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Asymptotic behaviors of radial solutions
to semilinear wave equations

in odd space dimensions

Hideo Kubo and Kéji Kubota

§0. Introduction

This paper is concerned with semilinear wave equations of the form

n—1

(0.1) Ut — Upp — ur = F(u,us,ur) in R?,

where u = u(r,t) is a real-valued function and n = 2m + 3 with m a nonnegative
integer. For a large class of the nonlinear term F we will show that “small” solutions

of (0.1) exist and are asymptotic to the solutions of the linear wave eqaution

n—1

(0.2) Ut — Upp — u, =0 in RZ,

namely, there exist solutions u_,u4 of (0.2) and u(t) — ux(t) = 0 as ¢t — +o0 in
the sense of the energy norm.
As is well known, the equation (0.1) is the radially symmetric version of a special

case of
(0.3) ug — Au = Fy(u,Du, D, Du) in R" xR,

where D = (D.,D,),D; = (8/0z1,--- ,0/0z,) and D; = 8/8t. The existence
of global small solutions of the Cauchy problem for (0.3) has been shown by
Christodoulou [3], Li Ta-tsien and Chen Yun-mei [11], and Li Ta-tsien and Yu Xin
[12], provided the nonlinear term Fy and the initial data prescribed on ¢ = 0 are
“nice”. Moreover the asymptotic behaviors as ¢ — oo for solutions of (0.3), which
guarantee the existence of the scattering operator, have been researched by Strauss
[19], Mochizuki and Motai [13], [14], Pecher [15], Tsutaya [22] and Kubota and
Mochizuki [10} in the case where Fj is independent of Du, D, Du,i.e., Fy = Fy(u),
and by Klainerman (7], Shatah [16] and Klainerman and Ponce [8] in the case where

Fy does not explicitly depend on u,i.e., Fy = Fy(Du, D, Du).
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In the present paper we study the asymptotic behaviors of radial solutions to
(0.3), which guarantee the existence of the scattering opeartor, in the case where

F, is independent of D,Du,1.e., Fy = F3(u, Du).

§1. Statements of main results
First consider the Cauchy problem for the linear wave equation (0.2):

-1
e ur =0 in RZ

Ut — Upr —

(1.1)
u(r,0) = f(r), wur,0)=g(r) for ré€R,

where n = 2m + 3 and m is a nonnegative integer. We assume the pair {f,g} of
the initial data belongs to the following function space Ey: The set of {f,g} such
that f,g are even functions on R, f € C™*3(R),¢g € C™*%(R) and ||{f,g}||o < .

Here the norm is defined by

”{f,g}”o = sup |f(r)l <7 >m+1+n

=0 <Lr<oo
(1.2) mt2 | |
+>° sup  (IFUI()] +gD(r)]) < r >mAEER
j=0 —oo<Lr<oo

. d\’
where < r > = 1+72,gU)(r) = <2—) g(r) and & is a positive parameter. Note
T
that the function < |z| >~™~1=* does not belong to LZ(R™) if 0 < x £ 1/2.
We also introduce another function space X in which we will look for solutions

of the nonlinear wave equation of (0.1):

X = {u(r,t) € Cl(Rz); rju(r,t) € Cj“’o(Rz),rjut(r,t) € Cj+1'°(R2)
(1.3) :

for 0Sj<Sm+1 and |u]] < oo},
where

lul| = Z , Sffé)mz |D7u(r, )| <r >™< e[+ [t] >< |r| - [t] >*
lal£1°"

m-1

+ Y sup ([P DIF2u(r,t)| + | DI Dou(r, t)))
j:() (rvt)€R2

(1.4)

X <r>M |+ |t >< || - [t] >*
with the same parameter & as in (1.2), and C*°(R?) stands for the set of continuous

functons u(r,t) on R? such that Diu(r,t) are continuous on R? for 0 < j < k. We

also write Xg = {v € X;||u|] < d}.
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In (1.4) if j 2 1, we interpret 7/ Di*2u(r,t) for r = 0 as a linear combination of

Dk+2(rky(r,t)) for k =0,1,--- ,j, because

J
riDI*?u(r,t) = Y CpDE*(r*u(r,t)) for r#0,
k=0

so that 7 Di*2u(r,t) is continuous on R2.

Now, for the Cauchy problem (1.1) we have

Theorem. 1.1. Let {f,g} € Ey. Then (1.1) admits a unique solution u(r,t) which

belongs to X N C?(R?) and is even in r. Moreover
(1.5) riu(r,t) € CIT2(R?) if 1£j<m+1
and for (r,t) € R? we have

(1.6) lu(r, ) £ Cl{fi g}l <r >T< r| + |t] >7I< |r] = [t >7%,

(1.7) DR u(r ) S Cll{fig}llo <r>"™7'<|r| = ft| >™*71 if 1Se|S2

and

[rl*1=2 D u(r, 1)
(18) | + 3 1 .
SCI{F, gHlo < r >~ ™3 jp| — |t >=*~1  if 3Z|a|Sm+3,

where C is a constant depending only on n and k.

Remark. Employing the methods in Kubo [9], we find that the conclusions of The-
orem 1.1 are still valid for a wider class of initial data, say, E}: The set of {f.q}
such that f, g are continuous even functions on R, r™*1 f(r) € C™*T3(R),r™+1g(r) €

C™2(R) and ||{f, ¢}||h < oo, where

“{f,g}m) = sup |f(7')| <r >m+1+n
<r<oo

m-2
+ D sup {IDIF(rmHE(r)] 4 Di(rmH g(r)]} < r >t
j=0 _

—ooLr<oo
Next consider the nonlinear wave equation (0.1). Let py(m) be the positive root
of the quadratic equation

®(m,p) = (m+1)p* —(m+2)p—1
(1.9) , n_——l o n+1
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Then we impose the following three conditions (H);,(H )2 and (H)3 on the nonlin-
ear term F in (0.1):

(H)h F(X) = F(\, A2, /\3) € C™2(R3)
and there exist positive numbers p and A satisfying
(1.10) po(m)<pS<m+3
and

(1.11) | D*FN)] S APl i o]l <pla/Sm+2 and |\ £1.

(H)2 F(A1,A2,23) isevenin As.
(H)s D™*?F  is locally Holder continuous,

namely, for |a| = m + 2 and |A|,|A'| £ 1 we have
(1.12) |[D*F(X) — D*F(\)| £ BJX = )%,

where B, are positive numbers depending only on F,n such that § = p — (m + 2)
if m+2< p<m+3and § is an arbitrary positive number satisfying 0 < § £ 1 if
pSm+2.

Remark. Since 2 < po(0) < 3 and 1 < py(m) < 2 for m 2 1, the hypothesis (H),
implieé that p 2 2.

Ezamples. If m 2 1, then
3

FQ) =) a;X

Jj=1

satisfies (H)1,(H ) and (H)3, where a; are constants. If m = 0, then
3
F(A) = b7
j=1

satisfies (H )y, (H )2 and (H); provided p; > 14+/2, where b; are constants. Indeed,
we take p = min{3, p1,p2,ps}.
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We also impose the following condition on the positive parameter « in (1.2) and
(1.4):
2

1.1 2 e <
(1.13) ) m—-1<k<yq,
where ¢ = ¢(m, p) is a positive number defined by

1+ &(m,
(1.14) q:j_;_’_”_ﬂ=(m+1)p_(m+2)

with the &(m, p) in (1.9).
We are now in a position to state the main theorem in this paper.

Theorem 1.2. Let u_(r,t) be the solution of the Cauchy problem (1.1) with
{f,9} € Ey. Assume conditions (H),(H)2,(H)s and (1.13) hold. Then there
are positive constants €g,d having the following property, where €9 depends only
on F,n and k, and d only on F and n: If ||{f,g}]lo S € £ €0, then there exists
uniquely a solution u(r,t) of the nonlinear wave equation (0.1) which belongs to
Xa N C?(R?), is even in r and has the following asymptotic behavior

|Dr(u(r,t) — u_(r,t))| + | De(u(r,t) — u_(r,1))|
(1.15) SClulfP <r>™ < el =t > < |r] =t >7F

' l for (r,t) € R%,

where C is a constant depending only on F' and n. Moreover we have

(1.16) |[ull = 2|[u_}] £ Coe,
(1.17) lu() = u_(®)lle S CallullP <t >~ for L0,
where

|Mmu={47wwmm%HQWwwwﬁwﬁui

lu(r,t) —u_(r,t)] S Ca||ullP <r>"™< |r| + |t] >~

(1.18)
X <|rl—t>"* for (r,t)eR?
and
|r**#=2 DI D (u(r, t) — u_(r,t))|
(1.19) < CullullP < v >TSS o — Jt] > | — ¢ >

for (T,t)€R2,2§a+ﬂ§m+3 and 0S5 B2,
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where C2,C3 and Cy are constants depending only on F,n and Cy is a constant
depending only on n and k. Furthermore there exists uniquely a solution u(r,t) of
the linear wave equation (0.2) which belongs to X NC?(R?) and has the asymptotic
behaviors (1.15), (1.17), (1.18) and (1.19) with u_(r,t),< |r| =t >7* and “fort £ 0
” replaced by u4(r,t),< |r|+t >~" and “for t 2 0 ”, respectively. Bisides we have

It (O)IIZ ~ llu—(0)I1E

1.20 - .
(1.20) = 2/ dt/ F(u, ug, ur)(ryue(r, t)r™ " dr.
-0 Jo

Remarks. 1) Let E be the closure of Ey with respect to the energy norm ||u_(0)||..
Then the “scattering operator”: {f,g} — {u+(r,0),(D:u+)(r,0)} is shown to be
exist on a dense set of a neighborhood of 0 in E. |

2) Condition (1.2) on the decay rate of initial data can be somewhat relaxed,
provided the number p in (H); is large, say, p > (m + 3)/(m + 1). For the details
see Appendix below.

