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GLOBAL, SMALL RADIALLY SYMMETRIC SOLUTIONS
TO NONLINEAR SCHRODINGER EQUATIONS AND A GAUGE
TRANSFORMATION

NAKAO HAavASHIY) AND ToHRU Ozawa(?

() Department of Mathematics, Faculty of Engineering
Gunma University, Kiryu 376, JAPAN

(2) Department of Mathematics, Faculty of Science
Hokkaido University, Sapporo 060, JAPAN

ABSTRACT. This paper proves the global existence of small radially symmetric solu-
tions to the nonlinear Schrédinger equations of the form

{ia,u + 3Au=F(4,Vu,8,Va), (t,z)€ERxR",
u(O,z) = Eo(ﬁ(ltl), z € Rn,

where n > 3, o is sufficiently small, [z]=( 3 2})!/2,
147%n

F= Z Agu&l a2

Lollal<y
+ D Aapuratz( Y |Gu)Pi( Y (8iu)?)P?
0<|af <L, 1<j<n 1<j<n
1<[BI<Ls .
x( D (9ju)*)Ps
1<j<n

with Ag,Aag € C, £1,£2,83 € N, £y = 3 for n = 3,4, and £, = 2 for n > 5.
The method depends on the combination of a gauge transformation and generalized
energy estimtes and does not require the condition such that

Oy, F is pure imaginary

which is needed for the classical energy method.
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§1. Introduction. We study the global existence of small radially symmetric

solutions to the nonlinear Schrédinger equations of the form

(1.1) iOu + 3Au = F(u,Vu,,Va), (t,z)€RxR",
' u(0,z) = oé(|z]), z €R™,

where n > 3, g9 is sufficiently small, and F' is a polynomial on C x C"* x C x C" with
complex coefficients, having neither constant nor linear terms. A major difficulty in
the problem of global existence of small solutions to (1.1) consists in the so-called
derivative loss comining from the first order derivatives in the nonlinear term so
long as one makes an attempt to obtain a-priori estimates by energy methods in
any generalized sense. Previous works [2,4,5,11,13] concerning global solvability of

(1.1) in the usual Sobolev spaces require the condition that
(1.2) OvuF = (03,uF,--- ,05,4,F) is pure imaginary

to avoid the derivative loss so that the extra derivatives could be dropped through
integration by parts in the energy estimates. The purpose in this paper is to prove
the global existence of small solutions to (1.1) without (1.2), provided that every-
thing is radially symmetric. The proof is done by combining a gauge transformation
which was used to prove a local existence theorem to nonlinear Schrédinger equa-
tions in one space dimension [1,8] and a generalized energy method which was used
to prove a global existence theorem to nonlinear Schrédinger equations with the
condition (1.2) [2,4,5].

We shall therefore concentrate on the case where F is invariant under space ro-
tations in order that radial symmetry is preserved in unique solutions under the
time evolution. This indicates that the contribution of the derivatives (Vu, V&) to
the polynomial F' is described as a polynomial of [Vul|?, (Vu)?, and (V)% To be

specific, throughout this paper we assume that F is given by

with
Fifuy= > Aqu®ae,
to<|a|<l
F(u)= Y Jaguaa®( Y [0 ( Y Gu)?)P( ) (8;8)%),
0<|al<s 1<5<n 1<5<n 1<j<n

1<|8|<¢ts
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where Ay, Aap € C, £y = 3 for n = 3,4, and ¢y = 2 for n > 5. It should be empha-
sized that the usual energy estimates are no longer available for the nonlinearity F
with this form. The only apparent restriction on F' is imposed on ¢ for n = 3,4.
This is natural for n = 3 since the quadratic nonlinearity in three space dimensions
provides only the result of almost global existence [2, 5]. The restriction £, = 3
for n = 4 is actually dropped by combining the methods in this paper and in [5],
though details are involved and omitted here for simplicity. See the remark below.

