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Abstract

Evolution equations of curvatures of convex curves are considered by the Gauss
map parametrization. A time periodic unstable solution is constructed for a reason-
able class of time periodic data. Our solution is arranged to satisfy a constraint so
that it yields closed, embedded, convex curves moving periodically in time (up to

_translation) whose normal speed equals the curvature minus a given time periodic
function depending on curves only through its normals. For curvatures of periodically
evolving curves a priori lower and upper bounds depending only on periodic data
are obtained. A new penalty method is introduced so that our solution satisfies the
constraint. Solutions of penalized equations are constructed by adapting the degree
theory. .
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1 Introduction.

We are concerned with positive, periodic solutions of a quasilinear parabolic equation for

curvatures u of evolving curves:
(1.1) v =v (v +u—~f) in K.

with K = (R/27xZ) x (R/TZ) for given T > 0. Here f = f(z,t) is a given continuous
function on K, i.e., f € C(K). In particular, f is 27-periodic in space, i.e., f(z + 27,t) =
f(z,t), and T-periodic in time i.e., f(z,t 4+ T) = f(z,t) for all (z,t) € R% Our goal is to
construct a positive solution of (1.1) satisfying a constraint
iz :

(1.2) /o Topde=0 forall teR (i=v-l).

1.1. Main Existence Theorem. Suppose that f is in C(K) together with its time
derivative f,. Then there is a positive function u in [\, W2(K) C C(K) (which implies
u, € C(XK)) such that u solves (1;1 ) with the constraint (1.2) if f is positive on K and

satisfies
27 B

(1.3) / f(z,t)e*dz =0 forall teR.
0

If f is smooth, so is u.

Here W2(K) denotes the space of all functions g in L?(K) together with g., g-- and g:
and L?(K) denotes the space of locally L? functions in R? which is 2x-periodic in z and
T-periodic in t." The Main Existence Theorem asserts the existence of a positive solution
u, 2n-periodic in z and T-periodic in .

The réstriction (1.3) is necessary if u satisfies (1.2). Indeed, dividing both sides of (1.1)
by u? yields

(1.4) (—u™) = vz + u;- f in K.

Multiplying e*® with (1.4) and integrating by parts over (0, 27) yields

2x iz 2r
(1.5) —i/ Sz =~ fe*dz
0

u 0

since (&%), + €* = 0. If u satisfies the constraint (1.2), f must satisfy (1.3).

The positivity assumption on f cannot be dropped completely even if f is smooth so



that u is smooth. For example let f < 0 on K, then at the minimizer (z0,%) € K of u

the equation (1.1) yields
0 = uy(2o,t0) = u*(Zo, to)(U=2(Z0, o) + ©(20, t0) — f(Zos %)) = u*(20,10) > 0,

so there are no positive solutions of (1.1) for nonpositive (smooth) f.

Our main result yields the existence of a periodic-in-time solution (up to translation)
for an evolution equation of curvés whose normal speed equals the curvature minus a given
time periodic function depending on curves through its normals. Let {I';} be a smooth
one parameter family of closed, embedded curves bounding a domain in the plane. Let n
denote the inward unit normal vector field on I';. Let V' denote the normal velocity of T,

in the direction of n. We consider an equation for I'y of the form
(1.6) V =k - g(n,t),

where k is the inward curvature and ¢ is a given function. The equation (1.6) is an example
of curvature flow equation with anisotropy [Gu]. If I'; is convex, one can parametrize I';
by a Gauss map by introducing 8, 0 < 8 < 2x such that n = (cos8,sin #). The evolution
of curvature k is expressed as

k= kK (Vyy + V)
if we use f-coordinate [Gu]. Applying this identity to (1.6) yields an evolution equation
of curvature

(1.7)‘ ke = k*(kos + k — (Qso + Q)) with Q(8,t) = g(cosb,sinb,1),

where k and Q are 27-periodic in . We next recover (1.6) from (1.7). For k a curve

parametrized by the Gauss map is given by

sin v 4 ¢ coso

7(9, t)--(/ et e L)

If k solves (1.7), then integrating by parts ylelds

=7 = (k= Q) cos 8~(ks—Qa) sin 8~(k=Q)lo=o, (k~Q) sin 8+ (ks —Qs) c0s 8= (ks ~Qs)lo0).

Translate Z by
Xo(t) = (f (k= Q0. ), [ (ks = Q)(0,)ar),



so that new curve X(0,t) = Z(8,t) + Xo(t) fulfills

0X . 0X
V—n-?t——(cos&sme)f—aT—k-q.

We thus obtained the curve
I, = {X(6,t);0 < 6 < 2r}

satisfying (1.6). The equation (1.6) and (1.7) are equivalent through X. However to be
T; is closed we need X(0,¢) = X(2r,t) which is equivalent to the constraint

2% eio

o mdé‘ - 0.

If we set u = k, £ = 0, this is nothing but the constraint (1.2). Since the condition
(1.3) is automatically satisfied for f = Qg + @, the Main Existence Theorem yields a

periodic-in-time solution I'y (up to translation in space) of (1.6).

1.2. Existence of periodically evolving curves. Suppose that Q isin C(K) together
with Qgg, Q1) Qoe: and that

(1.8) | . Qu+Q@>0 on K.

Then there are a constant vector ¢ € R? and a closed curve evolution T'; solving
(1.9) ‘ V =k - q(n,t)
(1.10) Fg+T = I‘, +c

for allt € R. The curvature of Ty is always positive and the quantities in (1.9) are

continuous. If Q is smooth, so is T;.

In general translation by c is necessary. For example, take
Q(0,t) = cosf +1

so that Qg + @ = 1. Suppose that Ty solves (1.9), (1.10) for some c. Then it is easy to
see that I’y = Ty + et with e, = (1,0) solves V = k — 1 with T-periodic k. If f =1 in
(1.1), by a uniqueness result summarized in Remark 1.3 the unique solution of (1.1) with

(1.3) is u = 1. Thus I, is a circle C of radius 1 and V = k — 1 = 0. We now observe that



under the relation Q(8,t) = cos@ + 1 if Ty solves (1.9), (1.10) (with positive curvature)
then I'; = C — e;t up to a constant vector (independent of time.) Thus I'yy7 =T, — ;T

does not agree with I'; so translation is necessary in (1.10).

1.3. Remark on time independent solutions. Suppose that f in (1.1) is time inde-
pendent. Then so is a positive solution u. If f is time independent there is at most one

positive solution u of (1.1) satisfying (1.2).

We shall prove this uniqueness result in the Appendix. The condition (1.8) on Q is

equivalent to say that the curvature of Frank diagram

F = {(p1,p2) € R* 7 =1/Q(8),(p1,p2) = r(cos 8,sin 0)}

is positive. This is also discussed in the Appendix. ‘

There seems to be no literature on the existence of nontrivial periqdic solutions of
quasilinear equations, in particular of equations of evolving curves like (1.6), although
there are several results for semilinear equations. Besides, it turns out that the periodic
solution we seek is (Lyapunov) u‘ns.t'a,ble. In fact all periodic, convex solutions for a general
parabolic surface evolution equation are unstable unless the equation depends on location
of surface explicitly. This was recently proved by the first author and Yama-uchi [GY].
. Even for semilinear equations several methods for constructing periodic solutions only work
for stable ones. For example in [AHM] stable periodic solutions were constructed by using
sub- and supersolutions. For a class of semilinear equations a possibly unstable periodic
solution was first constructed in [Am] as the “third” solution. Existence of unstable
periodic solutions are recently proved by Hirano and the second author [HM1, HM2] for
a class of semilinear parabolic equations. Their method is based on the Leray-Schauder
degree theory. Since our equation is quasilinear and not semilinear, their theory does
not apply directly to our setting. However we adapt the idea to construct solutions for
approximate equations. 4

Since the equation (1.1) is degenerate at u = 0, we wonder whether or not positive
solutions are bounded away from zero. Fortunately, under the constraint (1.2) we have a

priori positive lower bounds for « (or curvature.)

1.4. Theorem on bounds for curvature. There are positive constants § and M de- |

pending only on T, || flleos | fille and ming f > 0 such that if u € C*(K') satisfies (1.1),

5



(1.2) withu >0 and f, f; € C(K') with f > 0 on K, then§ < u < M on K. The constant
M is independent of ming f. Here ||f|| denotes the mazimum norm of f in C(K).

To obtain a priori bounds we derive Harnack type inequalities in our setting. It roughly

asserts that

(i) u(z,t) and u(z,s) are comparable for all ¢,s € R provided that u has an upper a

priori bound.
(ii) u(z,?o) is not small compared with the maximum u(zg,?) of u over K.

Such estimates are derived by a differential identity as in [Ga2]. The derivation of the
Harnack inequality from differential identities stems from [LY]. For further development
of the Harnack inequality and its applications especially for geometric evolution equations
the reader is referred to [Ha.],- a recent article of Andrews [And] and references theirin.
We note that a higher dimensional version of (1.1) with f = 0 is found in [And] as the
harmonic mean curvature flow equation.

The equation (1.1) admits a couple of integral bounds of solutions. If maximum of
u is large, the Harnack inequality (ii) says its integral must be also large. Thus inteéra.l
bounds yield an upper bound for solutions. The constraint is not invoked to get an upper |
bound but without (1.2) we do not get a lower bound. Indeed, suppose that f = 1. .Then

by Remark 1.3 every positive solution of (1.1) is indepéndent of ¢ and it solves
Upz + U= 1 in R/27TZ.

