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Abstract

We study the Betti numbers which appear in a minimal free res-
olution of the Stanley-Reisner ring k[A] of a Buchsbaum complex A
and find a characterization of Buchsbaum complexes A for which a
minimal free resolution of k[A] is linear.
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1 Background and results

(1.1) A simplicial complez A on the vertez set V = {z;,24,...,2,} is a
collection of subsets of V' such that (i) {z;} € A for every 1 <i < v and (ii)
o0 €A, 7T Co=r71€oc. Each element o of A is called a face of A. Let f(o)
denote the cardinality of a finite set 0. We set d = max{f(c) | ¢ € A} and
define the dimension of A to be dimA = d — 1. We say that A is pure if

#(o) = d for every maximal face o of A.
Given a subset W of V, the restriction of A to W is the subcomplex

Aw-:{O'EAIO‘CI/V}

of A. In particular, Ay = A and Ay = {0}. On the other hand, if ¢ is a
face of A, then we define the subcomplexes linka (o) and stara(o) to be

linka(e)={r€eAlonrt=0,0UT €A}

stara(0) ={r€AloUrT € A}

Thus, in particular, linka (@) = stara(0) = A. |
Let H;(A; k) denote the i-th reduced simplicial homology group of A with
the coefficient field k. Note that H_;(A; k) = 0if A # {0} and ‘

aoin ={ ) §2°

?
1

(1.2) Let A = k[zy,22,...,7,] be the polynomial ring in v-variables over
a field k. Here, we identify each z; € V with the indeterminate z; of A.
Define I to be the ideal of A which is generated by square-free monomials
Ty Tiy e+ Tipy 1 S8y <ig < -0+ <4 S, with {z;,2;,,--,2;,} € A. We say
that the quotient algebra k[A] := A/I, is the Stanley-Reisner ring of A over
k. Consult [Bru-Her], [H,], [Hoc], [Sta] for the detailed information about
Stanley-Reisner rings.

In what follows, we consider A to be the graded ring A = @,>0 An
with the standard grading, i.e., each degz; = 1, and may regard k[A] =
Bnso(k[A])n as a graded module over A with the quotient grading.

Let A(j), j € Z, denote the graded module A(j) = @,cz[A()]. over A
with [A(j)]n := Any;. Here Z is the set of integers.
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(1.3) A graded finite free resolution of k[A] over A is an exact sequence

Bn 61
0 — @A(—ahj) 2 B PA(-ay) B AL kAl — 0 (1)

i=1 j=1

of graded modules over A, where @?;1 A(—a;;) with each a;; € Z, 1 <
¢ < h, is a graded free module of rank B; (< o), and where every ¢; is
degree-preserving. The homological dimension hd 4(k[A]) of k[A] over A is
the minimal 2 possible in (1). It is known that v — d < hds(k[A]) < v. The
second inequality is Hilbert’s syzygy theorem ([Bru-Her, Corollary (2.2.14)]),
and the first inequality follows from Auslander-Buchsbaum formula ([Bru-
Her, Theorem (1.3.3)]). A finite free resolution (1) is called minimal if each
B; is smallest possible. A minimal free resolution of k[{A] over A exists and
is essentially unique. See, e.g., [Bru-Her, p. 35] and [H3, Section 5].

We say that a simplicial complex A is Cohen-Macaulay over a field k
if hd4(k[A]) = v —d. On the other hand, a simplicial complex A is called
Buchsbaum over k if A is ‘locally’ Cohen-Macaulay (i.e., linka ({z;}) is Cohen-
Macaulay for every 1 <7 < v ) over k and is pure.

(1.4) Suppose that a finite free resolution (1) is minimal with A =
hd4(k[A]). We say that 8; = BA(k[A]) is the i-th Betti number of k[A]
~over A. Hochster’s formula [Hoc, Theorem (5.1)] guarantees that

Bi N
D Al-a5) = B AW )Y Faon-ima(ow ©)
j=1 wcv
as graded modules over A. Thus, in particular,
BARA]) = > dimg Hygy—ic1(Aw; k) (3)
wcv

for every 1 < ¢ < h. Hence A is Cohen-Macaulay over & (i.e., 8 = 0 for
every 1 > v—d ) if and only if I;l,-__n(w)(Av_w; k) = 0 for every subset W C V
and for each ¢ < d — 1.

A minimal free resolution (1) is called ¢-linearif a;; = (¢— 1)+ for every
I1<i<handl <j < B Wesay that k[A] has a g-linear resolution if a
graded minimal free resolution of k[A] over A is ¢-linear. Thus, in particular,
if K[A] = A/Ia has a ¢-linear resolution, then I, is generated by square-free
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monomials of degree g. We say that a simplicial complex A has a ¢-linear
resolution over & if k[A] has a g¢-linear resolution.