Now (1.1) is written as

(1.3) { i0u + 3(02 + 2520, Ju = F(u,d-u,,0,),

u(0,r) = €04(r),

since Oju = %Bru for a radially symmetric function u, wherer = |z| = ( ) z%)!/
1<j<n

and 0, = ]%f - V. Note that we have made a little abuse of notation though it might

also be used in the sequel when this could cause no confusion.

To state our result precisely we introduce some function spaces.

B = {f e *(R™); |Ifllzem = D (r0r)"Fllzraem-0) < 00},

0<e<m
X2™(T) = {f € L®(=T, T; L*R™)); || flll x2m(z) = sup

If@D)llxzm < oo},
vy

Y™(T) = {f € L®(=T, T; X®™); | llly 2 gt |17 (@)]lyzm < oo},

¥

where m > 0 is an integer, H¥ is the usual Sobolev space of order k,

If@)llyzm = > IPHFE)mraem-o,

0<e<m

If@Ollxzm = fDllyzm + 1Ry 20m-1)
+(1+ |tl)"((4—")/2)+||Q2f(t)|lyt(2<m-z>)+,
P =10, +2t0;, Q = r0, + itA, and a4 = max(a,0) for a € R.
Our main result is

Theorem 1. Let n > 3 and let F be as above. Let ¢ € B>™ with 2m > n + 3 and
let ¢ beradially symmetric. Then, for €y sufficiently small, there exists a unique

global solution u of (1.1) such that

u € C(R; H*™~ 1) n L=(R; H*™).
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Furthermore, u satisfies

sup [u(t)||x3m < oo.
teR

Remark. One could include the case £y = 2 for n = 4 in the theorem with some
modification caused by the introduction of the operator J = z +¢tV in the function
spaces above. The proof proceeds in a way similar to the argument given below
with possible modification and requires special treatment. Followiﬁg [5], one could

fill in the details at the cost of simplicity.

We now explain the difficulty arising from the real part of dv,F, the method
of gauge transformation to be used for its compensation, and the necessity of in-
troducing the assumption of radial symmetry. In the proof of global existence of
solutions, the main task is the derivation of a-priori estimates of local solutions in
X2™(T). To this end, let I' = A™¢P¢ with 0 < £ < m and m > 1 and apply T
to the equation Lu = F(u,Vu, %, V&), where L = i0; + (1/2)A. The commutation
relation [L, P] = 2L yields

(1.4) LTu = A™ (P + 2)*F(u, Vu, @, V&).
The right hand side of (1.4) is expressed as
OvuF - VT'u + 8yo F - VIu + (terms with derivatives of lower order)

by expansion based on Leibniz’ rule and the commutation relation [V, P] = V. The
terms with derivatives of the highest order, namely, v, F - VI'u and Oy F - VIu
cause loss of derivatives and deserve special attention. Following the usual energy
method, we multiply (1.4) by Tu and take the imaginary part of the resulting
equation. Then the left hand side equals (1/2)8;|T'u|? + (1/2) Im div(TuVI%) in
the divergence form. For the right hand side, the term proportional to VTu is

handled on the basis of the identity
(8vaF - VTu)Tu = % div(Bya F(Ta)?) — -;—(div BvaF)(Ta)?.