Of course, u,(z) = (1 —o)cosz +1 (2 > o > 0) is a positive solution but {u,} is not
bounded away from zero. -

To get a lower bound we integrate (1.4) over (0,T) and obtain
| T
U+ U>0 in R/21Z with U(c)= / u(z, t)dt.
0

The constraint (1.2) implies

2

/ " sin(z — C)u~'dz =0 for all ¢ € R.
0

The key observation is that the integrals where the integrand is negative and positive are
balanced or both integrals have the same growth order as u tends to zero. By the Harnack

inequality (i) such a growth balance is true for U. We shall prove that if U satisfies
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U.: + U > 0 together with integral balance, then U must have a lower bound away from
zero. This is in turn gives a lower bound for u by (i). A rigorous proof is given in §4.
Although bounds obtained here do not directly apply to construct solutions, the idea of

proof is fundamental to find a uniform bounds for solutions of approximate equations.

1.5. Penalty method and approximate equations. We seek a solution of (1.1) sat-
"isfying the nonlinear constraint (1.2). Since not all solution satisfies (1.2), we shall select
desired one by introducing a kind of penalty method. It is heuristically explained as

follows. For small € > 0 we consider a penalized equation:
(1.11) = v (Ups + u + % -f) in K

For a positive solution u* of this equation we observe that (1.3) implies

d 2x eix 2x ei.t
— / —dz=¢ / —dz
dt 0 us 0 us

in the same way to derive (1.5). Since u* is periodic in time, this implies that our approx-
imate solution u¢ > 0 satisfies the constraint (1.2). It is possible to construct a positive
solution of (1.11) mainly because 1/u has a strong stabilizing effect near u = 0; the deriva-
tive of 1/u tends to minus infinity as u — 0. However, there is a serious drawback for
(1.11). Since we do not know that f —¢/u is positive, it seems to be impossible to derive
a uniform bound from below for u® by the method sketched in the previous section. To

overcome this difficulty a naive idea may be to replace (1.11) by

€ 1 \
uVms—f)’ 0<a-<mmf

(1.12) o= w(Upe +u+
so that f — e(u vV me)~! is positive, “}here a Vb = max(a,b). The solution u* of this
equation has a priori bounds and it is not difficult to prove that {u*} has a convergent
subsequence and the limit satisfies (1.1) and (1.2). However, it seems to be difficult to
construct a positive solution of (1.12) because new term e(uVme)~! is constant near v = 0
and has no stabilizing effect for small u.

We adapt the method of finding unstable solutions for semilinear equations developed
by Esteban [E1], [E2] Hirano and the second author [HM1], [HM2]. Unfortunately, their
method does not apply to solve (1.12). We explain the reason by sketching our method.

For fixed & > 0 we consider a uniformly parabolic equation

(1.13) u = a(u)(tzz —bu+h) in K



where u has now no sign conditions and 4 is for the moment a given data. If a is continuous,
one can prove that the solution operator S : A ~ u is well-defined in C(X). If A = H(u)
depend on u, a solution of (1.13) with A = H(u) is interpreted as a fixed point of S o H.
If we prove that

deg(I — S o H,0,Bg(0)) =0
deg(I - So H,0,B.(0))=1

for large ball Br(0) and small ball B,(0) centered at zero in C(K), then there is a so-
lution of (1.13) with 2 = H(u) in Bg(0) \ B,(0). This method is used by Esteban [E1],
[E2] for semilinear parabolic equations with superlinear nonlinearity. To implement this
programme for our equation we éhould at least modify our equation (1.12) so that it is
uniformly parabolic for all u € C(X). However, not all modification of u? term is good to
derive Harnack type inequalities. Also we should be careful to choose approximate equa-
tions so that degree of I — S o H has desired properties. We should construct a homotopy
of equations in a clever way. For example to prove the degree in a large ball, equations
appeared in the homotopy should be arranged so that solutions have an upper bound

uniformly in the homotopy parameter. Our choice of approximate equation is

(1.14)

u2

(wte)

e -—
§(u+e?)

us = (u+€°) (e —bu+h) with h=H(u)=bu+ S(u+ f)-

Here £ is a mollified function of u V me. The multiplier 4? in H is necessary to calculate
local degree neai zero since it vanishes faster than u. The multiplier (u+&2?)? is good both
for Harnack inequalities and uniform pa.ré.bolicity. The shift term €2 should vanish faster
than the parameter ¢ of penalization so that the limit of approximate solution satisfies the
constraint (1.2).

A penalty method is adapted in various evolution equations to introduce constraints
of solutions. Rather than to present a huge list we point out one typical example for
the harmonic gradient flow equations for mapping into a unit sphere. The requirement
of values of mapping « is considered as the constraint [ul = 1. A global weak solution
was constructed independently by Chen [Ch}, Keller, Rubinstein and Sternberg [KRS] and
Shatah [S] by using a penalty method; see also [CS] for a generalization.

The initial value problem for (1.7) with ¢ = 0 was derived in [Gal] and extensively



studied by Gage and Hamilton [GH] for the curve shortening problem. Since a circle
shrinks to a point in a finite time for the curve shortening equation ((1.6) with ¢ = 0),
the curvature may blow up in a finite time. Blow up profiles for convex immersed curves
were classified by Angenent [An] based on results of [AL] and [EW] under the self-similar
growth assurhption for curvatures. There may happen that curvature growth is faster than
self-similar rate. Its asymptotic profile is studied in {An] via (1.7) (with ¢ = 0). Recently,
more precise profile is obtained by Angenent and Veldzquez [AV] by studying (1.6) itself.
The initial-boundary value problem for higher dimensional version of (1.1) (with f = 0):

u = v*(Du+tu), u>0

in a bounded domain with zero boundary data was studied in [FM] and [Ga2] for positive
initial data. The existence of blow up phenomena now depends on the first eigenvalue
of the Laplace operator with zero boundary condition. These authors studied whether a
solution blows up and they estimated the size of blow up sets. Recently, Wiegner [W]
extended the first part for

u, = v (Au + u)

for 4 > 2. There are intefesting nonuniqueness results for ¥ = 1 by [U] (for one dimensional
case) and [DL]. Among other results these authors proved that weak solutions may not be
unique if initial data takes zero in some open set of the domain because of degeneracy of
the equation. They discussed a class of solutions so that uniqueness holds.

This paper is organized as follows. In section 2 we derive the Harnack type inequalities.
In section 3 an upper bound of solutions is obtained for a general equation so that it applies
to our approximate equations. In section 4 we establish a lower bound and prove Theorem
1.4. In section 5 a lower bound is derived for a general equation. Section 6 is devoted
to constructing solutions for approximate equations based on a degree theory. vThe Main
Theorem is proved there. In Section 7 we study the property of the solution operator §
defined through (1.12). For the existence of § it may be possible to apply a priori estimate
for quasilinear parabolic equations in [LSU]. However, since the space dimension is one,
we p_ré"sent a simple proof based only on L? estimates for linear parablicc equations. In
the Appendix we give a geometric interpretation of the assumption (1.8); we also give a

proof of Remark 1.3.



2 Harnack type inequalities.
We consider a positive smooth solution u of
(2.1) 2 = 0 (U + 9(0,2,8)) in Q=1x(a,b]

with 4 € R and smooth g, where I denotes an open interval. We study the behavior of
the function z = (log u); to show that the growth of logu does not become too negative.
Such an analysis was done by [Ga2, §2] when ¥ = 2 and g = u. We adapt his method in
our setting. As in [Ga2] our results also extend to the case of several space dimensions,
where u.. is replaced with Au, see §2.5.

For z = (logu); = u,/u a straightforward calculation yields

_ U Ugls
Zp | - -T
u u
2
z —- Utzs Uz Uz Utz Uz + UUszs + 2"!”3
Tz = 2 2 3
u u u u
— Utzs 2“:.'2: Utz

N u u?
We thus observe that

Utzz = UZrz + 2UzZz + Usz 2.
Differentiating z = u"~!(u,, + ¢) in t yields
2o = 0 (e + gutie + 90) + (7 - D" ?u(uoe + 9)
= v (Ugor + guuz + g0) + (7 = D" 2uzu! 2,
Using the expression of u.,; by 2’s, we end up with a parabolic differential equation for z.

2.1. Differential identity. Suppose that v > 0 solves u; = u"(u.. + g) in Q. Then

z = uy/u solves

1

= w2 + 20" 2 42 w1 (g u - g9)z+ gu'~! in- Q.

2.2. Estimate of minimum of 2. Suppose that v > 0 solves (2.1) in Q with vy > 0.

Suppose that z takes its minimum over Q at (zo,%) € Q. Then
22 =77 guu = g)y = 77ROV |12 at (2o, t0),
where f, denotes the positive part of f i.e. f, = fVO0.

10



Proof. Applying the maximum principle for the differential identity of 2 yields
122 4+ u Gz + g1 <0 at (zo,%) with G =g,u—g.
Since v > 0, this quadratic inequality for z implies

2> —(27)"Hu""1G 4 (1¥O-VG? - 4yur1g,)?)

2 —(27)-1{u7-12G+ + 271/21‘('7-1)/2]%[1/2}. 0

We apply the estimate of min z to get Harnack type inequalities. We consider a positive,

smooth solution of
(2.2) uy = v (g + g(u,2,t)) in K,
where K = (R/272) x (R/TZ) and g is a smooth function in each variables.

2.3. Harnack’s inequality in time direction. Assume that v > 1 and a > 0. As-

sume that there are constants cq, ¢y > 0 such that
(23) v9.,(v,2,t) — 9(v,2,8) < co, |9:(v,2,8)|"* < &

for all (v,z,t) € (a,00) x K. Assume that these is a constant ¢; > 0 such that maxg u >
c; for all solutions u of (2.2) with v > a. Then there is a positive constant C =

C(co,€1,€2,7) > 0 such that any solution u of (2.2) with u > a fulfills
(24) u(z,t) < u(z,to)exp(-CM™ Yt -t)), M= max u
Jor all (z,10), (z,t) € K withty - T <t < ty.

