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Large deviations for the first exit time on
small random perturbations of dynamical systems *

by
Toshio Mikami

Hokkaido University

Summary

We consider small random perturbations of dynamical systems {X®(¢)}o<: (0 < €) on a
d-dimensional Euclidean space R* when the origin o € R? is a hyperbolic equilibrium point
of unperturbed dynamical systems. The first exit time 7§ of {X*(¢)}o<: from a bounded
domain D(3 o) of R? obeys the large deviations phenominon with a variable decay rate.



1. Intrbduction.

Let X¢(t,z) (t > 0,z € R%¢e > 0) be the solution of the following stochastic differen‘cial
equation:

dX¢(t,z) = b(X°(t,))dt + €/ 20(X(t, z))dW (2),
X(0,z) = z,

where b(-) = (b'(-))%,; : R® — R? and o() = (a‘J()),J_ : R? v My(R) are twice
continuously differentiable and have bounded derivatives up to the second order and o(:)
is uniformly nondegenerate, and where W (-) is a d-dimensional Wiener process (see Ikeda
and Watanabe (1989)).

When € = 0, X(t,z) = X°(t,z) is a solution of the following ordinary differential
equation; : '

(1.1).

dX(t, z)/dt = b(X(t,z)),

(1.2). X(0,z) = z.

The following is known; for any T > 0, ¥ > 0 and = € R4
(1.3). lim P( sup |X®(t,z) - X, z)|<v)=1
=0 " “o<t<T

In this sense, X®(t,T) o<t -cre can be considered as the small random perturbations of
dynamical systems {X (¢, 517)}0<: zeRd, for small € > 0 (see Freidlin and Wentzell (1984)).

Let D C R% be a bounded domain which contains 0. In this paper we consider the
asymptotic behavior of the first exit time of X¢(¢,z) from D;

(1.4). mh(z) = inf{t > 0; X*(¢,3) ¢ D)

when b(z) = o if and only if z = o.

- The weak low of large numbers for 7§ (z) was obtained by Kifer (1981). Let us give
notation to introduce his result. Put 4; = {z € D; There exists s = s(z) < 0 such that
X(t,z) € D for t < s and such that X(t,z) € D fort > s. X(t,z) — 0 as t — oo};
As; = {z € D; There exists s = s(z) > 0 such that X(¢t,z) ¢ D for t > s and such
that X(t,z) € D for t < 5. X(t,z) — 0o ast — —oo}; A3 = {zr € D; There exist
51 = s1(z) > 0 > s3 = sy(z) such that X (¢, z) € D for s, > t and t > s; and such that
X(t, :I:)EDfor52<t<sl}

The following was the assumption in Kifer (1981).
(H.D). D has a C'Q—bounda.ry dD. b(o) =0. D = {0} UA; UAy U A3 and Ay U A3 is not
empty. ‘ .
Reglayrkl.l. From (H.D), the eigenvalues of (8b*(0) /6:5,-)‘,-’!'1-:1 have non-zero real parts.
That is, o is a hyperbolic equilibrium point of dynamical systems { X (¢, z)}o<¢ ze pa. More-
over, A = the maximum of real parts of the eigenvalues of the matrix (6b"(o)/8:uj)§{j=1 is
positive (see Hartman (1964), Chap. 9).

The following is proved in Kifer (1981).



Theorem 1.1. |
Suppose that (H.D) holds. Then for any v >0and z € A, U {o}\aD,l

(1.5). ' lim P(lrh(z)/ log(e™/®M) 1| < m) =1,

and for any v > 0 and = € A, U 43\0D, '

(1.6). lim P (z)/7h(z) =1l < 1) = 1.

In this paper we consider the large deviations for 7§ (z)/ log(e7/(®N) for z € A; U
{0}\OD. The large deviations for 7§(z)/7H(z) for z € A3 U A3\8D can be obtained by
the routine argument on large deviations (see Freidlin and Wentzell (1984), Chap. 3 and
5).

Let us introduce our assumption which is weaker than Kifer’s. ~
(A.D). The eigenvalues {)\;}2., of (8b*(0)/ <‘9:1:j)§fj=1 have non-zero real parts. A is positive
(see Remark 1.1 for notation). b(z) = o if and only if z = o. ’

Remark 1.2. Under (A.D), {0} U A; U A2 U A3 is not always equl to D. In 1-dimensional
case {0} U A2 = D, and (A.D) is equivalent to (H.D).
Put

(1.7). £(€) = log(e= /@),

Then the following is our results.
Theorem 1.2. |
Suppose that (A.D) holds. Then for any z € A, U{o}\0D and 0 < T' < 1,

(1.8). 21_1’% log(—log P(rp(z)/f(e) < T))/loge =T — 1.

Theorem 1.3.
Suppose that (A.D) holds and that d = 1. Then for any T > 1,

(1.9). Eh_r’r(x) log P(rp(0)/f(€) > T)/loge =T — 1.

For multi-dimensional case, we only have the following result.
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Proposition 1.4.

Suppose that (A.D) holds. Then for any z € A, U {0}\0D and T > 1,

(1.10). liInS(l)lp log P(rp(z)/f(e) > T)/loge < co.

Remark 1.3. Roughly speaking, (1.8)-(1.10) means the following; (1.8) implies, as € — 0,

(1.11). P(rH(z)/f(e) < T) ~ exp(~eT7Y),

and (1.9) implies, as € — 0,

(1.12). P(rp(0)/f(e) > T) ~ T2,

and (1.10) implies that there exists a positive constant C such that for sufficiently small
e >0,

(1.13). P(5(z)/f(e) > T) > €°.

From (4.37) in Kifer (1981), the following is known; for any T'> 1 and z € A; U {0}\8D,
there exists a positive constant Cy such that for sufficiently small €> 0,

(1.14). P(r(z)/f(e) > T) < %

From Theorem 1.3, we have the following conjbecture.
Conjecture 1.5. .

Suppose that (A.D) holds. Then for any z € A; U {0}\0D and T > 1,

d
(1.15). lim log P(75(z)/ f(€) > T)/ loge = > max(0, (Re(A:)T/A = 1)/2).
i=1 )
Put
(1.16). - u(t,z) = P(rh(z)/fle) > T).

Then u®(t, z) satisfies the following PDE;



d
But(t,z)/0t = f(e)le D o*(z)o’*(z)[6°u(t,7)/0z:0z;5]/2

i,5,k=1

d
(1.17). + ) _bi(z)0u‘(t,z)/0z:] fort>0andz € D,

i=1 !

uv‘(t,:z:) =0 fort>0andze€dD,
u¥(t,z)=1 fort=0and z € D.

The PDE method such as the theory of viscosity solution might be useful to prove Con-
jecture 1.5.

In section 2, we give lemmas which are necessary for the proof of our results. In
section 3, we prove Theorem 1.2. In section 4, we prove Theorem 1.3 and Proposition 1.4.
In section 5, we show that Conjecture 1.5 is true in Gaussian case, that is, in case b(z)
is linear and o(z) = Identity. In section 6, we correct the inequality (2.27) in Mikami
(1993).

We introduce some notation; Db(z) = (6b*(z) /6:1:1');‘, j=1; C(*) denotes a positive con-

stant which depends on “"; ||4]| = [, 21 (49)?)V2 for A = (A¥)¢._,.

4i=1



2. Lemmas.

In this section, we give lemmas which are necessary for the proof of our results.
Let II(t, :1:) (t >0,z € D) be the solution of the following ordinary differential
equation,; ,

dIl(t,z)/dt = Db(X°(t, z))II(¢, z),

(2'9' I1(0, z) = Id

where Id denotes the d x d-identity matrix.
The following lemma can be found in Hartman (1964), Chap. 9.

