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REALIZATION THEOREMS OF GEOMETRIC
SINGULARITIES FOR HAMILTON-JACOBI EQUATIONS

SHYUICHI IZUMIYA! AND GEORGIOS T. K0ssioRris?

0. INTRODUCTION

In ([6],[7]) we described the geometric framework for the study of generation and propa-
gation of shock waves in R™ appearing in viscosity solutions of Hamilton-Jacobi equations

Oy Oy 9y
(P) at+H(tam1""axna'0';'l'a"'a'aTn'

y(O,:L'], v ,.’Bn) = é(mla' . ,.’Bn),

)=0

where H and ¢ are C'*°-functions.

The geometric solution y of (P) has been defined in ([6],[7]) in the framework of one-
parameter Legendrian unfoldings and it is constructed by the method of characteristics. Al-
though y is initially smooth there is in general a critical time beyond which characteristics
cross. The geometric solution past the critical time is multi-valued, that is singularities. ap-
pear. The classification of singularities of y has been studied in ([6],[7]). The purpose of
the papers ([6],[7]) is to give a correct geometrical setting for describing the shock waves of
viscosity solutions (cf.,[3],(4]) Existence and uniqueness of the solution of (P) in the viscosity
sense have been established in [3]. The viscosity solution is continuous and coincides with
the smooth geometric solution until the first critical time. After the characteristic cross, the
viscosity solution developes shock waves i.e., surfaces across which the gradient of the viscos-
ity solution is discontinuous. The viscosity solution of (P) in a neighbourhood of the first
critical time has been constructed in [8] by selecting a continuous single-valued branch of the
graph of the geometric solution. Our project is to continue this process and construct the
viscosity solutions around each singularity of the geometric solution. So we need to classify
the singularities of geometric solutions. For the purpose we have to prove that Legendrian
unfoldings is the correct class of geometric solutions. In ([6],[7]) we presented the realization
theorems for Legendrian unfoldings as geometric solutions of a given Hamilton-Jacobi equa-
tion. The purpose of this paper is to give more detailed results (cf., Theorems 3.2, 3.3). We
can also specify the point at where the generic bifurcations of geometric singularities occur.

In [2] Bogaevskii constructed different geometric framework of the Cauchy problem in the
case for the special kind of Hamiltonians. Here, our framework is so fundamental that we
can apply the our geometric framework to general Hamiltonians. For example, the notion of
nondegeneracy for the Hamiltonian in this paper is much weaker than the condtion that the
Hamiltonian is convex or concave (cf., §3).
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We consider the case when the Hamiltonian depends only on momenta, H ( Tar s —5;3/:
in §4. In this case we can state much stronger assertion for realizations of bifircations of
singularities (cf., Proposition 4.1).

All maps considered here are differentiable of class C'®°, unless stated otherwise.

1. GEOMETRIC FRAMEWORK FOR HAMILTON-JACOBI EQUATIONS

In the present paper we treat Hamilton-Jacobi equations in the framework of the geometric
theory of first order partial differential equations described e.g., in [6]. In this section we
briefly describe the geometric framework and present the necessary notation.

Let JI(R™ R) be the 1-jet bundle of functions of n-variables which may be considered
as R?>"*! with a natural coordinate system (z1,...,%n,¥,P1,. - -,Pn), Where (z1,...,2,) is a
coordinate system of R”. We also have a natural projection = : J!(R™,R) — R™ x R given
by m(z,y,p) = (z,y).

An immersion germ 7 : (Lg,ug) — J}(R™ R) is said to be a Legendrian immersion germ
(i-e., Legendrian submanifold germ) if dimL = n and i*6 = 0, where § = dy — 5, p; - dz;.
The image of 7 0 ¢ is called the wave front set of ¢ and it is denoted by W (z).