Proof. Since K is compact, the minimum of z in K is attained. Using the estimate for

ming 2, together with (2.3), we observe that
(2.5) minz > —y~leg MYt — =12 MT=1)/2
if y > 1. Since M > ¢, > 0, this yields
minz > -CM*!
K
with C = 77, + 1~ 2¢,¢;""1%, We now obtain a differential inequality

"(u_l)z = u;/u"’ =zfu> -CM"™'/u in K

11



which becomes

(v ')/v'<CM™! in K.

For fixed (z,t,) € K integrating the differential inequality over (¢,%,) with ¢, — T <t < ¢,
yields ’
| logu=(z,t,) — log u~!(z,t) < CM~}(t; — 1)

which is the same as (2.4).

2.4. Harnack’s inequality in space direction. Assume thaty > 1, a > 0 and (2.3)
for g. Let u be a solution of (2.2) with u > a. Let(z9,1) € K be a mazimizer of u. Then

(2.6) | u(z,2)" > M"Y — vCp(z ~ 20)%/2
with
Cu = f'-;’-M"‘l + %M("’l)/z + M7 gy, M= maxu = u(zo, o),
gm = max{(g(v,z,t))+;a < v < M,(z,t) € K}.
- Proof. Since v 'u,, =z — u7"1g, it fqllows from (2.5) that
(2.7) wtuy,, > —-Cy in K.
This? in particular, implies
(28) () = (W7 ). = 7(7 - D72 90 s 2 —1C.
Integrating over (zq,z) yiélds |
(u")z(z5%0) 2 (v7)2(20,t0) — YCM(z — 20) = —7Cu (T — Z0)

since (zo,%o) is a critical point of u”. Integrating again over (zg,z) now yields (2.6).

2.5. Remarks. Results in §2.1 - §2.4 can be extended to a multi-dimensional problem.

Indeed §2.1 and §2.2 are still valid for

(2.9) u = w(Au+g(u,z,t)) in Q=Qx(ab], QCR"

12



if the first and second derivative in r is replaced by the gradient and the Laplacian,
respectively. We consider T-periodic positive solution z of (2.9) witha =0,b=T. If u
is periodic in space, the same technique yields Harnack’s inequality (2.4) provided that
W = Q x (R/TZ) replaces K, where  is an n-dimensional torus. However, Harnack’s

inequality (2.6) should be altered for W. Instead of (2.7), (2.8) we obtain
(2.10) u" ' Au > =Cu, QAU 2> —~4Cy in W.

Contrary to one-dimensional problem, (2.10) does not yield (2.6). Instead of (2.6) we

observe that
(2.11) ' (W7)y(r,8) > M7 —4Cpr?[2n, t = |z — |

for the maximizer (z0,t0) of u over W. Here f(r) denotes the mean of f on the sphere of

radius r centered at z,, i.e.,
fH(r) = f(rw + z0)dwa™?, @ = area of the unit sphere.

wj=1
Indeed, using the identity
(2.12) AL (fi(r(z)) = /I (BNt zo)da™, (@) = e = 2l
we observe that (2.10), yields

(@)Y 2 =1Cur™!
since Azg(r(z)) = r'="(r"~1g'Y. Here, the left hand side of (2.12) is the Laplacian of
fi(r()) as a function of z. Since (2o,1,) is a critical point of (u?),, integrating over (0, )
yields ((u7);) 2 —yCasr/n. Integrating over (0,7) again yields (2.11).
It remains to prove (2.12). We may assume zo = 0. A direct calculation shows

(2.13) Ao (f(r(z)w)) = (w- V)(w - V)f)(r(z)w)
(2.14) [V-ww: - V)]-([V-ww V)If) =4 - (w-V)w- V)]f.
for a given unit n-vector w. If the left hand side of (2.14) is evaluated at r(z)w, it agrees
with A,g(w), g(w) = f(r(z)w), where A, is the Laplace-Beltrami operator on the unit
spheres. By the divergence theorem, integrating (2.14) over the sphere yields

0= /I SRR CORER

This together with (2.13) yields (2.12).
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3 TUpper bounds.

We shall derive an a priori upper bound for a positive smooth solution « > a > 0 of
3.1) ue = v {u,r + o(u)(u + P(u) - f(z,t))} in K. |

Here ¢ and 9 are smooth functions on (&, 0) and f is smooth on K i.e. f € C®(K) with

f>0;a>0and vy €R.

3.1. Lemma on integral bounds. Assume that % > 0, f > 0 and that 0 < ¢ < ¢z,

v — (v)v < ¢4 on (&, 00), (a > 0) with some positive constants ¢; and ¢q. Then
// udzdt < 27T (c3|flleo + c4) = C1
'k
2
[ Zdedi < esCillflle = s
KU
holds for all solutions u € C*(K) of (3.1) withu > a on K.
Proof. Multiplying v=7 with (3.1) and integrating by parts on K yields
/ / X grdt = / / {tss + o(u)(u + $(u) — f)}dzdt
kul K
= [ fetw - p(u)(f - $(u)}dadt.
Since u is T-periodic, we see
T u, T
/ B = (1 7)-1/ (W =")dt =0 forall -z €R.
o uv 0
We thus observe that

/ /K p(u)udzdt = / /K w(u)(f — P(u))dzdt < / /K @(u) fdzdt < 2nTcs||flloo

since ¥ > 0 and ¢ > 0. From v — ¢(v)v < ¢4 it follows that

//K udzdt < .//K(‘P(u)u + ¢4)dzdt < C,.

It remains to prove the second inequality of Lemma 3.1. Multiplying u,/u? with (3.1)

and integrating over K yields

//K gd”d‘ = / /K{uuu. + o(u)(u + P(u) - flu}.

Integrating by parts, we see

1 T d 2x .
// U U dzdl = — // UpUpdzdt = —= —/ uzdzdt =0
K K 2Jo dtJo
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by T-periodicity of u,. We also observe that
T
| / o(u)(u+ $(u))udt =0 forall ze€R.
0 .

We thus conclude that by integration by parts in ¢

[ o= [ s [ oo

by T-periodicity of u, where ® is a primitive of ¢ defined by
o) = [ wlr)dr
0 .
so that ®(v); = ¢(v)v; and ®(v) £ c3v. It now follows that

2
// -u—f'da:dt < ifilleo // czudzdt < ¢3Ch| filloo-
KU K

This is the same as the second inequality of Lemma 3.1.

3.2. Upper bound Theorem. Assume that 1 < 4 < 3 and that @ > 0. Assume the
hypotheses in Lemma 3.1 on f, ¥, @. Assume furthermore that

(3:2) PO)B() — 1) + o)) €0 |
(33) 0SPON S e, @()($(v) - min f) < eolv+1)

on (a,00) with constants cs and cs > 0. Then there is a positive constant My = M, (c;,
3<35<6, T, ||flleos lfelloos 7) such that if u € C®(K) with ming u > a solves (3.1),

then maxx u < M,.
Proof. We shali combine Harnack’s inequality (2.6) with integral bounds. We set
(3.4) 9(v, 2,t) = p(v)(v + ¥(v) - f(z,1))
so that
900 — g = {'(v)(v + P(v) = f) + (v)(1 + ¥ (v))}v = 9(v)(v + $(v) ~ f)

< ¢/p? + p(o)(f = $(v)) by (3.2)

SCs+C3”f”°°ECO for v>a
since ¢ > 0. Moreover,

l9:) < ()| filleo < c3llfillo =€ for v> a.

15



Applying Harnack’s inequality (2.6), we have
(3.5) u(z,t0)" 2 M". —1Cu(z - 20)?/2 forall z€R
vwith M = maxg u = u(zo,%,) and
Cu = .c_°M7-1 + %M(v-})/2 + M""lgM.
v v
Here
gm = max{g(v,z,t)4;a < v < M, (z,t) € K}
S CaM + Cs(AI + 1) by (3.3)2.

It follows that
Cu <2/M7, (' =c3+cs)

for large M, say, M > M, = M;(co,¢1,¢3,C6,7)- -
We now integrate (3.5) (assuming M > M) to get

ot+o

2% To+x z
/ u(z,t5)dz = / u(z,1)dz > / (MY =y M7 (z — 24)*)dz

0 To—% Zo

=M'0(1-9c0?/3) for O0<o<m
>M70/2 forsmall o, say, o< (3/2v¢)?=o0,.
We shall fix ¢ = o0 in the rest of our argument. By Lemma 3.1 there is ¢; such that
2% 1 T p2x
/ u(z,t,) dz < —/ / u(z,t)"dzdt
0 TJo Jo -

M1 C'lf‘{["-1
< T //KudzdtS—T—.

We now observe that
f27 2x 2x t
/ u(z,t)'dz = / u(z,t,)"dz +/ / yu' (2, 7)drdz
0 0 0 Ji

2x . 2
< / u(z,t)"dz + 7(// ua”"zda:dt)l/z(// ﬂdwdt)l/z
0 K K uw

< _Cfx M1 4 4CHAMG=I2CH forall teR

since [f u?/u" is estimated by Lemma 3.1. Setting ¢ = ¢, now yields

M70'0
2.