Lemma 2.1.

Suppose that (A.D) holds. Then there exist Cy > 0and a > O such that for any z € 4;U{o}
and all ¢t > 0,

(2.2). 1X°(t,2)| < Cilz|exp(-ot).

The following lemma can be obtained from the assumption.
Lemma 2.2.

Suppose that (A.D) holds. Then for any v; > 0, there exist C = C(v1) > 0 such that

(2.3). (¢, 2)T(s, 2) || < Cexp(A +71)(t - 3),

forallt>s>0and z € A1 U {o}.
(Proof). From (2.1), we get

d[II(t, ) (s, z) "] /dt = Db(XO(t, z))[IL(t, z)TI(s, z) ") for t > s,

(2.4). I(s, z)II(s,z) ! = Id.

For v; > 0, take the d x d matrix Q = Q(v;) so that

(2.5). < z,Q7IDb0)Qz >< (A +71)|z)®

for all z € R%(see Hartman (1964), Chap. 9 and also Hirsh and Smale (1974), Chap. 7,
section 1 ). From (2.4)-(2.5), we get

¢ d
(2.6). IIQ“H(t,r)H(s,:)“II"’=HQ“H'Z+2/ > <(Q7'I(u, z)(s,z)7h);
K} j—l
, Q7' Db(X%(u, 2))Q(Q ™ I (u, 2)I(s, 2)); > du,
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where we put A; = (a")%, for A = (a¥)F,_,.
From Lemma 2.1 and (2.6), we get

@7 QI (s, 2) 7|
=l +2 [ é < (QM(u,2)II(s, )Y,
Q™ DHAQQ U ,2); >
+2/ Z< (Q~ I (u, z)II(s, z)~1);,
e 2)) - DH@Q(Q T(w, )1L(5,2)); > du

<lio- 1112+2/<A+ -

+1IQIIQMIC(DB)X DD IQ~T(w, 2)TL(s, 2)Pdu
< |IQ'1I|2+2/:(/\+71

+1QIIR™HIC(D?0)Clz] exp(—aU))IlQ'IH(u, z)I(s, ) 7| du,
where C(D?b) is a constant which depends on the second derivatives of b.
From (2.7), we get, by the Gronwall’s inequality
(28).  [|QTMIE, 2)II(s,2) I
¢ )
<R~ exp(2/ A+ + [IQUIQTHIC(D?0)Chz| exp(—ou))du)

(see Hartman (1964), Chap. 3).
Q.E.D.

Lemma 2.3. ,
Suppose that (A.D) holds. Then for any z, y, z € R?¢and v; >0,

(2.9). |X°(t,2) — X°(t,z) = X°(¢, )|
< Cn)(lz -z -yl + C(D?) /Ot exp(—(A + 71)8)1X (s, 2)|1X°(s, ) ds)
x exp((A + 71)t + C(41)C(D?b)
X /OL(IX"(S, z) = X%(s,z) = X°(s,0)| + |XO(s, 2) + X°(s,p))ds),

where C(7;) is a positive constant in Lemma 2.2, and where C(D?b) is a positive constant
which depends on the second derivatives of b.
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(Proof). For any z,y, z € R and t > 0,

(2.10).
Xo(t: z) - Xo(trz) - Xo(t: y)

=z—-z—y+ /t Db(0)(X°(s,z) — X%(s,z) — X°(s,y))'ds
0

+ X5, 2)) — (X, 7) + X(s,)
0

— Db(X°(s, ) + X°(5,9))(X°(s,2) — X°(s,7) —= X°(s,3))
+ (Db(X (s, z) + X°(s,9)) = Db(0))(X°(s, 2) — X°(s, ) — X°(s,3))

1 1
+/ d91/ df2 < D*b(61X°(s, z) + 62X°(s,7)) X (s, 2), X(s, ) >]ds,
0 0
where we put < D?b(z)y,z >= (sz=1[626‘(:;)/6xk63:5]y’°zj)§__.1 forz € R and y =
(¥*)e_,, z = (& )j-'___l € R9. Here we considered as follows; for 0 < s < t and z, y € R?,

(210). B(X%(s,2) + X%(5,2)) — B(X(5,3)) ~ b(X(s,)
-/  Db(0,X%(s,2) + XO(5,4))X°(s, )81
0 )

- /1 df1Db(61X°(s,7))X%(s,z)dd;  (since b(o) = o from (A.D))
0
= / 1 dé; / 1 df2 < D2b(6:X°(s,z) + 82X°(s,v)) X (s, z), X°(s,9) > ds.
0 0

From (2.10), we get

(2.12).
Xo(t) Z) - Xo(t)x) —‘XO(tvy)

= exp(Db(o)t)(z — = — y) + /0 exp(Db(0)(t — $))[b(X°(s,2)) = b(X°(s,2) + X°(s,))

— Db(X°(s,2) + X°(s,9)) (X°(s, 2) = X°(s5,2) — X°(s,9))
+ (Db(X°(s,2) + X°(5,9)) = Db(0))(X°(s, 2) — X°(5,2) = X°(5,9))

1 1
o+ / d8; / dBy < D2b(61X°(s,) + 82X°(s, 1)) X°(s, ), X°(5, ) >ds.
0 0

From (2.12) and Lemma 2.2, we get, by the Taylor’s theorem, the following; for any
71 > 0)‘



(2.13).
exp(—(A + 1)t)]|XO(t, 2) — X°(t, z) — XO(¢,p)|

< Cln)lz—z -yl + C(m)C(D) /: exp(—(A +71)8)|X°(s, 2) = X°(5,2) = X°(s, )|
x [1X°(s,2) = X°(5,2) = X°(s,3)| + 1X°(5,2) + X°(s,3) }ds |
+CmOD™) [ exp(=(hk XX s, )i,
where C(71) is a positive constant in Lemma 2.2, and where C(D?2b) is a positive constant

which depends on the second derivatives of b.
From (2.13), by the Gronwall’s inequality,

(2.14). |
exp(—(A+ M)RIX°(t, 2) — X°(t,2) - X°(t, )

< Cm)(lz =z —yl+ C(D?) /o exp(~(A + 1)) X%(s,2)l1X°(s,9) ds)

x exp(C(11)C(D) /0 1X%(s,2) = X°(s,2) = X°(s,3)] + [X°(s, ) + X°(s,9)[1ds)

(see Hartman (1964), Chap. 3).

Q. E. D.
Lemma 2.4. _ _
Let f(t) and g(t) (¢ > 0) be continuous functions such that for all t > 0
| ¢
(215), £0) < ex(C [ F(5)ds)alt
for a positive constant C. Then
. t
(216). £6 <90/~ [ gls)d)
as far as 1 > C’fotg(s)ds.
(Proof). From (2.15),
t
(2.17). —djexp(~C / £(s)ds)]/dt < Co(t).
0
Integrating both sides of (2.17), we get (2.16).
Q.E.D.

Let I',noz denote the eigenspace of Db(0) which corresponds to the eigenvalues whose
real part is equal to A\. Then there exists a submanifold W, which is tangent to ['az at
o0 and which is invariant with respect to X9(t,-) (see Kifer (1981), p. 77). The following
lemma can be found in Kifer (1981), p. 90.



Lemma 2.5.