We also consider the 1-jet bundle J}(R x R®,R) and the canonical 1-form © on that space.
Let (t,21,...,2,) be a canonical coordinate system on R x R™ and

(taxlv' <9 TnyYy8,P1y- 0 ,pn)

the corresponding coordinate system on J!(R x R™, R). Then, the canonical 1-form is given
by

@=dy-—2pi-dm,~——s-dt=9—s-dt.
=1
We define the natural projection II : J}(R x R*,R) — (R x R") x R by II(¢,z,y,s,p) =
(t,z,y). We call the above 1-jet bundle an unfolded I1-jet bundle.
A Hamilton-Jacobi equation is defined to be a hypersurface

E(H) = {(tawayasap) € JI(R X anR)IS + H(t7x7p) = 0}

in J'(RxR",R). A geometric solution of E(H) is a Legendrian submanifold L in J1(RxR", R)
lying in E(H). ,

We say that a generalized Cauchy problem (GCP) (with initial condition L') is given for
an equation E(H) if there is given an n-dimensional submanifold ¢ : L' C E(H) such that
1*O =0 and Xy ¢ T(L') at any point of L' where X is the characteristic vector field given

by

d "aHa ~ O0H 0 QHQ <(~OH
BCAD SR O ik il riate i rD DY ot
We have the following existence theorem:

Theorem 1.1. (Classical existence theorem [9]). A GCP:: L' C E(H) has a unique
solution, that is, there is a Legendrian submanifold L C E(H), L' C L and any two such
Legendrian submanifolds coincide in a neighbourhood of L'.

In order to study (P) we need a more restricted framework. For any ¢ € (R,0), we define
E(H).= {(c, x,y, —H(e,2,p), p)l(z,y,p) € JHR™, R)} .
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Then, E(H). is a (2n+1)-dimensional submanifold of J!(R xR"*,R) and ©, = O|E(H), =
dz — 3" | pidz; gives a contact structure on E(H),. We define a mapping . : JYR™ R) —
E(H). by ¢(z,y,p) = (¢,z,y,—H(c,z,p),p). The mapping . is a contact diffeomorphism
and the following diagram is commutative:

JYR™,R) —— E(H),

| [

R™” x R R"™ x R.

We say that a generalized Cauchy problem (with initial condition L') associated with the
time parameter(GCPT) is given for an equation E(H)if a GCP ¢ : L' C E(H) with i(L") C
E(H), for some ¢ € (R,0) is given.

Remark. The Cauchy problem (P) is a GCPT. The initial submanifold is given by

L¢,0 = {(0,$,¢(:L‘),—H(O, ’g¢) a¢)l € Rn} - E(H)O

The problem of studying the singularities of the graph of the geometric solution is formu-
lated as follows:

Geometric problem. Classify the generic bifurcations of wave fronts of
e LNE(H), —» R" xR

with respect to the parameter t (ie., the generic bifurcations of wave fronts of geometric
solutions along the time parameter).

Following [6], in order to study the singularities of the geometric solution we identify geo-
metric solutions with one-parameter Legendrian unfoldings. Such a characterization, which
is given in Section 3 permits the use of the available singularity theory of one-parameter
Legendrian unfoldings. In the next section we present the necessary background material
" that we use in Section 3.

2. ONE PARAMETER LEGENDRIAN UNFOLDINGS

We now describe the notion of one-parameter Legendrian unfoldings. Let R be an (n +1)-
dimensional smooth manifold, u : (R,ue) — (R, ) be a submersion germ and £ : (R, ug) —
JI(R“,]R) be a smooth map germ. We say that the pair (u,£) is @ Legendrian family if
€, = {1 (¢) is a Legendrian immersion germ for any t € (R, o). Then we have the following
simple but very 1mp01tant lemma.

Lemma 2.1. Let (u,¢) be a Legendrian family. Then there exist a unique element h €
Cae(R) such that €*¢ = h - du, where C2(R) is the ring of smooth function germs at u,.

Define a map germ £ : (R,ug) — J*(R x R™,R) by

L(u) = (p(u),z 0 l(u),yol(u),h(u),pol(u)).

We can easily show that £ is a Legendrian immersion germ. If we fix 1-forms © and 6, the
Legendrian immersion germ £ is uniquely determined by the Legendrian family (u,£). We
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call £ a Legendrian unfolding associated with the Legendrian family (u,€). In order to study
bifurcations of wave fronts of Legendrian unfoldings, we introduce the following equivalence
relation. Let £; : (R,u;) — J}(R x R™,R) (¢ = 0,1) be Legendrian unfoldings. We say that
Lo and £, are P-Legendrian equivalent if there exist a contact diffeomorphism germ

K :(JYR x R",R),z) — (JYR x R*,R), z;)
of the form

I\’(ta z,Y, S7p) = (¢1(t), ¢2(ta z, y)a ¢3(t’ z, y)a ¢4(t, r,vy, 5,p), ¢5(ta z,y, Sap))

and a diffeomorphism germ ¥ : (R,u,) — (R, u;) such that Ko Ly = L3 0 T.