2x
< / u(z,to)'dz < %M‘Y" 4 CM2CN2pg@1-3)2,
0

Since v < 3 i.e. (37-3)/2 < =, this inequality for M yields a bound for M, say M < M, =
My(00,C4, Cy, T, 7). We thus conclude that M < M, by setting My = max(M,, Ms).
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3.3. Remark. The assumptions of Theorem 3.2 are clearly satisfied for u, = v”(u. +
u — f) with f > 0 which is a particular example of (3.1) by setting ¢ =1 and ¥ = 0.
We study general equations because we need to have a bound of solutions for solutions of
equations which appear in homotopy of approxima.té equations. These technically looking

assumptions are really useful in the sequel.

3.4. Remark. We obtain an upper bound as in §3.2 for multi-dimensional problem
where K is replaced by W as in §2.5. Note that the integral bounds in §3.1 hold for W
with no changes. The only place to be altered in the proof of Theorem 3.2 is the estimate
of sapce integral of 47 from below since (2.6) should be replaced by (2.11). By (2.11) it
holds

/u"(a:,to)dz 2/ u’(z,io)dm 2/ Y (MY —yd M77? [n)dr
[1] |z=z0l<e 0
> M'¢"/2n for small o.

The remaining argument is the same as in the proof of Theorem 3.2.

4 Constraints and lower bounds.

We consider a positive (periodic) solution # € C®(XK) of (1.1) with the constraint (1.2).
Our goal in this section is to establish an @ priori lower bound for v when f > 0. Since
an upper bound is obtained in Theorem 3.2, this will complete the proof 'of Theorem 1.4.
As noticed in the Introduction, the constraint (1.2) plays an important role for a lower

bound. We first study the stationary problem of (1.1):
(4.1) Uz +U=F inA T = R/2rZ.
4.1. Lemma on distance of zeros. Fora € R and d > 0 suppose that V solves
Ve +V 20 on (a,a+4d)
with V(a) = V(a) = 0 and V(a + d) = 0. Suppose that
V>0 on (a,a+d) and V #£0.

Then d > «. Here V, is assumed to be Lipschitz on [a,a + d].
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Proof. We may assume a = 0. Since V(0) = V(d) = 0, integration by parts yields

d

/ sin(To){Vie + (5)?V}dz = 0.
0 d d
Suppose that 7/d > 1. Since sin(xz/d) > 0, V > 0 on (0,d), we now observe that
d
/ sin(S y )(V:: + V)dz 5/ sin(=- ){V,, +(5 )2V}d:c =
0
Since V. + V 2> 0, this implies
Vez+V =0 on (0,d).
By V(0) = V(d) = 0 we see
V(z) = Rsin(rz/d)

with some constant R. Since V,(0) = 0, this implies V = 0, which contradicts V' # 0. We
thus proved 7/d < 1. O

We next discuss the way to get a lower bound of solutions of (4.1) from constraints.
For later convenience we state here a general version. Let p* = {uf}.5o be a sequence
of nonincreasing, continuous, positive functions on (0,00) such that u¥ converges to some
(nonincreasing, positive,) fﬁhction pE on (0,00). We assume that pg is cofxtinuous in
(0,00) and that the convergence p; — pg is uniform in every compact subset of (0,00)
as ¢ — 0. Let A~ = {h};50 be a bounded sequence in L*(0,c0) such that 0 < A7 < 1.
Assume that h7 converges to hg = 1 uniformly in every compact subset of (0,00) as

€—0. For U > 0in (4.1) and € > 0 we set
(4.2) AXGU) = [ sina(e - QuEUIRE(U)ds, € R,
0
where sin, z = max(sin z,0), sin_ z = — min(sin 2,0) and A} =1 fore > 0.

4.2. Lemma on a lower bound for stationary solutions. Letk; (0 < j< 4) bea

positive constant. Suppose that

(4.3) /0l po(z?)dz = o0

Then there are positive constants &, 8 depending only on k;j’s and p*, h~ such that a
positive solution U € C*(T) of (4.1) satisfies ming U > 6, if U and ¢ (0 < € < &) fulfill

following properties.
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(UI) OSFSko, where F=Uzz+U,
(UQ) kl Sma.xTUSkg
(US) A7 ((U) <ksAF((U)+ks forall (€R.

Proof. We argue by a contradiction. Suppose that for some k; (0 < j < 4) there would
exist sequences {U,}, {¢.} (€5 = 0) satisfying (U1)-(U3) with U = U,, e = ¢,, F = F,
* such that |

(4.4) 0<m,li‘nU,.—>O and ¢, —0 as n—o0.

Letz, €T be a point such that miny U, = U,(z,). We may assume z, — z, for some
zo € T by taking a subsequence if necessary. Since F,, and U, are bounded by (Ul)
and (U2), the equation (4.1) implies that {U,.} is bounded in C(T). By Ascoli-Arzela’s
theorem U, converges to some function U in C*(T), by taking a subsequence if necessary.

Since {U,..} is bounded, U, is Lipschitz in T and solves
Uee 4 U20 (by Fy20).

By (4.4) we would obtain
U(zo) = nh_r.lg° Un(za) =0

since the convergence U, — U is uniform. By (U2) we see U # 0 i.e. thereis z, € R with

U(z.)>0. We set
a =sup{z € R;U(a:) =0,z <z.} €R.

Since U takes zero at z, this is well-defined. By continuity of U, we see U(a) = U.(a) =0
and U(z) > 0 for a < z < z,. We now apply Lemma 4.1 to observe that the distance of
another zero (bigger than a) of U and a is more than 7. Thus there is a small 0 < po < 7/2

such that if 0 < p < po then
Ao =inf{U(z)ja+p<z<atp+7}>0.

We fix 0 < p < pg and set { = a + p. Since U, — U is uniform, we have a uniform

lower bound for U,:

(4.5) Us2k=21,/2 on [(,(+]
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for sufficiently large n.
Since U, is bounded, U,(a) = U(a) = 0 would imply that
(4.6) 0< U(z) < R(:z:‘— a) forall z€R
with some R > 0. From a bound (4.5) it follows that
o] = Wi [ sin(e = QU)o < [ sin(e = ot (<) = 26 (),
where A% = A%((,U,) with £ = ¢,. By (U3) this implies |
T pecoA] < 2kapd (k) + ks = L < 0.

Using Fatou’s lemma, we observe that

[ (=sinte = D5 (U < limpes [ (=sinte — )i (Ui, (U)o

<limp-.oA; <L,

since the uniform convergence u; — pg, by — hy on every compact set in (0, c0) implies
that '

lim 47, (Un(e)) = 15 (U (=), Jim B, (Un(e)) = 1
for a < z < (. From (4.6) it would follow tﬁat

/a((—sin(:c - O))es (R(z - a)?)dz < L.

Since ~sin(z — ¢) > 0 on (¢ ~ 7,{) 3 a, this contradicts (4.3). We have thus obtain a

lowef bound §, for U for small € > 0.

4.3. Corollary. Let f € C(T) be a positive function and ¢ > 0. There are positive
constants 6y, My (depending only on o, || f|le and mint f) such that if a positive function

u € C*(T) solves
2x
Ugo+u=f in T with / e*u~%dz = 0,
0
then 6y < u < M, provided that 1/2 < 0.

Proof. Although an upper bound M, is obtained by a general Theorem 3.2, we sketch the
proof in this context which reflects an essential step of the proof of Theorem 3.2. Clearly

Ulyr = fu —u? > —M? with M = maxy u. This implies
(v*)es = 2] + 2uu,, > —2M°,
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which yields
- u¥(z) > M= M¥z - z0), M = max u = u(To).

We now integrate to get

zo+1 2% 2 .
M’/ (1-(z = z0)*)dz < / uldz < M/ udz.
o 0

Zo

This yields a bound M, of M since we observe

2x . p2x
[ ude= [ fdo < 2l flle
0 0

by integrting ., + v = f on T.

By the maximum principle we have
max v > min f.
Since the constrainnt [ e*u~?dz = 0 is equivalent to
2% .
/ sin(z ~u’dz =0 forall (€R,
0

(U3) is fulfilled with k3 = 1, k4 = 0, p(v) = v=°, h¥(v) = 1for all € > 0. We observe that
(U2) is fulfilled with k; = mint f > 0, k2 = M,. Since (4.3) is fulfilled for pg(v) = v=7,
we now apply Lemma 4.2 with kg = || f||e to get a desired lower bound 6, of u.-O

We now study time dependent problem (11) or its general form

(4.7) Uy =u" (s +u—f) in K.
For u € C(K) it is convenient to define

T

U(z) = / u(z,t)dt.

0

Divide (4.7) by 47 and integrate over (0,T) to get
T
(4.8) Uwe+U=F in T with F= f f(z, t)dt,
' 0

since u is T-periodic in time. Harnack’s inequality (2.4) allows us to compare u and U.

4.4. Lemma. Suppose that u € C(K’) satisfies (2.4). Then there are A, A > 0 (depend-
ing only on C, v, M, T) such that Au(z,t) < U(z) < Au(z,t) for (z,t) € K.
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Proof. Since u is T-periodic, integrating (2.4) on (t, — T, 2,) yields

U(z) = ‘DT u(z,t)dt < u(z,t0)A, A= /,‘-T exp(—C M} (t - to))dt;

to—

A is indepenent of ¢;. The inequality Au < U is similarly obtained by integrating
u(z,to)exp(CM™"}(tg - 1)) < u(z,t) on t<t<t+T.

4.5. Proof of Theorem 1.4. Since an upper bound of a positive smooth solution of
~ (1.1) or (4.7) with 1 < 7 < 3 is obtained by Theorem 3.2, it suffices to establish a lower

bound assuming the constraint (1.2).