3) To prove the uniqueness of such a solution of (0.1) as in Theorem 1.2, we will
show that the solution satisfies a certain integral equation (see Lemma 5.5 in §5)
and that a solution of the integral equation is unique in X, (see Proposition 5.4).

4) For the last factor in (1.15), (1.18) and (1.19), we note that < |r| —t >~*=
<|rl+t] > * for t £ 0.

5) In [15] where m = 0, Pecher takes the parameter in (1.4) as £ = ¢(0,p) = p—2.

6) Consider the following Cauchy problem

ug — Au = ulf in R" x[0,00),n 22,p>1,
(1.21)
u(z,0) = 0,u,(z,0) = g(z) for z € R™

Let po(n) be the positive root of (1.9). Then it is necessary for (1.21) to admit
global (in time) solutions that p > po(n) if n = 2,3, and p 2 po(n) if n 2 4. (For
the details see John [6], Glassey [5], Sideris [18] and Schaeffer [17]). Therefore the
first half of condition (1.10), i.e., p > po(m) is almost necessary to obtain Theorem
12,

7) Let p > po(n). Then it is necessary for (1.21) to admit global radial solutions
that the parameter « in (1.2) satisfies Kk + m + 1 2 2/(p — 1), where & is a real

number and m = (n — 2)/2 if n is even. (For the details see Asakura [2], Agemi
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and Takamura [1], Tsutaya [21] and Takamura [20]). Therefore the first half of
condition (1.13) is almost necessary to obtain Theorem 1.2.

The plan of this paper is as follows. In the next section we summarize some
known results concerning the fundamental solution for the Cauchy problem (1.1).
In §3 we prove Theorem 1.1, by employing the results in §2. In §4 we establish a
priori estimates for the nonlinear term in (0.1). In §5 we prove Theorem 1.2, by
employing the results in §§2 through 4. Finally in the Appendix we relax condition
(1.2) on the decay rate of the initial data in (1.1), when p > (m + 3)/(m + 1).

§2. Preliminaries
In this section we shall summarize some known results concerning the funda-

mental solution for the Cauchy problem (1.1). We start with

Lemma 2.1. Let H(p) € C*(R) and set
1

(2.1) u(r ) = / H(t +ro)(1 — o?)™do,
-1

where m = (n — 3)/2. Then u(r,t) belongs to C*(R?) and is even in r. Moreover

u(r,t) satisfles the linear wave equation (0.2), where r~1u,(r,t) is interpreted as

1
lur(r,t)=/ Upr(T A, )dA.
r 0

For the proof see for example Courant and Hilbert [4], p.700 or Kubo [9], §2.
For the Cauchy problem (1.1) we have

Lemma 2.2. Let f(r), g(r) € C°(R) satisfying r™*! f(r) € C™*3(R), r™tlg(r) €
C™t%(R). Thenr* f(r) € C**2(R) and r*g(r) € CF+Y(R) for 0 £ k £ m. Moreover
set
-1 a m, 2m-+1
(2.2) Hy(r) = 2m) ™ (55)" (""" g(r)).
Then H¢(r) € C3(R) and H,(r) € C*(R). Furthermore put
1

u(r,t) = / H,(t+ro)(1 —0*)"do

-1

(2.3) .
+ D, / Hi(t+ro)(1 —o*)™do.



8

If f,g are even functions, we have
(2.4) u(r,0) = f(r), us(r,0) = g(r).
Besides if f = 0 then u(r,t) is odd in t.

For the proof see Kubo [9], §2. From this lemma we have easily

Corollary 2.3. Let g(r) € C°(R) be an even function such that r™*lg(r) €
C™*2(R). Let Hy(r) be defined by (2.2). Then

/1 H,y(ro)(1 = 6?)™do = 0

1
/1 H,(ro)(1—o*)™do = g(r).
For the inhomogeneous wave equation

n—1

(2.5) Uy — Upp — u, = G(r,t) in R?

we have

Lemma 2.4. Let G(r,t) € C°(R?) and r™*1G(r,t) € C™+2:0(R?). Set

H(r,t) = (2m!)? (%)m(r?mﬂa(r,t))
and
w(r,t) = [ dr /_11 H(t =1+ r0,7)(1 - 0?)™do,

where s is an arbitrary real number. Then H(r,t) € C*°(R?) and w(r,t) is even in

r. Moreover suppose G(r,t) is even in r. Then
t 1
(2.6) Dyw(r,t) = / dT/ DH(t — 7 +ro,7)(1 - 6*)™do.
) s -1

Furthermore w(r,t) belongs to C*(R) and satisfies (2.5) with the zero initial data

w(r,s) = 0 and w(r,s) = 0.

For the proof see e.g. [9], the proof of Proposition 3.4. The following lemma,
shows that the function u(r,t) given by (2.1) does gain regularity by multiplying r.
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Lemma 2.5. Let u(r,t) be defined by (2.1), where H(p) € C*(R). Let a, be

nonnegative integers such that 0 £ a + 8 £ m. Then

(2.7) (Dtr)ﬂ(Drr)“u(r, t) = /_1 H(t + ro)yq,p(o)do,

d\’ A\,  am
vose)= (- 5) (-oa) @-o?
and (D,r)u = D,(ru). Moreover if a + 8 = m we have

(Der)P (Do) u(r,t) = /_ 11 H(t+ ra)( - %) Yo p(0)do

where

(2.8);
+ H(t + r)pa,p(1) = H(t — r)tba,s(—1)
and
m+1 . ! d
(2.8)2 (D,r) + u(r,t) = /_1 H(t+ 'I'O‘)< - a':i;) Ya,p(0)do

+ H(t +r)ha,p(1) + H(t — r)tpa,p(—1).
For the proof see [9], the proof of Proposition 2.5.

Corollary 2.6. Let H(p,7) € C4%°(R?), where £ is a positive integer. Set
vp(r,t,7) =71k /11 H(t +ro,7)(1 - 0*)™do,

where k is an inteéer such that 0 S k S m+1. Then

(2.9) | D?D2ui(r,t,7) € C°(R®)

for nonnegative integers a, 8 such that 0 S o+ B8 S k+ 4.

Proof. It suffices to prove (2.9) when k¥ S o + 8 < k + £. Since

DID2(ro¥Pug(r,t,m)) = Y C(Der)?(DrrYivg

§=0

with some constants C; such that Cq = 1, by Lemma 2.5 we get
1
DfiDt“(ro‘*'ﬁvo(r,t, z)) = / H(t +ro,m)q,p(c)do
-1
+ CapH(t+7,7)+ Cy gH(t —7,7)
for 0 £ a+ B S m+1, where 1q,4(0) is a polynomial and Cy g, Cy p are constants.

Therefore we obtain (2.9) for o, such that k £ o+ B8 £ k+ £. The proof is

complete.

We will need also another representation for the solution of (1.1).
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Lemma 2.7. Let g(r), Hy(r) and u(r,t) be as in Lemma 2.2 with f = 0. Assume

g 1s an even function. Then

(2.10) u(r,t) = /tt+r| g(p)K(p,r,t)dp if r>0,t20,
-r

where K(p,r,t) = (2r)~1p 1'|fm =0, and

(21) ko= G2 (2) " (25) ¢ toimn

with ¢(p,r,t) =r? — (t — p)? if m 2 1. Moreover we have

(2.12) K(-p,r,t) = —-K(p,r,t)

and

(2.13) K(p,-r,t) = ~K(p,r,1).

For the proof see [9], the proof of Lemma 2.3. For the above function K(p,r,t)
and the polynomial ¢™(p,r,t), we will need the follwing three lemmas which have
been obtained in [9], section 4. In what follows we denote constants independent
of p,r and ¢t by C;, C; and so on. Besides‘, a = (aj,az) and ﬂ = (f1, B2) stand for

multi-indices of nonnegative integers such that |a| + || £ 2m + 4.
Lemma 2.8. Letr 20,t 20 and |t —r|SpSt+r. Then
(2.14) | |DZ 6™ (p,r,t)| £ Cir?™7lel for 0 < || £ 2m + 4,
where C; = 0 unless 0 £ |a| £ 2m, and

(2.15) |D2 6™ (p,r,t)| £ Cor™p™ 1l for 0 |al S m.
Lemxﬁa 2.9. Letr 20andt 2 0. Then

D2 (D7 ™ (py s ) pmtier )|

< Cyr?m=lel=lBl for 0 £ |a| + 1Bl £ 2m + 3,
where C3 = 0 unless m < |a] + |B| £ 2m. Moreover suppose r 2 t. Then

ngt(DE,t‘ﬁm(pa T t)lp=7‘—t))

(2.16)

(2.17)
S Car™(r — ) lel=Bl for 0 <al+ 18] Sm
and
- |D10'Y,t(Df,t¢m(parvt)lp=r—t)|
(2.17),

< Csr2m=lel=8l for m4+1< la| + |8] £ 2m + 3,
where Cs = 0 if |a| + |B] 2 2m + 1.
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Lemma 2.10. Letr 21,t 20 and |t —r| S pSt+r. Then

|DZ K (p, 7, 1) S Cor™™ xa(p)

(2.18)
for 05 |al £m+4,
where
< p>mti if |a|=0,
(2.19) xalp) =S <p>m +r i< p>mHl if |a|=1

<p>m N 4rlcps>mpr2<p>mtl if |a| 22
Moreover we have
(2.20) ng,t(Df,tK(P,Tat)|p=t:hr)| |
SCrr ™ X485t £7r) for 05 |a|+|8| Em+3.

Furthermore suppose r 2 t. Then
ID’?’t(Df»tI{(pi r')t)lp:r—t)l

(2.21)
S Cor ™ ' Xou5(r—t) for 0L |a|+ |8 Em+3.

