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CHARACTERISTIC VECTOR FIELDS FOR FIRST
ORDER PARTIAL DIFFERENTIAL EQUATIONS

SHYUICHI IzUuMIYA

Department of Mathematics, Faculty of Science,
Hokkaido University, Sapporo 060, JAPAN

0. INTRODUCTION

We consider the following two kinds of first order partial differential equations:

n 8y
(Q) i§=1 ai(ma y) ami - b((l}, y) =0
Oy Oy \
(H) H(xl,“.,zn,éx—l,“',g&:—:)—(),

where a;i(z,y), b(z,y) and H(z,p) are C*®-functions. Here the equation (Q) is
called a quasilinear first order partial differential equation (briefly, a quasilinear
equation) and (H) is called a Hamilton-Jacobi equation. These equations are well
studied in several articles ([2],[4],[5],(6],(8],[9],(10],[13],[14],[15],[18], etc.). For the
study of quasilinear equations, the theory of entropy solutions has provided the
right weak setting (see, for example [9]). For Hamilton-Jacobi equations, the theory
of viscosity solutions is appropriate one ([2],[3]). However, these notions of weak
solutions have quite different features. Under the some assumptions, the entropy
solutions are discontinuous and the viscosity solutions are continuous.

In this note we study the difference between quasilinear equations and Hamilton-
Jacobi equations from the view point of the geometric theory of first order partial
differential equations.

The goal of the present work is to give characterizations for each equation in
terms of characteristic vector fields of equations. In relation to this study, Tsuji[16]
considered what a Hamilton-Jacobi equation is. He has given an answer from the
view point of the classical theory of first order partial differential equations (see
also {17]). Here, we give an answer (Theorem 3.1 and Corollary 3.2) to Tsuji’s
question from the view point of the geometric theory. Moreover, we also give a
characterization of quasilinear equations (Theorem 2.2).

We refer the following two typical examples of these equations.
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Example 0.1. We consider the following equations.

Oy Oy
! — —
(Q ) ' 63:1 + 2y0z2

' Oy Oy 2 _
(H') B +(——8x2) =0.

We can explicitly solve these equations by the classical method of characteristics,
when the initial condition is y(0, z2) = sin ;. The pictures of the graph of geometric
(multi-valued) solutions of these equations are given in Figure 1. These pictures are
useful to understand the difference between these two equations. We can observe
that the geometric solution for (Q') is a smooth submanifold but for (H') is not
smooth in the (z, z3,y)-space.

QI HI

Figure 1
All maps are differentiable of class C* unless stated otherwise.

1. GEOMETRY OF FIRST ORDER PARTIAL DIFFERENTIAL EQUATIONS

We construct the geometric framework of equations in the projective cotangent
bundle 7 : PT*(R™ x R) — R™ x R. We review geometric properties of this space.
Consider the tangent bundle 7 : TPT*(R" xR) — PT*(R" xR) and the differential
map dr : TPT*(R" x R) — T(R™ x R) of . '

For any X € TPT*(R" x R), there exists an element o € T(; H(R™ x R) such
that 7(X) = [a]. For an element V € T, ,y(R™ x R), the property a(V') = 0 does
not depend on the choice of representative of the class [a]. Thus we can define the
canonical contact structure on PT*(R" x R) by

K = {X € TPT*(R" x R)|r(X)(dr(X)) = 0}.

Because of the trivialization PT*(R™ x R) = (R” x R) x P(R® x R)*, we call
((z1y.o oy 2n, ), (13- 5€n;m]) @ homogeneous coordinate, where [E1;-..;€n;m) 1s
the homogeneous coordinate of the dual projective space P(R™ x R)*.
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It is easy to show that X € K((z,y),[;m) if and only if 37 pi&i + An = 0, where
dH(X) =Y migk + A5

We remark that PT*(R™ x R) is a fibrewise compactification of the 1-jet space
JY(R™,R) as follows : We consider an open subset Uy = {((z,y), [¢;n])In # 0} of
PT*(R™ x R). For any ((z,y), [¢;n]) € Uy, we have ‘

. § §
(xh--'axn,y)) [61;'1€n)77]) = (xla"',mnay%[_—ni; e 7__772'1—1])
so that we may adopt the corresponding affine coordinate as

((.’1:1, vy Ty, y)7 (plr .. ,Pn)),

where p; = -—% On U, we can easily show that §71(0) = K|U,, where 6§ =
dy— 3., pidz;. This means that U, may be identified to the 1-jet space J1(R™,R).
We call the above coordinate a canonical coordinate. Throughout the reminder of
this paper, we use this identification so that we have

JYR™ R) C PT*(R" x R).