The term proportional to VI'u, on the contrary, admits no analogous calculation

except when Oy, F' is pure imaginary since one still has
Im((i Im Oy, F) - VI'u)Tu)
=,:} div((Tm By F)[Tul2) — %(Im div 8y F)|Tul?.
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This is the reason why (1.2) is necessary in the previous literature in order that
terms with derivatives of the highest order have no effect after integrétion in space,
thereby yielding a differential inequality for ||T'u[|zz, which is easily integrated to
provide the required a-priori estimate of [[T'u||g2. In the case where (1.2) is no
longer available, the main issue is therefore focused on the treatment of the term
proportional to VI'u. The method of gauge transformation depends on the existence
of the potential function f, depending not necessarily locally on (u, Vu, %, V&), such
that Re 0y, F' = —Vf. Under this condition, the crucial part LTu — 8y, F - VI'u
of the equation (1.4) is partly linearized by the transformed variable v = e/Tu
“as e~f Lv with remainder composed of the terms involving VTu or VI'u, both of
which are handled by integration by parts technique as before (since the coefficient
of VI'u is pure imaginary), and harmless terms involving derivatives of lower order.
This enables us to obtain the required a-priori estimate without using (1.2). The
problem is thus reduced to finding the potential function for Re 8y, F. In the one
dimensional case this is simply realized by integration from z to infinity [1,3,6,7,15],
while higher dimensional case requires a special restriction on v, F, that is, the curl
free condition of Oy, F, and hence there is little literature on this subject [12,14]. We
have therefore restricted ourselves to the radial case, where the potential function
is constructed in a way similar to the one dimensional case, to recover a certain
amount of generality. Moreover, radial symmetry simplifies the exposition since
the angular momentum operators are excluded in the Lie algebra of derivations
associated with L, indispensable to the generalized energy estimate.

In [10], a gauge transformation was also used to study local well-posedness of
higher order nonlinear dispersive equations in one space dimension which contain
the KdV and Benjamin-Ono hierarchies as examples. The local existence of small
solutions to (1.1) was proved in [9] by establishing new estimates related to the
local smoothing property of the group {4}, although it is not clear that their

-0

method is applicable to the problem of global existence.

§2. Preliminary estimates. In this section we treat radially symmetric functions
only. We first give the basic time decay estimates needed in the proof of the main

result.
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Lemma 2.1. (1) Let f € X*(T)NL>®(~T,T; H™) withm > n/2. Thenfor|t| < T

(2.1) IFBOllzee < CA+ EDT*UFOlIxz + IFB)llam) for n=3,4,

where a = 3/4 if n = 3, and a = 1 — ¢ with ¢ > 0 arbitrarily small if n = 4.
(2) Let f € X>*™(T) withm > n/2. Then for [t| < T

(2.2) IfOllze < CA+ [N IIF)Ixzm for n 235,

where b = min(n/4,2) if n # 8, and b = 1 — ¢ with € > 0 arbitrarily small if n = 8.
(3) Let f € X*(T)N L®°(-T,T; H™*!) with m > n/2. Then for |t| < T

(2.3) |
18- F (Dl < CL+ DAL NF OIS +11f@)llamsr) for n=3,
(2.4)

18rf()llzee < CCL+ )22 Dl xs + N @lsmss) for n=4.

Proof. The proof is very similar to that of Lemma 2.3 in [2,4,5] and is roughly
described as follows. It suffices to consider the estimate away from ¢ = 0. As usual,
time decay is given by the Gagliardo-Nireﬁberg inequalities through the gauge
transformed derivative J = z + itV = M(¢)itVM(—t) with M(t) = exp(i|z|?/2t).
In order to express the resulting factors in terms of @, we accompany J with
V on every use of J and exploit the relation [|JVf||z = [|Qf||r2[2,4], where
the coﬁlponent of angular momentum vanishes by assumption of radial symme-
try. One application of @ is therefore equivalent to the second derivatives in
the Sobolev estimates and to the time decay of order O(Jt|~!). For instance,
for n =3, ||fllz= < CIVA NI < CRIZ/AIIV AL IFIGA, which implies
(2.1). Forn = 4, one derivative in L?*/("~2) = L[4 does not dominate the L norm,
so that the estimtes above are then replaced by ||f||,¢ < CIVFILeIIFIS <
C|t|"1+5||JVf||};6||Vf||iz with 0 < § < 1, and the final estimate is achieved by
| fllpee £ C||V3f|]i/1,(3+6)||f||1_6/(3+5). A similar calculation implies (2.2), (2.3)

L4/6
and (2.4). Q.E.D.