Suppose that (A.D) holds. Then there exists 6 > 0 so that for any 71 > 0, there exist
C = C(71) > 0 such that

(2-18)- (€)~ =] exp((A = m)t) < 1X°(t, )| < Clelexp((A+ 1)),

as far as £ € Wpa: and X%s,z) € Us(D) for all 0 < s < t, where Us(D) = {y «
RY; dist(y, D) < 6}.
Put

(2.19). T, = inf{t > 0; X°(t, 0) & Us(D)},

The following lemma can be proved from Lemma 2.5.
Lemma 2.6.

Suppose that (A.D) holds. Then for any v4 and 45 > 0 for which T > ~4, s, there exists
€9 > such that

(2.20).  sup{|X°(t,y) — X°(t, ) — X°(t + F(e)¥s, 2)|; ly — @ — XO(f(e)s, 7)]
< T2 4 € Whaz(la| = eT779/2) 2 € AU {0},0 <t < T}
< gmin(re,a75/(23))/2

for € < &y.
(Proof). From Lemmas 2.3 and 2.4, for any 7; > 0, there exists C(y;) > 0 such that

for any t > 0, and y € R% a € Wiaz(la| = eT=74)/2) and = € A; U {0} for which
ly — a— XO(f(e)rs,z)| < eTH172,

(2.21). .
IXO(t, y) - Xo(t)a) - Xo(tr Xo(f(E)A/S: I))I
< C(m)(ly - a - X°(f(e)s, 2)]

+ C(D%) /0 exp(= (A +11)8)|X°(s, @)1 X°(s, X°(£()vs, 2))ds)

x exp((A + 1)t + C(11)C (D) /0 1X%(s,a) + XO(s, XO(f(e)7s, ) ds)
x [1 = tC(m)*C(D*)(ly — a — X°(f(e)7s,7)]
+ C(D?b) /0 exp(—(A + 1)) |1 X(s, Q)1 XO(s, XO(f(2) 73, ))|ds)

% exp((A + 70t + C(1)C(Db) /0 1X0(s, @) + X°(s, XO(f(e)ys. ))]ds)] "

Q9.



for a positive constant C(D?b), if
(2.22).
1> tC(m)*C(D*)(ly—a - X°(f(e)rs, )

+C(D%) /0 exp(=(A +1)8)|X%(s, a)||X°(s, X°(£(€)1s, 7)) ds)

x exp((A+ 1)t + C(1)C(D?) /0 1X%(s,0) + X°(s, X°(f (), 2))ds).

Let us show that (2.22) holds for t = T, if |y — a — XO(f(e)vs,z)| < &lT+1)/2 4 ¢
Winaz(la| = eT=74)/2) and z € A; U {0};

(2:23). T.C(m)*C(D*)(ly — a = X°(f(e)75, 2]

Ta
+0(0%) [ exp(=(3+ )X (s, lIX(s + F(2)15,2)1ds)

Ts
x exp((A + 71)Ta + C(11)C(D?) /0 1X°(s, ) + X°(s + £(€)1s, 2)Ids)

| .
< TuC(y1)2C(D2)(T+1/2 4 (D) / exp(=(A + 11)s)
0
x C(m1) exp((A + 71)8)eT=19/2 x Cy|z|exp(—a(s + £(€)7s))ds)

Ta
x exp(A+ 1)Ta + GO [ 1X%(s,0)lds

Ta '
+/ Cilz|exp(—a(s + f(e)vs))ds]).

From Lemma 2.5, for ¢ > 0 sufficiently small compared to 3 > 0,

Ta
(2.24). C(7,)C(D%) / 1X%(s, a)|ds < Tari.
0
In fact, put for v; > 0,

(2.25). 8., = inf{t > 0;1X°(s,a)| = v1/(2C(v1)C(D%)]}.
Then there exists C(D) > 0 such that

T.

(2.26). C(71)C(D?%) /0 °|X°(s,a)[ds

< Sy /2+ C(1)C(D*)(T, - S,,)C(D)
< Sy, 11/2+ 4C(M)C(D*)C(D)11 /(A = 11)
< Ta"/l, '

10



for € > 0 sufficiently small compared to 74; > 0, since from Lemma 2.5,

(2.27). Sy > [log(71/(2C(1)C(D?B)C (m)lal))l/ (A + 1),
(2.28). T, < [log(C(11)/lal max{lyl;y € oUs(DYIDI/ (A = m),
and

(2.29). T, > [log(dist(o, 8Us(D))/[C(m)lal)]/(A + 7).

From (2.23), (2.24), and (2.28),

(2.30). |
T.C(m)*C(D*)(ly — a — X°(f(e)vs, )|

Ta
+C(D%) /0 exp(=(A + 711)9)| X5, @) [| X5 + F(€)s, 7)|ds)

Ta
x (A +)Ta + Cn)OWD) [ 11X°(5,0) + XO(s + F@r5,2)lds)

< TuC(n) C(DR) (T 1/ 4+ C(D2)C()elT /2y e @1)/ B o)

x exp((A + 271)Ta + C(71)C(D?b)Ch|z]e@9)/ N /)
< 6min('74,a75/(2z\))/2, -

if 1, is sufficiently small compared to v4 and vs, and if € > 0 is sufficiently small compared
to v1 > 0.

From (2.21)-(2.22), (2.29)-(2.30), we get (2.20).

: Q.E.D.

11



3. Proof of Theorem 1.2.

In this section we prove Theorem 1.2. We devide the proof into the following two steps;
forany z € AyU{o}\0D and 0< T <1,

(3.1). liInS(I)lp log(—log P(rp(z)/f(e) < T))/loge < T -1,
(3.2). _ liiri.i(r)lf log(—log P(thH(z)/f(e) < T))/loge > T — 1.
Proof of (3.1).

Let X (t,z) be the solution of the following:

(3.3). Xl(t,:r:_) = /Ot Db(XO(S,:z:))Xl(s,:z:)ds+ /ota(Xo(s, z))dW (s).

Put C(D,z) = info<: dist(8D, X°(t,z)). Then for any 71 > 0, there exists a positive
constant C(71) such that there exists C(D2b) > 0 so that

(3.4). P(rp(z) < f()T)
< P(C(D,z)/2 < exp[(A + 1) f(e)T]

x sup _exp[~(A+m)s]le? X (s,2)|)
0<s<H(O)T

+ P(C(D,z)/2 < expl(A+ ) f(€)T] sup exp[~(A+71)s]
09 f(e)T

<G, [ M, 2) [0 (X* (4, 2)) — (X (s 2))}AW (W),

for any C(D, z) > 0 for which

(3.5). C(D,z)/[1 - C(m)C(D*)C(D,z)/(A+ )] < C(D,z).

( For any compact subset K C D, C(D,z) and accordingly Cf'(D,:J:)"1 can be taken
uniformly bounded in z € K. ) : ‘
The first probability on the right hand side of (3.4) can be considered as follows: there

exists C(C(D, z)) > 0 such that

(36). P(C(D,z)/2 < exp[(A+1)f(e)T] sup exp[—(A+m)slle'/*X1(s, 7))
0<s<f(e)T

< P(C(D,z)/3 < sup e TTENTIN2Y (4)))
0<s<1

(for some 1-dimensional Wiener process W (-))
< exp(=C(C(D, x)) /! 17T/,
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for sufficiently small v, and e >‘0 (see Freidlin and Wentzell (1984), Chap.3).
The second probability on the right hand side of (3.4) can be considered as follows:

there exists C,(C(D, z)) > 0 such that

3.7.  PC(D,z)/2 < expl(A + 1) f(€)T] S epl=(+m)s]

Ss<f(e)
(s, 2)e”? [ T, 2) (X (u,2)) = o (XO(a 2)]dW (W)
0
< P(C(D,2)/3 < sup (=TT (s)|)
0<s<1
(for some 1-dimensional Wiener process W(-))

< exp(-C1(C(D, z)) /e =T—2mT/A),

for sufficiently small v; and € > 0 (see Freidlin and Wentzell (1984), Chap. 3).
Let us prove (3.4)-(3.7).
We first show that (3.4) is true.