In order to understand the meaning of P-Legendrian equivalence, we introduce the fol-
lowing equivalence: We say that two wave front sets W(Ly) and W(L,) have diffeomorphic
bifurcations if there exists a diffeomorphism germ

3: (R x (R" x R), () = (R x (R" x R),I(2))

of the form ®(t,z,y) = (41(t), ¢2(t, z,y), $3(¢,z,y)) such that (W (L)) = W(L'). If Lo and
L, are P-Legendrian equivalent then these wavefronts have diffeomorphic bifurcations. By
the theorem of Zakalyukin [11; Assertion , Section 1.1], the converse is also true for generic
Legendrian unfoldings. We can define the notion of stability with respect to the P-Legendrian
equivalence in the same way as for the ordinary Legendrian stability (see [1],[11]).

Motivated by Arnol’d-Zakalyukin’s theory ([1],[11]), we can construct generating families
of Legendrian unfoldings. A function germ F : ((R x R") x R¥,0) — (R,0) is called a a
genemhzed phase functzon germ if dyF|0 x R" x R* is non-singular, where dyF(t,z,q) =
(aql (t,z,9)y..., an SE (¢ %,¢)). Then C(F) = d, F~1(0) is a smooth (n + 1)-manifold germ and
7p : (C(F),0) — R is a submersion germ, where 7p(t,z,q) = t.

Define map germs &5 : (C(F),0) — JY(R™,R) by

N OF
@F(t’l‘7q) = (a:7 F(tvwaQ)a Eg(t?m’ Q))

and &r : (C(F),0) —» JY(R x R",R) by

. oF oF
Qp(t,z,q) = (8,2, F(t,z,q), a(t’waQ)a ‘%(t,m,Q))-

Since 4£ = 0 on C(F), we can easily show that ($7)*0 = 2E|C(F) - dt|C(F). By definition,

®risa Legendrlan unfolding associated with the Legendrian family (7, ® r). Following the
lines of Arnol’d-Zakalyukin ({1],[11]), we can show the following proposition.

Proposition 2.2. All Legendrian unfolding germs are constructed by the above method.

We define a function germ F : (R x (R” x R) x R¥, 0) — (R, 0) by F’(t, z,y,q) = F(t,z,q)—
y. We call F' a generating family of ®p. We also consider an equivalence relation among
generating families of Legendrian unfoldings. Let

EF;: (R x (R" x R) x RF,0) — (R,0) (: =0,1)
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be generating families of 5. We say that F, and F} are t-P-K -equivalent if there exists a
diffeomorphism germ

®: (R x (R™ x R) x R¥,0) — (R x (R" x R) x R*,0)
of the form
(b(t, z,Y, Q) = (d’l (t)a ¢‘2(t’ z, y)a ¢3(t7 z, y)v ¢4(ta z,Y, Q))
such that N )
(Fl ° @>£(t.:,y,q) = (F0>£(t,:,y,q)’

where <F~‘0>g(t’x’y,q) denotes the ideal generated by Fy in the ring &(t,z,y,9) of function germs
of (¢,,y,q) -variables at the origin. The definition of the stable t-P-K-equivalence is given
in the usual way (see [1],[11]).
For a generating family F' of ® r, we define
n_Of  of ¢ of  of
T.(P- =(=—,..., =, fe — .., )¢
e(P K)(f) (aq17 ’ aqk7f>‘—(z,y,q) + <8.’L‘1 ) ) amn ) (z,¥)

and P-K-cod f = dimp&(, 4 o)/ Te(P-K)(f). where f = F|0 x (R® x R) x R*, We also say that
Fis a P-K-versal deformation of f if

Ezyg) = (%—fto x (R"® x R) x R¥)g + T(P-K)(f).

Then we have the following proposition whose proof is like that of the ordinary theory of
Legendrian singularities ([1],[11]).

Proposition 2.3. (1) Let F; (i = 0,1) be generating families of ®,. Then ®p, and ®p, are
P-Legendrian equivalent if and only if Fy and Fy are stably t-P-K-equivalent.

(2) Let F be a generating family of &, then ®p is stable with respect to the P-Legendrian
equivalence if and only if F is a P-K-versal deformation of f.