We let Fi(v) and F2(v) be as in the introduction.
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Lemma 2.2. Let v € X*™(T), 2m > n+3 and [||v|||x2m(1) < 1. Then for |t| < T

(25) IF (e llyzm < CC+ D™ l0(®)lxzm ol lyam,
(2:6) IF (@)l zrmes + (Fa(0(®)llyam-s
< C(L+ o)l xpl1o(8)

with d > 1.

Proof. From Leibniz’ rule, Lemma 2.1 ((2.1), (2.2)) and the commutation relations
[aJ’P]=[611Q]=aJ [Q)P]=0’

we have, in view of the lowest power order of Fj,

(2.7) IF1(o(8))llyzm < C+ )™ o)1 gzm [lo(t) | lyam
where
n/2 forn = 3,4,
1<di< {min(n/4,2) forn > 5.

Hence (2.5) follows.

In the same way as in the proof of (2.7) we have

(2.8) 1B (@)t + B () llyno
< C(1+ I [lo(®)l|czm ()] yom

where
' 9/8 forn = 3,
l1<dy< ¢ 3/2 forn =4,
min(n/4,2) forn > 5.
We note here that we have used (2.3), (2.4) instead of (2.1), (2.2) to obtain (2.8).
Q.E.D.

The following lemma is needed to handle terms coming from the use of a gauge

transformation.

Lemma 2.3. Let f € H™ withm > 3 and g € L*°. Then

/0 Fllgldr < llgllz= (L Fllze + [11l22)
< Cligllz= |11l
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Proof. We have by Schwarz’ inequality

(%) 1 oo
/0 \Fligldr = / Fllgldr + / \Fligldr
< llgllze iz + / |F2rn=tdr)t/2),

The second inequality in the lemma now follows from Sobolev’s inequality. Q.E.D.

§3. Proof of Theorem 1. For simplicity we consider only the case t > 0, for
the other case is treated analogously. Since the main task in the proof of global
existence of solutions is the derivation of a-priori estimates of local solutions in
X?™(T), we focus our attention on that issue under the assumption that (1.1) is
well posed in X2™(T) with T satisfying T — oo as &g — 0. An actual proof
of the local existence is given by combining a contraction argument on the partly
linearized system for (1.1) as in the argument indicated in [2,4] and the use of gauge
transformation as in the argument in [8]. Details are omitted and from now on we
concentrate on the derivation of a-priori estimates of local solution u in X2™(T),
assuming that T' > 1 and [||ul||x2m(1) < 1 for simplicity. We note that (1.1) is
written as (1.3) with |

Bu)= Y lapu®a*(0,u(0,u)?#?(0,a)*P

0<]al<ts
15181t

= E /\aﬂ.ual aaz(aru)2ﬂ2+ﬂ1 (ara)2l33+ﬂ1_

0<]al <tz
15181<t

Multiplying both sides of (1.2) by P¢ with 0 < £ < m, we obtain

(3.1) LP'% = (P 4+ 2)'F

where

) 1
L=26¢+§'A.

Hence, by the integral equation associated with (3.1) and the unitarity in L? of the

propagator for the free Schrédinger equation

(3.2) lu(®)llyz2m-1) < Cleo +/0 I (u(T)lly20m-1y d7).
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We apply Lemma 2.2 (2.6) to (3.2) to get

3:3)  lu@lly2m-n < Cleo +/0 (1 + 7)™ u(r)||xzm [[u(7) | lyzmdr).

In the same way as in the proof of (3.3) we obtain by Lemma 2.2

_ , . |
B4 @l < ot [ @+n) ()l lla(r)lm).
We next consider the a-priori estimate of ||P™u||z2. By (8.1)

(3.5) LP™y = (P +2)™F, + (P + 2)"F,.