§3. The linear wave equation

The purpose of this section is to prove Theorem 1.1. We start with

Lemma 3.1. Let f(r),g(r) € C°(R) be even functions. Suppose r™*!f(r) €
C™*3(R) and r™*1g(r) € C™*2(R). Then there exists a unique solution u(r,t) €
C?(R?) of the Cauchy problem (1.1). Moreover the solution u(r,t) is given by (2.3),

even in r and satisfies

(3.1) rfu(r,t) € CF*YH(R?) for 0SkSm+1.

Proof. Let u(r,t) be given by (2.3) with (2.2). Then it follows from Lemmas 2.1
and 2.2 that u(r,t) belongs to C?(R?), is even in r and satisfies (1.1). Moreover by
Lemma 2.2 and Corollary 2.6 with H(p,7) = H}(p) + H,(p) we obtain (3.1). Since

the C?-solution of (1.1) is unique, we complete the proof.

Now, to prove Theorem 1.1 we have only to establish the estimates (1.6), (1.7)
and (1.8), because of Lemma 3.1. ‘
In what follows we suppose {f,g} € Ey and set € = ||{f, 9}|o-

First we shall deal with the case where |r| is small.



12
Lemma 3.2. Let |r| £ 1. Then (1.6), (1.7) and (1.8) hold.

Proof. From (2.2) and (2.3) we have
1
(3.2) u(r,t) = / H(t +ro)(1 - o?)™do,
-1
where
H(p) = Hy(p) + Hy(p)

= aof(p) + Y _ " (aj11 9 (p) + b;gD(p))
=

(3.3)

with some constants ay, b;. Moreover (1.2) yields

(3.4) I HD(p) S Cie<p>""1 for j=0,1,2

First we shall derive
(3.5) |ID u(r,t)| S Ce <t >"*1 for 0= |af £2,

which implies (1.6) and (1.7) for |r| £ 1, since < ¢t >~1S 2 < [r| + |t| >~ for
[r| £ 1. Let 0 £ |a| £ 2. Then (3.2) and (3.4) imply
1
| Dy qu(r, t)| = Ce/ <t+ro>""*1do.
-1

Since < t+ro >"1S 2 <t > for |ro| £ 1, we obtain (3.5).

Next we shall prove
(3.6) |r|°’|_2Df,tu(r,t)| SCe<t>"*1 for 3Z|a|Em+3.

Let a = (a1,a;3) and 3 £ |a| £ m + 3. Write as
rlel=2 pe2 peiy(r, t)

=D > CoaDIDir)H(Der)u(r,b),

v=2 18IS |a|-2

where Cj ., are constants. Since it follows from (3.2) and Lemma 2.5 that

(Dtr)ﬁ’(D,r)ﬂ1 u‘(r,t) = /_1 H(t+ ra)z/jﬂ(a)da

+CgH(t+r)+ CpH(t — 1),
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where 5(c) is a polynomial and Cj, C} are constants, we obtain (3.6) according
to (3.4), as before. The proof is complete.

The rest of this section will be devoted to prove (1.6), (1.7) and (1.8) for |r| 2 1.
Since u(—r,t) = u(r,t), one can assume r 2 1. We may also assume ¢ 2 0, since
the first term or the second one on the right hand side of (2.3) is odd or even in ¢,
respectively.

We shall first deal with the case where t/r is large.

Lemma 3.3. Lett 2 3r and r 2 1. Then (1.6), (1.7) and (1.8) hold.

Proof. We claim that the function H(p) given by (3.3) can be represented as
(3.7) H(p)=)_ DiFj(p),
i=0

where Fj belongs to C/+%(R) and satisfies

|IDSFj(p)| £ Cjae < p>~m717xt
(3.8)
for 0Sa<7+205jSm.

Indeed, from (3.3) we have

H(p) = aof(p) + ) _ a1 D37 £(p))

§=0

+2_ 5D ()
=0
with other constants aj, and b}. Hence, setting

Fi(p) = p"™ (a4, f'(p) + big(p)) for 1SjS<m

and
Fo(p) = aof(p) + p(ai f'(p) + bo9(p)),

we see that F; € C/+%(R) and (3.8) holds, because {f,g} € Ej.
Next, changing a variable in (3.2) by p =t 4+ ro, we have

. t4r
u(r,t) = r=2m= / H(p)$™(p,rt)dp,
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where ¢(p,r,t) =r? — (t — p)? is the same function as in (2.11). Note that
th(ﬁm(p,r,t) =0 for p=txr, 0 é lal § m—1.

Therefore, using (3.7) and integrating by parts, we obtain

m t+r .
(39) urt) =215 [ Eo)Dism(o,r .
j=07?

-T

We are now in a position to prove (1.6), (1.7) and (1.8) for ¢t 2 3r. It follows
from (2.14), (3.8) and (3.9) that

m . t+r o
lu(r,t)| < CsZr""l / < p>"mTITRH gy,
t—1r

j=0
Since t —r = (¢ +1)/2 for ¢ = 3r, and
t+r . .
/ <p>TMTI=RtI gy < op <t —p >R
t—r

~we have N
|u(7‘,t)| S Cer™ z rmd < t+7r > -—mtj—k-1
Jj=0
s (m+ NCer ™ < t+r >—N-1’
which implies (1.6). Next suppose 1 < |a| £ m + 3. Then, using (2.16) also, we get
i . t+r ‘
|Dg:tu(r’t)l é Ce Z{T—]"lal"] / < p >'—1TI-—1-—K+J dp
j=0 t

-

+ ™l <t >TmoIoREY

which implies (1.7) and (1.8). Thus we prove the lemma.

Next we shall treat the case where ¢/r is bounded
Lemma 3.4. Let 0S¢ < 3r and r = 1. Then (1.6), (1.7) and (1.8) hold.

Proof. By virtue of (2.3) and Lemma 2.7 we get

t-tr t4-r
u(r,t) = / g(p)K(p,r,t)dp + D, If(p)K(p, r,t)dp,
t

el jt-r

where K(p,r,t) is the function given by (2.11). Moreover we have from (1.2)

|f(p)l § C(;‘ < P >—m—1_N
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and

P ()| +1g9(p)| £ Ce < p >3 for 0SjSm+2.

Therefore by Lemma 2.10 we obtain

lu(r,t)] £ Cer—™~1 (/l

t—r|

t4r
< p>"rl dp+<t—r>"‘>

SCer ™l <t—r>F

since r~! < p > is bounded for 0 £ p < 4r,r 2 1. Therefore (1.6) follows, because
r 2 (t+r)/4 for 0 £ ¢t < 3r. Similarly we obtain (1.7) and (1.8). The proof is

complete.

Proof of Theorem 1.1. All conclusions of the theorem follows immediately from

Lemmas 3.1, 3.2, 3.3 and 3.4. Thus we prove Theorem 1.1.

§4. The nonlinear wave equation
As will be seen, a solution of (0.1), which belongs to X N Cz(Rz), is even in r

and has the asymptotic behavior (1.15), satisfies the following integral equation
(4.1) u(r,t) = u_(r,t) + L(u)(r,1),

where u_ is the solution of (1.1),

(4.2) L(u)(r,t) = /_oo dr /_1 Hit -1+ ra,lr)(l — 0?)™do,

(4.3) H(p,7) = (2m!)™ (5(;5)"1(/)2"‘“0(/),7))
and
(4'4) G(va) = F(u(p, T)’ut(p’T)’uT(paT))

with F' the function in (0.1). (See Lemma 5.5 in the next section).

The purpose of this section is to establish basic a priori estimates for the integral
operator L. Throughout the present section, by L, H and G we mean the operator
or functions defined by (4.2), (4.3) and (4.4), respectively. By C we also denote
various constants depending only on F and n, unless stated otherwise.

We shall start with estimating G.
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Lemma 4.1. Assume condition (H); holds. Let u(r,t) € X. Then

(4.5) p*G(p,7) € C**1OR?) for 0SkSm+1.

Moreover suppose ||u]| £ 1. Then
(“6) ID}G(p,7)| £ Cllull” < p > < || + |7] >~ < |p| - |7| >77*
4.6
for |p|21,0Sj Sm+2

and

) 10*DiG(p,7)| £ CllullP < 7 >7P7P*
(4.7

for |p|£1,057Sk+1 and 0SkSm+1,
where p is the number in (H);.

For the proof see e.g. Kubo [9], the proof of Lemma 3.2. Next we shall estimate
H(p,7). |
Lemma 4.2. Assume condition (H); holds. Let u(r,t) € X. Then H(p,7) €

C%%(R?). Moreover, setting

(4.8) wi(r,t,7) =1k /11 H(t—714ro,7)(1—0?*)"do,
where k is an integer such that 0 £ k £ m + 1, we have

(4.9) D2 wi(r,t,7) € CO(R®) for 0S|ajSk+2.

Furthermore suppose ||u|| £ 1. Then

|DIH(p,7)| S CllullP < p >P7I71< |p| + |7] >7P < |p| = |r| >7P*

(4.10)

for j=0,1,2
and
(4.11) |Drg0k(r,,7)| S ClullP <r Sk < 7 > —min{p,g+1}

for 0S5 |a| S k42,
where q is the positive number defined by (1.14).

Proof. From (4.3) we have

(412) H(p,T) = Y CDY e, 7)
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with some constants Cj. Therefore (4.5) yields H(p,7) € C*°(R?) and hence by
Corollary 2.6 we get (4.9). Next let ||u]| £ 1. If |p| £ 1, the estimate (4.10) follows
from (4.7) and (4.12), since < 7 >7'S 2 < |p| + |7| >~ for |p| £ 1. If |p| 2 1, by
(4.6) we have

ID}H(p, )| S Cllul|lP < p >™H="P< |p| + |7| >7P< |p| - || >77%,

which implies (4.10), because mp = g¢—p+m+2 according to (1.14). Finally, (4.11)
is a direct consequence of (4.8) and (4.10) provided 0 S |a| £2. I3 S |o| S k+2,
we refer to the proof of Corollary 2.6. Then we obtain (4.11), as above. The proof

is complete.
For the operator L we have
Lemma 4.3. Assume condition (H); holds. Let u(r,t) € X. Then L(u)(r,t) is
even in r and satisfies '
(4.13) rfL(u)(r,t) € C**20(R?) for 0L kS<m+1.
Moreover assume G(p, ) is even in p. Then

(4.14) , D, L(u)(r,t) = /_‘oo tho(r,t,v;)dr,

where wy is given by (4.8). Furthermore L(u) belongs to C?(R?) and satisfies the

nonlinear wave equation (0.1). Besides we have

(4.15) r*D,L(u)(r,t) € CF*YO(R?) for 0Sk<m+1.

