HOKKAIDO UNIVERSITY

Title Lower bounds for the Life span of solutions of semilinear wave equations with data of non
compact support
Author (s) Tsutaya, K.
Citation Hokkaido University Preprint Series in Mathematics, 229, 1-14
Issue Date 1994-02-01
DOI https://doi.org/10.14943/83376
Doc URL https://hdl. handle. net/2115/68980
Type departmental bulletin paper
File Information re229. pdf

kaido
\;\0\‘ U”/Ls

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




Lower bounds for the life span of
solutions of semilinear wave equations
with data of non compact support

Kimitoshi Tsutaya
Series #229. February 1994



§199:
# 200:
f 201:
f 202:
f 203:

i 204:
i 205:
"} 206:

§ 207
§ 208:

i 209:
i 210:
f211:
f212:
i 213:
i 214:
§ 215:

i 216:
f217:
§218:

i 219:
# 220:
f 221:
1 222:

§223:
f 224:

f 225:

i 226:
i 227:

i 228:

HOKKAIDO UNIVERSITY
PREPRINT SERIES IN MATHEMATICS

A. Arai, N. Tominaga, Quantization of angle-variables, 31 pages. 1993.

S. Izumiya, Y. Kurokawa, Holonomic systems of Clairaut type, 17 pages. 1993.

K.-S. Saito, Y. Watatani, Subdiagonal algebras for subfactors, 7 pages. 1993.

K. Iwata, On Markov properties of Gaussian generalized random fields, 7 pages. 1993.

A. Arai, Characterization of anticommutativity of self-adjoint operators in connection with Clifford algebra
and applications, 13 pages. 1993.

J. Wierzbicki, An estimation of the depth from an intermediate subfactor, 7 pages. 1993.

N. Honda, Vanishing theorem for the tempered distributions, 11 pages. 1993.

T. Hibi, Betti number sequences of simplicial complexes, Cohen-Macaulay types and M3bius functions of
partially ordered sets, and related topics, 25 pages. 1993.

A. Inoue, Regularly varying correlations, 23 pages. 1993.

S. Izumiya, B. Li, Overdetermined systems of first order partial differential equations with singular solution,
9 pages. 1993.

T. Hibi, Hochster’s formula on Betti numbers and Buchsbaum complexes, 7 pages. 1993.

T. Hibi, Star-shaped complexes and Ehrhart polynomials, 5 pages. 1993.

S. Izumiya, G. T. Kossioris, Geometric singularities for solutions of single conservation laws, 28 pagés. 1993.

A. Aral, On self-adjointness of Dirac operators in Boson-Fermion Fock spaces, 43 pages. 1993.

K. Sugano, Note on non-commutative local field, 3 pages. 1993.

A. Hoshiga, Blow-up of the radial solitions to the equations of vibrating membrane, 28 pages. 1993.

A. Arai, Scaling limit of anticommuting self-adjoint operators and nonrelativistic limit of Dirac operators,
35 pages. 1993.

Y. Giga, N. Mizoguchi, Existence of periodic solutions for equations of evolving curves, 45 pages. 1993.

T. Suwa, Indices holomorphic vector fields relative to invariant curves, 10 pages. 1993.

S. Izumiya, G. T. Kossioris, Realization theorems of geometric singularities for Hamilton-Jacobi equations,
14 pages. 1993.

Y. Giga, K. Yama-uchi, On instability of evolving hypersurfaces, 14 pages. 1993.

W. Bruns, T. Hibi, Cohen-Macaulay partially ordered sets with pure resolutions, 11 pages. 1993.

S. Jimbo, Y. Morita, Ginzburg Landau equation and stable solutions in a rotational domain, 32 pages. 1993.

T. Miyake, Y. Maeda, On a property of Fourier coefficients of cusp forms of half-integral weight, 12 pages.
1993.

L. Nakai, Notes on versal deformation of first order PDE and web structure, 34 pages. 1993.

L. Tsuda, Can stochastic renewal of maps be a model for cerebral cortex?, 30 pages. 1993.

H. Kubc;; K. Kubota, Asymptotic behaviors of radial solutions to semilinear wave equations in odd space
dimensions, 47 pages. 1994.

T. Nakazi, K. Takahashi, Two dimensional representations of uniform algebras, 7 pages. 1994.

N. Hayashi, T. Ozawa, Global, small radially symmetric solutions to nonlinear Schrédinger equations and a
gauge transformation, 16 pages. 1994.

