Wal|Bly C |B|-Wa. (2.10)
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Proof. The first half of this lemma follows from Lemma 2.2(iii).
The relation (2.10) is proven by rewriting Lemma 2.2(i) using (2.4) and
(2.6). B

Remark. The matrix repesentations (2.4) and (2.7) together with
Lemma 2.3 were given in [1, Theorem 4.1] without proof.

Let
K= %A?|B|"1. | (2.11)

with domain Do(K) := D(A2?|B|~1) N D(|B|~* 42).

LEMMA 2.4. The operator K is essentially self-adjoint and non-
negative, satisfying

1 1.5 1 _
K = >|B|7*A% = |A||B|'A| on Do(K). (2.12)

Motreover, the closure of K is reduced by Ha .

Proof. By Lemma 2.2(iil), A? and |B| strongly commute, which
implies A? strongly commutes with |B|~!. In general, the product ST of
two strongly commuting self—adjomt operators S and T in a Hilbert space
is essentially self-adjoint on D := D(ST) N D(TS) and ST = TS on D.
Thus the assertion on the essential self-adjointiiess of K follows. Noting
that A2 = |A|? and employing the functional calculus, we obtain the second
equality in (2.12), which implies the nonnegat1v1ty of K. The reducibility
of K to H+ follows from Lemma 2. 2(ii). ®

We denote the closure K by the same symbol and by K. the
rediiced parts of K to H, respectively.

The operators K can be identified more explicitly as follows.
Given a self-adjoint operator S in a Hilbert space, we denote its spectral
measure by Eg. By Lemma 2.3, Ej4), (resp. Ej4_) and Ep|, (resp.
E, B|_) commute. Hence we can deﬁne a two-dimensional spectral measure
Ezl: by

E:;: =lr’j'|A]:E ®E|B|:|:- (2.13)
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LEMMA 2.5. The following operator equalities hold:

Ky =/‘/\—2dE:i:(/\ 14): | (2.14)

Proof. Let K. denote the operators on the right hand side (RHS)
of (2.14). By the injectivity of B, E+(R x {0}) = 0. Hence K. are self-
adjoint. By the functional calculus, one easily sees that K. [ Do(K)NH4 C
I?;t, which, together with Lemma 2.4, implies (2.14). B

III. SCALING LIMIT (I)

Let A and B be A.C.S.0. in a Hilbert space H and H(k) and
HE" (k) be given by (1.1) and (1.2), respectively.

LEMMA 3.1. The operators H" (k) are essentially self-adjoint.
Proof. By the anticommutativity of A and B, we have

|H(&)FI? = |IkAFIIP + |18* BFI)®
for all f € D(A)N D(B) [13]. Hence
Is*|BIfIl < 1H(®)FI*,  f € D(4)ND(B),

which, by Wiist’s theorem (e.g.,[9, Theorem X.14, p.164]), implies the de-
sired result. B

In what follows, we denote the closures of H™(x) by the same
symbols, respectively.

Our aim in this section is to investigate the limit x — oo of the
resolvents of H. ren( ). We first remark that, it is sufficient to consider only
the case where B is injective. To explain thlS suppose that ker B # {0}.
Then we have the orthogonal decomposition

Hzﬁ@kerBzﬁ@keﬂBl

with H = (ker B)*. One can show that |B| strongly commutes with 4, B,
and Hi"(k). Hence A, B and H™(x) are reduced by H. Let 4, B, and

7



H¥"(k) denote the reduced parts of 4, B, and H" (k) to H, respectively.
Then it follows that A and B are A.C.S.0. and

KA + k2B + k2| B| = Hi ()
on D(A) ND(B ) On the other hand, we have for all f € ker B

(B () = )71 = (A~ 2)7 1.

Hence it follows that

s— lim (HF(x) — 7)1 = — &)

K— oS A

on ker B, (3.1)

where § — lim,_, o means strong limit and é(A) is the orthogonal projection
to ker A. Hence we see how the operators (HE®(k) — z)~! converge in the
~ closed subspace ker |B| as k — co. In the Hilbert space H, B is injective.
Thus, without loss of generality, we can assume that B is injective.

By the reason mentioned in the Introduction, we consider sepa-
rately the case m > 0 and the case m = 0, where m is defined by (1.3).

3.1. The case m >0
In this case, we have the following result.
THEOREM 3.2. Let m > 0. Then, for all z € C\ R,

’ 1 -1 0 0
n— lim (H™(6) +2) 7 = —P(K =)™ = (0 k. +Z)_1) 7
~ (3.2)
n— Lm (Hren( )-—Z)—1=P+(K—z)_l‘=: ((K+_Z)_ 0)7
K— 00 0 0
| (3.3)

where n —lim,_, o, means limit in the operator-norm topology.