(3.8).  X%(t,z) — X°(t,z) — /2 X, (¢, z)
= / t[b(Xs(s, x)) — (X°(s,2)) — Db(X°(s,2))(X*(s,z) — X°(s,7))]ds
0 .

+ /t Db(X (s, z))[X5(s,2) — X°(s,z) — €2 X1 (s, 2)]ds
0

ettt [ 0(X*(5,)) = o(X°(s, )W (s),

and hence

(3.9). Xe(t,7) — X°(t, ) — €2 X1 (t,z)

~,2) | (s, 2) " (X (s, 2)) - b(X°(5, 7))
0
- Db(XO(S,IE))(XE(S,I) - XO(S,m))]dS
+ 12[5(X(s, 7)) — o(X°(s,2))]dW ()}

(see section 2, (2.1) for notation). By way of Taylor expansion, for any 74; > 0, there exist
C(m)>0so that there exists a positive constant C(D?b) and for z € A, U {o}

(3.10).  |X%(t,z) - X°(t,7)]
< |€1/2X1(t»$)| v |
+Cln) /0 exp(A+ 1) (t = 5)C(D0)|X*(5,) — X5, )|%ds

T |TI(t, 2)e /2 /0 (s, 2)" o (X*(5,2)) = o (X°(s, 2))|dW (s),

13



from (3.9) and Lemma 2.2.
From (3.10), we get

(3.11). exp[—(A + M)t]| X (¢, z) — X°(t,2)|
< exp[—(A + 1)t]le /2 X1 (¢, 7))

+C(m) /0 exp[— (A + 71)s|C(D2)| X2 (s, ) — X°(s, z)[2ds
+ expl— (A + )], z)e/

O e e S ) i)
0

From (3.11), by the Gronwall’s inequality,

(3.12). |X°%(t,z) — X°(¢t, z)]
< exp[(A + 1)t + Clm) /0 C(D)|X*(s,7) - X°(s,)|ds]

x sup {exp[-(A+ 71)s]|el/2X1 (s, z)| + exp[-(\ + '71)s]|H(s,:r)61/2
0<s<t

x / ", 2) " [0 (X (u, 2)) — o(X(u, 2))|dW ()}
0

(see Hartman (1964), Chap. 3). If
(3.13)  C(D,z)/2 > expl(A +71)f(€)T] sup )Texp[—(f\ +71)s]e 2 X (s, z)],
0<s<f(e '

and if

(3.14).

G(D,2)/2 > expl(A + 1) FE)T]  sup  expl—(A+7)s]
0<sLf(e)T

(s, 202 [T, 2) o (X7, ) = (X2 AW ),

then from Lemma 2.4 and (3.12),
(3.15).

sup _ |X*(t,z) - X°(t,z)| < C(D,2)/[1 = C(m)C(D*0)C(D,z)/(A + 1) < C(D, ).
0<s<f(e)T |

This implies that 75(z) > f(e)T.
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Next we show that (3.6) is true. For 73, 11 > 0, and @ in Lemma 2.2, and

(3.16).
(exp[—2(A + m1)$]|Q 1 X1 (s, z)|? + €272)1/2

=eM + /0, exp[—2(A + 71 )u)(exp[—2(A + 1 )u]|Q 1 X1 (u, z)|? + €273) ~1/2

X ("(’\ + 71)IQ—1X1(ua I)I2du+ < Q—IXI(U)I)
, Q7' Db(X°(1, 7)) QQ ™ X1 (v, T)du + Q7 o (X (u, 2))dW (u) >)

+ /0 exp[-2(A + M) (1@ o (X°(w 2)I* — exp[-2(A + m)u]

x Q10 (X0(,2)))" Q™ X1 (1w, )/ (expl-2(1 + M)ullQ™ X1 (u, 2)* +€2))
/(expl=2( + 1)ul|Q X (u, 2)? +€2%) V2 /2

<em 4 /0 C(D2)/1Q |- 1QIIIX°(, )|

x (exp[—2(A + 1)u)|Q" 1 X1 (u, z)|? + €272) 1/ 2du
+ sup [|Q7o(X (x,z))|| sup |W(w)l/[2(A+71)]'/?
0fuLoo 0<uLl1l

i /0’ exp[-2(A + 1)ulllQ o (X (u, 2)II?/ (26™) du,

for some 1-dimensional Wiener process W(-) (see Ikeda and Watanabe (1989), Chap. 2,
section 7), in the same way as in Lemma 2.2.
From (3.16), by the Gronwall’s inequality (see Hartman (1964), Chap. 3),

(3.17). (exp[—2(\ + 71)s]|Q ™ X1 (s, 7) [* + €279) /2
< exp( /0 CO)IQ - 11Q1] - 1X°(u, 2)]du) (€™

+ sup IIQ‘IU(X°(u,:v))Il0§uglIVV(u)I/[2(/\+71)]1_72

0fuLeo

" /0’ exp[~2(A + 1)U[|Q ™ o (X (u, z))|[*du/(26™).

Let v1, 73 > 0 sufficiently small depending on T and A. Then we get (3.6), from Lemma
2.1. .

Finally we prove (3.7) which can be proved in the same way as in (3.16)-(3.17). In
fact, put

(5.18). Z*(s,2) = expl=(A+m)slll(5,3) [ T 2) ™ o (X" (0, 2)) = o (X", NIV ()
0 .
Then there exist positive constants C(D?b) and C(||Q~'o|!) such that
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(3.19). | (IQ_IZ‘(3’$)|2+5273)1/2
<em+ f 107125 (u, )+ €¥) A= (A + 1)|Q 2 o, ) P
0

+< Q712 (v, ), Q7' Db(X°(u, 7)) QQ ' Z5 (u, z)du
+ Q7 exp[—(A + M )ul(o(X* (1, 7)) — (X °(u,2)))dW (u) >)

+ [ expl-2(h Ml o (X (w,2) - o))
1Q71 25 (u, z)|? + &) 2du/2
<em+ [ coIQI QX (w21 2w ) + £27)1/2du
0 |

+2C(l1Q o) sup |W(w)|/[2(r + 7))/
0<u<l
+ /(; exp[—2(A + 1)U C(|Q o] )?/ (267 du,

for some 1-dimensional Wiener process W (-) in the same way as in (3.16)-(3.17).
By the Gronwall’s inequality, in the same way as in (3.17),

(3.20).
(1Q712%(s,2)|* + €7)1/2

<exp( [ COBQI- Q71X 2)ldw)
x [ + C(IlQ  all)(2/ (A +11))*/? S W ()| + C(IIQ™ o)/ (4e™ (A + 7)),
Let 41, 43 > 0 sufficiently small depending on T and A. Then we get (3.7), from Lemma

2.1. _
Next we prove (3.2).

Proof of (3.2).