By the maximum principle we see

(4.9) maxu > mlgnf = ¢y,

Since Harnack’s inequality (2.4) is available for (4.7) with ¢o = || fllcos €1 = || filloor ¥ = 2,

Lemma 4.4 now yields
(4.10) mqg.xU 2 U(Zo) 2 AU(zo,to) 2 /\62 = k1

by taking (zo,%,) as a maximizer of u over K. From an upper bound M, of u, it foHon
that U fulfills (U2) with k; = MoT. Since 0 < f < ||flleo, We see that (U1) is fulfilled
with ko = T|f]lec- If U > &5 on K, Lemma 4.4 gives a lower bound § = A~1§, for u.

It remains to check (U3) with (4.3) by choosing p(v) = v=!, h¥(v) = 1 for € > 0,
S0 th‘at (4.3) is fulfilled. We shall drop subscript € since all quantities we handle are
independent of £. We estimate A~ by Lemma 4.4 to get

A%amsAdﬁ”ﬂﬁ%%QM.

By the constraint (1.2) we have

#sin_(z—-(),  [Fsing(z-(), -
[ Segte= || Sy e CeR

since f:’ sin(z — ¢)u~'dz = 0. Using again Lemma 4.4, we get
B A~(C,U) S ATTAAYM (G, U)

which is (U3) with k3 = A~!'A and k4 = 0. This enables us to apply Lemma 4.2 to get
a lower bound §, for U. If we examine properties of all constants, we conclude that the

constant 6, has the desired property.
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4.6. Generalization. If we examine the proof, it turns out that the assumptions in
Theorem 1.4 are weakened. First of all we may replace (1.1) by (4.7) with 1 < v < 3.
Second, (1.2) may be replaced by

2 ei:
‘/o u’(z,t)dz =0

for some o > 1/2 and some t. Here pZ(v) should be v in the proof.

5 Approximate penalized equations.

To solve (1.1) with (1.2) for positive f € C*®(K) satisfying (1.3) we consider an approxi-
mate penalized equation. Let m > 1 be_a, large number such that |
(5.1) min f — 1 > lmin /.
K m= 2K
For 0 < ¢, &’ < 1 we take a smooth nondecreasing function £ = £, on [0,00) such that

(5.2) £v)=v for v>me+e
(5.3) vVme < €(v)<fvvme) for v>0
| with some 1< £<2 independent of ¢,¢’ and v.

Our approximate penalized equation is of the form

"2 w’ £ . ,
(5.4) wy = (w+ &' (wer + (w+€,)2(w+ fwre) f) in K.

The term /&(w+¢’) plays the role of a penalty term. (If we do not need to have smoothness
of this term, we may take e/(w + €') V me.) The cutting off by me of £ is introduced so
that f — e/{(w + ¢’) is always positive, which will be important to get a lower bound.
The parameter €’ is taken so that the equation (5.4) is uniformly parabolic while ¢ is for
penalization. To get a lower bound for w, the penalization effect must dominate-over other
approximation so ¢’ should tend to zero faster than £ when ¢ — 0. For simplicity we shall

take &’ = €2 for the rest of our argument. We set w + £2 = u in (5.4) to get

(5.5) uy = u(u,, + <p,(u)(u + Y (u)—-f—-€?) in K
with

(v—e?)? €
(56) tp,(v) = T, d)‘(v) = @ for v>0.
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A direct calculation shows

(57) Pe(v)=1- ? + ':;_:
(58) o =20-5)

Since ¢, and ¥, satisfy
(5.9) |
0<5¢@(v)<1, 0S(v)?<2?<2,v(1 - (v))£22<2, for v>a=¢?
(5.10)

minf - %e(s) > 0, W) SO for v>a,

all assumptions in Theorem 3.2 are fulfilled with ¢; = 1, ¢4 = 2, ¢5 = 2, ¢ = 0; to get

(5.10); we use (5.1)-(5.3).

5.1. Upper bound Proposition. There is a positive constant Mo = Mo(T, || flloos || filleo)
such that if u € C*(K) solves (5.5) with ., 1, satisfying (5.9)-(5.10), and u > €2 on K,

then u < My on K. Here and hereafter ¢, 9. are assumed to be smooth on (0, c0).

As in §4 we set
T
U(z) = / u(z,t)dt.
0

Applying the maximum principle for (5.5) we see

. . 1 .1 ., .
m}?qumI%nf—zp‘(u)Zm}\;nf—-’;;zEménf=c2

by (5.1)-(5.3). Since other assumptions for Harnack’s inequality (2.4) hold by (5.9)-(5.10),

U and u are compared by Lemma 4.4.

5.2. Comparison Lemma. Assume that ¢, and ¢, fulfills (5.9), (5.10) and that
n'}‘inf—¢,(v)2c2>0 for v>¢?

for some constant c,. Then there are positive constants A, A (depending only on T, || fllco,

1 filloos €2) such that if u € C*(K) solves (5.5) with u > €* on K, then

(5.11) | Au(z,t) < U(z) < Au(a:,t) for (z,t) € K.
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We shall derive a uniform lower bound of u independent of € by assuming (1.3) for f,

ie.,
2z
(5.12) / f(z,8)sin(z = ()dz =0 forall ¢,t€R.
0

5.3. Lemma on approximate constraints. Assume that f € C*°(K) satisfies (5.12).

Assﬁme that (5.9), and

(5.13) 1-@(v) <ere?v™! for v> ¢l

with some ¢; > 0. Then if u € C*(K) solves (5.5) with u > €2 on K, we have
619) 1 [ Goluhla) + Q= o+ N}sinte - o] < 4T
forall¢ €R.

Proof. Since u is T-periodic in ¢ we have

T T
/ E:-clt=/ -1).dt=o.
o us 0 U

Since‘u is 2m-periodic in z, integrating by parts yields
2% .
(uzz + u)sin(z - ()dz =0 forall (€R.
0
Multiply (5.5) with u=2 to get
7 = e b u— (F 4 6) 4 @ (W (1) + (1 = @) +€) + (0 (8) = .
Multiplying sin(x — {) with the both sides and integrating over K now yields
T pox T pox
/; ./0 {@e(w)pe (w)+(1—p (w))(f+€*)} sin(z~()dzdt = / ‘/o (1-@c(u))usin(z—€)dzdt.
0

We use (5.13) to get (5.14). O
Since ¢, in (5.6) satisfies (5.7), the property (5.13) with ¢; = 2 holds for ¢, defined by
(5.6). By its form of ¢, and of ¢, in (5.6), it is clear that

(5.15) @c(v) = 1, ¢, (v)/e = v~! uniformly on every compact subset of b(O, o0)

as e — 0.
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5.4. Lemma on constraints for the limit of approximate solutions. Assume that
@. and P, fulfill (5.9), (5.13), (5.15). Assume that u, € C*°(K) (u. > €*) solves (5.5)
with f = f, € C®(K) satisfying (5.12). Assume that ||f.||l is bounded for 0 < ¢ < 1.
Suppose that u, converges to a positive u € C(K') uniformly in K. Then '

T p2x
(5.16) / / sin(z - {)u~(z,t)dzdt =0 forall (€R.

0 "]
Proof. Dividing (5.14) (f = f., v = u.) with 0 < ¢ < 1 and using (5.13), we observe that
(5.17)

T p2x T 2x
I/ / sin(z — )pe(ue )Y (v )e~ dzdt] < cre + callfe + 1]oo / / ;f—d:z:dt.
o Jo o Jo u

Since u > 0, u, is bounded away from zero, say u, > §; > 0 uniformly for sufficiently small
€ > 0. The right hand side of (5.17) now converges to zero as € — 0. By the convergence
(5.15), sending ¢ to zero in (5.17) yields (5.16), since u, > 6. O

The basic strategy to get a lower bound for  in (5.5) is similar to the proof of Theorem
14. This time we should check assumptions of Lemma 4.2 by using our approximate
constraint (5.14). For this purpose we note a property of ¢, of (5.6);. The aassumptions

on ¢, in the following Lemma is automatically satisfied for ¢, of (5.6);.

5.5. Lemma. Assume that ¢, fulfills (5.9) and (5.15). Let Ao be a positive number.
There ezists a sequence of continuous functions h,, 0 < h, < 1 on (0,00) such that h,

converges to 1 uniformly in every compact subset of (0,00) as ¢ — 0 and that
T T
| ecotnde 2 The(v), v = [ oty
0 0
Jor allv e C[0,T) withv > e€? and V < Agu(t), 0t < T,
Proof. We set a continuous function

he(p) = ¢c(pAT' VE?), p>0

and observe that A, — 1 uniformly in every compact subset of (0,00) and that 0 < h, < 1.

Since ¢, is nondecreasing on (£?,00) by (5.9),, we thus conclude

T T
/0 we(v(t))dt > /0 h(V)dt = Th,(V).O

We set
IF=If(¢u)=¢" /OT /:t{soc(um(u) + (1 - @ (w))(f +€%)} sing(z — ()dzdt.
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The approximate constraint (5.14) is rewritten as
(5.18) |I} — I7| < 4Tcse.

5.6. Proposition on estimate of Asx. Assume that u € C(K) satisfies the comparison
(5.11) with U and v > €* on K and that f > 0.

(i) Suppose that ¢, fulfills (5.9) and (5.15). Suppose that v.(v) > ev.(v)/€ for v > 0,
where v,(v) = 1/(v V me) with somem > 0, £ > 0. Let h, be as in Lemma 5.5 and set
h; = h, and p;(v) = v.(A'v). Let A] be defined by (4.2). Then |

TA;((,U) S 7 (Cu), (ER.