S. Izumiya, Characteristic vector fields for first order partial differential equations, 9 pages. 1994.



A

Lower bounds for the life span of solutions
of semilinear wave equations
with data of non compact support

Kimitoshi Tsutaya

Departmént of Mathematics
Hokkaido University
Sapporo 060, Japan

1 Introduction

We consider the life span of classical solutions of the Cauchy problem for the
semilinear wave equation
Ofu — Au = |ulf~u, (z,t) € R™ x (0,00),

{ u(z,0) = ef(z), Oiu(z,0) = eg(z), r € R, (1)
where p > 1, n = 2,3 and € > 0 is a small parameter.

Given f,g,p, we define the life span T* = T*(¢) as the supremum of all T such
that a C?-solution of (1.1) exists for all z € R® and 0 < ¢ < T. Existence of
global solutions and blow-up of local solutions in finite time correspond to T=(¢) =
00, T*(vs) < 00, respectively. In the case T*(¢) < oo the basic problem consists in
estimating T"(¢) in terms of ¢ both from above and from below, namely, upper and
lower bounds for T*(¢). Upper and lower bounds are related to the construction of
blow-up and local solutions, respectively, and it is expected that both bounds have
the same growth rate as ¢ — 0. There is a large literature on this problem [1-16],
though there still remains a gap between the upper and lower bounds for T"(¢). The
purpose of this paper is to improve the previous lower bound estimates and reduce

that gap. Before we state our result more precisely, we summarize a number of

available results on the life span of solutions of (1.1). In the sequel it is convenient



to introduce the critical power po(n) defined by the positive root of the quadratic
equation

(n-1)p*—(n+1)p—-2=0 (n=2, 3).

We note that po(3) = 1 4+ /2 and po(2) = (3 + V17)/2. It is well understood that
in most cases the situation is remarkably different between the super critical case
P > po(n), the critical case p = po(n), and the subcritical case p < po(n). Moreover,
recent developments reveal that the compactness of the data f, g has a definitive
influence on the problem. Therefore we describe the previous results by dividing
into two cases, whether f,g have compact support or not. First, we assume that
the data f(z),g(z) are smooth and “compactly supported”.

John [5, 6], Glassey [3, 4] and Schaeffer [10] have proved in two and three space
dimensions that if p > po(n) and ¢ is sufficiently small, then T*(¢) = oo, and also
that if 1 < p < po(n), T*(e) < oo for small data.

In the case that blow-up occurs in finite time, that is, 7*(¢) < oo, there arises

the problem of estimating the life span T*(¢) in terms of €. John [5] has shown that
Ae™? < T*(e) < Be™?

with certain constants A, B in the case n = 3 and p = 2. Recently, Lindblad [8] has
proved the following results:

(i) ifn=3and 1< p < po(3),
’li__r’r&e”(”—l)/(l+2”'p2)T*(e) =T >0 exists,
(i) ifn=2and p=2,
li_{résT*(s) =T >0  exists, provided /g(m)dz =0,
and

e—0

lima(e)™'T*(e) =T >0  exists, provided /g(m)d:v # 0,

o



where a(e) satisfies

e2a(e)?In(1 + a(e)) = 1.

In [15, 16], Zhou has proved the following:

(ili) whenn =3,
AP~ 0/(1+20-7) < () < BemPlo-1)/(14+20-5%) if2<p<po(3), (1.2)

and

exp{As"’(”‘l)} <T*() < exp{Be"’(”"l)}, if p = po(3),

(iv) when n =2,

Hm e?P-D/CHp—r)T*(e) = T > 0 exists, if 2 < p < po(2),

e—0

and

exp{Ae"’(’"l)} <T*(e) < exp{Bs"’(’"l)}, if p = po(2),

where A and B are positive constants. Concerning the above results due to Zhou for
the case p = po(n)(n = 2, 3), the simplified proofs of the upper bound of 7(¢) have
been recently given by Takamura [11]. He has proved that if p = po(n)(n = 2,3)

and
flz)=0,  g(z) >0, (1.3)

then
T*(e) < exp{Bl>=1)}, (1.4)

even if the data are not compactly supported. In [1], Agemi and Takamura have
proved similar results to Lindblad and Zhou’s for the case n = 2. Especially, the

upper bound of 7*(¢) in [1]

T*(e) < Be~2-1/C+3=7")  if | < p < po(2) (1.5)

holds even with the data of non compact support, under the condition (1.3). In

the case n = 3 and 1 < p < pg(3), we can also derive for the data of non compact
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support, the upper bound of T*(¢) in (1.2),
T*(e) < Be~P(P-1)/(142p-5%) (1.6)

under (1.3).