By Leibniz’ rule and the commutation relation [8,,P] = 8, we decompose the

second term of the right hand side of (3.5) into three terms as follows:

(P +2)"F,

=F3 + Z Aap(Br +2B2)u @**(8,u)Pr 1283 (9, u)P112P2=1 (5, P™y)

0<al<e,
1<|B]<ts

+ Z Aap(B1 + 2B3)ut 5% (8,u)P1282(5,4)P1t2Ps=1 (5, P™ )

0<|al<e,
1<[8]<4s

=F3+ Fy-0,P"u+ F5-0,P™u.
Hence (3.5) is written as
36)  LP™u=(P+2)"F +F+F,-0,P™u+F;-0,P™a.

In order to avoid the derivative loss which comes from the term Fy - 8,P™u we

multiply both sides of (3.6) by

S = exp(/ Fydr).

Then we have

(3.7)LSP™u = (LS)P™u+ Y  8;S-9;P™u
1<j<n
+S(P+2)"F + F; + F, - 8,P™u + F5 - 8.P™a).
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Since

> 8;S-9;P™u=29,5-8,P™u=~SF;-0,P™u,
1<j<n

we obtain by (3.7)
(3.8) LSP™u = (LS)P™u+S((P+2)™F, + F3 + Fs - 0,P™a).
A direct calculation gives

3¢S=( Z /\aﬂ(ﬁl +2,B2) Z IJ)S7

0<]a|<Lt, 1<5<4
1£|8|LLs

where
o0
L =/ alu“"1(atu)aaz(arﬁ)ﬁﬁ?ﬂa(3ru)ﬂl+2ﬂz—1dr’
o o]
I =/ azu"“1'1"2'1(atﬁ)(arﬁ)ﬂ”'zﬂa(aru)ﬂl+2ﬁ2_1dr,
r
b= [ (814 260)uma (0,05 (0,08) 0¥ dr,
o0
L = / (B1 + 2B — 1u™ aaz(arﬁ)ﬂ1+2ﬁ3(aratu)(aru)ﬂ1+2ﬂ2—2dr.
We use integration by parts in I3 and I to obtain

I; = —(ﬂ1 + 2,33)u°‘1 .&'02(ara)ﬂl'i”zﬂa_l(atﬁ)(aru)ﬂl'*‘ZﬁZ"l
= [ 2800 w0 @) B,
L = —(By + 2B, — 1)u®a®(8,a)P+283(5,u)(0,u)Pr+2F2—2

- / c>o(ﬁl + 202 — 1)(8(u® @ (8,u)Pr T2P3(8,u)P1 t202=2)) (B,u)dr.

Hence by Hoélder’s inequality

(3.9)  [10:S]|ze
’ al-1 _ o0
<C Y (B +28)lalllulife V0, ul2-D / (O] 8| dr
0Ll r
1<|8|<¢es

+ (218] — V)[[ulleL 1180u] 129812 |8y oo
al—1 - o
181 = il 1o, [ ol

r
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+ (2181 — 1)(218] — 2)|lul |2k |[ull r2.e0 || 8ru] | 2E1 / 18l |Beuldr)||S]| L.

From (3.9), Lemma 2.3 and Sobolev’s inequality it follows that
1651z < C([10rul| oo [[Oeuslizrm + [1BeullLe=)IS]|Loo -
Hence by Lemma 2.1
(3.10)  [18:Sllze < C((1 + )~ [u(t)l|xzm 10pullrm + 10eu|zee )]ISIzee, > 1.
We have by (1.1) and Lemma 2.2

18eullzm < C(llullgrmez + |IF(w)llam) < Cllu(®)l|xzm,
18eullze < C(llAullLe + IF(w)llze) < C(1 + )~ [u(t)l|xzm,

from which with (3.10)
(3.11) 18:Sllzee < C(1+ )~ u()l|xzm1S]]zee, d > 1.
We have by Holder’s inequality

(312) ISl <exp(€ 3 Il |0l 2E / 10,uldr).
0<]al<es 0
1<|B|<¢ts '

From Llemma 2.3 it follows that
[ 10uutde < lovallze + oralze < Gl
Thus we obtain by (3.12)
(3.13) ISl < exp(Cllu(t)]|zm).
We next consider AS. By a simple calculation