Proof. Define wi(r,t,7) by (4.8). Then (4.2) implies
t
(4.16) ‘ L(u)(r,t) = / wo(r,t, 7)dr.

- Hence (4.13) follows from (4.9) and (4.11), because p > 1 and ¢ + 1 > 1. Besides,

wo(r,t,7) is even in r hence so is L(u)(r,t).

Next suppose G(p, 7) is even in p. Then H(p,) is odd in p hence wy(r,t,7) =0
for 7 = {. Therefore by (4.11) and (4.16) we get (4.14), because H(p,7) € C*%(R?)
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according to the preceding lemma. Moreover by (4.9) we have L(u) € C?(R?).
Furthermore

(p?-pr -2t

D,)L(w)(r,?)

T
n-—1

t .
= Dywo(ryt, T)lre + / (D? — D2 —

—00

D)wo(r,t,7)dr

= tho(r, t, T)lr:t

where the last equality follows from Lemma 2.1. Since Corollary 2.3 yields
(4.17) Dywo(r,t,7) = G(r,t) for 7 =t,

we thus see that L(u) satisfies (0.1). Now, (4.15) follows from (4.14) and Lemma
4.2. The proof is complete.

We shall now state the main result of this section.
Proposition 4.4. Assume conditions (H),(H ), and (1.13) hold. Suppose u(r,t)
is even in r and belongs to X; = {u € X;||u|| £ 1}. Then L(u)(r,t) belongs to X
and is even in r. Moreover for (r,t) € R? we have
(4.18) |L(u)(r, )| S Cllu|lP <r >""< |r|+ |t >~ < |r] = ¢ >7% if || 21,
| DY DFL(u)(rt)|
(4.19) SCP<r>™ < |r|=t| >7 < | =t >~"
if r|21,1Sa+B<m+3 and 05 B8ZL2,
(4.20) |IDPDeL(w)(r,t)| S C|lull? <t >=*"1 if |r|$1,05a+852

and
ret8=2 DI D2 L(u)(r,t)| £ Cllu|lP < ¢ >~
(4.21)
if Ir|£1,3%a+BSm+3 and 0SBS2

Proof. By (H), and (4.4) we see that G(p,7) is even in r. Therefore it follows
from Lemma 4.3 that L{u)(r,t) belongs to C?(R?) and is even in r. Moreover
riL(u)(r,t) € CI*2%(R?) and r/D,L(u)(r,t) € CI*1WO(R?) for 1 £ j £ m + 1.
Consequently we find from (1.3) that L(u) € X if ||L(u)|| < oo, which follows from
(4.18) through (4.21). Thus we must only to prove these estimates. In doing so,

one can assume r 2 0, since L(u)(r,?) is even in r. From now on we suppose the

hypotheses of the proposition are fulfilled.

We shall first deal with the case where § = 0.
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Lemma 4.5. Let 0 S r < 1. Then (4.20) and (4.21) hold for 8 = 0.

The proof will be given later. In what follows we assume r 2 1 to prove (4.18)
and (4.19). Then we adof)t another representation for the operator L. Let wo(r,t,7)
be given by (4.8). Then from Lemma 2.7 we have

P+
(4.22) wo(r,t,7) = G(p, 7)K(p,r,t — 7)dp,
lo-|
where py =t —7 £ r and K(p,r,t) is given by (2.11). We also regard L(u) as
rm=1(pm+1 L (y)).

We start with
Lemma 4.6. Let r 21 and 0 £ o £ m 4+ 3. Then we have
(4.23) 1D (™ L(u)(r,t)| S CollullP(I,a + I2 + Is + L)
Here I, =3 =1, =0ifa=0, and
t P+ .
(4.24) Ap=/ d(/ < p PN pp |r| >7P< p— |1 > dp,
[ SRS P

where p+ =t — 7+ r and ¢ is the positive number given by (1.14),
(4.25)

t P+
Lao=r"1L, +/ dT'/ <SPSl ptr|>P<p— 7| >P  dp
—o0 lo-|

if 1SaSm+3,

t
(426) . I =/ < pg SPTITI py | >TP< py — |7 >7PR dr,

-0

t

(4.27) I; = / <p- SPTT I oo |+ | >7P< po| = || >7PF dr
-0

and

(4.28) Ij =<r—t>7P7P"

Proof. 1t follows from (2.18), (4.6), (4.7) and (4.22) that

P+
fwo(r, £, 7| S C|fulPr=m-1 / < p >mHI=m

X< p+|r| >7P< p—|7r| >7PF dp.
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Therefore by (4.16) we get (4.23) for & = 0, since m+1—mp = p—g —1 according
to (1.14).

Next suppose 1 £ @ £ m + 3. From (4.11) and (4.16) we have

(4.29) | D(r™H L(r)(r,t)) = / D (r™wy(r,t,7))dr.

—Q0

If|t—7—r| 2 1, we have [p_| 2 1 hence by Lemma 2.10, (4.6) and (4.22) we obtain
]D‘r"(rm+1w0(r,t,r)|
P+
scalllp{ [ < o511 4 <p 51
p-|
(4.30) X < ptlr|>7P< p— || >7P" dp
+<pg DPTIT < py || >TP< py — || >TPF
+ < p- SPTIT <o |+ || >7P< oo | — |7 >7P<)

If 0 < |p~| £ 1, we write as

1
wo(r,t,7) = G(p,T)K (p,7,t — T)dp
lo-|

P+
+ / G(p,T)K(p, 7yt — T)dp
1
= wo(ryt,7) + wo (7,2, 7).
For the second term wg we get an estimate analogous to (4.30). Consider the first

term wy. From (2.11) we have
m ) .
K(p,r,t) = 7213 " C;pi*1DI¢™(p, 1)
j=0

with some constants C}, so that
rmHwy(r,t,7) =™ Z C; / p’t1G(p,7)DI¢™(p,r,t — T)dp.
j=0 -

Therefore it follows from Lemmas 2.8, 2.9 and (4.7) that
|D2(r™Hwy(r, t,7)| £ Cllul|? < 7 >7P7P*
SClu|lP <t —r >"PP",

since < 7 >71S2<t—r>71for [t —r—~7| £1. Thus by (4.29) and (4.30) we

obtain (4.23). The proof is complete.
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From now on we shall estimate the quantities given by (4.24) through (4.27).
Notice that condition p > pg(m) is equivalent to

(4.31) p>1 and q>-—%——-—m—1,
p—1
since (1.9) and (1.14) imply
2
(p—1)(g~ oogtmt 1) = &(m, p).

Moreover (1.13) yields

(4.32) 0<kSg=(m+1)p—-(m+2)
and
(4.33) pr+qg>r+1

We will often employ the following two lemmas also.

Lemma 4.7. Let a,b be real numbers such that a 2 0,b2 0 and a+b > 1. Then

(4.34) / <z><z+y>Ptde £C for yeR,

—00

where C is a constant depending only on a + b.

Proof. Since
<z>T<z4y>tS<<cr> gy >,

we have easily (4.34).

Lemma 4.8. Suppose (4.31), (4.32) and (4.33) hold. Then

oo
(4.35) / <z>P<caz+y>1dzSC<y>" for yeR,
—0o0
. poO
(4.36) / <y—z>I<y—-2e>PdrSC<y>"" for yeR
and

o0
(4.37) / <z—y>P T2 —y>PdeSC<y>"1 for y20,
Yy
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where C' is a constant independent of y.

Proof. First consider (4.35). By I(y) we denote the lefty hand side of the inequality.

If y 2 0, we write

-y/2 %
I(y)=/ <z>""‘<m+y>“qdz+/ <z>P<z+y>T9dz
—o0 ~y/2
= Ii(y) + L(y)
Then
y -y/2
Ly) =< 5 >"‘/ <z > PRz +y>T9dz.
-0

Since kK — pk £0,¢ 2 0 and £ — pk — g < —1, by (4.34) we get (4.35) for I;. Next

. o0
Ly)S<=z>7" / <z >"’f‘< z+y>""dz.

-y/2

Do 2

Since Kk —g £ 0, we obtain (4.35) for y 2 0, as above. If y £ 0, changing the variable
by  + y = 2z, we have

I(y) = / <z+4 |yl >P< 2> dz.

Therefore we get (4.35) ahalogdusly to the preceding case.

Next consider (4.36). Setting y — 2z = 2z, we have
o0
/ <y—z>I<y—2z>7Pdz

-0

1 o0

= —/ <z>TPrEL y+z >"7dz.
2/ 2

Hence (4.36) follows from (4.35).
Finally we shall prove (4.37). Since

) o) ’
/ <:1:—-y>”_q"1<2:c—y>_”da:§/ <z-y>1ldz for y20
y y

and ¢ > 0, we get (4.37) easily if px — k —1 2 0. Now, suppose pkx — k — 1 < 0.

Since 2z —y 2 y for = 2 y, we have

<2r —y>TP S gy >TPPRERE]



23

for z 2 y 2 0. Noting that px +p > k + 1, we get therefore
g .
o0
/ <z—y>P Tl 2 —y>Pdx

y

o0
< <y >Prr-l / <z —y> PR gy for y20.

y

By (4.33) we thus obtain (4.37). The proof is complete.