For min(1 — T, T) > v4 > 0, take a = a(e,T,v4) € Wraz (see before Lemma 2.5 for
notation) such that

(3.21). la] = e(T—1)/2,

For T' > v > 0, put

(3.22). o(t)’

{Xo(t,x) 1f0<t<f()/—1
a(t - f(e)vs + 1)+ XO(t,z) if fle)ys =1 <t < f(E)vs
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Then

(3.23). P(rp(z) < f(e)T)
>P( sup |X(t,z) - pt)] < eTH1)/2

0<t<f(e)rs .
sup 1X(t,2) = XO(t = f(e)rs, X* (F(€)15,2))] < )
F(e)rsStETat f(e)s
>P( sup |X%(t,z) — o(t)] < e(TH1)/2)
0Lt f(e)rs

inf P( sup |X:(t,y) — X°t,v)| <),
s XU oy cemnara T (oS, [XE(t0) = X0t 0 <)

for sufficiently small 76 > 0 compared to § (in Lemma 2.5), from Lemma 2.6 (see (2.19)
for notation).
The following together with (3.23) completes the proof;

(3.24). liminflog(—log P( sup |X%(t,z) — o(t)| < &T+1)/2))/loge > T - 1,
e—0 ©

0Lt f(e)rs
and
3.25). li inf P Xe(t,y) — XO(t y)| < v6) = 1.
(3-25) e xo ey cemanore TG sup. |X*(t,y) — X" (2, 9)] < 7e)
Let us first show that (3.24) is true. Put -
¢t
(3.26). X0 (t,2) = pt) + /2 / o( X (s,2))dW (s).
0 |

Then there exist positive constants C (o) and C(Db) > 1 such that
(3.27).

P( sup |X%(t,z) - p(t)] < eTHm)/2)

0<t<f(e)rs »
- f(e)rs . '
=Blew(([ < o(X?%(5,2)7 (X "*(5,2) ~ dip(s)/ds), W (s) >
0

fe)rs
- /0 |0 (X (5, 2)) "M (X (5, 7)) — dip(s)/ds) 2 ds/2] /)

;osup  |XPE(tz) — p(t)] < eTT/2
0<t<f(e)s

> exp([—¢” - 5C(0)*C(Db)? £ (€) 756 T~™] f¢)
X P(/f(shs < o(X?c(s,z)) " (B(X P (s,z)) — dp(s)/ds), e/ 2dW (s) >> —€T,
0 _

_sup [XPE( ) - ple)] < STHIN)
0<t<f(e)rs

> 1/2exp([-e" - 5C(0)*C(Db)? f(e)yse" ~™)/e),
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for sufficiently small € > 0.
In fact, if SUPg< < f(e)ys 1 X P¢ () — @(t)] < e(T+7)/2 then

f(e)rs
. (328)- /; IO-(XV’,E(S’x))—‘l(b(xcp,s(s,z)) _ dcp(s)/ds)|2ds
< 9C(0)2C(Db)? f(€)yseT—™

for 'some positive constants C(o) and C(Db) > 1, since

(3.29).
|b(X*#% (s, 2)) — dip(s)/ds]
_ { [5(X (s, 2)) = b(e(s))] if0<s< fle)rs— 1,
[b(X #= (s, 7)) — b(we(s)) + b(ep(s)) — b(X°(s,2)) —a] if f(e)1s —1 < s < fe)ws,

< C(Db)(eT+1)/2 4 |a]) + |a]
< 3C(Db)s(T"74)/2
for some constant C(Db) > 1 by the mean value theorem.

The last probability in (3.27) can be considered as follows;

(3.30).
P(/f(%5 < (X9 (s,2)) "L (B(X P (s, 7)) — dy(s)/ds),e* W (s) >> €T,
o , .

sup | X¥E(t,z) — o(t)] < eTH14)/2)
0<t<f(e)ys :

=P( sup |X¥c(t,z) — ()] < eTTM/2)
0<t<F(e)vs

_ P(/Of(s)‘75 < O‘(X‘P'E(S,$))"‘1(b(X‘PyE(s’I)) _ d(,D(S)/dS),é'l/deV(s) >< —€T,

sup | X¥5(t,z) — p(t)] < eTH1/2),
0St< ()8

The first probability on the right hand side of (3.30) can be considered as follows;
(3831).  P( sw  [XP%(t,7) - p(t)] < TFW)
0<t<f(e)vs .

¢
=1-P( sup |¢'? / a(XPE(s,z))dW (s)| > eTH1)72)
0<e<f(e)s 0

f(e)rs

>1_ 61-—(T+74)E'[/ o (X (s,z))1*ds]
0

— 1 (dS g — 0))
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by the martingale inequality (see Ikeda and Watanabe (1989), Chap. 1, section 6). v
The second probability on the right hand side of (3.30) can be considered as follows;

IO

(3.32). P( /0 < a(xw(s; )L (B(X % (5, 7)) — dip(s)/ds),eY2dW (s) >< €T,

sup | X% (t,z) — o(t)] < elTH™)/2)
0<t< f(e)rs
< P(3C(a)C(Db)e ' =™)/2 f(e)ys sup |W(t)] > 1)
: 0<t<1

(for some 1-dimensional Wiener process W (t), from (3.29))
S exp(_e(74“1)/2)

for sufficiently small € > 0 (see Freidlin and Wentzell (1984), Chap.3).
Next we prove that (3.25) is true; for y for which |y — a — X°(f(e)7s, z)| < e(T+1)/2,

(3.33). P(0 sup. 1X(t, ) — X°(,9)| < 76)
| > P(exp[(A+71)Ta] sup {exp[—(\+ 71)s](le"/2X1(s, )]
0<s<T.

+ M6, [ 00,2) o (X (0,0)) = oW W} < 1),

for sufficiently small 47 comapred to s in the same way as in (3.12)-(3.15). The last prob-
ability in (3.33) converges to 1, as € — 0, uniformly in y for which |y —a— X°(f(e)vs, z)| <
e(T+7)/2 in the same way as in (3.6) and (3.7) from (2.24), since

Ta
(3.34). / 1X%(s, 9)lds
0
Ta
< / 1X0(s,y) = X5, 0) — XO(s + F()1s,7)]ds
.
Ta Ta
/ 1X(s, a)|ds + / 1XO(s + f(e)ys, 2)lds
0 0
Ta
< T,e™in(a,07s/(2AN/2 L Ty + / Cilz|exp(—a(s + f(€)7s))ds,
0

for sufficiently small € > 0, and v; > 0 from Lemma 2.6, (2.26) and Lemma 2.1, and since
from (2.28) ’

(3.35). ~  Ta<log(C(m)/llal max{lyl;y € 8Us(D)}))/(A = 1) < f(&)T,

for v, > 0 sufficiently small compared to v4 > 0.
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4. Proof of Theorem 1.3 and Proposition 1.4.

In this section we prove Theorem 1.3 and Proposition 1.4. We first prove Theorem 1.3,
that is, 1-dimensional case.

Proof of Theorem 1.3.
We devide the proof into the following two step; for any T > 1,

(4.1). limsgp log P(rH(0)/f(e) > T)/loge <T - 1.
(4.2). liiri'i(z)lf log P(tp(0)/f(e) > T)/loge > T — 1.