We consider the Legendrian unfolding which is given by the following generating family:

r—1
(°A-) qt g+ ) wid—y(1<r<n)
=1
) r—1 ,
(°D;) Gt +) v g —y (4<r <n)
=2
r—2 .
(*4r) gl o tel)+ ) migi—y(3<r<n+2)
=1
r—2 .
('Dr)  dleetg '+ (tkal ke ad)+ > v tog —y (4 <r<n+2)
1=2
(‘Es) @+ @+ 0105t + 240102 + T3@5 + T1q1 + T2g2 — Y-

Each germ in the above list is a generating family of P-Legendrian stable Legendrian unfold-
ings. Furthermore, it is known that this gives a generic classification of Legendrian unfoldings
for n <5 (cf. {7],[11)).



3. REALIZATION THEOREMS

In this section we identify the geometric solution of a (GCPT) introduced in Section 2
with the notion of one-parameter Legendrian unfoldings. Let i : L' C E(H), C E(H) be
the initial condition of a (GCPT) and let L be the unique solution. Since Xy ¢ TE(H).,
then L is transverse to E(H). in E(H) for any ¢ € (R,0). It follows that L. = LN E(H), is

- an n-dimensional submanifold of E(H). and it satisfies ©.|L, = 0 (i.e., L. is a Legendrian
submanifold of E(H).). If we consider the local parametrization of L, we may assume that
L is the image of an immersion germ £ : (R x R*,0) — E(H) such that L|(c x R") is a
Legendrian immersion germ of E(H).. Hence the coordinate representation of £ is given by
£(t,u) = (£, 2(t, ), y(t, w), ~H (4, 2(t, w), p(t, ), p(t, w).

Let # : JI(R x R*,R) — J!(R", R) be the canonical projection defined by #(t,z,y, s,p) =
(z,y,p). Then the map germ ¢ = # o L satisfies that ¢, = £|x!(t) is a Legendrian immersion
germ for any ¢ € (R, 0). Hence £ is a Legendrian unfolding associated with (7, o £), where
w1 is the canonical projection m; : (R x R®,0) — (R, 0). This completes the proof of the first
part of Theorem 3.1. The proof of the second part is given in [6].

Theorem 3.1. (1) The local solution of the generalized Cauchy problem associated with the
time parameter for the Hamilton-Jacobi equation

s+ H(t,z,p)=0
is a Legendrian unfolding
L£:(RxR"0)— JY(R x R, R).

(2) Let
L:(RxR"0)— JY(R xR",R)

be a Legendrian unfolding associated with (w1,£). Then there exists a C'*°-function germ
H(t,z1,...,%4,p1,...,Pn) such that L is a local solution of the generalized Cauchy problem
associated with the time parameter for Hamilton-Jacobi equation

s+ H(t,2,p) =0,

where the initial condition is given by ¢(0,u).

The above theorem guarantees that the class of Legendrian unfoldings supplies the correct
class to describe the geometric solutions of (GCPT) for Hamilton-Jacobi equations. Thus,
generic results for the singularities of Legendrian unfoldings can be translated to generic
results in the class of all Hamiltonians and all initial conditions. However, we must also
concern ourselves with what are the types of singularities that the geometric solution to a
given Hamilton-Jacobi equation might exhibit. For the purpose, we need a kind of non-
degeneracy condition on the Hamiltonian function. We say that a Hamilitonian function
H(t,z,p)is s-non-degenerated at (tg,20,po) if ﬁ)r(tmwo,m) # 0 for some (i1,...,1n) €
(NU{O}P)™ with 4y + -+ + ¢, = s > 2. We simlgly say that H(¢,z,p) is non-degenerated at
(o, x0,po) if it is 2-non-degenerated at (%o, 79, po). The following theorem is a realization
theorem for generic singularities for a given Hamilton-Jacobi equation.
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Theorem 3.2. Let H(t,z,p) be a non-degenerate Hamiltonian function germ at (to, Zo, o)
and £ : (R,up) — (J'(R x R™,R), (¢0, %0, Y0,50,P0)) be a P-Legendrian stable Legendrian
unfolding associated with (p,£). Then there exists a Legendrian unfolding L' which is a
geometric solution of the Hamilton-Jacobi equation s + H(t,z,p) = 0 such that £ and L' are
P-Legendrian equivalent.