Remark. This theorem and Theorem 3.3 below are generalizations
of Corollary 6.2 and Theorem 6.1 in [12, p.179], respectively. In [12] both
|B| and |B|~! are assumed to be bounded (|B| = M, A= Q,Up =1,k = ¢,
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in the notations there) (cf. also [5]). The methods of the proofs of Theorems
only required to be careful about technical aspects related to the condition
that B is not necessarily bounded. We remark that; in the cited work, the
notion of anticommuting self-adjoint operators is not explicitly used.

As in Theorem 6.1 in [12], we we first derive useful formulas for
the resolvents of HI*"(k).

By the present assumption; |B|~! is bounded with [B|~! < m™1.
Let z € C\ R and suppose that

1 v/ 2milm 2
- < —-ml—iliil (3.4)

Then it is easy to see that the operator

n=0

"2
K, (k)=K-—z— 2_ﬁg|B|—1 | (3.5)
is bijective with
&2\, L )
K7 =Y () (K-27B) -7 (36)

in the operator-norm topology.
| THEOREM 3.3. Let m > 0 and (3.4) be satisfied. Then

(HEn (k) 4+ 7)) = (#(m = )|BI ¥ pjr.) K.(k)-h  (3.7)

Proof. By Lemma 2.2(iii), we can define a tWo-dimens_iona_l spec-
tral measure E by :
E=E 4 ®E3g|. | (3.8)

Let

2
F,(\ k) = A2 — 22p — EE (3.9)



and define ,
Fuw) = [ B 0)E(\ 1),

Let
Da,s = D(A?) N D(A|B|) n D(|B|4) N D(B?).

Then, tsing Lemma 2.2(ii),(v) and the fact
P, +P_ =1
we can show that, for all f € Dy p,

(H™(w) + 2)(HZ (k) = 2)f = (HI" (k) = 2)(HE" (K) # 2)
= k2 F,(k)f. (3.10)

By the functional calculus, D4, p is a core for F,(k). Hence, by a limiting
argument, we obtain from (3.10)

(HI™(5) + 2)(HZ" (k) = 2) D K°Fo(k), (3.11)
(H™* (k) — 2)(HE™(K) + 2) D K*F;(k). (3.12)

Considering the adjoint relation of (3.11), we see that
K2 F,(k)* D (HS™ (k) = 2*)(HE (k) 4 2%). (3.13)

The functional calculus gives

which, together with (3.12) and (8.13), implies

(HE™ (k) = 2)(HE™(K) + 2) = K2 F, (k). (3.14)
Similarly we obtain |

(k) + 2) (HE" (1) — 2) = K2F. (x). (3.15)

10



Operator equations (3.14) and (3.15) imply that F,(k) is bijective and

(™ (5) +2)7 = (B (6) = 2) () ™ (3.16)
(HZ ()~ )7 = S(HE (W) +)F(0) (317)

Using the easily proven relation

we can show that
Fu(r)~! = %|B|‘1Kz(m)‘1. | (3.18)
In the present case, we have
Ran K, (k)™! = D(K) = D(A?),
since | B|~! is bounded. Hence it follows that Ran F,(x)™! C D(A )ND(B).

By virtue of this fact, we can rewrite the RHS’s of (3.16) and (3.17) to
obtain (3.7). B

Remark. Introducing the Hermitian matrix

0 A
ch()‘au) = N 26u ’

we can write the function F, (), u; k) given by (3.9)

F,(\, p; k) = —det (Tn(/\, ©) + E) ,

which implies that F,(A, u;k) # 0 for all z € C\ R, A,z > 0,5 > 0. Hence,
F.(k) is injective and F,(k)~! exists as a densely deﬁned closed linear

operator. If m > 0, then one can show that F,(x) > C with a constant
C =C(m,zk)>0 and hence F,(x)7! is bounded.

11



Proof of Theorem 3.2: We have from (3.7)
(HY™(8) +2)7 + P(K —2)7"
= L B0 = E 1B LK ()1
= A KL(0) = 5Bl KL ()
— P_ (K, (k)" = (K —2)71). (3.19)

By the functional calculus, we have for all f € H

|A1B| 7 K (k) I =/ Y (X I B w) £

R+X[m,oo)
where R = [0, 00) and

4)\2
| (N, 13 8)]?