(1.5) We here summarize some fundamental material on Cohen-Macaulay
complexes. Let A be a simplicial complex of dimension d — 1 and f(A) =
(fos f1s- -+, fa-1) the f-vector of A, i.e., f; is the number of faces o of A with
§(c) =i+ 1. Define the h-vector h(A) = (ho, h1,...,hq) of A by

d
Z fira(e = 1) =3 bt

1=0 i=0
with f_; := 1. Recall that the Hilbert series of k[A] = @,50(k[A])n is the
formal power series F(k[A], ) = ¥52 o(dimg(k[A])2)A™ in A. Then

ho+ hid + -+« + hy\d
F(k[A],A) = ° I(I_A)d .

The h-vector h(A) = (hg,hi,...,hq) of a Cohen-Macaulay complex A is
non-negative, i.e., each h; > 0. Every Cohen-Macaulay complex is pure.
Moreover, for each face o of a Cohen-Macaulay complex A, linka (o) and
stara (o) are Cohen-Macaulay. ;

If A is a Cohen-Macaulay complex of dimension d — 1 with the h-vector
h(A) = (ho, hi,. .., ha), then the non-positive integer

Ca(A) = —d + max{: | k; # 0}

is called the a-invariant of A. In other words, the a-invariant a(A) of A is
just the degree of the rational function F(k[A], ) in A.

It follows from (1.4) that a Cohen-Macaulay complex A over k of di-
mension d — 1 satisfies H;(A;k) = 0 for every i < d — 1. Moreover, a
Buchsbaum complex A of dimension d — 1 is Cohen-Macaulay if and only if
Hi(A;k) = 0 for every i < d — 1. On the other hand, given a finite sequence
(80,61, ..,64-1) € Z% with each §; > 0, there exists a simplicial complex A
of dimension d — 1 such that, for an arbitrary field k&, A is Buchsbaum over
k with dimy, H(A; k) = 6; for every 0 < i < d — 1 ([Bjo-H]).

Again, we refer the reader to [Bru-Her], [H;], [Hoc], [Sta] for further
developments on Cohen-Macaulay complexes.



We are now in the position to state our main results in the paper.

(1.6) THEOREM. Fiz integerst and d with1 < t < d. Let A be a sim-
plicial complez of dimension d—1 on the vertez set V = {z1,22,...,2,} and
k[A] = A/l the Stanley-Reisner ring of A. Suppose that A is Buchsbaum,
but not Cohen-Macaulay, and that I is generated by square-free monomials
of degree t + 1. Then k[A] has a (t + 1)-linear resolution if and only if the
following conditions are satisfied:

(1) Hi(Ak) =0 if i#£t~1;

(ii) a(linka({z:})) < =(d =t —=1) for every 1 <i <w.

(1.7) THEOREM. Let A be a Buchsbaum complez of dimension d — 1
on the vertex set V = {z1,22,...,2,} and k[A] = A/I5 the Stanley-Reisner
ring of A. Then, for every integer i with v — d < 7 < v, we have

v

BAHAD = 25§ ) dim i)

§=0

It follows immediately from Theorem (1.7) (and, in fact, is well known)
that
hda(K[A]) = v — min{i | Fi(A3R) # 0} {d - 1)] - 1

for an arbitrary Buchsbaum complex A of dimension d — 1.
After summarizing some fundamental techniques in Section 2, our proofs
of Theorems (1.6) and (1.7) are given in Sections 3 and 4. We conclude this

paper with making a collection of examples in Section 5. See also (Bru-H]
for a related topic on Cohen-Macaulay partially ordered sets.

2 Fundamental techniques

Some basic techniques for the proofs of Theorems (1.6) and (1.7) are
summarized in this section.



(2.1) LEMMA. Let A be a simplicial complex on the vertex set V. Fiz
z € V and set A’ = linka({z}). Then, there exists a long exact sequence of
vector spaces over a field k as follows:

0 — H_,(A%E) — H_y(Ajk) — H_1(Av_(3: k)
— H_y(A k) — Ho(As k) — Ho(Av_iz3; )
I

— H,_ (A k) — Hi(As k) — Hi(Av-(z); k)

—

Proof. The above long exact sequence is just the degree (0,0,...,0) € Z*
part, v = §(V), of the long exact sequence of local cohomology modules [Hg,
Corollary (14.2)). Q. E.D.

The above Lemma (2.1) plays an essential role for the computation of the
Cohen-Macaulay type (i.e., the (v—d)-th Betti number) of a Cohen-Macaulay
complex, see [Hy].

(2.2) LEMMA. Let A be a Cohen-Macaulay complez of dimension d—1
on the vertex set V. Then H;(Av_w;k) =0 for every subset W of V and for
eachi < d—1-—§(W).

Proof. Thanks to (1.4), we know ﬁi-u(W)(Av-w; k) = 0 for every subset

W of V and for each i < d — 1. Hence, H;(Av_w; k) = 0 for every subset W
of V and for each j < d — 1 — §(W) as desired. Q. E. D.

The proof of the following Lemma (2.3) contains some standard tech-
niques in the study of minimal free resolutions of Stanley-Reisner rings of
Cohen-Macaulay complexes.

(2.3) LEMMA. Suppose that A is a Cohen-Macaulay complex of dimen-
sion d—1 on the vertex set V. Fiz 0 < p € Z and let a(A) be the a-invariant
of A defined in (1.5). Then a(A) < —p if and only if Hy(Aw; k) = 0 for
every subset W of V and for eachj >d—p—-1.