We next assume that the data do not have compact support. Asakura [2] ,
Kubota [7] and the author [12, 13, 14] have proved the following:

Let the data f(z) € C}(R"), g(z) € C*(R") satisfy

D2f(z),D2g(z) = O(la]"%) as o] - oo, |o| < 3, |8] < 2.

Ifk>2/(p—1), p> po(3) for n =3 and p > po(2) for n = 2, and ¢ is small, then
T*(e) = oo (see also Pecher [9]).
On the other hand, Asakura [2], Agemi and Takamura [1] and the author [12]

have also proved that if the data satisfy

1
f(@)=0, g(z) 2> A1)

and 0 < k < 2/(p—1), then T";(e) < 00, even with p > po(n)(n = 2,3). In this case,

the upper bound for T*(¢) is
T*(¢) < Be~(P~0/2=%e-1} for p = 2;3, - (1.7)

where B is a constant depending only on p and k.

We note here that when 1 < p < po(n)(n = 2,3), if k > 1/2+ 1/p (resp. 0 <
k<1/241/p)forn=2and k> 1+ 1/p (resp. 0 < k < 1+1/p) for n = 3, then
the upper bounds of T™(¢) in (1.5), (1.6) (resp. in (1.7)) are sharper than those in
(1.7) (resp. in (1.5), (1.6)), respectively.

For the lower bound, it has been shown by Kubota [7] and the author [13, 14]

that if p > po(n)(n =2,3) and 0 < k < 2/(p — 1),

T*(e) > Ae—(P-1)/{2-k(p-1)}



For n = 2, Kubota has also obtained the lower bounds in the other cases:
p=po(? and k3341,
2<p<po(2) and 0<k<j+1,
2<p<po(2) and k>3+3.
In particular, for the critical case p = po(2) and k > 1/2+1/p, the lower bound due

to Kubota is the following:
T*(e) > exp{Ae~ PV}, (1.8)

We note that there is a gap between (1.4) and (1.8) about the order of ¢ in the
estimates of life span. In this paper, we shall improve the lower bound (1.8) and
give an almost optimal lower bound for T*(e) for the critical cases p = po(2) and
k>1/2+1/p, and p = po(3) and k > 1+ 1/p in two and three space dimensions.

The crucial part of the proof of our theorem below is to establish the basic
est‘imate for (1.1). We now state the difference between the proofs of the basic
estimates for the data of compact support and for those of non compact support.
The weight function in the norm is related with the decay estimate of the solution
to the linear problem. In three space dimensions, if the data f(z), g(z) satisfy
supp{f,g9} C {z € R® : |z|] < K}, then, as is well known, the solution u° of
92u® — Au® = 0 is equal to zero in the inside of the characteristic cone T' = {(z, ) :
|z]+ K <t} by Huygens’ Principle. Hence we can define the special weight function
(see [5], (58b) and also [15], (3.5)). This leads to the sharp basic estimate. In
two space dimensions, we need to use anbther method due to the lack of Huygens’
Principle. In fact, Zhou [16] has applied the Friedlander radiation field technique to
(1.1) to obtain the sharp estimate. However, the above methods do not seem to be
applicable to our problem, since the data are not compactly supported.

The main idea in the proof of the theorem is to introduce new weight func-
tions which are slightly different from those used in [7]. The logarithmic factor

in the weight function gives more precise information on the space-time behavior
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of solutions and plays an important role to prove our main theorem (see (3.6)).

Accordingly, our method is simpler than those by John and Zhou.

2 Assumptions and Main Theorem

We study the Cauchy problem for the semilinear wave equation
0%u — Au = F(u), (z,t) € R" x (0, 00), ™
2.1
u(2,0) = ef(2), Bu(e,0) = egla), =z € B

Before stating the main result, we make the following hypotheses: Let p = po(n).
(H1) F(u) € C*(R) and there exists A > 0 such that

ifn=3,
. d\’ ,
|F@(u)|< (E) (A2?) for |u| <1, y=0,1,2,
2=|u|

|F"(u) = F"(v)] < Ap(p = 1)Ju — v[P™?  for [ul, |v] < 1,

and if n = 2,
IF(j)(u)| < Mulp? for ju|<1, 7=0,1,2,
|F"(u) = F"(v)] < Ap(p = 1)|@f|u —v| for |uf,|v] <1,

where

¢ = max{|u|, |v|}.

(H2) f(a:) € C3(R"), g(z) € C}(R™) (n = 2,3) satisfy

1
- D3 f(2)] + DAy(z)| € ————
2 P2/ > Dol < e
with k£ > 0.