Qﬁn()\, H) =

It is easy to see that there exists a positive constant ko depending on z and
m such that _
C = sup V(A 1) < 0.
K>K0,A20,u2m

Hence A|B|™'K,(x)™! is uniformly bounded in x > kg with
IAIB| ™ K. (5) I S VC, &> ko

Hence 1
n— lim —A|B|"'K,(k)™' =0.

- k—oo 2K

It follows from (3.6) that

1 -1 _ -1

n ,}i,nélo K.(k) (K —2)"".

Since |B|™! is bounded, we have
z

n— lim
K—r 00 2/{,2

|B|'K. (k)" =0.

12



Thus the RHS of (3.19) conveges to 0 in the operator-norm topology as
k — co. This proves (3.2). Similarly we can prove (3.3). B

Theorem 3.3 and (3.6) give the following result.
COROLLARY 3.4. Let m > 0. Then, for allk >0 and z € C\R
satisfying (8.4), we have

Hn

. e + »
(HEm () £ )t = Y B2

n=0

in the operator-norm topology, where

Corollary 3.4 shows that the resolvents of Hi*"(k) as functions of
k71 can be extended to operator-valued functions holomorphic in a neigh-
borhood of the origin depending on z.

3.2 The ¢case m =10
In this case we have a weaker version of Theorem 3.2.

THEOREM 3.5. Assume that B is injective and m = 0. Then,
for all z € C\R,

s — lim (HEM (k) +2)7 ' = —-P_(K —2)71, (3.20)
s— lim (HX"(k) — 2)"l =P (K —2z)"L. (3.21)

Remark. To the author’s best knowledge, the present case has
not been discussed in the literature.

13



Proof. In the present case also, (3.16) and (3.17) hold. Computing
the RHS of (3.16), we obtain

1 _
(B (x) + )7 ==UlA|Fa(x) ™" — 2P_|BIF.(r) ™"

_ %Fz(ﬁ)—l, (3.22)

It follows from the injectivity of B that
ER x {0})=0. (3.23)

Hence the operators

A

1

are densely defined and closed. Let

D = Ug>0,0<b<cRan E|A|([07 a])EIB|((b7 C])

Then D is dense in ‘H and a common core for L;,j = 1,2. Let f € D, so
that f = Ej4/([0, a])E;p((b, c])g for some a,b,c and g € H. Then we have

NAIF(R) 7 f = LI = [ O B, 1P,

with

1 1 P

F.(O k) A2 —2uz|’

e (A 18) = X[0,0) (M) X (5,6 (1) A?

where 7 is the characteljistic function of the set J. Take kg > 0 such that

Rezl 0.
Ko

a:=b-—

14



Then we have for all (A, x) € [0,a] x (b, c]r
IF (0 13 9)] > 2[Ime|a > 0.

Hence it follows that
| Ins(A, )| < C,

where C' is a constant only dependmg on a,b,c, and z. Obviously we have
forall A>0,u>0
lim Ne(A, ) = 0.

Hence, we can apply the Lebesgue dominated convergence theorem to ob-
tain | |
Iim || AIF.(6) 7 - LafIf =0,

Similarly we can show that

lim ||2|B|F,(x) 7 f — (K — ) f]| = 0,
lim ||F, (k)" f — Lo fl| = 0.

Hence, by (3.22), we obtain

Tim |5 (K) + 2) 7 f + P_(K - 2)" ][ = 0.

Since D is dense, an ¢/3 argument gives (3.20). Similarly we can prove
(3.21). &

| Remarks. (1) In the present case, |B| is unbounded, so that (3.6)
and (3.18) ( hence (3.7)) may fail to hold (see the example given below).
(2) Another proof of Theorem 3.5 using a diagonalization of H (k)
(cf. Section 4.2) is given in [4].

Under the present condition m = 0, the topology of convergence
in (3.20) and (3.21) cannot be strengthened to the operator-norm topology
as the following simple example shows.

15



EXAMPLE. Consider the following case :
H = L*(R; C?) = L*(R) @ L*(R),
0 |z (22 /2 0
a0l (e 0
lz] O 0 —z?/2

where x denotes the multiplication operator by the variable z € R. It is
easy to check that A and B are anticommuting self-adjoint operators and
B is injective with inf o(|B|) = 0. Let z € C\ R. Then we have

2 sl
Hf (k) — 2z =
- kle| —k?z? — 2

: 1—-2z)"1 0
P+(K—z)‘1=(( o) 0).

It is easy to see that

'Cr Dy
(HZ"(8) = 2)7 = Py(K —2)7" = ( ) ;

D, E,
where
R U
T (=R =22 1=2" T T (1= 2)Kk2a2 = 2%

It follows that
Bl < ||(H™™(k) — 2)~' — Py(K —2)7Y|.