In [7] we have shown the above result (c.f., Theorem 3.5 in [7]) under a much stronger
. . . o*H . " . .
assumption (i.e., the matrix (W(to,zo, Po)) is positive (or negative) definite). We can
state the conclusion under the weaker assumption as the above, the proof is given by the
similar step as that of Theorem 3.5 in [7]. However, it is not so popular and the methods will
be used in the later, then we give the proof here.

Proof. Without loss of generality, we assume that (¢, z0,y0) = (0,0,0). Let G : (Rx(R"xR)x
R¥,0) — (R, 0) be a generating family of the Legendrian unfolding £. Since d2G|0 x R™ x R¥
is non-singular, the set

8 ) ,
¢g = {(0,z,—H(0, ’a 22 (2,q)), a%(x,q))la—qg:(x,q)=02=1,...,k}

is the initial condition for the corresponding (GCPT), where ¢ = G|0 x R™ x R¥. By the
arguments of the last part of §1, we can construct a Legendrian unfolding £’ which is the
local unique geometric solution around ¢,.

We now choose a generating family F : (R x (R” xR)xR¥,0) — (R, 0) of £'. By definition,
Image ® |t = 0 is equal to ¢, so that we may assume that k = k' and f, § are P-K-equivalent,
where f = F|0 x R* x R¥, f(z,y,¢) = f(z,¢) —y and §(z,y,q) = 9(z,q) — .

If P-K-cod§ = 0, then P-K-cod f =0, so that f is already a P-K-versal deformation of
itself. Thus, F and G are P-K-versal deformations of fand g respectively. By the uniqueness
theorem of P K-versal deformations (see [3]), F is t-P-K-equivalent to G.

We now assume that P-K-cod § = 1, so that P-K-cod f = 1. If 8L |1=0 ¢ Te(P-K)(f), then
we can get the required assertion by the uniqueness of the P-K-versal deformation as in the
previous case.

Suppose that &&=y € T.(P-K)(f) for any generating family F of L. Since & is a
geometric solut1on of s+ H(t,z,p) = 0, we have a relation

_aa_f = H(t,: ,ZF) mod (g(f: ,g%)eu,z,q),
s0 that
== li=0 = H(0,: ’0 )m d(aaq{ ’g‘;{;ﬁ(:.qr
Therefore
| _%§|t=x=0 = H(0,0, %(an» mod (g% gﬁh |

V\;llgx‘e fo(q) = f(0,¢). We may assume that fy € 9)?2, where 9, is the unique maximal ideal
[0) Cgq-



We now consider the Taylor polynomial of H(t,z,p) of degree 2 at (¢,z,po) with respect
to p = (p1,-..,pn)-variables as follows :

" 0H,
H(ta xvp) = H(ts x,p0)+ Z %(tv xaPO)(pi - pO,i)
=1 ¢
1 ’H
+§ ZJ m(t, z,po)(pi — Po,i)(Pj — Po,j) + higher term.
Ifwesett=0,2=0, and p; = 3%%(0,(]), then

H(o,o,%m,q» H(0,0 po)+Z (@, Pu) (5 (0,4) = poy)

+3 - o, z, po)( a (0 Q) - po,i)(-al—,j(O,q) — Po,j) + higher term.

Since F(t,z,q) is a generalized phase function germ, rank(b—gj—ai—jlt-_-o) = k. Then we may
assume that a? gl (0) =é;jforé,j=1,...,k and %I(m)=(0,0) € Dﬂg ford=%k+1,...,n. It
follows that aF 72:(0,0, q) po, = ¢; + ¥(g), where (¢) € M2. Since H is non-degenerate, the

quadratic form Zz 1 ap.ap (0,0, p0)gig; does not vanish.
On the other hand

0

im0 € .0 =1, 200D 1000+ (1, 3 D)y

It follows that

19} 0 0
H(0,0,3£0,0) € (f2,0) ~ 1. (e, + (1, ZL2a,
and
L O°H_ of a2 .
9 1 Een aplap] (O 0 pO)( ami(OaQ) - pO,z)( a,LJ (07 q) - pO,])
=H(0,0,22(0,0) - H(0,0.p0) - 32X 3 0.0,20)(5-(0,0) = pu,) mod 7S
i=1
6 n

=H(O,a—£(0,(]))—H(O,O,p0)— . gf[(o 0 po)gf O q +ZPO 10 (0 0 po)