9,8 = (- Z Aag(Br + 2Bn)uc %2 (8, a)P1+26(3,u)f282=1)g

0<|al<e,
1<|81<¢ts

= I5S,
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63,5' = (I52 — Z | /\aﬂ(ﬂl + 2ﬂ2)(aluax—1ﬂaz(arﬂ)ﬂl+2ﬂ3(aru)ﬂl+2ﬂ2
0<|e|<L,

1<|8|<ts
+ au®™ ﬁaz-1(arﬂ)ﬂ1+2ﬁs+1(aru)ﬂﬁ'?ﬂz—l
+ (B + 28)um 180,71 (0,1 8

+ (81 +26; — u™ ﬁ""(3,-27)‘91'*'2’33(6ru)ﬂ‘+2ﬂ2_263u))5.

Hence
AS = (82 + 20,5
= (I% - Z Xap(B1 + 2B2)(aau® ~15%2(8,7)Pr+2Ps (9, )Pr+2P2
0<la|<ty
1<|8[<¢ts

+ apu™ g2—! (6,17)’31+2‘93+1 (aru)ﬂl'f'?ﬂz—l
+ ﬁa2(arﬁ)ﬂl+2ﬂ3—1(aru)ﬂ1+2’32—1 A
4y ﬂaz(arﬁ)ﬂ1+2ﬂa(aru)ﬂ1+2ﬂ2—2Au

+(B1 +26; — Nu™ 17"2(Brﬁ)ﬂl+2ﬂ3—2(6ru)ﬂ1+2ﬂ2"1-;-8,((8,&)2)
+ (81 + 262 — 2)u™ aaz(a,a)fﬁ“ﬂa(a,u)ﬂ1+‘-’ﬂ=—3%ar((a,u)z)))s.
By Holder’s inequality

(3.14) |[AS]|pe

- (l«|-1)
<C > (lliZNoullZE? + falllull e~ 10,ullFE

0<|al<ts
1161t

+ [l 116,398 A | oo
o (2181-3) '
+ 2181 - 2l 18-l TS 118;04ull 12110 0kull o IS loo-

1<5,k<n

We apply (3.13) and Lemma 2.1 to the right hand side of (3.14) to get
(3.15) [|AS]|re < C(1 +t)"d||u(t)[|X3m, d>1.

We now turn to the a-priori estimate of ||P™ul|y 2 through that of ||SP™ul|L:.
Multiplying both sides of (3.8) by SP™u, integrating in = and taking the imaginary

part, we obtain

(3.16) ||SP™u(t)|[3.
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t .
< Ceg + 2/0 (LS 22 P™u(r)|IF2 + IS(P + 2)™ Fullp2|ISP™u(r)|| 2
+ ||SFs||L2||SP™u(7)||12 + | Im(SF5 - 0, P™u, SP™u)|)dr.

By (3.11), (3.13), (3.15) and Lemma 2.2, the right hand side of (3.16) is bounded
by

t

(3.17) Cel + C/ a+ T)-d”U(T)szm||U(T)”§/sz + |Im(SFs -0, P™u,SP™u)|dr.
0

Integration by parts gives

(SF - 8,P™a, SP™y)
= 3 as(Br+2685) / w1 52 (8,u)P 2829, )P+ 2851 |S2(8, P™a) P ar ™ dir
0<|a|< e, 0
1<|8|<Ls
=3 3 sl +2) [ SPu a0 @ mp Ay P
0
0<a|<e,
1<]8I<¢ts