A first order partial differential equation (briefly, an equation) is defined to be a
(not necessary closed) hypersurface E C PT*(R™ x R).

By the philosophy of Lie, we may define the notion of solutions as follows: An
immersion ¢ : L — PT*(R™ x R) is said to be a Legendrian immersion if dm L = n
and di (T,L) C Ki(g) for any ¢ € L. A geometric solution of E is a Legendrian
immersion ¢ : L — PT*(R™ x R) with Image L C E.

We now review the classical method of characteristics to solve equations (cf.,
[1],(13]). For a submanifold' N C PT*(R" x R), a point z € N is said to be
contact regular (or noncharacteristic) if TN and K transversally intersect at z. The
characteristic direction at a contact regular point z in an equation E is the skew-
orthogonal complement of T, EN K, in K ,, where the skew scalar product is defined
as daja=o and a is a local 1-form such that ™*(0) = K. The Cauchy problem for an
equation E with initial submanifold V consists of determining an integral manifold
L of the contact plane filed K, lying in E and containing the initial submanifold
N, where N is an integral submanifold of K with dimgN = n — 1. Then we have
the following classical existence theorem of geometric solutions (cf., [1],[13]).

Theorem 1.1. Let z be a contact regular point of the initial manifold N. Then
there exists a neighbourhood U of z such that the geometric solution of the Cauchy
problem for ENU with initial condition N N U exists and is locally unique.

We do not give the proof of the above theorem, however we remark that the
characteristic direction of the equation at each point z € L is tangent to L. The
integral curves of the fleld of characteristic directions on a contact regular equation
E are called the characteristics of the equation E, so that the characteristics through
the initial manifold NV is contained in the geometric solution L.

3



If the equation E is written in the form E N J!(R?,R) = F~1(0), where F :
JY(R®,R) — R is a submersion, then we can calculate explicitly the differen-

tial equation of the characteristics which is given by the following vector field on
J1(R",R) under the canonical coordinate (cf., [13]):

““OF 8 N, OF a
Xe= Y Gn L0y~ Py~ DG e

In the last part of this section we refer the following fundamental property of
the Legendrian submanifold in J!(R™,R).

Fact 1.2. Let L C J}(R",R) be a Legendrian submanifold. Then rankd(r|L), < n
if and only if rank d(#|L), < n for a point ¢ € L.

Here, 7 : J}(R™,R) — R" xR is given by n(z,y,p) = (z,y) and # : J}(R",R) —
R"” is #(z,y,p) = z.

The proof is an easy exercise in the course of basic linear algebra, so that we

omit it. However, this fact suggests that the geometric framework for quasilinear
equation cannot be formulated in J}(R™,R) (cf., Example 0.1).

2. FIRST ORDER QUASILINEAR PARTIAL DIFFERENTIAL EQUATIONS

In this section we treat the quasilinear equation from the view point of the
geometric theory which is introduced in the previous section. A quasilinear equation
is defined to be a hypersurface

E(a1,...,an,b) = {((,9), [§;n]) € PT*(R™ x R)| Y _ ai(=,y)éi + b(z,y)n = 0}
i=1
where a;(z,y), b(z,y) are C* -function with (a1(z,y),...,aa(z,y)) # (0,...,0).
We remark that )" ai(z,y)¢ + b(z,y)n = 0 if and only if o0, ,(a:,y)p, -
b(z,y) = 0 under the canomcal coordinate of U, = J}(R",R).
We consider the meaning of the notion of geometric solutions. Let S be a

smooth hypersurface in R® x R, then we have a unique Legendrian submanifold
S in PT*(R™ x R) such that 7(8) = S which is given as follows :

= {((z,y), [¢; n])|the vector Z §, 56— is a normal vector of S in R™ x R}.

It follows that if L is a geometric solution of E(ay,...,an,b) and n|L : L — R* xR
is immersion, then we have L = x(L). '

We consider the condition of a smooth hypersurface S that S is contained in
E(ay,...,an,b). For any (zq,y0) € S, there exists a smooth submersion germ f :

(R™ x R (a:o,yo)) — (R, 0) such that (f~1(0),(z0,y0)) = (S, (z0,%0)). A vector
Z,_l ,u,az + /\-— is tangent to S at (z,y) € (5, (z0,y0)) if and only if it satisfies

Yoy /"?9'1{.-' + /\—-5 =0 at (z,y). Then we have the following representation of S :

(8. (@0, o o) = {((22 91, 553 ZDI(@,0) € (5, o, wo).