(Since we consider 1-dimensional case, the set A; U A3 is empty.)
We first prove (4.1).
Proof of (4.1). For any 1/2 < r < 1 and v2 > 0, and sufficiently small 4 > 0,

(43)-P(rh(0)/£(€) > T)
2P sup_ |X*(t,0)| <t
0t f(e)(T~)

sup IX(t,0) = Xt = £(€)(T = 1), X*(f()(T = ), 0))| < 7)
HE)(T-r)StS ()T

>P(  sup  |X%(¢,0)| < elrt2)/2)
0<t<f(e)(T-r)

x inf P( sup |X°(t,y) - X°%t,y)l <)
lyl<e(m+712)/2  “0<i< f(e)r
for sufficiently small € > 0, since for |y| < e(m+2)/2,
(4.4). - sup | X°(¢,y)| < e™/*

0<t<f(e)r

for sufficiently small € > 0, from Lemma 2.5.
The following together with (4.3) completes the proof;

(4.5). lim sup log P( sup |X€(t,0)] < et12)/2)/loge < T - 1,
e—0 0<t<f(e)(T~r)
(4.6). lim inf P( sup |X°(t,y) - X°%t,y)| <) =1

e0lyj<elr+72)/2 - g f(e)r
Since (4.6) can be proved in the same way as in (3.13)-(3.20), we only prove (4.5).
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Put

¢
(7. 0= [ o(X*(s,0)ds/oo),
0
(48). YE(t) = XE((¢) 7N (2), 0).
Then there exists a positive constant C;(c) such that
(4.9). P( sup  |X%(t,0)] < elrt12)/2)
0<t<f(e)(T-r)
= P( sup [Ye(2)] < elr+2)/2)
0ty (S(E)(T=r))
> P( sup |Ye(t)| < e(rH72)/2),

0LtSf(e)(T—r)(1+C1(a)elr+72)/2)

This is true, since in (4.9) we can assume the following; there exists a positive constant
C2(c) such that for any z, '

(4.10). |o(z) - 0(0)] < Ca(o)elr /2,

and since there exists a positive constant C;(c) such that

(4.11). | = (t) < t+ Cy(o)elrHm)/2
from (4.7) and (4.10).

Put
412). g9(e) = F(e)(1 + Gl(a)e(f+72>/2).

Then the last probability in (4.9) can be considered as follows;

(4.13).

P( sup [Ye(t)] < elrHr2)/2)
0t F(ENT —r)(1+C (0)elr+12)/2) :

9(e)(T~7)
= E[exp([/o < 0(0) M (b2 X1 (s, 0))[0(0) /o (/2 X1(s, 0))] — A2 X1(s, 0))

9(e)(T—-r)
€' /2dW (s) > -/ |o(0) (b€ /2 X1 (s, 0)) [0 (0) /o (/> X1 (5, 0)))?
’ 0

—Xe'?X,(s5,0))|%ds/2)/e);  sup le}/2 X (¢, 0)] < e(T+72)/2]
0<

t<a(e)(T~r)
8(e)(T=r) |
> 1/41_?(|/O < a(0) 7 (b(e'* X1(5,0))[0(0) /(" X 1 (s, 0))]

— 22X (5,0),dW(s) > | <€?,  sup  |2X (¢, 0)| < e(TH72)/2)
0<t<g(e)(T—r) ~
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(see (3.3) for notation), since 1/2 < r, and since

(4.14). dY*(t) = b(Y*())[0(0)/a(Y* (£))]2dt + /% (0)aW (z)
from (4 8).
The last probability in (4. 13) can be considered as follows,
(4.15).
9(e)(T-7)
P( [ < 0(0)" (B2 X1 (s, 0))[0(0) /o (/2 X (3, )]
0
= Ae'/2Xy(s,0)),dW(s) > | < €'/?,  sup  [eM2Xi(t,0)| < eTHTIZ)

0<t<g(e)(T—r)

=P( sup [Y%X1(t,0)| < elTT1)2)
0St<g(e)(T-r)

— P(] /()Q(E)(T—r) < o(0) 7 (b(e"* X1 (s, 0))[o(0) /o (€' X1 (s, 0)))?

— Xe'2X(5,0)),dW(s) > | > €/,  sup leY/2 X1 (¢, 0)| < elmH12)/2),
0<t<g(e)(T—r)

The first probability on the right hand side of (4.15) can be considered as follows:

(4.16).

P(  sup leY/2 X, (¢, 0)] < elmT12)/2)
0<t<Lg(e)(T-r)

> P(lsl/szl(g( )(T - 7-) o)l < s(r+72)/2/2
m(a%cslﬂ exp(\k) sup | exp(—As)o(0)dW (s)] < E(r+~,2)/2/4)
b= k-1<t<o(e)(T-r) Sk

= P(|e/2X,(g(e)(T — 1), 0)| < e"+12)/22)

, _
- P(gx(agcsl/2 exp(Ak) sup ] exp(—As)a(0)dW(s)| > elm+12)/2 4),
k=1 k—1<t<g(e)(T—r) =1

where n(e) - 1 denotes the integer part of g(e) (T — 7). This is true, since for k — 1 <t <
9(e)(T - 1),

¢
(4.17). lel/QXl(t,o)|=51/2exp()\t)|/ exp(—As)a(0)dW (s)|
- 0 .
g(e)(T-r)
< ell? exp(At)l/ exp(—As)a(0)dW (s)|
0
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| 9(e)(T=r)
+ Y2 exp(At)| / T exp(=As)a(0)dWV(s)]
, k-1
t
+ Y2 exp(At)) / exp(=As)o(0)dW (s)|
k-1

9(e)(T—r)
< eV exp(Ag(e)(T - 7)) /0 exp(=As) (o)A (s)]
9(e)(T—r)

+ Y2 exp(AK)] /k T en(-Ao(0)d (o)

+ e/2 exp(AK)| /k t lexp(—)\s)a(o)dW(s)l.

The first probability on the last part of (4.16) can be considered as follows; for sufficiently
small € > 0,

(4.18). P(|eY2X1(g(e)(T — 1), 0)| < e(r+12)/2/9) > £T-1/2472,
The second probability on the last part of (4.16) converges to 0 exponentially fast;

t
(419) P(FskePexp(Ak)  sup | / exp(—As)o(0)dW (s)| 2 e7+7)/2/4)
k=1 k—-1<t<g(e)(T~r) Jk—1

< n(e)P(ePm"212)/2 gup |[W(t)| > 1)
0<t<1

(for some 1-dimensional Wiener process W (t))
< exp(_a_(l_r_s”ﬂ))
for sufficiently small € > 0 (see Freidlin and Wentzell (1984), Chap. 3).

The second probability on the right hand side of (4.15) also converges to 0 exponen-
tially fast;

(4.20).
g(e}(T—-r)
P(] / < 0(0) "M b2 X1 (s, 0)) [0 (0) /o (/2 X1 (s, 0))]?
0
— Xe!2X\(s,0)),dW(s) > | > /2, sup e /2 X, (t, 0)| < e(7t12)/2)

0<t<g(e)(T~r) ‘

< P(elm2/2=1/2) gyp W ()| > 1)
0<t<1

(for some 1-dimensional Wiener process W(t))
< exp(—e~(7Y)
for sufficiently small € > 0 (see Freidlin and Wentzell (1984), Chap. 3). Here we used the

following;
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(4.21). . sup{|b(z)[e(0)/a(z)]? - ./\a:l/lxlz;:z: € R} <o

from (A.D).
Q.E.D.
Next we prove (4.2). |
Proof of (4.2). For 1/2 < r < 1, 42 > 0 and sufficiently small € > 0,
(4.22).
P(rp(0)/f(e) > T)
SP( s Xt o) <l
0<t<f(e)(T~7)
+ P( sup | X (¢, 0)| > E(r—‘yz)/z,
0<t<f(e)(T-r)
sup 1 X5(8) = X (8 = 7 —ay20 X5 (T oy 2)] 2 0)
7’(',._.,2)/2StS"'(‘,._.,z)/g'*‘TX‘('(‘,._.72),2) i 2

< P( sup | X€(¢t,0)| < e(r'72)/2)
0<t<f(e)(T—7)