On the other hand, we have

2]
E Al =
|| Ex| i‘éﬁ (1 — 2)x2z2 — 22|

= su Izl
T oo =2y -2
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i.e., ||Ex|| is a positive constant independent of k. Hence (H™*(k) — z)~!
does not converge to Py (K —2)~! in the operator-norm topology as k — .
Similarly we can show that the same holds for (H2*"(k)+z)~! and its strong
limit ~P_(K — 2)~1. |

'IV. SCALING LIMIT (II)

Let A and B be A.C.S.0. in H as before . In this section we
consider the limit kK — oo of perturbations of Hi*"(k). As in the last
section, we consider separately the case m > 0 and the case m = 0.

4.1 The case m >0

Let V be a symmetric operator in the Hilbert space H of the form

(V% 0 |
(2 w

where Vi are symmetric operators in M, respectively. We assume the
following. |

ASSUMPTION A.
(A1) D(A) ¢ D(V) and there exist positive constants a, b such
that for all f € D(A)

WV < allAFI -+ Bl £1].

(A.2) There exist positive constants ¢ and ko such that for all
k > ko and f € D(A)ND(B)

[Vl < ell(4 +&(B £ |B)fI| + dxlIf1],

where d,. > 0 is a c.onstant that may depend on k.
(A.3) The operators

Ki(V)=K+VP, (4.2)

are self-adjoint.

Remarks. (1) If B is bounded, then conditions (A.1) and (A.2)
are equivalent.
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(2) In the present case, |B|™! is bounded and strongly commutes
with A? (Lemma 2.2(v)). Hence D(K) = D(A?), which, together with
(A.1), implies | |

D(K+(V)) = D(K) = D(4?). (4.3)

By condition (A.2) we have for all f € D(4) N D(B)
" C i rren : 1] £
VIl < —NHE*(R)FI] + du] | f]]-
Since D(A) N D(B) is a core of HY"(k), this inequality extends to all
f € D(HE"(k)). Hence, by the Kato-Rellich theorem(e.g.,[9, Theorem
X.12, p.162]), the operators
HE™ (V) i= HE () + V (4.4)
are self-adjoint for all x satisfying
K > 7o = max{¢, ko }. (4.5)

In what follows, we assume (4.5). | |
THEOREM 4.1. Let m > 0. Then, for all z € C\ R,

n— lim (H¥(k; V) +2)7" = —P_(K_(V) ~ 2)™"

K—00 |
0 0
N0 (K- 4V 42t

n— lm (H*(k; V) —2)"! = P (K (V) = 2)71

:<(K++V+*Z)_1 0>7 (47)
0 0

(4.6)

This theorem can be proven by extending Theorem 3.3 to the
present case. Let |

22
2k2

Kk V)=K.(k) £ VPy = Kx(V) = 2 — —|B| ! (4.8)
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K > K1 1= max{ To, ———L . (4.9)
| v/ 2m|Im z|

Then KZ(k;V) are bijective and

: . 2 -1
KV = (Ka(V) = 2)7 (1= 1B (Ka(V) -7
= Z2 " | n
=3 (7)) WeV) =2 (B EaV) - 7
n=0 (4.10)
in the operator-norm topology.

LEMMA 4.2. Let m > 0. Then, for all sufficiently large x, the
operators

LEk):=1+ —2——’{-I§-V(HAZF3)|B|_1K;E(I§; V)L (4.11)

are bijective and expanded as

e =y =8 (a12)

in the operator-norm topology with TX(z) being bounded operators on H.

Proof. We prove the assertion only for L (k). The proof of the
other case is similar. Let £ > k1. By condition (A.1) and (4.3), the domain
of Lt (k) is equal to H and, for all f € H, we have

[V (kA = 2)|BI7 K (k5 V) ]|
< 2ak|| KK (k; V)7 Il + (ale] + o) || AIBI T K2 (5, V) T £

blz| | oty 11
+ Lelyer vy 41,
For all € > 0 and g € D(A?), we have
14gll < l1glI*/?1|A%g||*/2

< el 4%l + 1 lgll
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Hence
|AIB|7 K (5 V)™ 1fII < 2||KK} (5 V)~ 1f||+ """""" ||K+(H V)~ Il
Thus we obtain

IV(kA = 2)|BI7 K (5; V)7 £
< a(RKKS (5 V)7 Il + ea(w)IEF (5 V)7,

where

ci(k) = 2(a + be)k + 2acez|,

co(k) = b h:—l-—(b—}——q—).