Our main theorem is the following:



Theorem 2.1 Letn = 2,3, p=po(n) and k > 2/(p — 1). Assume (H1) and
(H2). Then there ezist two sufficiently small constants A, g9 > 0 depending only on
Ap and k such that for all 0 < e < €o, (2.1) has a C*-solution for 0 < t < T*(e),

where T*(¢) satisfies the following:
(103 +T7(€))) " (1n(1n(3 + T=(e)))) " Ver1 2 A (2.2)

Remark 2.2 If the left-hand side of (2.2) does not include the factor (ln(ln(3
+T*(€)))) M) of slower growth, the estimate is sharp, since the dominant factor
(1n(3+T*(6)))1/p with the growth rate Ae~(=1) gives precisely (1.4). In this respect

(2.2) is almost optimal.

The plan in the present paper is as follows. In Section 3, we first describe the
decay estimates for the homogeneous wave equation (see [2], [7], [12, 13, 14]). Next,
we derive the basic estimates needed for the proof of Theorem 2.1. Finally, in Section
4 we prove Theorem 2.1. We denote a constant in the estimates by C, which will

change from step to step.

3 Decay Estimates and Basic Estimates

We consider the linear problem

Oiu — Au = w(z, t), (z,t) € R* x (0, 00), )
3.1
u(z,0) = ef(z), Ou(z,0) =eg(z), =z € R (n=23).
We see that the solution u(z,t) of (3.1) is given by
u(z,t) = u®(z,t) + Lw(z,t), ; (3.2)

where u%(z,t) is the solution of 97u® — Au® = 0 with initial data ¢ f(z), eg(z), and

4% /Ot(t —-7) /le=1 w(z + (t = 7)w, 7)dwdr (n=3),
Lw(z,t) =

Ydwdpds (n = 2)

1 t pt—s
_,)—/ / £ / w(z + pw, s
2rJo Jo  f(t — s)2 — p2 Jlui=



is the solution of 0}u — Au = w with zero data, where dw is the surface measure on
the unit sphere |w| = 1. Note that w >0 implies Lw > 0.

The following lemma is proved in (2], [7] and [12, 13, 14].

Lemma 3.1 Assume that f(z), g(z) satisfy (H2). Then, the solution u® of
O2u® — Au® = 0 with initial data ef(z), eg(z) satisfies the following:

(i) ifn=3,

( Cie

(T+t+7)(1 + |t —r])*1 (k> 1),
Cre 1+t+r
0 < { 2B LI -
Simdeols i oo (et ) ey 6
CL-E
‘ m (0 <k< 1),
(ii) ifn=2
' Cie (k> 1)
O+t + )1+t —rl) ’
Creln(2 + |t —r]|) (k=1)
VI +t+r) @+t —r) ’
| D2 (z, )] < 4 Cre 1 (3.5)
.a%z VI+t+r(l+ [t —r|)k-1/2 (3 <k<l),
Cre 1+t+7r
— (14— k=1),
\/1+t+r( +n1+|t-—r|) (k=3)
Cks
k m (0 <k< %),

where r = |z|, and a constant C), depends only on k.

We next introduce the function

Zn(l-’lil,t) = (1+t+'$|)m(1+|t_lxll)l/P(ln(3+|t_|x“))1/”(ln(ln(3+|t_I:I:”)))l/(l’—l)’

(3.6)
where
_{ 1 (n=3), -
} (n=2),



and define the norm for functions u(z,t) which are continuous on R"* x [0,T)

[[ulln = sup Zn(|zl, t)lu(z, t)]. (3-7)

T
0<t<T

The following lemma provides the basic estimate for the existence proof.

Lemma 3.2 If p = po(n) (n = 2,3), then there ezists a constant C, depending

only on p such that

)1/(p-1)

ILluPll. < Co(ln(3+ 7)) (In(1n(3 + T)) 2. (3.8)

Proof) Following [13], we first prove the lemma above in the case n = 3. If
w is spherically symmetric, i.e., w(z,t) = w(r,1), then from (3.3) we can write the

solution of 9?u — Au = w with zero data in the form

r+t—T7
u(r,t) = ‘77‘//| pw(p, 7)dpdr. (3.9)

r—t+7|

We denote (3.9) by u = Pw. We define the function

@(r,t) = sup|u(z,t)|.

|z|=r
Then, we have

[(Lw)(z, )] < (Pd)(r,t) (3.10)

(see [2],p.1470 and also [5],Lemma II). Thus, it is sufficient to estimate

r+t-‘r
(PaP)(r / /I 7)Pdpdr.

r— t+r|

We use the following lemma.