+ sup P( sup |X°(t,y)— X(t,y)] = 6)
Iyl:e("72)/2 OStSTy

(see (2.19) for natation), from Lemma 2.5. Here we put

4.23). T\ = inf{t > 0;|X5(t, 0)] = e(""72)/2},
(r—2)/2 »

(4.22) together with the following completes the proof;

(4.24). lim inf log P( sup |X2(t,0)| < €m2)/2) [ loge > T -1,
. e=0 0<e<f(e)(T~7)

(4.25). liminflog sup  P( sup |X°(¢,y)— X(t,y)| = 7))/ loge = oo.
=0 lyl=elr=12)/2  0<t<T,

We first show that (4.24) is true; there exists a positive constant C;(¢) such that

(4.26). P( sup | X5(t,0)] < elr2)/2)
0<t<f(e)(T~r)

= P( sup [YE(t)] < elr=m)/2)
0Pt (f(e)(T—T))

< P( sup [Ye(e)| < elr=72)/2),
0Kt f(eNT—r)(1=Cy(a)elr—72)/2)
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in the same way as in (4.9).
Put

(4.27). 9= = f()1 - Ci(o)elTmm2),
Then the last probability in (4.26) can be considered as follows;

(4.28).

P( sup [Ve(t)] < er—m)/2)
0L f(e)(T—r)(1-Ca(o)elr=712)/2)

<P sup V()| < eI,
0<t<g (e)(T-r)

~(e)(T~r »
/og o < a(0) T (Y (sDlo(0)/a(YE ()] — AY*(s)),€'/2dW (s) >
9-(e)(T—r) .
+ /0 lo(0) "1 (Y ()0 (0) /o (Y*(s))]* = AY*(s))[*ds/2 2 €)
9-(e)(T~7)
+ E[exp([/ < 0(0) 7} (b2 X1 (s,0))[0(0) /o ("2 X1 (s, 0)))?
0 v

e (&T=1)
— Ae2X, (s, 0)), €2 W (s) > — / lo(0) =2 (b(e 2 X1 (5, 0))
0

x [o(0) /o (/2 X1(s,0)))? — Ae}2X (s, 0))|*ds/2) /e)

0-(e)(T—r)
; sup le/2 X, (¢, 0)| < E(r_7’)/2,/ < o(0)~(b(e /2 X1 (s, 0))
0<t <o (€)(T~r) 0
x [o0(0) /o (e}?X1(s,0)))? = AeV/2 X1 (s,0)),e/2dW (s) >

g—(e)(T-r)
- /0 10(0) 2 (b2 X1 (5, 0)) 0 (0)/ (/2 X (5, 0))]?

= Xe}?X1(s,0))|?ds/2 < €]

< P(er=2m=1/2) gyp |W(t)| > 1) + 3P( sup |eY/2 X, (¢, 0)| < e(7=72)/2)
0<e<1 0<t<g- (e)(T—r)

(for a 1-dimensional Wiener process W (t), from (4.21))
S PETIRTYD sup [W()] 2 1) + 3P(2 X1 (g (6)(T - 1), 0)] < 2
0<t<1

< exp(—e~(Zr=sm-1)y 4 ((T=1-272)/2,

for sufficiently small v5 > 0 and € > 0.

(4.25) can be proved as follows; the following holds uniformly in y for which |y| =
5(7""'72)/2,

(4.29). P( sup |1X*(t,y) - X(6,) 2 7) < exp(~e=(1=7/2)
0<t<T, ’
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for sufficiently small € > 0, in the same way as in the proof of Theorem 1.2, since

(4.30). Ty < f(e)r,

for sufficiently small v > 0, from (3.35).
Q.E.D.

Next we prove Proposition 1.4.
Proof of Proposition 1.4.
Put

(4.31). Z0¢ (¢, z) = XX Cade(y)

(see (3.26) for notation).
Then there exists a positive constant C(o, Db) such that for z € A;U{o}\0D, T > 1,
and ¢, c2 > 0,

(4.32).
P(rp(z)/f(e) > T)
> P( sup |X%(t,z) — X°(t,2)| < c1e'f?)
0<t<f ()T
T
= E[exp([/o < 0(2%(s,2)) "1 (b(2% (s, 2)) — b(X(s,7))), "/ 2dW (5) >
- /f(E)T l0(2%% (5,2)) "1 (5(Z2% (s, 7)) — B(X (s, 7)))|*ds/2]/e)
0
; sup |Z%¢(t,z) - X°(t,z)| < c1€'/?)]
0<t<f(e)T
> exp[—(C(0, Db)S + c2) F()TIP( sup |Z%¢(t,z) — X°(t,7)| < cae'’?,
0<tLf(e)T v

/f(e)T < (2% (s,2)) "1 (b(Z2% (s, z)) — (X (s,2))), AW (5) >> —c2e'/?f()T)
0

— E(C(a,Db)cf+cz)T/(2/\) [P( sup IZO’E(t,:L‘) _ Xo(t,I)l < 6161/2)
: 0Lt f(e)T
—P( sup |Z%(¢,z) - XO(t,z)| < cre'?,
0<t<f(e)T

/f(E)T < 0(2%(s,2)) " (B(2% (s, z)) — b(XO(s,2))), dW (5) >< —cae? f()T)].
0

(4.32) together with the following completes the proof;

(4.33). limsuplog P( sup |Z%(t,z) ~ XO(t, )| < c1e/?)/loge < oo,
e—0 0<tS ()T |
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and for sufficiently small € > 0,

J(&)T
434). P( sup |Z°%(t,z) - XO(t,2)| < ciell?, / < o(2%¢(s, 7))
 osefaT 0

x (b(Z2%%(s, 7)) — b(X°(s5,2))), AW (s) >< —c2e? f(e)T)

<P( sup |Z2%(t,z) - Xt )] < crel’?)/2
0<t< ()T

if ¢ is sufficiently large compared to c;.
Let us first prove (4.33). There exists a positive constant C (o, Db) such that

(4.35).

P( sup |Z2%(t,2) - X°(t, )| < c1'/?)
0<t<f(e)T

t
=P( sup |€1/2/ o(Z2%¢(s,2))dW (s)| < c1e¥/?)
0<t<f(e)T 0

>P( sup [eY?W(t)| < Ci(o, Db)cie'/?, I(/ Z 8o (2% (s,z))" /B2
0<t<f(e)T Pt

x Y2Wi(5)el20(2%¢ (s, z))*4dW(s))L,| < c161/2/3)

=P( sup [eY2W(t)| < Ci(o, Db)c,et/?)
0<t< ()T v

~P( swp [eV?W(&)| < Ci(o, Db)crel/2,|( / Z 0(2%(s, 2))7 /0
0<t<f(e)T 5.k, 0=1

x eY2W3(5)et20(Z2%¢ (s, z))* 4 dWE(s)) | > c161/%/3)

for sufficiently small € > 0 from Lemma 2.1, since for i =1,---,d,

172 a(z°-€(s,x))"de"(s)

\.

d
Zo Z%% (¢, )9l 2Wi(t) — / Z 00 (Z%¢(s,z)) 7 [ Dzie P Wi (s)
j=1

0 Fe=1

d
x (6°(X°(s,z))ds + €'/ Y " a(2%%(s, 7)) 2 dW(5))
=1
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d
+( ) 80(2%(s,2))* [02ma(2%(s, 7)) ™*]ds/2
k,m=1

by the Ito formula (see Ikeda and Watanabe (1989), Chap. 2, section 5).