By the closedness of K4 (V) on the domain D(K), there exists a constant
d > 0 such that

IKgll < d(||K+(V)gll +lgl]), g € D(K).
Hence
IKEG (55 V)7 1] < K (VYK (V)7L + dl| B (V)7

Using (4.10), we have
KA (VEF (5 V)] < K4 (VYK (V) = )71 (1 ) |
-1

I 3 < (V) = 27 (1= L—' )

1

where . 1
— -1 i - —1 < .
e = HBI (K (V) =271 € e
Thus Wé obtain
(s~ 2)| B K ()1 < 2Ll R D) gy
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where cp is a constant independent of k > k1. The RHS of (4.13) is less
than one if « is sufficiently large. Hence the first half of the lemma follows.
The expansion (4.12) for L} (k)~! follows from the geometric expansion

oo}

Li(m)™ = 3 (- 1)n( -AV(sAF 2)|BI T K (V) 71}
and (4.10). ®

THEOREM 4.3. Let m > 0. Then, for all suﬁiciently‘large K,
ren =1 1 -
(B (V) £2)7 = (e 7 2B 5 Pr ) KF ()

1 o N\
><<1=|—:2—;;‘2—“ (kAF 2)|B|'KF(k; V) )(4 14)

- Proof. Since Lemma 4.2 is established, Theorem 4.2 can be proven
- in the same way as in the proof of Theorem 6.4 in [12, p.180]. Hence we
omit the details. &

Proof of Theorem 4.1
Using Theorem 4.3, we can prove Theoreni 4.1 in the same way
as in the proof of Theorem 3.2. B

As in the previous case V = 0, we have the following analyticity
results on the resolvents of H}**(k).

COROLLARY 4.4. Let m > 0. Then, for oll sufficiently large &,

(Hren

in the operator-norm topology, where S (z) are bounded linear operators
on 'H. -

Remark. The coefficients ST (z) can be explicitly represented in
terms of A, B,V, Py, but, here, we omit the details.
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4.2 The case m =0

| In this case the method of the last subsection does not work. We
employ the abstract Foldy-Wouthuysen transformation introduced in [1].
Let V(k) be a symmetric operator in H of the form

L (Va(k) 0O |
V(h)—( i V_(n)) (4.15)

with symmetric operators V, (k) and V_(k) acting in H4 and H_, respec-
tively. We assume the following:
ASSUMPTION B. Let kg > 0 be a constant.

- (B.1) For all k > kg, D(K) C D(V(k)) and there exist constants
a,b > 0 independent of Kk > kg such that for all £ > kg

V(&) Il < o[ KFII+BlI5H,  f € D(K).

(B.2) There exist symmetric operators Vi in Hy such that
D(K+) C D(Vy) and, for all f+ € D(Ky4),

lim V:t(@f:t = Vifz.

K—00

(B.3) For all kK > ko, the operators
Hi(k; V(k)) = HE(8) + V()

are essentially self-adjoint on D(A)ND(B)ND(K) (we denote their closures
by the same symbols, respectively).

(B.4) The operators K4 (V) given by (4.2) are essentially self-
adjoint on D(K) (we denote their closures by the same symbols, respec-
tively). | |

We define V by (4.1) with V3 given in (B.2). We shall prove the
following theorem.

THEOREM 4.5. Let A and B be as in Theorem 3.5. Then, for
all z € C\ R, '

s— lim (HY"(k; V(k)) £ 2)7! = FPz(K£(V) — 2)7 L. (4.16)

K—r 00
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We prove Theorem 4.1 by a series of lemmas. Let A and B be
A.C.S.0. in H and B be injective. Using the spectral measure F deﬁned
by (3.8), we introduce

A(4, B) := arctan(|A||B|™!) := /arctan <;) dE(A, p), (4.17)

which is bounded and self-adjoint. It follows from Lemma 2.2(iv) that the

operator
| UA Us

2

X(4,B) =

is bounded, self-adjoint. Moreover, Lemma 2.2 (ii) 1mp11es that X (4, B)
commutes With A(A, B). Hence, putting '

Y(4,B) = X(4, B)A(4, B) = A(4, B)X(4, B),

the operator
U(4,B) = 'Y (4B)

is unitary. In [1, Theorem 4.4], we have proven the following fact, which
gives a “diagonalization” of A + B.

LEMMA 4.6. The following operator equality holds:

U(A, B)(A+ B)U(A,B)™' = Up(A? + B?)'/2,

Remark. The unitary operator U(A, B) is an abstrat version of
the usual Foldy-Wouthuysen transformation for Dirac operators (cf. [12,
§5.6], [11]). Lemma 4.6 is a more general result than the corresponding
results in [11], because we do not impose any condition on the “size” of B.

