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On a property of Fourier coefficients of
cusp forms of half-integral weight

Toshitsune Miyake and Yoshitaka Maeda

INTRODUCTION

Since Shimura’s epock-making paper [S1] appeared, modular forms
of half-integral weight have been recognized to be an important object
comparable to those of integral weight. This short note is to show a prop-
erty of Fourier coefficients of cusp forms of half-integral weight. Before
we state our result, we should remind ourself of a propertyooof Fourier
coefficients of cusp forms of integral weight. Let F(z) = ) A,e®™

n=l

be a primitive form in Sx(¥, x), then the following fact is well known
([M2],(4.6.17)]):

A, =x(n)A, if (n,N)=1.

Though this is quite simple and easy to prove but sometimes plays an
important role. The present note is to show that a parallel (but somewhat
weaker) relation for cusp forms of half-integral weight by using this and
the main theorem of Waldspurger([W]). We denote by Si(&V, x) the space
of cusp forms of weight £ with level N and character x, and for an odd
integer k we denote by Si/2(V, x) the space of cusp forms of weight k /2
(half-integral weight) with level N and character x.

[ <]

THEOREM Let f(2) = ) ane®™™ € Sp2(N,x) be a common eigen
n=1

function of Hecke operators T(p®) for all prime numbers p prime to N,

and F the primitive cusp form in Sx_1(N, x*) corresponding to f. Let m
and n be square-free positive integers relatively prime to N satisfying

m/n € (Q;)?
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for all prime numbers p dividing N. IfL((1-k)/2, F,X¢mx) and L((1-
k)/2, F, Xt 1) are not 0, then '

Here L(s, F, Xt x) and L(s,F, XW¥n,x) are Dirichlet series attached to
F with character X%m,x and Xt x. For the precise definitions of them and
characters ¢, x, Yn,k see the text. A similar result is also found in [S2].
Since Shimura pointed out in [S1] the importance of Fourier coefficients a,,
of cusp forms of half-integral weight, especially for square-free n, several
authors obtained interesting formulas expressing a,, (or we rather say a2
or |as[?) (see [K-Z], [K], [W], [S2]). Our result is simple but useful to
abridge some of those results. In fact, this result is based on a question
arizen from a communication with Shimura, to whom authors wish to
express their hearty gratitude. In the end of the article, we attached a
table of Fourier coefficients of cusp forms of half-integral weight calculated
by M.Yamauchi using a table of M.Ueda([U]) by his courtesy.

1. Fora positive integer NV, we denote by FO(N) the congruence
modular group

(: z)esh(zncso (mod N)}.

For an elemnt y = ( ¢ J
c

b ) € SLy(Z) ,we put

az+b
cz+d’

7(2) = i1 2) =cz+d.
e a b
For an odd positive integer & and for v = ( e d ) € I'o(4), we put

Jrp2(7,2) = e (5) (cz + d)llz(cz + d)(k“l)/z.



Here e4 = 1 or ¢ according as d = 1 or 3 (mod 4), and (cz + d)*/2 is
defined as usual. Let f be a function on the upper half plane H. For an
element y € SL,(Z) and an integer &, we put

(Fle) (@) = 51, 2) ™+ £ (4(2)).
We also define, for an odd positive integer k¥ and y € I o(4),

(Fle27)(2) = Jupa(y, 2) "2 F(2(2)).

For a positive integer N, we denote by y a Dirichlet character defined
modulo N. We put

XM =x(d)  for 7=(Z j)

For N, x and a positive integer k, we denote by Sk(N, x) the space of
holomorphic functions f(z) on H satisfying

(flsm)(2) = x(7)f(2)

and the usual cuspidal condition. Now assume that N is divisible by 4.
For N, x and an odd integer k, we denote by Skj2(N,x) the space of
holomorphic functions f(z) on H satisfying

(f|k/z’7)(z) = X(’)’)f(z)

and the usual cuspidal condition. Those spaces are called the spaces of
cusp forms of integral and half-integral weight, respectively. For prime
numbers p not dividing N, we denote by T'(p) the Hecke operators act-
ing on Sk(N, x) and by T(p®) the Hecke operators acting on Skr2(N, x),
respectvely ( for the definitions of Hecke operators, see [M2] and [S1]).