—J 9 afO 3
€<1’ Oz (O’(./)""’amn(o»qnlﬁ + <an 8(1 >cq mOdm

For any linear isomorphism 4 : R® — R™, we have a relation

0f(Av,q) _ 5~ , Of
Ox; - ;A"J 011(‘47',([)



Since

O*H Of of
Y. oz 0o g0 020, (5,-(0,0) =)

1<i,5<n J
2
= ) %(O,O,PO)%%‘ mod M, ’
1<ij<k PP
and the vector space
dfo of of 3
—)¢ —_— R d m
<f0’ aq )srq + (17 al_l(O) (I)> ? 33:1(0, Q)>R mo q

is an invariant under the action of the linear isomorphism A, then any quadratic form of ¢ =
(g1,---,qk)-variables is contained in the above vector space. If there exists a quadratic form of
g-variables that it is contained in (fj, %%)gq mod 93?2, then all quadratic forms are contained
in it for the same reason as above. In this case, since the vector space ( fo, %-q&)gq mod 9.723
has at most dimension k, then k should be 1 and fj is an A,-type function germ. It follows
from the classification (cf. the list after Proposition 2.3) that F(¢,z,q) is of °As-type, so that
this case is contained in the case of P-K-cod (f) = 0.
We may assume that any quadratic form of ¢g-variables is contained in

of of 3
(1, —6?6—1-(0, q), ceey "5;-;(0, q)>]R mOqu.

Since K-cod (fy) is finite (for the definition of K-finiteness, see [10]), then there exists r € N

such that M7 C (fo, %%)gq. By the same arguments as those of the previous paragraph, we

can assert that every monomial of g-variables of degree 3 is contained in the vector space
of | of dfo 4
(17 5{1’(07 Q)7 sy Wn(()) (I)>]R + <f0’ _a—q—)sq 1‘n()d'fD‘tq'

If there exists a monomial of degree 3 which is contained in (fo, %{Iﬁ)gq mod 9)"(‘;, then k should
be 1 and fq is an A3-type function germ. It follows that

, of of 4
dimp(1, %(O,q),...,m(o, ¢))r = 3 mod M.

By the clasification (cf. the list after Proposition 2.3, F(¢,z,¢) should be of %A;-type, then
this case is contained in the case of P-K-cod (f) = 0.

For %4, or A,-type germs, we get same normal forms as in the list after Proposition 2.3
without the assumption n < 5 (cf. Theorem 2.2 in [11]). We can continue this procedure
up to degree r — 1. Eventually, it remains the case that every polynomial of degree r — 1 is
contained in the vector space

of

1, —
< (911,'1

0,0 0, + oy T2}, mod oy,

PO, i

9



Since M7 C (fo, %‘%)gq, then

of of 0fo

g‘] = (115_:1:—1(()’(])v 78 (0 Q))R'*‘(an ) -
It follows that i
g(’h‘]) = TC(P'}C)(f) + mqg(x,q)a

so that we have £(; o) = T.(P-K)(f) by the Malgrange preparation theorem. This contradicts
the fact that P-K-cod (f) = 1. This completes the proof.

In the list of generating families for Legendrian unfoldings in Section 2, the germs of 4.,
1D, and 'Eg describe the situation how geometric singularities bifurcate. Especially, 4,
singularity describes how the singularity appears from a smooth solution. All of these are P-
Legendrian stable Legendrian unfoldings, so that these can be realized as geometric solutions
at the non-degenerated point for a given Hamilton-Jacobi equation. We consider that at
where such bifurcations should be appeared.

Theorem 3.3. Let s+H(t,z,p) = 0 be a Hamilton-Jacobi equation. If one of A, D, or 'Es
appears at a point (tq, %o, py) of a geometric solution of E(H), then H is s-non-degenerated
at (to,zo,po) for some s = 2,...,r — 1 (for 1E; case, 2 < s < 5).