LEMMA 4.7. Let
U(k) = U(kA,k*B)
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Then . B
U(k)H(k)U(k)™! = Up(k2A? + x*B?)!/?,
where H(k) is defined by (1.1).

Proof. This follows from Lemma 4.6 and the fact that Uxg = Ug
forall A > 0. 1

LEMMA 4.8. The operator U(k) strongly commutes with |B|. In
particular, we have
U(x)|B|U (k)™ =|B|

as an operator equality.

Proof. It follows from the strong commutatlwty of |A| and |B|
(Lemma 2.2(iii)) that |B| strongly commutes with

A(k) := A(kA, k?B) = arctan (71| 4]|B|™1).
By Lemma 2.2(ii), | B| strongly commutes with
X(k4,x*B) = X(4,B).
Hence |B| strongly commutes with Y (x4, x?B), which implies the strong
commutativity of |B| and U(x). B
Let
Li(k) = (k*| A1} +&*BL)Y2 £ 6%|Bly, (4.18)
My(x) = —(k%]A|2 + &Y B|?)Y? + k?|B|_. (4.19)

LEMMA 4.9. The operators Li(r) and M+(k) are essentially
self-adjoint. ,

Proof. This lemma follows from the strong commutativity of | 4]+
and !Bli' |

We denote the closures of Ly (k) and My (k) by the same symbols,
respectively.
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LEMMA 4.10. The following operator equalities hold:

: L. 0
U (k) HE (1)U ()~ =( io(ﬁ) Mi(ﬁ)), (4.20)

Proof. By (2.3), (2.4) and (2.5), we have

UB(K2A2 i KJ4B2)1/2
(WAL} + R4BI}) 0
0 ~(K?|A2 +84BI2)V2 )

Hence, by Lemmas 4.7 and 4.8, (4.20) holds on the domain
D = [D(|4]+) n D(|B];)] & [D(14]-) N D(B|-)].

By Lemma 4.9, the operators on the RHS of (4.20) are essentially self-
adjoint on D. Thus (4.20) extends as operator equalities. B

LEMMA 4.11.
- 1 ) = '— i )l =
s ngrgd Uk)=s ngro;o U(k) I. - (4.21)

Proof. By the functional calculus, we have for all fEH

A AP = / b0 )| EQ, ) ]2

R+ XR+

()
arctan | =
K

with
2

¢n()‘a U) =

It is obvious that



Hence, by (3.23), we can apply the Lebesgue dominated convergence theo-
rem to obtain |
IA(R)fIl =0 (k — 00),

which, implies that
s— lim Y(xA,x’B) =0.

K—r 00

Thus, by general convergence theorems [8,Theorem VIIL.25(a), Theorem
VIIL.21], we obtain (4.21).

LEMMA 4.12. The operator Y (A, B) anticommutes with A and
B.

Proof. Let f € D(A). Then, by the functional calculus, we have
UaA(A,B)f € D(A). Hence, by Lemma 2.2(i),

UpAUAA(A, B)f = —AUpU4A(A, B)f.

Since the left hand side is equal to UgU4A(A, BYAF, it follows that Y(A, B)
leaves D(A) invariant and

Y(4,B)Af = ~AY(4,B)f.

Noting that Y'(4; B) is bounded, we can apply Corollary 1.7 in [13] to
conclude that A and Y(A, B) anticommute. Similarly we can show that B
and Y (4, B) anticommiite. &

Since Up and A(4,; B) commutes, we have

‘A(A,B 0
AaB) = AP
0 A_(4,B)
with
A4 (A, B) = arctan(|A|+|B|;'), A_(4,B) = arctan(|4|_|B|1).

LEMMA 4.13. The operator U(A, B) has the following matriz
representation: :
cos A+(4.5) (;’B) W3 sin ——A‘(;’B) )

U(A,B) = (

. : _(A,B
—W 4 sin A (?’B) cos A—(Q—’—l
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Proof. By (2.3) and (2.6), we have

ia 0 ~WiA_(4,B)\
(4.B)=3 (WAA+(A,B) 0 )

Since Y (A, B) is bounded, we can expand U(A, B) as
i Y (4 B)"

in the operator-norm topology. It follows from the commutativity of Uy
and A(A, B) that

WaAy(A,B) = A_(A, B)Wa.