For a cusp form f(z) of either integral or half-integral weight, we
express its Fourier expansion as

£(2) = 3 a(n, flermin.

=1

3

We also define a function f, by

f2) = 3 alm e,

=1

3

[¥5]



Then we see easily that

LemMa 1. (1) If F(z) belongs to Sk(N,x), then F,(z) belongs to
Si(N,X). Moreover, if F|yT(p) = AF then F,|yT(p) = AF,.
(2) Let k be an odd positive integer. If f(2) belongs to Skja(N,x), then
fo(z) belongs to Sij2(N,X). Moreover, if fle2T(p?) = Af then folx)2T(p?) =
Afp.

ProoF  The first part of (1) is well known ([M2],Lemma 4.3.2). Let

Z Z, ) € SLy(Z), we put

y [ a b
T= — d ]

If vy € I'o(N), then we see that

us prove the first part of (2). For y = (

Jep2(7, —2) = eg! (—FC) (cZ + d)1/2(cZ + d)--1/2

=ez (5‘) (cz+ d)llz(cz + d)(k--l)/2 = Jisa(v, 2).

‘Therefore we obtain that
az+b az+b )
fo (cz+d> - f(_cz+d
a(—=%)—1b
(Rt
—c(~-2)+d

= x(V)Jxs2(v', =2) f (%)

= X(MJka(v,2) fol2)-

Since f,(v(z)) = f(¥'(—%)), the cuspidal condition is obviously sat-
isfied by f,. The second parts of both (1) and (2) can be directly
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proved using the Fourier expansion and the definition of Hecke opera-
tors. Since we omit the definition of Hecke operators, we also omit the
proof. q.e.d.

From now on, we denote by k a positive odd integer £ > 3 and by N a
positive integer divisible by 4 and x a Dirichlet character defined modulo
N. Let f € Sg/2(N, x) be a common eigen function of Hecke operators
T(p?) for all primes p (p [N) and f|i/2T(p?) = Apf. Then there exists a
unique primitive form F € Sy—1(N, x?) such that F|x_1T(p) = A, F. We
call F the primitive form corresponding to f. For a primitive form F(z)
in Sg—1(, x?) of conductor N, we put

Flep2T(@?) = alp, F) f } _

Skj2(N, x, F) = {f € Sk/2(N, x) for almost all p [N

For a modular form f and a Dirichlet character 1, we define a Dirichlet
series L(s, f, 1) attached to f and ¢ by

(o]

L(s, fy¥) =Y a(n, f)d(n)n™".

n=1

~

For a square-free positive integer n and an odd integer k, we denote by ¥,
the Dirichlet character corresponding to the quadratic extension Q(y/n)

and 1, x the product of ¥, with ("—1)(k-1)/2. Now one of the main results
of Waldspurger ([W]) is as follows:

Lemma 2. ([W], Corollaire 2) The notation and assumptions be-
ing as above, let f € Si;3(N,x, F) and m, n square-free positive integers
relatively prime to N satisfying m/n € (Q))? for all prime numbers p
dividing N. Then

a(m, )2 L((1 = k)/2, F, Xtbn k) x(n/m)n*/>~
= a(n, fYL((1 = k)/2, F, Xtbm x)m**~ 1.

COROLLARY 3 . Let the notation and the assumptions be the same

5



as in Lemma 2. Assume neither L((1 — k)/2, F,XYmx) nor L((1 —
k)/2, F,Xn ) vanish. Then for any two element f, g € Sks2(N,x, F),

a(m, f)a(n, g) = a(n, f)a(m, g).