With respect. to (4.35), we have the following; there exists a positive constant C such
that ase — 0,

(4.37). P( sup [eY2W(t)| < Ci(o, Db)c1e?) ~ exp(—C f(€)T/[Ci(o, Db)cy]?)
0<t<f(e)T :

= CT/(2A[Cl(a,Db)c1]2) :

(see Ikeda and Watanabe (1989), Chap 6, section 8). We also have the following; for
sufficiently small € > 0,

(4.38).P( sup [Y/2W(t)| < Ci(o, Db)cre?, |( / Z 8 (2% (s, 7)) |0z
0<t<f(e)T P

x gt/2wi (s)slﬁa(z" (s, z))FdWE ()L, | > c1e1/?/3)
< P(sup e¥8|W(t)|>1) ( for some 1-dimensional Wiener process W (t))
0<t<1 .
< exp(—e~1/?),
(4.34) can be proved as follows; there exist positive constants C; and Cz(c,b) such

that for sufficiently small € > 0,

(4.39).
P( sup [Z2%%(t,z) - X°(t,7)| < c16'?,
0<t<f(e)T
/ " < (2% (s,2))THB(Z%% (s, ) — b(X°(s,2))), AW (s) >< —caz™/?f(e)T)
0
< P( sup (Co(o,b)er/ca)(f ET) AW ()] > 1)

(for some 1-dimensional Wiener process W (t))

< exp(=Ci(ca/[Ca(a, b)er])2f(e)T)
— gC1(c2/[Ca(a,b)a1])>T/(22)

(see Freidlin and Wentzell (1984), Chap. 3). Take cs sufficiently large compared to c;.
Then we_get (4.34).
| Q.E.D.
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5. Example for Conjecture 1.5.

In this section we show that Conjecture 1.5 is true when b(z) = Db(o)z and when o(z) =
Identy.

Example 5.1.

Suppose that (A.D) holds, that b(z) = Db(o)z and that o(z) = Identy. Then for any
zeAiU{o}\O0D and T > 1,

' d
(5.1). ll_r% log P(tp(z)/f(e) > T))/loge = Z max(0, (Re(\:)T/A — 1)/2).

i=1

(Proof). We first show the lower bound. There exists a constant C(D) > 0 such that

(5.2). P(th(z)/f(e) > T) < P(IX*(f(e)T,0)| < C(D)),
since for t > 0 and z € R4,

(5.3). Xe(t,z) = X°(¢,0) + X°(t, z).
Let {Ay(:) }i=1 be the eigenvalues of Db(0) whose real parts are positive. Let A; denotes
the eigenspace which corresponds to A,y and put d; = dimA; fori=1,---,v. Fory; > 0

take a d x d-matrix Q so that

(5.4). < Q7 'Db(0)Qz, 2 >> (Re(Ap(y) — )|z}, forzeh; G=1,---, v)
(see Hirsch and Smale (1974), Chap. 7, section 1). Then

(5.5).
P(IX*(f(e)T,0)| < C(D))
< P(IQ7YX(f(e)T, 0)| < ||Q7HIC(D))

~ [ e exp(~[y[*/2)/ (2m)**dy
Efo _ lexp(Db(0)*s)(Q~1)"y|?ds<||Q~!||2C(D)?

< [ o exp(~[y[?/2)/(2m)*dy
e[, 1Q" exp(Db(0)*s)(Q1)"y|2ds<[IQ"|?1Q1|2C(D)?

< II¥

= +4i=1

/ HaT | - exP(—|7Ji|2/2)/(27f)d"/2dyi
efo |Q* exp(Db(0)*s)(Q 1) yi[*ds<||Q~|[3||Q~||2C(D)?,y: €A;

s HE’=1/ HoT exp(—lyil*/2)/(2m) %/ 2 dy;
Efo exp(2(Re(Ap(iy) =71) )i [2ds <}|Q*[12]|Q -1 |[2C(D)?,y:€A;

< I /’ exp(—ly:|%/2)/(2m) 4/ 2 dy;
=1 El_(Ilc(’\w(i))—'z.’l)’r/l\lyil2<“Q'”:ZHQ"‘”?C(D)?'!“EA‘. p( IJ I / )/( )
< MY e™a(dil(Re(Aon) =3n) T/A=1]/2,0)
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for sufficinetly small € > 0.
Next we show the upper bound. There exists a constant Cy(D) > 0 such that

(5.6). P(rp(z)/f(e) >T) > P( sup |X°(¢,0)| < Ci(D)),
' 0<t< f(e)T

from (5.3), and

(65.7). P( sup |X°(t,0)| <Ci(D) 2 P( sup |Q7'X5(t,0)| < Ci(D)/IIQI)
0Kt f()T 0SS (T .

for Q in (5.4).

Let (Q~1X%(t,0))+ and (Q~1X*®(t,0))— denote the components of Q~1X*(t, 0) which
belongs to the eigenspace corresponding to the positive and negative eigenvalues, respec-
tively. Then the right hand side of (5.7) can be considered as follows;

(5.8). P(_ sup |Q7'X*(t,0)| < Cy(D)/IIQI)
0L ()T

> P( sup |(QTTXE(t,0))+| < Cu(D)/2lIQID)
0<t<f(e)T :

—P(__sup |(QX5(t,0)-| 2 C1(D)/(2QID)-

0<t<f(e)T
The first probability on the right hand side of (58) can be considered as follows;

(5.9). P( sup [(QT'XE(t,0)+| < Cu(D)/2lIQIN)
0<t<f(e)T

> P((Q'X*(F(6)T0))+| < C1(D)/(4IIQID) - exp(—™*/2),

for sufficinetly small € > 0, in the same way as in (4.16), (4.17) and (4.19). In the same
way as in (5.5),

(5.10)- P((Q7'X*(f()T, 0)+] < Cu(D)/(4l1QID)

> H:{=lemaX(di[(Re(f\v<s))+3‘n)T—1]/2,0)7

for sufficinetly small € > 0.
The second probability on the right hand side of (5.8) can be considered as follows;

(5.11). P( sup [(QT'X*(t,0)-| 2 Ci(D)/2lIQI)
0<t<f(e)T

< exp(—e7?)

for sufficinetly small € > 0 (see Freidlin and Wentzell (1984), Chap. 4).
Q.D.E.
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6. Correction to Mikami (1993), Lemma 2.4.

Since the inequality (2.27) in the proof of Lemma 2.4 in Mikami (1993) is not correct if
the set A3 is not empty, we give the correction. In this section, all the notations including
the numbers of displayed equations follow Mikami (1993).

(2.27) in Mikami (1993) should be changed as follows:

(2.27). limsupelog| sup P.(tp > R—h,§ o S B —h—R/Ny)|
- €—0 2€Ua,(0),0Sh<R/No st
< —2&3,

from Lemma 2.1, (2.23).

Accordingly the following change should be done; (2.23) in Mikami (1993) should be
changed as follows:

(223) mf{|X(t, $)l, III <ag,t2 Ta1.=} > 2021

where we put T, - = inf{t > 0: [X(¢,z)| = a1}; at (2.24) in Mikami (1993), 2/Np should
be 4/No; at (2.25) in Mikami (1993), 75 > R should be 7§ > R/Np; (2.26) in Mikami
(1993) should be deleted; (2.29) in Mikami (1993) should be changed as follows:

(2.29). YE

1

and if sup, .« <o<ir1-1/n0)R [ X (B)] < au,

0 if infipcec(it1/No)R I XS (D)l < @2
1 otherwise,

- where we put 7§ = inf{min(¢, (i +1—~1/No)R) > iR;|X®(t)| < as}. We omit the technical
change according to the change above.
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