We are now in a position to estimate (4.24) through (4.27). In what follows we
assume (4.31), (4.32) and (4.33) hold.

First we shall deal with (4.24).

Lemma 4.9. Let r 2 1. Then

(438) Il,o(’r',t) é C<r—t>""
and
(4.39) Lo(r,t) S Cr<r4t|>7""1 if |t|23r.

Proof. We shall divide I 1,0 into two parts as follows:
(4.40) ' Lo = Il*:o + IT,,
where
ty P+
I:O(r’t)=/ dT/ <p>PTI < ptr>P<p—T > dp
» 0 lo-1
t- P+
Il-,O(Tat)=/ dT/ <p>PIT < p—r>TP<pd T >R dp
-0 lo-1

and ¢4 = max{t,0},t_ = min{¢,0}, so that If (r,t) = 0 for t £ 0. Moreover,

introducing characteristic coordinates by
(4.41) {=p+m,n=p—r,

we have

1 t+1‘ f £+T’
I (r,t) = —/ <E>T? d§/ <21 Pl
(4.42)4 no(rt) =3 lt—r] r—t 2

X <n>7Pdy for t>0,



24

(4.42)_
t+r o)
I (r,t) = L < E>TPEE < E+n >P=171< n >7P dp,
1,0
' 2 t—r max {|t—7|,£} 2

First consider Iito. Let ¢ > 0. Since p > 1, we have

t+4r

Hont)sC [ <€>7" dé/ <E+n>TI<n > dn.

jt—r]
By (4.35) we get tehrefore
t+r
Ity(rt)SC <E>TITR L

lt—r|

Hence (4.38) and (4.39) follows for I}y, because t —r 2 (t +r)/2for t 2 3r 2 0.
Next consider IT ;. From (4.42)- we have

Io(r,t) £ C/ <E>TPRIE <&+n>""1dy

t—r

[t—r|

§C/ SESTPR< |t —r| >TT dE.

Hence by (4.35) we obtain (4.38) for Iy ,.
Finally we shall prove (4.39) for I ;. Let |t| 2 3r. Note that |t 7| 2 (Jt| +r)/2.
If px 2 &k + 1, we have from (4.42)_
t+r oo .
ITo(rt) SC < |t +r >7P" / df/ <&+n>"1"1dy.
t—r —00
Hence (4.39) follows. If px < & + 1, we have
t4r oo
Iort)sC [ <> df/ <€A >TITPER dy,
t—r —00
since

<n>TP S < ESPRTR T g STPEPRERAL fr > €20,

Therefore by (4.33) we get
t+r
ITg(rt) SC < [t +7r >7"1 / g,

t—r

which implies (4.39) for I ;. The proof is complete.
Next we shall deal with (4.25).
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Lemma 4.10. Letr 2 1. Then

(4.45) Lofr)SC<r=t>*1 for 1SaSm+3.

Proof. Since the first term on the right hand side of (4.25) is dominated by C <
r+[t| >~ 1< r -t >~* according to the preceding lemma, we have only to estimate

the second term. For convenience set
t P+
J(r,t) =/ dr/ <p>PI i p4 | >TP<p— 7] >TPR dp
—o0 p-|
and divide J into two parts, analogously to (4.40):

t. ty
J(r,t)=/ dT+/0 dr=J_+J4.
-0

Then we have estimates similar to (4.42)+:

t4-r (=)
(4.46)- J_(r,t) £ / < E>TPRdE < Sl >PI"2<  >7P dy,
{1 max {|t—r|,£} 2

t+r

§
(446)r  Ji(r,t) S / <E>Pde / e )
r—t

le=r|
where J4(r,t) =01if ¢t S 0.

First consider J... We have

o0 o0
J_(r,t)§C<t-r>“1/ < E>TPR S <E+n>"91dy
t—r jt—r|
§C<t—r>‘1/ <ESTPE<CE |t —r| >TTdE.
t—r
Therefore by (4.35) we obtain

(4.47)_ J_(rt)SC<r—t>717",
Next we shall prove

(4.47) 4+ Ji(rn) SC<r—t>"17% if t>0.
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Setting
£
I(¢)=<E>7P / < §+n ; N n >"P" dp,

r—t
we have from (4.46)+

2}t—r| o0

s [ Kok [ ned

¢~ri , 2jt—r|

First consider the second term on the right hand side. If £ 2 2|t — r|, we have
IO)SC<t—|t—r| >"‘“2/ <€+ >"l< g >TPR dy
hence by (4.33) and (4.34) we obtain
(4.48) / I€)d¢ SC<t—r>7F1,
2|t—r|

Next consider the first term. Let |t — r| < € < 2|t — r|. Then

~¢/2
I(€)§C<£>""”"/ <E+n>PT72 dp

~|t—r]

¢
+C<£>"“2/ <E+n >l >TPr dy
—-£/2

= 11 (€) + L2().

By Lemma 4.7 we have

L) SC<E>T 2,

Moreover
o0

L sC<e>77" / < E4qp>TIPRml gp

~lt—r|
SC<t—r>1" gt |t —p| S=0-PF
Therefore
2[t—r| oo
/ [(e)dsC<t—r>77" / <E—ft—r| >FTITPE g
|

t—r| -0
oo

+C < E>TFT2 e

[t—|

Hence by (4.33) we obtain

2|t '
/ [(€)dE) S C < t—r >=r-1
|

t~r|
This and (4.48) imply (4.47);. Now (4.45) follows from (4.47)+. Thus we prove
Lemma 4.10.
Thirdly we shall treat (4.26).
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Lemma 4.11. Let r 2 0. Then

(4.49) L(r,)SC<r+t>l<r—t>"",

Proof. We divide (4.26) into two parts as follows:

t-
Iz(r,t)=/ <t4+r—7>P It r—2r >TP<t 47 >TP N dr

— 00

4.50 t+
(4.50) +/ <t+r—r>P Ul 4 r STPt 4 r — 27 >TPR 4y
0

= I; (r,t) + I (r,1t),
where t_ = min{¢, 0},¢4 = max{¢,0}, so that I (r,t) = 0if t £ 0.

First consider the second term I;. Lett > 0. Sincep > landt+r 2t+r—720

for 0 S 7 £t, we have
t
I (r,t) §<t+r>~1/ <t4+r—7>7I<t+r—2r >7P* dr.
0
Hence by (4.36) we get
If(r,) SC <t+r>"17%,

which implies (4.49) for I .
Next consider the first term I; . If t 2 0, we have

0 .
IF(rt) S<t+r >“""/ <tdr—r>"1"14r

-0

SC<t+r>7P0,

Hence by (4.33) we get
Ly(rt)SC<t+r>r1

which implies (4.49) for I; and ¢ 2 0.
Now let t < 0. Then

o0
L) s <r—|tf>7" / <7 —|t|+r>PI < 2 — |t| 4+ 7 >7P dr
14
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First suppose |t| 2 3r. We have

N |
IF(rt)S<|t]—r>P" <T—|t|+r>P 1< 2r — |7| 47 >7P dr.
: It

—r

Hence by (4.37) with y = |t| — r we get
Iy(rt)SC<|t|—r>"""1,

which implies (4.49), since [t| — r 2 (Jt| +r)/2 for |t| 2 3r.
Finally suppose 0 £ |t| £ 3r. We have

oo
() S <r— ] > /I <l >
t
SC<r—t|>P<r>717,

Since r 2 (r + |t]|)/4 for |t] £ 3r and 0 < k < ¢, we get
L(rt)SC<r+t]>7"<r—|t| >"797P",
Therefore by (4.33) we obtain (4.49). The proof is complete.

Fourthly we shall deal with (4.27).

Lemma 4.12. Letr 2 0. Then

(4.51) L(r,)SC<r—t>"r1,

Proof. We shall divide (4.27) into two parts, as follows:
(452) I3(7‘,t) = I3’1(7‘,t) + I3,2(7‘,t),

where
(4.53)

—-r
I3,1(r,t)=/ <t—r—7>P Tt r T 7| >TP< t—r T —|7| >TPF dr

(o ]

and
(4.54)

t
I3’2(7‘,t)=/ <THr—t>PTUI< T b —t 47| >TP< T+ —t — |7| >TP¥ dr.
t—r
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First consider (4.53). If —oo < t < r, we have
t—r ’ :
I31(r,t) = / <t—r—7>P gt —r —2r>P<t—r >"PR s
-0

o0
=<r—t>‘P"/ <T—r+t>P I e 2%r —r 4+t >7Pdr.
r—t

Hence by (4.37) with y =r — ¢ we get (4.51) for I3 ;. If t > r 2 0, we have
0
Ba(rt) = / <t—r—7>P 9 et _2r>SPLt—p >TPEr

—o0
t—r

+/ <t—r—7>P 1<t _r>P<t—r—2r >7P (dr
0

=hL,+ ;.

For the first term we have

0
I§,1(T,t) S<t—-r >"‘"‘/ <tepr—7>"914r

—_00

SC<t—r>7PF1,

Hence by (4.33) we obtain (4.51) for I3 ;. For the second term we have
t—r
Ié',l(r,t)§<t_r>—1/ <t—r—71>7I<t—r =27 >7PR (r,
0

Therefore by (4.36) we get (4.51) for I3';. Thus (4.51) holds for I3 ;.
Next consider (4.54). If t 2 r 2 0, we have

oo
Iso(r,t) S <t-r >”"‘/ <T—t+r>PIlcor —t 4 >7P 4y
o t—r

Hence by (4.37) we get (4.51) for I3 5. Now suppose —oo < t < r. Then we divide

(4.54) into two parts, as follows:

ot
I3 5(r,t) =/ <THr—t>P Il r ¢ >P< 2r 4 r —t >TPR dr
t

-T

t

+/ <THr—t>PIT I 2r dr —t S>TP<r —t >TPR dr
t-

= Ié,?(rat) + I:;I,Z(rvt)’

where ¢_ = min{¢, 0}, so that I3 ,(r,t) = 0 for ¢ £ 0. For the first term we have

0
Lo(rt) S <r—t>7" / <THr—t>7I<2r+r -t >7P dr.
t—r
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Hence by (4.36) we get (4.51) for I3 ,. For the second term, assuming t > 0, we
have .
Ié"z(r,t) S<r—t>"P% / <T+r—t>"11dr
< C<r—t>“"‘0“1.
Therefore by (4,33) we get (4.51) for I}';. Thus (4.51) holds for I3 ;. In view of
(4.52) we complete the proof.