Proor By Lemma 2, we easily

a(m, f)%a(n, g)> = a(n, f)?a(m, g)°

for any two elements f and g in Sx2(N, x, F). If a(m, f)a(n, f) = 0, then

a(m, fla(n, g) = a(n, f)a(m,g) is clear.. Assume a(m, f)a(n, f) # 0.
Since f and g are arbitrary, it also holds if we take f + g in place of g.
This implies the equality

a(m, f)*(a(n, f) + a(n, 9))* = a(n, £)*(a(m, f) + a(m, g))".

Therefore we obtain

2a(mx f)a(n1 Fla(m, f)a(n; g9) - a(n, f)a(m, g)) = 0.

By our assumption we see a(m, f)a(n, g) = a(n, f)a(m, g). q.e.d.

Proof of the theorem. Let f be an element in Si/»(N, x) which
is an eigen function of Hecke operators T(p?) for all prime numbers. p
relatively prime to N. Denote by A, the eigen-value of T(p?) for f or

flep2T(P%) = Apf

and denote by F the corresponding primitive form in Si_; (N, x2) . Then
we see that
Flk-lT(P) = AL

Now we put



and let F the primitive cusp form in S_; (N, x?) corresponding to f'.Then
by [S1], Lemma 3.6, and the theory of primitive forms (M2], §4.6.), we
see easily that

FlerT(0%) = x(p) 25 f*
and also

F'li1T(p) = x(p)" X, F".

Since ), is the p-th Fourier coefficient of F and x(p)?}, is the p-th Fourier
coefficients of F’, we see by the property of coefficients of cusp forms of
integral weight mentioned in the introduction that

’\p = X(P)zz-

This implies that eigen values of T'(p) for F and F' are the same for all
prime numbers p not dividing N and therefore ' and F’ must coincide
by the theory of primitive forms ([M1],[M2]). Since f and f correspond
to the same primitive form F, we can apply Corollary 3 and obtain our
result by taking f’ as g there. q.e.d.

Table

The following is a table of Fourier coefficients a(n) of cusp forms f,,
fB, fe, and fp in Ss/2(28, x) with character x of order 3 defined modulo
7. We note that dimgSs/2(28, x) = 4 and { fa, fz, fc, fp} is a basis -
of Ss/2(28, x) consisting of common eigen functions of Hecke operators
T(p?) satisfying (p,28) = 1. In the table, w implies 1!/3. We note f,
belongs to Ss72(28,x, F4) and f5 belongs to Ss/5(28, x, F5) with primitive
forms Fy, Fp € S,(14, X) and fc and fp belong to Ss572(28, x, G) with a
primitive form G € S4(7, %).



= 284 = | :
n. mod 8 mod 7 (%,/7) x (n) a(n) x (n)a(n)/a(n)

(1) 1 1 + 1 1 1
(2) 2 2 + w? 0w/ 2 1
(38 3. 3 - I3 -3+3w /2 -1
(4) 4 4 + 1) 242w 1
(5 5 5 - w? 0
(6) 6 6 - 1 -5-10w /2 -1
(1 1 0 0 -3-8w /2 0
(8 0 1 + 1 -1-2w -1
(9) 1 2 + w? “dw 1
(10) 2 3 - W -l+w /2 -1
(11) 3 4 + w 13+13w /2 1
(12) 4 5 - o’ . —§-3w -1
(13) 5 6 - 1 0
(14) s 0 0 24+15w /2 0
(15) 1 1 + 1 -11/12 1
(16) 0 2 + w? dw 1.
(an 1 3 - w -5+5w -1
(18) 2 4 + I3) -l-w 1
(19) 3 5 - w? 26+13w /2 -1
(20) 4 6 - 1 0
(21) 5 0 0 0
(22) &6 1 + 1 13/2 1
(23) 1 2 + w? -31Tw /2 1
(24) o0 3 - 1) 5-5w -1
(25) 1 4 + w -2-2w 1
(26) 2 5 - w? -28-1dw -1
(21) 3 6 - 1 3+6w /2 -1
(28) 4 0 0 5-3w. 0
(29) 5 1 + 1 0
(30) & 2 + w? S5lw /2 1
(31) 1 3 - 5 -13+13w /2 -1
(32) o0 4 + w -2-2w 1
(33) 1 5 - w? " 44T -1
(34) 2 § - 1 -9-18w /2 -1
(35) 3 0 0 -56-35w /2 0
(36) 4 1 + 1 8 1
(37) 5 2 + w? 0
(38) 6 3 - W 31-31w /2 -1
(39) 7 4 + w 3+3 0 1
(40) 0 5 - o? ~2-w -1
(41) 1 6 - 1 §+120 -1
(42) 2 0 0 2+56w /2 0
(43) 3 1 + 1 2 1
(44) 4 2 + w? 13w 1
(45) 5 3 - I3 0
(46) 6 4 + © -29-29w /
CYI 5 - w? T0+35w /2 -1
o (48) 0 6 - 1 -6-12w -1
(49) 1 0 0 -19-18w
(50) 2 1 + 1 6 1