T |S7u"2 5 (8,u)fr 262,y 2651 (1= 1) - D (prayrn=t)dy

1 o
= —= Aa I, n=1ldr.
5 Yo Aas(Bit 2ﬂ3)/; 6(r)r"~ dr

0<]e|<e2
1<18l<ts

We have

Is(r) = {((8-5)5 + 56,8 )u® a®*(8,u)Pr 202 (9, q)P1+2hs~1
+ 5|2 (cry u® 1702 (B, ) P2 202+ (9 ) r+2ha 1
+ au™ 'aaz—l(aru)ﬁ1+2ﬂ2(arﬂ)ﬂl+2,33
+ (By + 282 )ur 5% (Bpu )1 2B2=1(5 )P +28s—1 2y,
+ (B + 263 — Du®1 a2 (9,u)Pr+2h2(5, )P +20:-2 525
U 5% (9, u) 282, )P+ 2Re - (Lr—_i))} (Pmay?

= {I + |S[*(Is + Io + Do + I11 + In2) {(P™@)>.

Since A = 3,2. + ":1 Or, I12 and parts of I o and I;; are combined to give

Lo+ Iy + I13 = u™ ﬁaz((3ru)ﬁ1+2ﬂ2—1(3rﬂ)ﬂ1+2ﬁa—1Au
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+ (aru)ﬂ1+2ﬂz(arﬁ)ﬂ1+2ﬂa—2 Al

+(B1 + 26 - 1)(aru)/31+2ﬂ2—2(arﬁ)ﬂl'l'?ﬂa—l%ar(aruy
+ (B + 265 — 2)(B,u)P+82(0, )P 20,0, ).
Hence by (3.12) and Lemma 2.1

(3.18)  |Im(SFs-3,P™a,SP™u)|

<C Y (UISIze10rS| o llulleL || 3E

0< ||,
1<|8|<ts

(la]-1) -
+ 1181 o (el * 10rul[22) + [fulled 18- | 321D | Au|| 1o
+ 218 = DIl 10781037 110506 ullze))1P™ul 2
1<5,k<n
< C(1+ )7 |u(t)l| x2m |1P™ull}.  with d > 1.
From (3.16)-(3.18) it follows that
t
- (3.19) ISP™u(®)||22 < C(e2 + / (1 + 1)~ u(r) | 2mdr).
0
Similarly, for £ with 1 < ¢ S m,
t
(3.20) ISPt Atu(t)||3: < C(e2 + / (1 + 7)™ u(r) |z dr).
0

Let

lle®)llgam = lu@®llyzem- + lu@)llgzm-1 + Y ISP A%u(@)]|1e.

oL
Then (3.3), (3.4), (3.19) and (3.20) give

(3.21) Ol < O3+ [ (47 g
We prove

(G2 (@)llxem < Cllu@lgon.

By (1.1)

(3.23) Qu(t) = Pu(t) + 2itF.
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Then by Lemma 2.2 (2.6)

(3.24) IQutllyzem-1) < [lu()llyzm + CLEIIIFly20m-1)
< [fe(@llyzm + Cllu@)xzm lu()|lyem.

Similarly, by (3.23), (3.24), Lemma 2.2

(3.25)
(1+ 1)~ =D 1Q?u(b)] gt

< NQu(t)llyztm-1) + C(1+ ) /D4 || QF || y20m-2

< [[u@®llyzm + Cllu(®)l] xzm [u(t)|lyam

(for the details of the derivation of (3.25) see [4, (3.23)]).
Combining (3.24) and (3.25), we have

lu@llxzm < C({l(llyzm + 1wl xzm |lu()llyzm)

which implies

|[w(®)llx2m < Cllu(®)]lyzm

by assumption. By (3.13)
Nu®)lyem < exp(Cllu(@)]|am)llu(@)]lgzm
from which we have (3.22). We use (3.22) in (3.21) to have
I fpm < O3 + [ (4 77 )

since ||u(t)|]yzm < [|u(t)||xz= by definition. Gronwall’s inequality yields

’ t
(3.26) [u(t)][3m < Celexp(C /0 (14 7)4dr)

<M sg.
From (3.22) and (3.26) we have the desired a-priori estimate, that is,

lu(®)llxzm < Ceo.

15

Q.E.D.
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