Finally we shall prove Lemma 4.5 which is a consequence of Lemma 4.11 or 4.12.

Proof of Lemma 4.5. First we shall prove (4.20) for # = 0. Let 0 £ r £ 1 and
0 £ a £ 2. It follows from (4.2), (4.8) and (4.11) that

t
DZL(u)(r,t) = / DX wo(r,t, 7)dr.

Moreover by (4.10) we have

1 .
Dol t, )| S Cllll? [ <t=7 470 >0m00t
-1
X <|t=7+ro|+|r|>7P< [t =7 +ro|—|7| >7P" do.

Sincet—7—-1St—7+4+rc St—7141for |ro] £ 1, we get therefore
t
|DEL(u)(r,t)| S C/ <t—7>P <t —r 4|7 >P<t — 7 — |7 >TPF dr.
—00
Noting that the integral on the right hand coincides with (4.26) for r = 0, by
Lemma 4.11 we obtain (4.20) for 8 = 0.

Next we shall prove (4.21) for # = 0. Let 3 £ a £ m + 3. Note that

9= DIL(u)(r,t) = Y C;D2DI(r L(w)(r, 1)

j=0
with some constants C;. Hence by (4.8) and (4.11) we have
a—2 t .
r* 2D L(u)(r,t) = Z C'j/ Dit2w;(r,t, 7)dr.
j=0  J=ee
In view of the proof of Corollary 2.6 we have therefore

petnzprol £ [ { [ (03— +romidp

+ |(D,2,H)(t —747r,7)|+ |(Df,H)(t —_T — f,r)|}d7‘.
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Thus by (4.10) and Lemma 4.11 we obtain (4.21) for § = 0, as before. The proof

is complete.

End of Proof of Proposition 4.4. As we remarked at the openning of the proof,
we have only to prove (4.18) through (4.21) for r 2 0. If 8 = 0, these estimate
follows immediately from Lemmas 4.5, 4.6 and Lemmas 4.9 through 4.12. If # =1
or 3 = 2, we shall employ (4.14) instead of (4.16). Then it follows from (4.11) and
(4.17) that

t
D2L(u)(r,t) = / D2wo(r,t,7)dr + G(r,2).

Therefore, except for G(r,t), we obtain (4.19), (4.20) and (4.21) for 8 = 1,2 anal-
ogously to the case § = 0. Thus it suffices to prove
(4.55)

|IDEG(r, )] SClu|ff <r>™T<r+t|>* ! for r21,08aSm+1,

because p > 1 hence (4.7) implies
[r*DEG(r,t)| SC||u)lP <t>*1 for 05r<1,08aSm+1.

First suppose |t| 2 3r and r 2 1. Then from (4.6) we havefor 0 S a Sm +1

IDEG(r,t)| S C|u||P <r >~™P< 1+ |t| >~PP"

S Cllul|fP < v >~(mADptatl=prg oy ] >=17%

Moreover (4.32) implies
—(m+1)p+s+1S-m—1.

Hence we get (4.45). Next suppose |t| £ 3r and r 2 1. Then (4.6) implies
IDYG(r,1)| £ CllullP <r>7mP7P
S CllullP < r+ [t} >~™27,

since(m+1)p=g+m+2and <r >S4 <r+|t| >! for |t| £ 3r. Therefore
by (4.32) we obtain (4.55). Thus we prove Proposition 4.4.
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§5. Proof of Theorem 1.2

In this section we shall prove the main theorem (i.e., Theorem 1.2), by employing
the results in the previous sections. The plan is as follows. First we show that the
integral equation (4.1) is uniquely solvable in the function space X . (See Proposition
5.4). Then the solution satisfies the nonlinear wave equation (0.1) according to
Lemma 4.3. In order to prove the uniqueness of such a solution of (0.1) as in
the theorem, we next show that a solution of (0.1) having appropriate asymptotic
behaviors satisfies (4.1). (See Lemma 5.5). Finally we prove the statements about
the solution u4 of (0.2).

First of all we state
Lemma 5.1. The function space X defined by (1.3) is a Banach space.

Proof. Introduce another norm ||u||’ for u € X by

lall = 3" sup |DEu(nt)] <r>™< ||+ 1t >< || - It >
jalg1 (M ER?
m-+1 ] .
+3 sup (DI 0)] + IDFD ™ u(r )]}
j=0 "

x <r>7l<r|+ |t >< || = Jt] >" .
Then we find that the two norms are equivalent and (1.3) can be rewritten as
X = {u(r,t) € CY(R?); r™* u(r,t) € C™T3O(R?),
r™tlyy(r,t) € C™T2O(R?) and  ||ul) < oo}.

(See Kubo [9], Lemma 3.1 and its proof).

Now we shall introduce an auxiliary Banach space Y by
Y = {v(r,t) € CY(R?) N C™+3Y(R?);
Dyv(r,t) € C™F*(R?) and [lv]ly < oo},
where

lolly = ) P |Dyo(r,t)] < 7 >TH< r| A+ [t >< || = J¢] >*
SR
m+1

+ > sup (IDi*?o(r,t)| + DIt Doo(r, 1))
j=0 (T,t)€R2

<r>TIr[ 4t >< | = [t >*.
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Let Y, be a closed subspace of Y given by
Y = {v(r,t) € Y; Div(0,t) =0 and
DIDw(0,t) =0 for 0Zj < m}.
Then for v € Y,;, we have

1 :
v(r,t) = (m!)~1rmH /0 (1 = \)™(D ) (rA, t)dA

1
vi(r,t) = (ml)~1rm+L / (1 = N™(D™Dw)(rA, £)dA.
0
Therefore, setting '

u(r,t) =r~™ly(r,t) for v €Yy,
we have u € X, because

|D2u(r,t)] & up (DF*DZw(p,t))| for |r|S1,]e|S1
pI=1

and have

lull" £ Cllvlly.
Conversely, setting v(r,t) = r™+u(r,t) for u € X, we have v(r,t) € Y,,, because
llolly < Cllull'.

Since Y, is a Banach space, we conclude that X is also a Banach space. The proof
is complete.

Next from Proposition 4.4 we have easily

Lemma 5.2. Let the hypotheses of Proposition 4.4 be fulfilled. Then L(u)(r,t)

be]ongé to X and is even in r. Moreover we have
(5.1) IL(u)l| £ Cullull?,
where C} is a constant depending only on F' and n.

In order to show that (4.1) is solvable in X, we shall introduce an auxiliary norm
[llull] for u € X by

llulll = >~ sup [DZu(rt)] <r>™<|r|+ [t >< |r| = Jt] >
lal<1 (r,t)ER?

+Z sup {|rt1DI*2u(r,t)| + |riH DIt Dyu(r, 1)}
j=0 (T,t)€R2

<r>S™ITle p| 4 |t >< |r| = |t >* .
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Then we see from (1.4) that
(5.2) el S lull - for uwe X,

since |r| £ < r >. Moreover we have

Lemma 5.3. Assume conditions (H)1,(H)2,(H)s and (1.13) hold. Let u(r,t),
v(r,t) € X be even in r. Then

(5.3) NIL(w) = L()II| £ Celllw — ollI(HlullP~ + [l0]IP~*)

and
IIZ(u) — L(v)|| £ Csllu —v[|(Jlu|>~* + [[o[[P~")

(5.4) E) p~1 p—1y
+ Clllu = v[IIP(UulP~" + [l]P77),

where 6 is the number in (1.12) and Cy, C3 and Cy are positive constants depending

only on F' and n.

Proof. By H(u),G(u) we denote the functions defined by (4.3), (4.4) respectively.
Then (4.2) implies .

L(u)(r,t) — L(v)(r,t) = /_oo dr /—1(H(U) — H))(t — 1 +ro,7)(1 - 0®)™do

with

(H(u) - H(v))(p,7) = (2771!)—1(3%2)"'{/)2"’“(@(“) = G(v))(p,7)}-
Moreover, analogously to (4.6) and (4.7), by (H); we get
IDI(G(u) = G(@))p, )|
< Cllle = olllClllullP=! + ll0llP~?) < p >=™7
X <|pl+ |7 >7P< fp| = 7| >7P*  for |p| 21,055 Em+1
and
0" D(G(u) = G())(p, 7)| S Clllu = wlI(llkalP~F + [llo]][P7) < 7 >7PP

for |p|£1,055Sk and 0SkSm+1.
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(For the details see e.g. Kubo [9], §3). Therefore, analogously to Proposition 4.4,
we obtain (5.3). Furthermore, employing condition (H); also, we get |
ID7+2(G () = GO))(p, )
< C{llu = oll([[ull?=* + o] P=*) + [lu — v]]|°
X(Illl™*2+{[ol™ )} < p >™™P< |p| + 7] >7P< |p| = |7| >7P*
for |p|21
and
" D (G (w) - G(v))(p, 7))
S C{llu = vll(llulP7! + [l 1P71) + [l — o]l1° x
X([lul|™*2 + |olI™F2)} < 7 >—PP
for |p|£1 and 0SkSm+1.

Therefore we obtain (5.4), as before. The proof is complete.
We are now in a position to solve the integral equation (4.1).