—~
2

%



= 28B = :
a(n)

<

n mod 8 mod 7 (%7) x (n) x (n)a(n)/a(n)

(1) 1 1 + 1 0

(2 2 2 + w'? 1 w?
(3 3 3 - © -2~w /3 ~—w?
(4) 4 4 + w 0

(5) 5 5 - w'? +dw /3 -w?
(6) &6 § - 1 -ltw -w?
(1) 7 0 0 -1-5w /3 0
(8 o 1 + 1 -1-2w w?
(9 1 2 + w? 0

(10) 2 3 - 13) -2-w /3 -w?
(11) 3 4 + 13) 1) w?
(12) 4 5 - w? 244w /3 ~w?
(13) 5 § - 1 i~dw /3 -’
(14) 6 0 0 . Stdw /3 0
(15) 1 1 + 1 3+3w w?
(16) 0 2 + w? 0

(17) 1 3 - ) 0

(18) 2 4 + 3 -lw w?
(19) 3 5 - w? -5-10w /3 -w?
(20) 4 6 - 1 -4 /3 -—w?
(21) 5 0 0 -8+2w /'3 -0
(22) ) 1 1 It3w w?
(23) 1 2 w? -3 w?
(24) 0 3 - 13 2w -w?
(25) 1 4 + w 0

(26) 2 5 - w? -8-16w /3 -w?
(27) 3 6 - 1 -5+5w /3 —w?
(28) 4 0 0 -8+2w /'3 0
(29) 5 1 + 1 -d-dw w?
(30) & 2 + w'? -5 w?
(31) 7 3 - w 10+5w /3 -w?
(32) ¢ 4 + I3) lw w?
(33) 1 5 - w? 0

(34) 2 6 - 1 1-w /3 -—w?
(35) 3 0 0 25420 /3 0
(35) 4 1 + 1 0

(371 5 2 + w? 2 w?
(338) 6 3 - w -10-5w /3 ~w?
(39) 1 4 + w -5 w w?
(40) 0 5 - w? tdw /3 —w?
(41) 1 6 - 1 0

(42) 2 0 0 -1-5w 0
(43) 3 1 + 1 ~-4-dw w?
(44) 4 2 + w? 2 w?
(45) 5 3 - W 8+dw /3 -w?
(48) § 4 + 1) w w?
(47) 7 5 w? 5410w /'3 -—w?
(48) 0 § - 1 d-dw /3 -0’
(49) 1 0 0 0

(50) 2 1 + 1 {+iw w?