Lemma 3.3 Let k> 1. Then,
1 /""‘ 1 dp < max(l, k — 1) min(r, t)
2 oo TR = = Dr(L + e (T + 1= rF

for allt,r > 0.



Proof) See [2]. N
To prove (3.8), we distinguish two cases, r >t and t > r.

(a) r 2 t. | |
By (3.6) and (3.7), we have

~ ||u||3 rHi-T P
Par)(r,t) <
N e e
1
—dpdT.
1 3+p— 'r)(ln(ln(3 +p- T)))p/(p Y
Changing variables by
a=ptr, B=p-1, (3.11)
we obtain
(Par)(rt) < LUl / R / * ! dBda
T dr S (L4 )Pt

“*u+ﬂnms+m0mm@+ﬂnfm“’

IA

Cllul3 /
r(ln(ln(3 +r—1t)) /(p Y (1 +ap

Cllulfy(1n(3 + 1) """
r(1+t+7)(1+7r— -2 (In@ +r — 1)) " (In(in(3 + r — 1)) /7™

IA

We have used here Lemma 3.3. Since the function ¢(z) = z/(In(3+z))? (0 < ¢ < 1)
is increasing for £ > 0 and p — 2 = 1/p, we obtain

Cllull3(1n(3 +£)) "

(14 t+m)(1+r—tp=2(In(3 47— 1)) (In(In(3 + 7 — £)))
Cllull3(n(3 + 1))

(PaP)(r,t) <

1/(p-1)

S - .
(Lt r)(L+r — Y2(In(@ 47— )" (1n(in(3 47— 1))
(b) t >r.
We have
IIUIla rt=r p
P p
(Pt //lr ~ttr| (L+ 7+ p)P(L + |7 — pl)
1

o7ty 4P

<3+m—fn@mms+m—rm)

10



By (3.11),

(P&F)(r,1)

||u||3 thr 1 4Bda
/ / ~ (14 a)P=1(1 + |8)) (3 + |8]) (In(In(3 + |8])))” "

IN

[[ell3

t4r t—r
L el (1+18) (3 + Iﬂl)(:n(ln(?» ey
P optdr o
s (+ t‘)p_l ) (14 8)In(3 + B) (111(111(3 +8)" ™ e
Pt t—r
-5l L+ t‘) l (1+ ) In(3 + ) (1:1(1,1(3 + ﬂ)))””’"”dﬂda
P opttr o
el el (14 8)In(3+ B) (1:1(1n(3 e
< C||:||§ /::r ; +1a)p_l o
We use Lemma 3.3 to obtain
(P@)(r,t) < Cllul(1n(3 -+ 1)) ™ (1nfin(3 + 1)) ™ i)

(1+t+r)1+t—r)/?(In(3 +t - r))llp(ln(ln(3 +t—r)))

Next, the proof of Lemma 3.2 for the case n = 2 proceeds in the same way as

that of Lemma 4.1 in [14] except that we need to use the following inequality instead
of Lemma 4.3 in [14].

I 1 (df < 2

° VaFT=P(1+8)In(3 + B) (In(In(3 + §))) e

for k>land 0 < a<t+a,

(3.12)

;

where Cj is a constant depending only on k. Slight modification of the proof of
Lemma 4.3 in [14] leads to (3.12).

This completes the proof of Lemma 3.2. L]

4 Proof of Theorem 2.1

Let X,, be the linear space defined by
Xn = {u(z,t): Diu(z,t) € C(R" x [0,T)), ||D%u||, < oo for |a| < 2},

11



We can verify easily that X, is complete with respect to the norm

lullx, = >~ IDZulla.

lol<2

We define the sequence of functions {u,} by
uo = u°, uUpyy = u® + LF(uy).

Here we note that

Then, Lemma 3.1 yields

[u®llx, < Che.

Hence, u° € X,.

We now assume that ¢ is so small that

22pAC, (In(3 + 1)) (1n(in(3 + 1)) " (Cep <1 and Cre < % (4.1)
where C’p is a constant given in Lemma 3.2. Then, we have
1/(p-1) 1

27pAC, (In(3 + T))'l/p(ln(ln(3 +1))) w92 <1 and |Jul. < 2. (4.2)

Do

Therefore, as in [5], [2], we see that if u® satisfies (4.2), there exists a unique local
solution of (2.1). The lower bound estimate (2.2) follows immediately from (4.1).

This completes the proof of Theorem 2.1. |

—
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