Using this fact, we obtain for n > 0

L1 (MABE
Y(4,B)" = 4 pyon |
0 A_(4,B)
y(A, B =~ ( 0 ~WiA-(4, BT
( ) 2227“*‘1 2n+1 )
Wahy (A, B) 0

Thus the desired result follows. K

LEMMA 4.14.
(i) D(K4+) € D(L_(r)) and, for all f € D(K),
" lim L_(k)f = K4 f. (4.22)

(i) Forall z € C\R,

s= lim (Ly(k) =2z)"t =0. (4.23)

(i) D(K_) € D(M,(k)) and, for all f € D(K_),

lim My(k)f =-K_f. (4.24)

K—rCQ
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(iv) For all z € C\ R,

s= lim (M_(k)=2)"1=0. (4.25)

Proof. Let £ > Ko. We have
L= [ umdBOup)
’ R+ XR+

with

ue(\, 1) = VK2AZ + 542 — K2,

where E. is the spectral measure defined by (2.13). Let

22
u(A, p) = o (A, 1) € Ry x(0,00).
Then we have
0 <up(Ap) Su(Ap), (Ap) €Ry x(0,00), (4.26)

which implies that D(K;) C D(L_(k)) (see Lemma 2.5). Moreover, we
have for all f € D(K})

IL-(x)f — K+ fII* = / [un (X, 1) — u(As )Pl B4 (X 1) £
It is easy to see that

lim ue(A ) = u(k, ), (A1) € Ry x (0,00).

K—>»00

Hence, by (4.26) and the fact that E.(Ry x {0})f = 0, we can apply the
Lebesgue dominated convergence theorem to obtain (4.22). Similarly we
can prove (4.23)—(4.25). &

The following lemma gives a general convergence theorem on self-
adjoint operators acting in the direct sum of two Hilbert spaces.
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LEMMA 4.15. Let Ky be Hilbert spaces and

cre-{(*)

fiElCi}.

Let Q and T, (resp. Qx,Sk) be self-adjoint (resp. symmetric ) operators
in Ky and K., respectively, and R . K+ — Kz be densely defined linear
operators with k > ¢ > 0 (c: a constant). Assume that there exist dense
subspaces Dy C Ky such that, for all fy € Dy, z € C\R, and & > ¢, we
have (Q — z)~1 f1 € D(Q.) N D(RSH), (T — 2)~1f- € D(S,) N D(RS))
and '

lim (Qx ~ Q)@ —2)7"f+ =0, lim R{I(Q—2)" fy =0,

K—=00
. (=) =1 _ . =1 _
nh_)ngo R,/(T,—2)""f- =0, nll)nolo Se(Ty —2) " f- =0,

lim (T}, — 2)"'f- =0.

K—00
Q. R 0 0
M, = , N.,=
(Rf:’) Sk 0 T,

and suppose that,v for all & > ¢, My + Ny is essentially self-adjoint ( its
closure is denoted by the same symbol). Then, for all z € C\ R,

Let

Q—-2)"1 0
s= lim (M + N, =2)"' = (( ) ' (4.27)
K= 00 0 0
Proof. Let

and z € C\ R. Then

R, :=(M —z)“].L = (



The operator M + N, is self-adjoint with

@=2t o )

. (4.28)

(M+N,-2)"'= (

We write .
(MK, +Nn - Z)_l - Rz = In, + Jna

where
I.=(My+N.,—2)"'—(M+N,—-2)"1,

| 0 0
Jo=(M+N, -2 —R, = |
(0 (Tn—Z)_l)

Let f+ € Dy and f = (f4+, f—). Then we can write
I.f = (M. + N, —2)"Y (M — M.)(M + N, — 2)"' f.
Hence we have

MEAII < =M = Mo)(M + Ny = 2)7 )|

Imz|
By (4.28), we thain
(M — My)(M + N, — z)-lfH

<@ = @u)(Q = )T 4 ll + IRS(Te — )7 /-]
+ [|RS(Q = 2) 7 |+ 11Sk(T — 2) 7 £
Hence ||I.f|]| = 0 as k — oo. It is obvious that s —limy,_, 0 Jx = 0. Thus
(M, + N, —2)"'f — R, f strongly as k — 0. Since D4 & D_ is dense in
K and .
(M + N — 2)7H] < [Ime| ™,

we can use an £/3-argument to obtain (4.27). B
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Proof of Theorem 4.5: We prove only (4.16) with (H™"(x; V(k))—
z)~1. The other case can be proven similarly. By Lemma 4.13, we have

i~ ( cole). Wzs_'w)),
~Wasi (k) c_(k)
where | |
c+(K) = cos Ai(né’ +B) , $+(k)=sin Ai(ﬁf;’ t B).
Hence (%) ()
Uk)YV(K)U(K)™ = azn -\ ,

et = (0 )

where

oK) = ey (R)Va (K)ex () + Wis_ (x)V._ (k)5 ()W,
Bi(k) = =Was(8)Vi(k)es (k) + e (R)V- (k)5 (k) Wa,
B- (k) = —cs (A)Va (W5 (%)W + Wi _(R)V_(W)e (),

V(k) = Wasi(5)Vi(k)s4 ()W + c_(r)V-(k)c_ (k).