1)
2)
3)
4)
5)
6)
1)
8)
9)
(10)
(11)
(12)
(13)
(14)
(15)
(18)
amn
(18)
(19)
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(23)
(24)
(25)
(286)
(27)
(28)
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(30)
(31)
(32)
(33)
(34)
(39)
(36)
(37)
(38)
(39)
(40)
(41)
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(45)
(46)
(47)
(48)
(49)
(50)

28C
mod 8§

1
2
3
4
5
6
1
0
1
2
3
4
5
6
7
0
1
2
3
4
5
6
1
0
1
2
3
4
5
6
7
0
1
2
3
4
5
6
7
0
1
2
3
4
H]
6
)
0
1
2

mod 1T

1
2
3
4
5
6
0
1
2
3
4
5
6
0
1
2
3
4
5
6
0
1
2
3
4
5
6
0
1
2
3
4
5
6
0
1
2
3
4
5
6
0
1
2
3
4
5
6
0
1

(*/17)

Lo+ 1+ o+ Lo+ o+ + bl o+

I + + I

+

U o+ 1 4+

1+ -+

1+

1+ o+

[

x (n)

—HO~EEEE~OREEEE ~O~EELEEE~OREELELELE ~ORELELEE ~ORELLEELE~OREELEER m

aln)

1
-0 /2
-l+w /2
2+2w
-4-lw
~3-6w /2
/2
-3
dow
-1+Tw /2
+Tw /2
6+3w
~-4-8w
-Tw /2
-3/
-1lw
I-3w
S+t w
-18-%w /2
418w
14+14 0w
3/
9w /2
-9+9w
-2-lw
+2w
-1-ldw /2
-21-21lw
4
-190w /2
99w 2
2t2w
-18-9w
11434 /2
Tw /2
-8
Nw
l-w /2
-li-llw
{2+l w
-2-4w
-21/12
14
“2lw
20-20w
-271-21Tw /2
-ld4-Tw /2
-2-4w
21+ldw
-6

/e

x (n)a(n)/a(n)



1)
2)
3)
4)
5)
6)
7)
8)
9)
(10)
(11)
(12)
(13)
(14)
(15)
(15)
(1mn
(18)
(19)
(20)
(21)
(22)
(23)
(24)
(25)
(26)
(27)
(28)
(29)
(30)
(31)
(32)
(33)
(34)
(35)
(36)
(37)
(38)
(39)
(40)
(41)
(42)
(43)
(44)
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28D
mod 8

1
2
3
4
5
6
T
0
1
2
3
4
]
6
7
0
1
2
3
4
5
6
7
0
1
2
3
4
5
6
7
0
1
2
3
4
]
6
7
0
1
2
3
4
5
6
7
0
1
Z

mod T

1
2
3
4
]
§
0
1
2
3
4
5
6
0
1
2
3
4
5
6
0
1
2
3
4
5
6
0
1
2
3
4
S
6
0
1
2
3
4
5
6
0
1
2
3
4
S
6
0
1

(*/1)

1t 4+ 1+ + It 4+ 1 4+ + o4+ 4+

I+ 1+ +

U+ 1 o+ + ! + 1 o+ + [T R S TR

x (n)

1
()
()
()
w
1
0
1

w
w
w
w
1
0
1
1

1)
o)
w
()
0
1
1

@
@
@
@
0
1
@
@
[
@
1
0
1
@
@
w
[0}
1
0
1
w
w
0]
w
1
0
1

a(n)

1
3w /2
3-3w /2
~6-fw
2w
9+18w /2
-21/2
1
{w
21-21w /2
-21-21lw /2
-2-w
{18 w
2w /2
8/2
4w
3-3w
~15-15w
54+27w /2
{+8 w
-l4-ldw
-9,/2
-2Tw /2
3-3w
--2w
-12-fw
214420 /2
T+Tw
-4
5Tw /2
-2T1+27Tw /2
10+1 0w
-18-9%w
-51-102w /2
-2lw /2
24
~-low
-3+3w 2
33+33w
-l4-Tw
24w
63,2
-42
Tw
-20+20
81+81lw /2
12421lw /2
~10-20w
21+ld w
18

x (n)a(n)/a(n)
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