We now consider the followmg vector field on R™ x R associated with the quasi-
linear equation E(ay,...,an,b):

n

0 0
X(ala cvs3Qn, b) = Zai(m7 y)%: + b(xay)a_y

i=1
Then we have the following proposition.

Proposition 2.1. Let S be a smooth hypersurface in R® x R. Then S is a geo-
metric solution of E(ay,...,an,b) if and only if the vector field X(a1,...,an,
b) is tangent to S.

Proof. We have a local representation

(3, (o, w0 oy mal) = {((29), (2L L FDI,) € (5, (o, 0)),

where f : (R" x R (xo,yo)) — (R,0) is a submersion germ with f=1(0) = S. It
follows that § C E(as,...,an, b) if and only if

of
Zaz(m +h(zy) 5 =0

=1

for (z,y) € (S,(z0,y0)). The last condition is equivalent to the condition that
X(a1,...,a,,d) is tangent to S at (z,y).

In the classical theory, the vector field X(ay,...,an,bd) is called a character-
istic vector field of the quasilinear equation E(ay,...,an,b) (cf., [1]). However,
we already define the notion of characteristic vector ﬁelds for general first order
partial differential equations in §1. We study the relation between these notions
of characteristic vector fields. On J'(R",R), we use the equation F(z,y, p)
> g ai(z,y)pi — b(z,y) = 0. By definition, the characteristic vector field is given
as follows :

n

0 0
XF = Z ai(za y)aT + b(.’L‘, y)a_

i=1

Z(Z(aa,(a:,y) ab(:c y)) + 1(2 Oa; (:r y) pj — Bb(z,y)))

i=1 j=1 Oy Oy apz

It follows that the projection of the characteristic vector field dr(Xr) is equal to
the vector field X(ay,...,an,b). This fact characterizes the quasilinear equation as
the following theorem shows

Theorem 2.2. Let E C PT*(R" x R) be a closed equation. Then the following
are equivalent.
(1) E is a quasilinear equation.



(2) There exists a function F : J}(R",R) — R with (%,...,%) # (0,...,0)

on F~1(0) and E N JY(R*,R) = F~%(0) such that dx(Xp) is a vector field on
R™ x R.

Proof. Assume that dn(XF) is a vector field on R™ x R. Since

“\OF 9§ ~, OF 0
dn(Xp) = ; Op: Bz; + ;(Pia—pi - F)é-;,

the assumption means that g—g(x, y,p) and Z?:l(Pi'g%—F)(x’ Yy, p) are independent

on (p1,...,pn)-variables, so that we may put a;(z,y) = g—i(m,y,p) fori=1,...,n.
It follows that

| 1 dF(z,y,t
Fe,p0) =Fle,p,0)+ [ 200y,

1 L OF
=F(z,,0+ | Za—pj(x,y,tp)pidt
i=1

n 1
=Fz.1,0+Y. [ oo
i=1

=F(z, Y, 0) + Z ai(xa y)pi'

=1

If we put b(z,y) = —F(z,y,0), then the equation has the form F(z,y,p) =
> i ai(z,y)pi—b(z,y). Since (%FT, ooy a%é—) #(0,...,0), (a1(z,9),...,an(z,y)) #
(0,...,0).

Thus we have E(ay, ... ,a,,b) = F~1(0) = E. The proof of the converse direction
is already proved by the previous arguments.

3. HAMILTON-JACOBI EQUATIONS

In this section we study the Hamilton-Jacobi equations by the similar view
point as the case for quasilinear equations. Let H(zi,...,zq,p1,... ,pr) =0Dbea
Hamilton-Jacobi equation, then the characteristic vector field is given as follows :

so that it exists on the (z, p)-space (i.e., the cotangent bundle T*R™). Since we have
the canonical decomposition J}(R", R) & T*R"™ xR, we give the geometric definition
of the Hamilton-Jacobi equation as follows : Let E C J}(R",R) C PT*(R™ x R)
be an equation. We say that E is a Hamilton-Jacobi equation if there exists a
submersion H : T*R™ — R such that £ = H~!(0). We introduce another important
class of equations. We say that E is a graphlike equation if there exists a function
H : T*R" — R such that E = {(z,y,p) € J}(R",R)|ly = H(z,p)}. The notion
of graphlike equations is introduced by Kossowski [11] in order to study singular
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solutions of equations. The most famous example is the Clairaut equation which is
given by

n
Y= Zmipi + f(pls oo 7pn)'

i=1
It is well known that the Clairaut equation is completely integrable with singular
solution and the singular solution is the envelope of the family of graphs of the
complete solution. In [7] we have shown that the set of contact singular points of
an equation E is an n-dimensional submanifold if and only if the equation has a
singular solution (in the strict sense) and the equation is (locally) graphlike near
the singular solution.