Proposition 5.4. Let the hypostheses of Theorem 1.2 be fulfilled. Then there are
positive numbers €¢ and d having the following property, where €y depends only on

F,n and k, and d only on F and n: If ||{f,g}|lo £ € £ €o, there exists uniquely a

solution u(r,t) of (4.1) which belongs to X4 and is even in r. Moreover u € C%(R?)

and we have (1.15) through (1.19).

Proof. First of all we set

(5.7) | d = min{1, (4C,) "/ (P13,

where C? is the constant in (5.3). From (5.2) and (5.3) we have then

(58) L) = L@ S Slike = olll for w0 € Xa

We now define a sequence of functions ux (k = 0,1,2,---) by up = u_ and
up = uo + L(ur-1) for k21.

It follows from Theorem 1.1 that ue(r,t) belongs to X, is even in r and satisfies

(5.9) Huol] £ Coe  for any ¢ >0,
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where Cj is a constant dependign only on n and «. Let gy be the maximum of

positive numbers ¢ satisfying the following three consitions

(5.10), 2Ce £d <1,
(5.10), 2PC1(Coe)P! £11,
and

(5.10)3 2PT1C(Coe)P ! £11,

where Cp, C; and C; are the constants in (5.9), (5.1) and (5.4) respectively and d
is the number given by (5.7).

In what follows we suppose 0 < ¢ £ €9. Then by induction it follows from

Lemma 5.2, (5.9), (5.10); and (5.10), that ux € X, for k 2 0 and

(5.11) luel] S 2lluol| ~ for k21,
Moreover (5,8) implies
k
1
luess = uell < () N = wolll fox k20
Using (5.4) and (5.10); also we thus obtain
1 1\ o
llurtr - usll S 5lluw = ve—all + Cs (5) for k21,

where

Cs = 2™ 35 Cy|||uy — uol||®]|uo]|™*2.

Consequently we have

k sk
1 1
[ukgr — uil| S (3) |1 = wol| +C5k(§)

for £ 2 1, since 0 < § £ 1. Therefore the sequence u; (k = 0,1,2,---) converges
to a function u in X, because of Lemma 5.1. Besides it follows from (5.9), (5.10),

and (5.11) that u € Xy and
(5.12) lull £ 2llu_|| £ 2Cee.

Moreover we see from (5.2) and (5.8) that v is a unique solution of (4.1) in Xj.
Now (1.15) through (1.19) follows immediately form (5.12) and Proposition 4.4,
since (1.17) is a direct consequence of (1.15). Thus we prove Proposition 5.4.

In order to prove the uniqueness of a solution of the nonlinear wave equation

(0.1) which satisfies the asymptotic behavior (1.15), we need the following
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Lemma 5.5. Assume conditions (H); and (H)2 hold. Let u_(r,t) be the solution
of the Cauchy problem (1.1) which is even in r and belongs to X N C%(R?). Let
u(f,t) be a solution of (0.1) which belongs to X N C*(R?), is even in r and satisfies

the following asymptotic behavior
(5.13) | D(u(r,t) — u_(r,t))| + |Deu(r,t) —u_(rt)| SC <r>" 1<t >~*

for (r,t) € R? such that t < 0, where C, uu are constants independent of r,t, and
0 < u < 1. Then u(r,t) satisties the integral equation (4.1).

Proof. Consider the following Cauchy probrem for (0.2):

n—1

Wit — Wep — wr,=0 in R x[s,o00),

(5.14)
w(r,s) = f(r,s),wi(r,s) =g(r,s) for r€eR,
where s is a fixed negative number and
f(T‘,S) = u(ras) - u_(r,s),
(5.15)
g(r,s) = Dy(u(r,t) —u_(r,t))]: = s.

Since u(r,t) — u_(r,t) belongs to X and is even in r, it follows form Lemmas 2.1
and 2.2 that (5.14) admits a unique solution w(r,#;s) € C%(R?). Moreover the

solution is given by
1
(5.16) w(r,t;s) = / (D, Hy + Hy)(t — s +ro,s)(1 — o®)"do
-1
for each s < 0, where H(p, s), Hg(p, s) are defined by (2.2) with g(r) = f(r,s), g(r)
= g(r, s) respectively. Besides w(r,t;s) is even in r.

Now set
t 1
(5.17) wv(r,t;s) =u_(r,t) + / dr/ H(t -1 4ra,7)(1 - o*)™do + w(r,t; s),
s ~1

where H(p, ) is given by (4.3) and (4.4). Then, since G(p, 7) is even in p according
to (H)z, it follows from (4.5) and Lemma 2.4 that v(r,t;s) belongs to C*R?) and
satisfles the inhomogeneous wave equation (2.5). Moreover from (5.15) we have
v(r,t;s) = u(r,t) and ve(r,t;8) = u,(r,t) for t = s. Therefore by the uniqueness

of solutions to (2.5) we obtain v(r,t;s) = u(r,t) for (r,t) € R?, since u(r,t) is
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also a solution of (2.5) with G(r,t) = F(u(r,t), u.(r,t),u.(r,t)) regarded as a given
function. In order to show that u(r,t) is a solution of (4.1) we thus have only to

prove
(5.18) lim w(r,t;s)=0 for (r,t)€R?,
because of (5.17).

Let (r,t) € R? be fixed. Since each side of (4.1) is even in r and continuous
according to (4.13), one can assume r > 0. We find from the proof of Lemma 3.3
that the function D,Hy + H, in (5.16) is represented as

(DpHs + Hy)p,s) = Y DiFj(p,5),
j=0
Fo(p,s) = a0 f(p,s) + p(a1 D, f(p,5) + bog(p,s)),
Fi(p,s) = p"*(aj+1D,f(p,s) + bjg(p,s)) for 1Zj<m,

and ag, b; are constants. Moreover, since u—u_. € X, we have Fj(p,s) € C'j+2’°(R2)

where

for 0 £ j £ m hence D,Hy + H, € C*°(R?). For convenience set p = t — s + ro.
Then from (5.16) we get

w(r,t;s) = i /ll{DlJ;Fj(p, $)}1 - 62)mda.

Since - =

D}Fj(p,s) =r~ D} F;(p,s),
integrating by parts, we obtain

w(r,t;s) = ir“i /11 Fi(p,s)(=Dy)' (1 — ¢*)™do.

— -

Furthermore (5.13) and (5.15) yield
|Fi(p,s)] SC<s>"#* for 0S5 < m,
because u — u_ € X implies
lu(r,t) —u_(r,t)| SC <t >7".

Thus we have

m
|w(r,t;8)| SC <s>7* Zr"j
j=0

hence (5.18) follows. The proof is complete.

In order to complete the proof of Theorem 1.2 we also need the following
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Proposition 5.6. Let u(r,t) € X, be a solution of (4.1) which is even in r, where
u_(r,t) € C*(R?) is a solution of (0.2). Suppose conditions (H),,(H); and (1.13)
hold. Then there exists uniquely a solution u(r,t) of the linear wave equation

(0.2) which belongs to X N C%(R?) and has the following asymptotic behaviors

lu(r,t) — ug(r, )| S Ch||ullP <r>~"< ||+ [t| >~L < ||+ >7"
(5.19)
for (r,t) € R

(5.20)
1D D2 (u(r,t) — us (1)) £ CollullP < r >~ < fr| = [t >7V< |r| + £ >

for 1Sa+B52, (rt)eR?

(5.21)
re+A=2 DY D (u(r,t) — uy(r,1)|

S Callu|fP <7 >TmFOFES | — 8] ST ] 4t >
for 3Sa+BSEm+3,056<2 and (r,t)€R?

and
(5,22) lu(t) —us (D]l SCs <t >~ for ¢20,

where C; are constants depending only on n and F.

Proof. Set

o 1
ug(r,t) = u_(r,t) + / dT/ H(t — 1 +ro,7)(1 - 0*)™da,
-0 -1

where H(p,7) is the function given by (4.3) and (4.4). Then it follows from Lemmas
4.2 and 2.1 that u4 belongs to C*(R?) and satisfies (0.2). Moreover from (4.1) we

have

u(r,t) —uyp(r,t) = — oodr 1 H(t—-14ro,7)(1-0*)"do
(5.23) /‘ /*‘

—t B
=/ .dr/ H(=t =1+ ra,—1)(1 - 0%)"do,
- -1

oo
since H(p, 7) is odd in p. Therefore by virtue of Proposition 4.4 we haveu—u, € X
hence uy € X. Furthermore from (4.18) through (4.21) we obtain (5.19) through
(5.22), since (5.20) implies (5.22).
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Next we shall show the uniqueness of such a solution uy4 of (0.2). Let vy (r,t) be
another solution and set w(r,t) = uy(r,t) — v4(r,t). Then from (0.2) and (5.20)

we have

le@)IZ = llw(@)lle  for  t€R.

Moreover (5.22) implies that ||w(t)||e tends to zero as t — oo, since

lho(@lle = [lut (@) —u(@®lle + [lu(t) — v (@)l

‘Therefore we conclude that w(r,t) is constant. Hence w(r,t) vanishes identically

according to (5.19). The proof is complte.

Proof of Theorem 1.2. Let &y and d be the same numbers as in Proposition 5.4.
Let [|[{f,g}]o < € £ €o. Then there exists uniquely a solution u(r,t) of (4.1) which
is even in r and belongs to X4. Moreover it follows from Lemma 4.3 that u belongs

to C?(R?) and satisfies (0.1). Furthermore we have (1.15) through (1.19).

Next we shall show the uniqueness of such a solution of (0.1). Let u(r,t) be a
solution of (0.1) which is even in r, belongs to X4 N C?(R?) and has the asymptotic
behavior (1.15). Then we see from Lemma 5.5 that u satisfies (4.1). Moreover, a
solution of (4.1) is unique in X4 according to (5.8). Therefore such a solution of
(0.1) is unique.