(i) Suppose that ¢, satisfies (5.9),, (5.13). Suppose that ¥, safisfies ¥.(v) < ev=! for
v > 0. Let A} be defined by (4.2) with p}(v) = v='. Then

IF(Gu) STA(L +ecrllf +€%]l)AF (G, U), C€R.
Proof. (i) Since le=9,(u) > v (v) 2 p7(U) we see
T p2r S
I- > 6‘1/ / Pe(u)e(u)sin_(z — ()dzdt (by f >0, < 1)
o Jo
1 [ uudt)ur (U)sin (= - ¢)dadt
20t [T puwnu; @ysin. .

Apply Lemma 5.5 to get £I; > TA7.

(ii) We estimate ¢,, ¥.£71, 1 — o, from above to get

+ T p2x 1 €cr . .
s [ [G+ RS + ) sing (o ~ Q)dodt
0 1] u u

v 2x 1 .
S TAQ +ecH||f + 5‘||°°)/ 7 siny(z - ()de
0
which completes the proof;

5.7. Lower bound Theorem. Assume that f € C°(K) fulfills (5.12) with f > 0. Let
®c and P, be defined by (5.6) with (5.2), (5.3), m > 1. Then there are positive constants
€0, 0 depending only on T, || flleo, ||fillco, ming f such that if u € C®(K) solves (5.5),
with m satisfying (5.1), then u > & on K for 0 < € < €, provided that v > €* on K.

Proof. Since ¢, and %, in (5.6) fulfill all assumptions on ¢, %, in §5.1-§5.6 including
Propositions 5.6, we may apply all these results. By the comparion Lemma 5.2 it suffices

to apply Lemma 4.2 to get a lower bound for U for sufficiently small e.
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We shall prove (U1)-(U3) in Lemma 4.2. Dividing (5.5) with 4? and integrating over
(0,T) yields

0= Uzz + U~F on T
T

F= [{(f+8 - (0 + (1 - p(w)udd.
Since f — ¥.(u) > 0 by (5.10) and ¢,(u) < 1 we see F > 0. Moreover, by (5.13) with
¢r = 2, we observe that '

T 22
F< [ +€lle + )it =Tl +3) = ko (0<€ <)
which proves (U1). By (5.1)-(5.3) applying the maximum principle yields
1 .
max u(= u(zo,%)) 2 -2-m’}nf = ¢

as in §5.1. By Lemma 5.2 we see

‘ U 2 Uzo) 2 Mulzoyto) 2 2 min f = ky > 0;

maxv =2 (z0) 2 U(?o, 0) 2 §H}}Hf= 1> 05

(cf. the proof of (4.10).) Since u < M, by Proposition 5.1, (U2) is now fulfilled with
kz = TMo. '
It remains to show (U3) since uZ, A satisfy desrired properties including (4.3). Ap-

plying the approximate constraint (5.18) to Proposition 5.6 we observe that

AZ(GU) STMI(¢u) £ 2717 ()
| < OT-Y(I}(C,u) + 8T€) < 2T-1I¥(C,u) +2-8
<201+ 2(|l flleo + 1))AF(C,U) + 16

where we have used 0 < e < 1,£< 2, ¢7 = 2. We have thus proved (U3). The proof is

now complete.

6 Existence of periodic solutions.

We shall construct a positive solution w € C®(K) of the approximate penalized equation
(5.4) (with €' = €?) for arbitrary positive f € C®(K). We always assume (5.1)-(5.3) and
positivity of f € C°°(K’) in this section. Also we fix £ > 0 except in the proof of the
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Main Theorem given in §6.8. We begin with a solvability result for a uniformly parabolic

equation since (5.4) is uniformly parabolic for w > 0. Forw > 0, T > 0 we set
K, = (R/wZ) x (R/TZ).

We consider a ulﬁform parabolic equation

(6.1) v =a(v)(vzz ~bv+h) in K,.

6.1. Unique solvability Lemma. Assume that b is a positive constant and that a is
a continuous function on R such that a(o) > ao > 0 for all o € R with some constnat
ao. For each h € C(K,) there is a unique solution v € [\, W (K.,) C C(K.) of (6.1).
Moreover the solution operator h — v is a continuous, compact operator from C(K,) into
itself. There ezist 6 = 8o(ao, ||h|lw,bw,T) > 0 and Cy = Co(ao, ||Al]essb,w,T) > 0 such
that estimate

ollwz+ < Collhfleo

holds for all2 < p < 2+ 6, and h € C(K,).
We postpone the proof in the next section.

6.2. Mappings. We next interpret a solution w of (5.4) as a fixed point of a mapping.
Let b > 0 be taken so that ' ‘

(wy)? 2
v+ oy 1o

forall w e R, (’:z:,t) € K and ¢ > 0on K if w > 0. It is possible to choose b > 0 because

H(w,z,t) = dw,y + - f(z,t)) 20, wy =wV0,

(w4)? vanishes faster than w,. Indeed, w < 0 implies ¢ = 0. If w > maxg f > 0, then

# > 0 for any b > 0 since £ > 0. If otherwise (but w > 0), we observe that

¢(w,z,t) - ( + 'r)o {b(w + 52)2 + w? + (m f)w}
2 m(?be w- fw) >0

provided that b > || f]]o0/2¢2.

For this choice of b let S denote the solution operator of

v = (v; + e"’)"'(v,., ~bv+h) in K
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i.e. S(h) = v. By Lemma 6;1 S is well-defined as an operator from C(K) into itself.
Lemma 6.1 also yields;
(i) S : C(K) — C(K) is compact and continuous,
(ii) S(h) is Holder continuous on K for h € C(K). A
The second assertion follows from the Sobolev embedding since S(k) € W2(K) for all
p > 1. Using (ii) and the Schauder theory of linear parabolic equations [LSU] we observe
that
(iii) v = S(k) € C*(K) (i.e., v,vzz,% € C(K)) provided that h is Holder continuous in
K. ' '
By the strong maximum principle for classical solutions we see
(iv) v=S(h) > 0in K if > 0 and h # 0, where h is Holder continuous.

For u € C(K) we define a continuous operator H : C(X) — C(K) by

H(u)(z,t) = ¢(u(z,1),2,1).

Since ¢ is locally Lipschitz in w, we observe that

(v) if u is Hlder continuous in K so is H (u).

Suppose that w € C(K) is a fixed point of So H i.e., S o H(w) = w. Then by (ii) w is

Hélder continuous. This implies S(H(w)) € C*!(K) by (iii), (v). Since ¢ > 0 for w > 0,

(vi) H(u) 2 0 and H(u) # 0 unless u = 0, so w = S(H(w)) > 0 in K if w # 0 by (iv).

The equivalence of (5.4) and S o H(w) = w is formally easy. We now obtain a positive
“solution w € C%!(K) of (5.4). Of course, this solution is in C*(K) since f € C*(K) by |

the higher regularity theory [LSU].

6.3. Lemma on the local degree near zero. There is a constantry > 0 such that the
(Leray-Schauder) degreé of I — So H of the value zero in B.(0) equals one for 0 < r < 7o,
i.e.,

deg(f - So H,B,(0),0) =1,

where I denotes the identity operator and

B,(0) = {h € C(K); l[hlloo <7}

Proof. Since S is compact and S, H are continuous, the degree of I—So7H is well-defined

for 0 < 7 £ 1. Since S(0) = 0 by b > 0, the homotopy invariance of degree implies
deg(I - S o H,B,(0),0) = deg(I, B,(0),0) =1
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provided that
(6.2) ' (SoTH)(u) #u

for all w € 8B,(0), 0 < 7 < 1if r is sufficiently small. ‘
It remains to prove (6.2). We argue by a contradiction. We may assume that there
were {7,} (0 < 7, < 1) and {u,} such that u, # 0 and
(SomaH)(us) =u, with |lusljeo =0 as n— oo.
By §6.2 (iv)-(vi) we observe that u, > 0 and solves

(6.3) u = (u+e?)(vpr —bu+7H(u)) in K

with 7 = 7, in a classical sense. By (5.1)-(5.3) we see

£ 1
f- -——_f(u P 2mmf> 0.
Since ||#nlleo — 0, this would imply
G.=f- (u,, ) —u, >0 forlarge =n.

Multiplying (6.3), with (u +&2)~2? and integra.ting over K with v = u,, 7 = 7, yields

0= / /2'u,,{b(1 O T'f".,)zG}dzdt

as in the proof of Lemma 3.1. Since 0 < 7, < 1, b > 0 and u, > 0, this implies G, = 0.

This contradicts the positivity of G, for large n. We have thus proved (6.2).
6.4. Lemma on the degree in a large ball. There is Ry > 0 such that
deg(I — S o H,Bg(0),0) =0 for R > R,.

Proof. We set

d(w)=bwy + ———=w, +1 for weR

(wy +€?)?

and its affine homotopy to H:

¢, (w)=TH(w)+(1-7)8(w), 0<7<1
for w € C(K'). We first observe that

deg(I — S0 ®,Bp(0),00=0 for R>O0.
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Indeed, since @, also satisfies (v)(vi) of §6.2 with H = &,,if So O(u) A='u, then u > 0

and it is a C?! solution of

U = ('u + 52)2('“:: + u -+ 1) in K.

—
(utey

At the minimum point of u we see u; = 0 and u;, > 0 but this is impossible by the

equation for u. So there is no fixed point of S o &.
By the homotopy invariance of degree the proof will be complete if we prove a priori

bound (indepenent of 7) for w satisfying S o ‘I>,.(w) = w so that we set
Ry = sup{||w]||ee; S © ¥,(w) = w,0 < 7 < 1},
As in §6.2, § 0 ®,(w) = w implies that w is positive and it is a C*! solution of
. (6.4) w = (w + e*)*{w,, — bw+ &,(w)} in K.
Since f is smooth, so is w. The following a priori bound is sufficient for our purpose.