By Lemma 4.10, we obtain
HX(k; V() = U(k)~{C(k) + D(k)}U (k)
on the subspace Fy := D(A) N D(B) N D(K), where

Cl) — (L(m) + a(k) ﬁ_w))
B (k) v(k) )

D B 0 0
W‘(O M_<n>)'

By the functional calculus, one can easily see that K strongly commutes
with U4, which implies that

WaK, C K_Wa, WiK_.C K, W5 (4.29)

31



Similarly we have

c+(k)K1 C Kicy (k), (4.30)
Si(h‘,)Ki - Kisi(h',). (4.31)

It follows from these facts that

D(K4) C D(L-(k)) N D(a(k)) N D(B+(x)), (4.32)
D(K-) C D(3-(x)) N D(v(k)). (4.33)

Let K (V) be the closure of K1 4V, and fy € D(Ky) . Then, by (4.32)
and (4.33), we have for all z € C\ R

04 = (K4 (V4) = 2) 7 f4 €C D(L_(x)) N D(a(x)) N D(B4(x)),
g-(r) 1= (M_(k) + )" f- € D(K_) C D(B-(x)) N D(x(x)).

We have
(L-(&) + a(k) — K4 (V4)g+ = Li(k) + LIx(k),

where «
Ii(k) = (L-(k) — K+)g+, Ia(k) = (a(k) — Vi)gs.

By Lemma 4.14(i),
' lim I;(k) = 0.

K—CQ

We write

In(x) =cx (5)Va (k) (e () — D)g + e (R)(Va () — Vi )gs
F (e (K) = DVigy + Wis—(R)V-()s— (k) Wags.

It is easy to see that

S — li_)m cr(k)=1, (4.34)
s— lim s4(k) =0 (4.35)

K—00
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Using (B.1), (B.2), (4.29)—(4.31), (4.34), (4.35) and the fact that

llex(R)ll <1, |lsz(s)ll <1,

we have the following estimates:

e+ (k)Vi (k) (et (8) = Dg+|l < N[V (r)(c+ (k) = D)g+|
< all(ct (k) = )Kyg+||
+b||(c+ (k) — I)g4 ]
=0 (k= 00),

lles (R) (Vi (8) = Vi) g |l S (Vi (K) = Vi) g ]
| =0 (k— ),
I(e+ (k) = DVig4l| =0 (k= 00),
IWas—(k)V_(k)s—(k)Wagi|] < [V-(k)s— (k) Wagsl]
< alls— (k) K_-Wagyl||
+ blls- (k) Wag |
—+0 (k= o).

Hence lim, o Io(k) = 0. Thus we obtain
Jim (L_(k) + a(r) — K4 (V4 ))g+ = 0.

Similaly we can show that

lim G4 (k)g+ =0.

K—ro0

Let h € D(K_). Then, using (B.1) and (4.29), we have

18- (K)A]] < |[V4(k)s4(8)WEh|| + [|[V-(K)e- (k)A]
< 2a||K_h|| + 2b||A]|-

Similarly we can show that
|lv(k)R]| < 2al| K_hl| + 20]|A]|.
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On the other hand, we have for all f_ € D(K_)

IK-(M_(r) = 2) f-|| = [(M_(x) = 2) " K_f_]|
=0 (k— 00).

Hence we obtain

18- (8)(M_(k) — 2)~* f-||
< 2al[ K- (M- (r) — )" f_ | + 2B |(M-(x) — 2)"Lf_|
—+0 (k— 00).

Similarly we have
[ (5)(M-(5) = 2)*f|| 0 (5 — 00).

It is easy to see that U(x) maps Fp onto Fy (note that D(A) = D(]A]),
D(B) = D(|B|)). Hence, by (B.3), C(k) + D(k) is essentially self-adjoint
on Fy. Thus we can apply Lemma 4.15 with M, = C(k) and N, = D(k)
to obtain

s~ lim (C(K) + D(x) — 2)* = ((K+(V+) d 0) ,

K=»00 0 0

which, together with Lemma 4.11, gives the desired result. B
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