Proof. For the proof, we may assume that (o, 2o, po) = (0,0, 0).
We remark that for any function germ f : (R™ x R¥,0) — (R,0) with a property that
(0) = ( 6q1( ) B %(O)) is non zero vector, we can construct a Legendrian submanifold

0 0
65 = {2 f(2,0). Z- (0, D) 2,0) = 0}

of the 1-jet space J}(R™, R).
Firstly we prove the assertion for the germ 'A;. Since our consern is invariant under the
stable t-P-K-equivalence, we may assume that k = 1. We consider the function germ

r—2

fl,g) =g+ N Eal £ £ 2l) + ) mid -y,

i=1

then %5 = (r+1)¢"+(r—1)¢g" % (xa?_, £ -+ mn)-i—zz_l iz;q*~?, so that ¢ is a Legendrian
submanifold of J!(R™, R) whose generating family is given by

fay,q) = flrq) —y = ¢ ¢ (Eal ko £22) + ) zigt -y

Since £ = 19(¢y) gives the initial condition for the (GCPT), we can get a Legendrian un-
folding (£,0) € E(H) by the method of characteristics. Let G(t,z,y,q) = G(t,z,q) — y be
a generating family of (£,0), then §(z,y,¢) = g(z,¢) —y = G(0,z,y, ¢) is a generating fam-
ily of ¢y. By the proof of Theorems 19.4 and 20.8 in [1], there exists a diffeomorphism germ
¥ : (R"xR,0) — (R" xR, 0) of the form ¥(z, ¢) = (2,1(z, q)) such that go¥(z,q) = f(z, q).
Define a function germ F: (R x R" x R,0) — (R, 0) by F(¢,z,q) = G(t,2,%(z,q)), then the

10



Legendrian unfolding Image ® r is equal to Image ®¢ = £ and F|;=¢ = f. It follows that &z
is the geometric solution of E(H) and &£ + H(t,z, 2L) = Omod (%hzo)gummq). If we put
t =0, then we have

oF
Elt:o + H(O,I,Q) =0

r—2

mod {(r +1)¢" + (r = 1)¢"*(kaz?_, +-- -+ 22) + Z iziq'” g(x pa)®

=1
We now consider the Taylor polynomial of H(¢,z,p) for a sufficiently higher degree at

(t,z,po) with respect to p = (p1,...,pn)-variables as follows :

"\ 0H 1 O°H
=1 P 1<ij<n £t

On the other hand, we have
af_{qi 1<i<r—2

dz; | #2247 r—1<i<n.
If wesett=0and p; = 56—4(0,(1), then
H(Ox—ai(O )) =H(0,z,0) +TZ_° —(0,z,0)¢" + Z—(OxO)(ix -1
) ,al' » q a q = = 1q
+9(0,2,0)" ) + = > 7H (0,2,0)g"+
LY Y .7 apiapj ? y

T ibj#r—1

- 2 .
4= Z W(O,x, 0)¢*~}(£2¢""'z;) + higher term,
i0pj

where

1 0°H H
¥(0,2,0)=2 Y 05,0+ % 3 22 (02,0
2 i+j=r—1 ap ap 3 t+jth=r— apiapjapk
1 O°H 1 olH
++3 Z W(OILO)'*‘ (r—l)'a(r 1)(01‘0)

S ;
1yt =r—1

So we have

oF of OH i1
S =0 + H(0,2,5-(0,9)) = at e 0+H(o,m,0)+;a (0,2,0)q
r—1
+ ; %(0, z,0)(£2z;¢""1) + ¥(0,2,0)q"?
02H :
z+] z 1—1 +92 r—-1_.
2 Z_HZ#; ) 31) 01)J T3 Z 01) Bpj /0)g ( ¢ a;)

+higher term. = 0

mod ((r + 1)¢" + (r — 1)q "r’(:i::L + . :Li) + Zimi{/i_2>£(z,y_,)-
i=1

11



Since T.(P-K)(f) is equal to

r—2

(@ g N El k2] + Y et~y

T
(r+1)¢"+(r—1g"*(£2l £ £22)+ > izig e, .

2 5 r—1,, 5 r—1
+(1,g, 020 2,207 ) gy,

we can show that every element of £, , ,) except ¢"~! is contained in Te(P-K)(f). It follows

‘that

OF .
S im0 + 2(0,2,0)" " € T(P-K)(f).

Suppose that ————(0 0,0) =0fors=2,...,r — 1, then ¥(0,z,0) € M, so that

T(0,2,0)¢" " € To(P-K)(f)-

It follows that aFlt =0 € Te(P-K)(f). This formula shows that F' cannot be a P-K-versal
deformation of f. However the generating family of type 4, is a P-K-versal deformation of
f, so that F is not t-P-K- equnalent to the germ of type 4,.