6.5. Upper bound Lemma. There is a constant R, > 0 such that if w € C*(K) with
w > 0 solves (6.4) then w < R; in K.

Proof. In (6.4) we set w+ €2 = u to get
| = [tz + Qe (u){u + Te(u) + (1= 7)/ () - 7f - 65}]
with ¢,, ¥, satisfying (5.6). If we denote

0=, Y=Th+(1-T1)/e,

then u > €2 solves
U = u2(uzz +o(u){u+P(u) - 7f - 52}'

It suffices to check assumptions of Theorem 3.2 by setting & = €2. By (5.9) all we have to

prove are
(6.5) ) Y) - 7f - )+ @(v)P'(v) <0, for v > &,
(6.6) o(v)(¢(v) - mlén('rf + 82)) <c(v+1), for v> el

The left hand side of (6.5) is

(e =)=+ (1 =7)o™ ") + o(ry + (1 = 7)(¢7'))

SEPT L=+ (e V(1= 1) = (1= 7)(¢'¢™" — pp'p™*) = 0
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since ¢’ > 0, ¥, — f < 0, ¢! <0 on [e?,00) by (5.1)-(5.3); here ¢! = 1/¢. The left hand
side of (6.6) is

p(r(Ye —min )+ (1 - 7)™ —e?) Spp(1-7) < 1.
We have thus proved (6.5) and (6.6) (with ¢ = 1).
6.6. Remark. For semilinear equation
uy=Au+m(t)w’ in (0,T)xQ
u=0 on (0,T)x 9

with T'-periodic m Esteban [E1] [E2] obtained a positive T-periodic solution u provided
that 1 < p < n/(n — 2) where Q is a smoothly bounded domain in R™. The key argument
is to prove similar statement to Lemmas 6.4 and 6.5. The method to get upper bound in
[E1], [E2] is based on a blow up argument. This is used in [Gi] to get a bound for positive

solutions of the initial-boundary value problem
v, =Au+t v’ in (0,00) X Q

with 2 = 0 on (0,00) x 90 for 1 < p < (n+2)/(n —2). However, it seems to be difficult to
obtain an upper bound by this method in our problem. Application of Harnack’sinequality

to get a bound seems to be new.

6.7. Existence Theorem for approximate penalized equation. Assume that f €
C*®(K) and f > 0. Then for every € > 0 there is a positive solution w € C®(K) of (5.4)
with &' = €2 and (5.1)-(5.3).

Proof. By Lemmas 6.3 and 6.4 we have
deg(I —~ S o H,Bgr(0)\ B,(0),0) = -1

for r < R with r < 1o, R > Ry. It now follows that there exists w # 0 such that
§ o H(w) = w. This yields a desired solution w of (5.4) as remarked at the end of §6.2.

6.8. Proof of Theorem 1.1. We approximate f by f, € C®(K) satisfying (1.3) such
that

fe— fin C(K) as e =0 with  |[[felleo < 2l|filleo, |1 felloo < 20[f]le0,0 < & < 1.
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Of course this is possible by convolutmg f with a mollifier in space and a mollifier in time
so that (1.3) is inherited to fe-

Let w, be a solution of the approximate penalized equation (5.4) (with &’ = ¢2 > 0
and f = f,) obtained in Theorem 6.7. By Proposition 5.1 and Theorem 5.7 we have
§ < w, + ¢ < M,y with My, § > 0 independent of sufficiently small ¢ > 0, say, £ < &,.

This implies that w, solves
wy = a(w)(wez —w+ F) in K

with a.(0) = ((o +€2)?V82) A M¢ and ||F, ]| £ No for 0 < £ < &g, where N; is a constant
depending only on T, || flleos || ftlloo» ming f Since a.(c) > 82, from Lemma 6.1 it follows
that

l[wellwas < Coll Fllee < Ny, 0<e <

at least for some p > 2. Applying the Sobolev inequality yields a bound on v-Hélder norm
of w, forsome 0 < v < 1:

”’LD‘“cv s Ng, 0<e< Eo.
By the Banach-Alaoglu theorem and the Ascoli-Arzela theorem there is a subsequence
(still denoted w,) and u € W' N C such that

w, —u weaklyin W', w, —u strongly in C(K).

Letting € — 0 in (5.4) now yields (1.1) for u since e/é(w, + €?) — 0 by w, + €2 > §. The
higher regularity '

v € W (K) for allp>1 or
v € C®(K) for feC®(K)
- follows from the standard linear L” and Schauder regularity theory [LSU] since the equa-
tion (1.1) is uniformly parabolic if §* < u < M2,

It remains to prove the constraint (1.2). As in the Introduction, if u solves (1.1) and

f satisfies (1.3), then
d sin(z - () /2" . _ '
—dt/ ) dz = A fsin(z - ¢)dz =0, t,(€R.
Applying Lemma 5.4 yields

[0
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We thus conclude that

¥sin(z-¢),
./o —mdz—o for all t,CGR

which is the same as (1.2).

7 Unique solvability of a class of quasilinear equations.

Our goal in this section is to prove Lemma 6.1. We first prove uniqueness of solution by
reflecting Lipschitz continuity of solutions w.r.t. datain L!. In the proof we ﬁse smoothed
signature functions which was often used to prove L!-contractivity for scalar conservation
law; see Crandall [Cr]. We next establish a priori bounds for linear parabolic equation by
a perturbation method. Such a method is often used in a different context; see Campanato

[Ca) and [GYo].

7.1. Uniqueness Lemma. Suppose that v; € C(K,) solves (6.1) with h = h; € C(K,,)
with i = 1,2, where b > 0. Suppose that v; € WH(K,) for some 1 < ¢ < o0 fori =1,2.

Then :

. T jrw T pw
b / / oy — vs|dzdt < / / |hy — ho|dzdt.
o Jo Jo Jo

In particular solution of (6.1) is unigque in C(K,) N WH(K,).
Proof. Divide (6.1); with a(v;) and subtract one equation from the other to get
(7.1) A(n)i - A(va)t —wez +bw+ k=0 in K=K,

with w = v — v, k = ha— h; and A(s) = [j a~}(r)dr. Let sgn,(s), p > 0 denote the
‘piecewise linear continuous function such that sgn,(s) = 1 for s > p, sgn,(s) = -1 for
s < —p and sgn,, is linear for |s| < p. Multiplying (7.1) with sgn,(w) and integrating it
on K yields '

T (w
(7.2)0 = / / {(A(v1) — A(v2)): sgn,(w) — wzz sgn, w + bw sgn, w + ksgn, w}dzdt.
o Jo
Note that
—/ Wro SN, wdz = / w, sgnj(w)w.dz > 0
0 0
since sgnj, > 0. Sending p to 0 in (7.2) yields

/OT /ow{(A(m)—A(vg)), sgn(w) + blw|}dzdt < /07- /0w|k|dxdt,
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It remains to prove
(7.3) | /o . /0 " {(A(vy) - A(vs))s sgn(w)dzdt = 0.
Since a(r) > 0 we observe that sgnw = sgn(W) with
| W = A(v;) — A(v2).

Thus '

T pw T jw

/ / W, sga Wdzdt = / / |Wlidzdt = 0,
0 0 0 0

since W is T-periodic in time. This is the same as (7.3). O

We next derive a priori estimates for linear parabolic equation of form
(7.4) u = a(z,t)(uz; —bu+h) in K,
with a constant b > 0. We use a perturbation method.

7.2. Linear estimate Lemma. Let a; be a positive constant (i = 0,1). There ezist
positive constants §; = 01(a,-,b,iu,T) and C. = C.(a;,b,w,T) such that the following
estimate holds. Fora,h € C(K,) withao < a < a, there is a unigue solution u € W2'(K,)

satisfying

(7.5) ullizs < Collhlle, for 2<p< 6y +2
The solution u always satisfies

(7.6) | [lulles < 67[|A]loo.

Proof. We may assume a; = 1 by dilation of the time variable. We may assume that a,
h € C*(K) with K = K,,. Indeed, for a, h € C(K) there are a,, h, € C®(K) such that
a, = a, h, = hin C(K) as € — 0 and that ag < a, < a; = 1. There is a unique solution

. of (7.4) with a = a,, h = h,. By our results for u, we have

(7 _ [eellwar < Cullbelloos  ltelloo < 67 }Aelloo
for 2 < p < 2+ 6. We thus observe that

u, — uo weakly in W' and u, — uo strongly in C(K)
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as € — 0 by taking a subsequence if necessary. If w € W' (K) solves
w =a(w,; —bw) in K

then we see w = 0. Indeed, multiplying the equation with w;/a and integrating on K by
parts yields w; = 0 so that w = 0. Thus solution u € W2t for (7.4) is unique. Since ug
solves (7.4) it follows that u = u,. Sending £ — 0 in (7.7) yields (7.5)-(7.6).

We first admit that for (smooth) a there is a unique solution v € W3 (K) of (7.4) for
h € L*(K). This solution u € C®(K) if h is smooth by the standard regularity theory.

By the maximum principle for u € C*°(XK) we see
min b < bu < maxh.
K K

This yields (7.6).