We have the following characterization theorem.

Theorem 3.1. Let E C J(R",R) C PT*(R" x R) be an equation. Then the
following are equivalent.

(1) E is a Hamilton-Jacobi equation or a graphlike equation.

(2) There exists a submersion F : J}(R",R) — R such that F~1(0) = E and
dll(XF) is a vector field on T*R",
where dII : J'(R™,R) — T*R" is the canonical projection.
Proof. Suppose that the condition (2) holds, then the characteristic vector field is

given as follows:

"OF 8 <, OF 8 OF OF_d
= 2 Gpom t e Doy~ Lan P

i=1

It follows that dII(XF) is a vector field on T*R™ if and only if gf%(x,y, p) and
g—f; z,Y,D) +p,~%(m,y,p) depends only on (z, p)-variables for i = 1,...,n.
- We have

1

F(z,y,p) =F(z,y,0) +/ o
0

' OF
=F($,y,0)+/ Z—a——_(x,y,tp)pidt
0 =1 pi

>\, [1oF
=F(x) y,O) + Z(/(; 5;‘(171 yvtp)dt)pi-

=1

Since %(w, y,p) are independent on the y-variable, we may put

Few0)=awy) md ([ iy tp)dpi = ha.p).

Moreover, by the condition that g—f—%(x, y,p) + pi%(x, y,p) are independent on the
y-variable,

Oa Oh Oa
5;;(93,?/) + "5:;(%10) +Pi$($, Y)
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are independent on the y-variable. It is equivalent to the following condition:

d%a d%a _
b:v—l_ag(x,y) +Pia—y2($,y) =

for i = 1,...,n. Differentiate the above equalities with respect to pj-variables, we
2 2

have é%gg(x,y) =0 and -g?%(a:,y) 0, so that a" 52 (2, 9) and £2 (:z: y) depend only

on (z1,...,%n)-variables for i = 1,...,n. Then we may put a“ 3= (2,y) = bi(z) and

%(x,y} = ¢(z). Thus we have

1 |
i
a(z,y) =a(0,0)+/ d—a(—t?jt’—y)dt
0
1SN Oa Oa
=a(0,0) + /0 (; a—mg(tm,ty):c;+ a—y(tw,ty))dt
e ! Ba ! a
=e(0,0)+ 3 ([ gteti)aves + ([ goem ity

=a(0,0)+ > /0 bi(tz)dt)z: + ( /0 o(t2)dt)y
=B(z) + C(z)y,

where we put B(z) = a(0,0) + Z?=1(f01 b,-(ta:)dt)x, and C’(m) fol c(tz)dt.
Since g—;(m,y) = C(z), we have g—g(x) 6y8:c. (z,9) = 7= ay(a:,y) = 0, so that
C(z) = ¢ (constant). We put H(z,p) = B(z) + h(z,p), then we have

F(z,y,p) = ¢y + H(z,p).

If ¢ = 0, then the equation is a Hamilton-Jacobi equation. If ¢ # 0, then we have

F71(0) = {(z,y,p)ly + H(ﬂc,p) 0},

it 1s a graphlike equation. The proof for converse direction is given by direct
calculations. This completes the proof.

We also have the following characterization theorem of Hamilton-Jacobi equa-
tions as a corollary of the above theorem.

Corollary 3.2. Under the same assumption as in Theorem 3.1, the following are
equivalent.

(1) E is a Hamilton-Jacobi equation.

(2) There exists a submersion F : J1(R™ R) — R such that F~1(0) = E and the

characteristic vector field X is a vector field on T*R™.

Proof. Since X is a vector field on T*R", then dII(X ) = X, so that the equation
is written in the form F(z,y,p) = cy + H(z,p), by the proof of Theorem 3.1. If
¢ # 0, then Xp is not a vector field on T*R". The proof for converse direction is
also given by direct calculations.
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