Finally the statements for the u, follows from Proposition 5.6. It remains only

to prove (1.20). From (0.1) we have
2 [[ar [ 6t myute, et = IOE - WO
where G(r,t) is given by (4.4), because (1.7), (1.15) and (1.19) implies
IDZu(r, )| SC <r > < | = ft] >7"7' for 15 |a] £2.
Moreover by (5.22) we get
lu(®)lle — lfus(O)lle  as & — oo

Therefore

5 / dr / " G, e, ) e = [us Q)1 — (012
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Analogously we have from (1.17)

0 oo
2 [ ar [ Glutr, et = @) - - @I,
—co 0
Hence (1.20) follows. Thus we prove Theorem 1.2.

Appendix

The purpose of this appendix is to show that one can relax condition (1.2) on
decay rate of the initial data in (1.1), provided the number p in (H); is large, say,
p > (m + 3)/(m + 1). In what follows we shall indicate only the points different
from the previous sections.

For §1, we first replace the number 1+ & in (1.2) by g, so that (1.2) changes into

1{f,gHlo= sup [f(r)|<r>™t

—oolr<oo
(1.2)' m+2 . .
+3 s (F@)+ gD < r >
=0~

where 0 < u < 1. We also replace (1.4) by

(1.4)
lull= D sup |DZu(r,t)] <r >™<|r|+ [t] >*
|1 (1) ERF

m+1
+ > sup (IMDI*2u(n,t)] + [P DIV Deu(r,)) < v >™I< [r| + [t >,
j=0 (T,t)Ele

where 1 is the same number as in (1.2)'. Then, in Theorem 1.1, the estimates (1.6),

(1.7) and (1.8) change into

(1.6)’ lu(r, )] = ClI{f g llo <7 >7T"< |r] + |t] >7*,

17" DZu(r, ) S Cll{f,gtllo <r>""7I< P = [t| >7* if 1Sl S2

and

(1.8) P22 D u(r, )] £ ClI{frg}llo < v >7mHA=S < p| — Jt] > ¢
if 3<|a|Sm+3.
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Next consider (0.1). We replace condition (1.10) by

, m+3
(1.10) P> L

Note that (m + 3)/(m + 1) > po(m). Besides, if p > m + 3, we change condition
(1.12) for

(1L12)  IDPF() - DUFY)| S BIA - X(APE + NP,
We also replace condition (1.13) by

1
(1-13)I ____m<”<1, #>;.

Then, in Theorem 1.2, the estimates (1.15), (1.17), (1.18) and (1.19) change into
1D () = u—(ry )] + D) = u_(r, )
(1.15)
S|P <r>"" 1< |r| -t >"* for (r,t) € R?,

(1.17) u(t) = u_(@®)]le £ Collu||P <t >=#FA/D 4 4> (1/2),¢t L0,

(1.18)  |u(r,t) —u_(r,t)| S Csllu|lP <r>""< |r|+[t| >7* for (r,t) €eR?

and

(1.19)
lrav+ﬂ—2DtﬂDg(u(r’ t) - U_(T, t))l

S Cyllu|l? < r>—mFetB8 | —t >H
for (r,t)eR%,2Za+B8<m+3 and 05B8Z2
For the uy(r,t), we replace the factor < |r| — ¢ >7# in (1.15)" and (1.19)' by
< |r| +t >7*. besides, (1.20) holds if x > 1/2.
For §3, we replace k+1 by x in the proofs of Lemmas 3.2, 3.3 and 3.4. Moreover,

in the proof of Lemma 3.4, we have

t+r
lu(r,t)| £ Cer—™"1 (/ <p>TFdpt<t+r>TH )
I

t—r|

SCer ™ <t tr>ith
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since p < 1.
For §4, we first replace (4.6), (4.7) and (4.10) by
(4.6)
|DIG(p,7)| £ Cllu||? < p>™P< |p| + 7| >7?* for |p| 21,08 Em+2,

y 1p*D3G(p,7)| £ CllulP < 7 >~P*
4.7
for |p|S£1,057Sk+1 and 0SkSEm+1

and
(410Y  |DiH(p,7)| S C|lullP < p>P"7 < |p| + 7| >7P* for j=0,1,2.

In Lemmas 4.2 and 4.3 we assume condition (1.13)" as well as the hypotheses holds.
Then (4.11) changes into
(4.11)

|D& wi(r,t,7)| S Cllu||P < r >F< 7 > minlpwrtl} for 0 < |a| S k+2.

In Proposition 4.4, the estimates (4.18) and (4.19) change into
(4.18) |L(w)(r, )| S CllullP <r >7"< |+t >7* if |r|21

and

IDDEL(u)(r, )  Cllull? < r >~™1< |r] — £ >~
(4.19)
if |r|21,1Sa+B8Sm+3 and 0SBS2.

Besides, the factor < ¢ >~*~1 in (4.20) and (4.21) changes into < ¢ >~*,

In Lemma 4.6, the factors < p 4+ |[7| >7P< p — || >7P* and < |p4| + || >7P<
lp£| — |7| >~P% in (4.24) through (4.27) change into < p + |7| >~P* and < |p+| +
|r| >~PH, respectively. Besides, the —p — px in (4.28) does into —pu. We also
replace conditions (4.32) and (4.33) by

(4.32) 1/p <pu<l
and

(4.33) pr+q> p+p.
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Lemmas 4.7 and 4.8 are now unnecessary.

In Lemma 4.9 we delete (4.38) and replace (4.39) by
(4.39) Lio(r,t) =Cr <r+|t| >"#

For the proof we change the factors < p+ 7 >"P<p—7>"Pfand < p—7 >7P<
p+7>"P%in (4.40) for < p+7>"PPand < p—7 >7PH fespectively, hence (4.42).4

change into

: t+r
(4.42), Ii*:o(r,t)=%/ <E>TRE dé/ £+’7 >P11dy for t20
‘ |t=r|
and
1 t+r o
(442)I_ Il—,O(’r’t) = -é-/ df/ < 6# >P_q_1< n > —PH dn
t—r max {|t—r|,€}

For (4.42)!,, assuming ¢ > 0 we have from (4.33)’

t+r o
t—r —00
t+r

=C < € >7HdE.

lt—7|

Hence we obtain (4.39)'. For (4.42)"_, if either ¢ £0 or t 2 3r, we have

t+r
I]:-0§C<T+|tl>"#/ dg/ <£+77>pq l—py,+p,dn

If0 t < 3r, then

t+4r o0
ITysC t d¢ e < &4 SPTITITPR dy
t4r
<C <E4|t—r| >PTITPE ¢
t—r

2(t+7r)
< C/ < & SPTITPR {E,
0

Therefore by (4.32)' and (4.33)" we obtain (4.39)".
In Lemma 4.10 we replace (4.45) by

(4.45) Lolr,t)SC<r—t>"* for 1SaSm+3.
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For the proof we note that the J(r,t) changes into
t P+
J(r,t):/ dT/ <p>PTI < pt |r| >TPH dp,
-0 lp-1|
where p4 =t — 7 & r. Moreover we have
lo-|+Ir| 2|r—t| for 75t

because

t—r—7+|r|2r—-t if TSt—r=0

and

T+r—t+|r|2t—r if 712t—r20.

Hence by (4.33)" we get

t oo
J(ra t) §< r—t >'_I" / dT[ l < p >p—q—2—pu+u dp
-0 P

SC<r—t>"* / < p_ >P—q—1—pptp
SC<r—t>"#,
In Lemma 4.11 we replace (4.49) by
(4.49) L(r,t)SC<r+|t|>"*.

For the proof we note that (4.26) changes into
t
(4.26)" I =/ <t+r—1>P <t fr — 74 |7| >TPF AT,
—00
Moreover

t+r—7+|7|2r+|t| for 7S04,

since —7 2 || if ¢ < 0. Hence by (4.26)" we get
oo
e I

—00

Therefore (4.33)" yields (4.49)".
In Lemma 4.12 we replace (4.51) by

(4.51) ' L(r,t)SC<r—t>"#,
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For the proof we notice that (4.27) change into
t
(4:27) h=[ <tor—r>reiciiororl sl > ar,
-0

Moreover we have
t—r—7|+|r|2|r—t| for 7 <t

as in the proof of Lemma 4.10. Hence by (4.33)" we obtain

o0

I3 §<T—'t>—”’/ <t_r__7.>p-—q-l-—py,+p dr

SC<r—-t>"*,
In the proof of Lemma 4.5 we have from (4.10)’
1
|DZwo(r,t,7)| C’HuH”/ <t—T4ro>P U<t — 7 +ro|+ || >7P* do
-1

for0 Sr<1and 0 £ o £ 2. Hence (4.20) with 8 = 0 and & + 1 = p follows, as
before. '

Finally we replace (4.55) by
(4.55)
|IDEG(r,t)] SC||ul|f <r>"™ < r4+|t|>#* for r21 and 0SaSm+1,

which follows immediately from (4.6)' and (4.33)', since p > 1 and

—mp—pptp=p—q—pptp-—m-—2

< —m -2,

Thus we prove Proposition 4.4. |

For §5, we replace the factor < |r| 4+ |t| >< |r| — |t| >* in the auxiliary norm
|||ul]] by < |r]|+ [t| >#. Besides, if p > m + 3, we take Cy = 0 in (5.4). In the proof
' of Lemma 5.3 we replace the factor < |p|+|7| >7P< |p|—|7| >7P" and < 7 >"P7P*
by < |p|+|7] > P* and < 7 >~P# respectively. Finally, in Proposition 5.6 we place
the factors < |r|+t| >~ 1< |r|+t >7" in (5.19) and < |r| = |t| >7I< |r|+¢t > % in
(5.20), (5.21) by < |r| +t >~*. Besides, if p > 1/2, we change the factor < ¢ >~*
in (5.22) by < t >~#*(1/2) Thus we obtain an analogue to Theorem 1.2.
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