We next consider L? estimate of the linear equation with constant coefficients:
(7.8) U = Uz —bu+g on K.
Multiplying (7.8) with u,, and integrating over K by parts yields
T jrw T pw . ]
/ / (u2, + bul)dzdt = —/ / gz dzdt.
o Jo - Jo Jo
Thus by the Cauchy inequality we have
//(u:, + bul)dzdt < %//(uf., + ¢%)dzdt,
which in particular yields estimates of L?(X’) norm:
(7.9) [uzellz < 1-llgll2

Let L3 denote the operator norm of g — u,, from L3(K) into itself. By L? theory [LSU]
Lj is finite and depending only on w, T, b. Applying Riesz’ interpolation between L?(K)
and L3(K) to (7.9) yields '

(7.10) ||ugrllp < LP”g”P

with L, = 1 as p — 2, p> 2, where L, = L,(w, T, b).
We shall use a perturbation argument. Rewrite (7.4) as u; = u,, — bu + g with

g = (a—1)(us;z — bu+ k) + h and apply (7.10) to get
llwsally < Lplllally + (1 = ao)(lfuszzlly + bllull, + 1|4]l5)-
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We take 8, such that 2 < p <2+ 6, implies

c=sup{L,;2<p<2+6,}<

l—ao

since L, — 1 as p — 2. We thus have the estimate
lluzelly < . Lp(24|Rll, +B]lull,) with e, =(1-¢(1-a0))™

Since (7.6) yields

llly < Sliull < S5~k with S = S(T,e,p),
we now observe that

Jazellp € cuLp(24+ 1)S||All for 2<p <246,
Interpolating (7.6) with this inequality, we conclude that

llullwzs < C.llhlleo

for 2 < p £ 2+ 6, by estimating u; by the equation (7.4).
It remains to prove the unique existence of solution in W3 of (7.4) for k € L2. As in

the first paragraph of the proof, we have the uniqueness of solution of

—pe = (ap)ez — blap) in K.

By the regularity theory only L? solution is zero. This implies that the dual operator L*
of the bounded linear operator L : u + h (defined by (7.4)) from W3*' to L? is injective.
The closed range theorem now implies that L is surjective provided that the range of L is

closed. For (7.4) in the same way to obtain (7.9) we get
lluzzll2 4 Huzll2 < cl|Lulla.
Multiplying u, with (7.4) and integrating now yields
| lluell2 < C[|Lu]]2.
Since —fuu‘dt = 0. Use (7.4) to get
Ifellwzs < C"||Lull,
which implies the range of L is closed, so the proof is now complete.
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7.3. A priori estimate. We consider
(7.11) % =a,(v)(v;z —bv+ k) in K=K,
with a,(p) = ra(p) + (1 - T)ag, 0 £ 7 < 1, where a(p) > a is given in Lemma 6.1 and

b > 0. The estimate (7.6) yields

lIvlleo < 571l

for a W3 solution v of (7.11) with v € C(K). We set
(7.12) - o= max{a(p); |pl < b Ihl|e} < o0
to get
a L a,(v)<a
for a solution v € C(K) of (7.11). By Lemma 7.2 there are positive constants 8, and C,
such that for 2 < p < 2+ 6, a solution v € C(KX) N W''(K) fulfills
(7.13) | [ollwzs < Cullhlloo-
Here 6,, C. only depends on ||A||c, @0, b, w, T.

7.4. A homotopy of mappings. We fix p such that 2 < p < 2 + 6. Since K = K,
is two-dimensional, there is 0 < ¥ < 1 such that the inclusion W2!(K) into C*(K) is
continuous by the Sobolev inequality. We fix » and set X = C’(K). For (v,7) € X x[0,1]

let w = R(v,T) be the unique solution of
(7.14) ' w; = ar(v)(wzz —bw+7h) in K.

7.5. Proposition. The mapping R gives a compact, continuous mapping from X x [0, 1]
into X. The image of R is contained in (), WH'(K). Moreover R(v,0) = 0 jor all
vEX.

Proof. For v € X (7.6) implies
a0 < a,(v) < ay

where a; is defined by (7.12). Suppose that ||v][x < M. Then a(v) has a modulus of
continuity m depending on v only through M. Since m is a modulus of continuity of a,

for 0 < 7 < 1, L?theory of linear parabolic equation provides
IR (v, )llwar < ZIAll;  for  |lolx < M
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for 1 < ¢ < oo with Z = Z(ay,,,9, M) where a, is as in (7.12). We observe that the
image of R is contained in W}!(K) for all q. Take g large so that W2! C X is compact.
Thus
{R(v,m)illv]lx < M,0< 7 <1}
is compact in X, so R: X x [0,1] = X is compact.
From (7.14) it is clear that R(v,0) = 0.
It remains to prove the continuity of R. Suppose that v; - vin X, 7; — 7 as j — oo.

We apply L? theory to estimate (for 1 < ¢ < o0)
llejllwzs < B, u; = R(vj,7;)

with B = B(ao,1,9,||}|ls) since {v;} is bounded so that a,;(v;) has a modulus of conti-
nuity independent of j.

For sufficiently large ¢ we observe that
(7.15) uj —u weaklyin W2Y(K) and u;—»u in C*(K)
for some u € X N Wf'l(Ix’ ) by taking a subsequence if necessary. Sending j — oo in
Uje = ar;(”j)("#z — bu; + 75h)

now yields (7.14) with w = u. Since (7.14) admits a unique dolution for given v, we see

u = R(v,7). We have thus proved that R : X x [0,1] — X is continuous.

7.6. Proof of Lemma 6.1. Since v is chosen so that W2*(K) C C*(K) = X is con-

tinuous, a priori estimate (7.13) yields
|[v]lx < SC.|I~le

with § = S(p,v,w,T). By Propoéition 7.5 and this estimate the Leray-Schauder fixed
point theorem yields v € X such that R(v,1) = v. By (7.15) we see v € [,,,; WH!(K) C
C(K). R(v,1) = v means v solves (6.1). A priori estimate of Lemma 6.1 follows from
(7.13). Since solution of (6.1) is unique, it remains to prove that h +— v is compaét,

continuous from C(K) into itself.

The compactness follows from a priori estimates in Lemma 6.1 since X is two-dimensional.
Suppose that h; — h in C(K') and that v; is a solution of (6.1) with h = h;. By a priori

estimates there is v such that
v; —v weaklyin W>' and v;—v in C(K)(j— o)
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by taking some subsequence if necessary, since K is two-dimensional. Letting j — oo in

(6.1) with v = v; , h = h; yields (6.1) for v and k. This implies the continuity of h — v.

8 Appendix.

We shall prove that (1.1) with constraint (1.2) admits at most one positive solution if f is

time independent. We shall also give a geometric interpretation of the assumption (1.8).

8.1. Proof of Remark 1.3. Multiplying (1.4) with u, and integrating by parts over
K yields
/T / Tt = i i I "Xy + 2y - fuddedt = 0
o Jo u? o Jo 2V Ent 2
if f is time independent. This implies v, = 0 on K.
It remains to prove that

(8.1) U +u=f(z) on T=R/27rZ

admits at most one positive solution satisfying (1.2). Suppose that u > 0 solves (8.1) with

(1.2). Then all positive solution U of (8.1) is of the form
U(z;€,m) = u(z) + Ecosz + nsinz
* for some £,n € R. It is easy to see that
D ={(&n);U(z;6,7) >0 forall ze T}cCR?

is open and convex. Since —log is strictly convex, so is the function

2%
E(€,n) = /o ~logU(z,€,n)dz on D.
The strictly convexity of £ on D implies that E has at most one critical point. Since

a_E_/2* cos z _B_E_;/z' sinzdx
Bf - 0 U 817 - 0 ’

dz, U
U(z;&,n) satisfies (8.1) with (1.2) if and only if (,7) is a critical point of E in D. By
the cl;oice of u, E takes its critical point at the origin, so 'there is no other critical point
of E on D. In other words there is no U(z,£,n) satisfying (1.2) unless (£, 7) is the origin.
We have thus proved the uniqueness of positive solution u of (8.1) fulfilling the constraint

(1.2).
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8.2. Curvature of Frank diagram. Let F be the Frank diagram of Q > 0 as in §1.3.
Let k(6) be the inward curvature of F at p = (Q(8))~*(cos 8,sin8d). Then

(8.2) k=Q%Q+Q")/(Q%+ Q).
In particular, (1.8) is equivaleﬁt to say that the curvture of F is positive.

Proof. For p € R? we define ¢(p) by

P = a(p)(Q(6))~*(cos 8,sin ),

where 8 is the argument of p. This ¢ is a well defined positive function (except the origin)
and is positively homogeneous of degree one. Moreover, F is 1-level set of g. We observe
that

.,V 1 .
(8.3) K= dw(lvgl) = @Ta" (63911 — 20192012 + 1 4:22),

where ¢; = aq/ap;, t=1,2.
We may assume that § = 0 and Q(0) = 1 by rotation and dilation of coordinates.

Since ¢ is homogeneous of degree one so that g; is of degree zero, we see
(84)  g¢=q;cos6+ gysin 0; 0=q;cos0+ q25in8, 0 = g2y cosf + gz siné,

where functions are evaluated at (cos 8,sin 8). From these identities it follows that g;(p.) =
0, g11(p.) = 0, and a(p.) = q(p.) =1 for p. = (1,0) since Q(8) = g(cos 8,sin §). Differen-
tiate Q in 6 and use (8.4); to get

Q'(0) = —q15in 0 + g cos 6
- Q"(0)+ Q) = g sin® 4 — 2412 cos 8sin @ + gaq cos® 6

which yields

ga(p.) = Q'(0) and  gxn(p.) = Q"(0) + Q(0) = Q"(0) + 1.
Plugix}_g these values iﬁ (8.3) we obtain
k(0) =

1 "
(1+_Q'(ojz“)§/‘z(Q (0) +1).

This completes the proof.
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