On the other hand, let 7 be a generating family of a geometric solution of s+ H (t,z,p) = 0.
Suppose that ' is t-P-K-equivalent to the germ of 'A,, then there exist a diffeomorphism
germ

®:(Rx(R"xR)xR,0)— (R x(R"xR) xR,0)

of the form
(p(tv T, y) = (¢1(t), ¢2(t7 z, y)a ¢3(ta z, y)7 ¢4(ta z,y, Q))

and an element A(t,2,y,q) € €1z 4,4 such that A(0) # 0 and A(¢,z,y, )" o O(t,z,y,q) =
F(t,x,y,q'), where :

r—2
F(t,a,y,q) = ¢ +¢"M(txal_ £ 22l)+ ) it B3<r<n+2).

=1

Thus we have M(0,2,y,¢)F'(0, $2(0,2,y), ¢3(0, z, ), $4(0,2,v,9)) = F(z,y,q). Let G be a
generating family of the geometric solution which is constr ucted by the characteristic method
from the initial data ¢ - By the uniqueness of the geometric solution, we can assert that F is
t-P-K-equivalent to G. However, by the previous arguments, G cannot be t-P-K- equivalent to
F. This contradicts to the assumption that F" is t-P-K-equivalent to F'. Thus the Legendrian
unfolding of type 'A, cannot be realized as a geometric solution of s + H(t, :v,p) = 0, where
H(t,z p) 1s not non-degenerated at (tg,zq, po).

Since we can prove the assertion for the germs 'D, and Eg by exactly the same way as
the above arguments, we omit the proof of these cases.
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Corollary 3.4. If an'A; singularity appears at (to, zo, po), then H(t, z,p) is non-degenerated
at (to, o, Po)-

The corollary describes that the first singularities appears at non-degenerated point of the
Hamiltonian function if the initial data is smooth.

Example 3.5. Consider the equation : s + p* =0 (i.e. n = 1 and H(¢,z,p) = p?).

In this case the bifurcation of geometric singularities of type 43 : ¢* + zg+tg? —y
describe the situation how the first singularity appears from a smooth initial data. By the
above theorem the generating family of a Legendrian unfolding which is a geometric solution
of s + p* = 0 cannot be t-P-K-equivalent to the germ of type 'As. Thus the Legendrian
unfolding of type 'A; cannot be realized as a geometric solution of s 4+ p® = 0 at the origin.

4. THE CASE WHEN THE HAMILTONIAN DEPENDS ONLY ON MOMENTA

We can asserts the much stronger statement for the case that the Hamiltonian function
depends only on (py, ..., p,)-variables. In this case the Cauchy problem is given by

9 | . 9y
(P) £ " Bz,
y(oa‘vla o 7$n)—¢($17"' amn))

H( )=0

where H and ¢ are C*-functiions. It follows that the characteristic equation is given by

dm, 0H

o apl()(z—l,...,n),
dpi _ o _
E-—O(Z-—l,...,’fl),

() e

R OH o
E '——H(p)'*—;pl—a—z;(p)’ $,pER ’

0
| 2(0) = u, p(0) = —a—?;(u), y(0) = é(u), u € R™.
We can explicity solve the charcteristic equation as follows:

0
z4(t, u)—u,-}-tapl(af( ) t=1,...,n),

(S") pi(t,u) = gTi(u) (z=1,...,n),

o) = H{-H( <>+2 S () S(GEW)) + ()

\

Then we have the following proposition.

Proposition 4.1. Let s + H(p) = 0 be a Hamilton-Jacobi equation. If a singularity of
geometric solution for the Cauchy problem (P') appears at a point (tg,2¢,po), then H is
non-degenrated at (tg,2q, po)-

13



Proof. The Jacobian matrix of the mapping z : R®™ — R™ with respect to u is

1+ tCu tClg e tcln
t021 1+ thg e thn
. . . ’
tcnl tcng e 1+ tcnn

where ¢;j = > 1., al‘?faHpk (¢(u))8uk Ba; (u). By the definiton of singularity of geometric solu-

tions, the point (¢g, 2o, po) = (%o, 'L(to, ug), p(to, ug)) is a singularitiy of the geometric solution
if and only if the rank of the Jacobian matrix of z : R® — R™ is less than n. However, if the
Hamiltonian function H(p) is degenerated at the point (%o, z¢,po), then the Jacobian matrix
is equal to the identity matrix, so that the geometric solution is non-singular at the point.
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