Proof. Let v = {(V) and suppose that a finite free resolution (1) with
h = v — d is a minimal free resolution of k[A] over A. We define ¢; =
min{e;; |1 <j < B} and ¢; = max{a;; | 1 < j < fi} foreach 1 < i < h.
Then 0 < ¢; < ¢; < -+ < ¢ since (1) is minimal. Moreover, it is known,
e.g., [E-G, p. 128] that 0 < e; < ey < --- < e since A is Cohen-Macaulay
over k. Hence
' h Bi

(1= AV F(HAL) = 1430 Yo (1A%
i=1 j=1
(cf. [Bru-Her, Lemma (4.1.3)]) is a polynomial in A of degree e,. Here,
F(Ek[A],A) is the Hilbert series of k[A]. Thus a(A) = —v + e,. Hence
a(A) < —p if and onply if e, < v — p. Now, suppose that H;(Aw;k) =0
f9r every subset W of V and for each j > d — p — 1. Thus, in particular,
Hyw)-w-a)-1(Aw; k) = 0 if §(W) > v — p. Hence, by Eq. (2), e, < v—p.
On the other hand, if e, < v — p, then ¢; < d — p +i. Hence, again by Eq.
(2) Hﬁ(W)—z I(AW ]\,) =01if ﬂ(”/) >d— p + 1. Thus H (Aw,lx) = 0 for
every subset W of V and foreach j >d —p —1 as requxred Q. E. D.

3 Proof of Theorem (1.6)

First, we recall our situation of Theorem (1.6). Fix integers ¢t and d with
1 <t <d. Let A be asimplicial complex of dimension d — 1 on the vertex
set V = {x1,2,,...,2,} and k[A] = A/IA the Stanley-Reisner ring of A.
Suppose that A is a Buchsbaum complex which is not Cohen-Macaulay and
- that the ideal I is generated by square-free monomials of degree ¢ + 1.

By virtue of Eq. (2), the Stanley-Reisner ring k[A] has a (¢ + 1)-linear
resolution if and only if, for every subset W of the vertex set V, we have
Hi(Aw;k) = 0if i # ¢ — 1. Thus, in particular, if k[A] has a (¢ + 1)-linear
resolution, then H;(A;k) =0 if 7 75 t — 1. Moreover, H,_;(A; k) # 0 since A

is Buchsbaum but not Cohen-Macaulay.

(3.1) LEMMA. Fizz € V and let A’ denote linka({z}). Then a(A’) <
—(d =t —1) if and only if Hi(Aly; k) = 0 for every subset W of V and for
eacht withe £t —2,1# ¢~ 1.

Proof. Since the subcomplex A’ is Cohen-Macaulay of dimension d — 2,
thanks to Lemma (2.3), a(A') < —(d —t — 1) if and only if H;(Aly;k) =0
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for every subset W of V and foreachi > (d—-1)—-(d—t—-1)—-1=1t—1.
On the other hand, every subset 7 of V — {z} with #§(7) <t — 1 belongs to
A, thus H;(Al; k) =0if W C V and i <t —2. Hence a(A') < —(d—t 1)
if and only if H;(Aly;k) = 0 for every subset W of V and for each i with
t#£t—2,1%# ¢t~ 1 as required. Q. E.D.

Now, suppose that k[A] has a (¢ + 1)-linear resolution. Fix 2 € V and
let A’ denote the subcomplex linka({z}). Since Hi(Aw;k) = 0 for every
subset W of V and for each ¢ # t — 1, replacing A with Awy(s) in the long
exact sequence of Lemma (2.1), we obtain H;(A},;k) = 0 for every subset
W of V and for each 7 with ¢ # ¢t — 2,1 # t — 1. Hence, by Lemma (3.1),
a(A') < ~(d -t —1) as desired.

On the other hand, suppose that a(linka({z})) < —(d — t — 1) for every
z € V and that H;(A;k) = 0if i # t — 1. We show that H;(Aw; k) = 0 for
each ¢ # ¢t — 1 and for every subset W of V. Let W be a subset of V' with
W # V and suppose that H,-(A;Vu{z}; k) = 0 for every z € V — W and for
eachi#t—1. Let # € V — W and A’ = linka({z}). Since H;(Aly;k) =0
if i #t~2,1%#t—1by Lemma (3.1) (and noting that linka,,,,({z}) =
Alyugzy = A ), thanks to Lemma (2.1), we obtain Hi(Aw; k) = 0ifi # -2,
¢ # t —1. Moreover, since every subset ¢ of W with f(o) < tis a face of Ay,
we have H;(Aw; k) = 0 for each i < t — 1. Thus Hy(Aw; k) =0if 7 £t — 1.
Hence k[A] has a (¢ + 1)-linear resolution.

4 Proof of Theorem (1.7)

Let A be a Buchsbaum complex of dimension d — 1 on the vertex set
V ={z1,2,...,2,} and k[A] = A/I, the Stanley-Reisner ring of A over k.
Our Theorem (1.7) follows immediately from Lemma (4.1) below, which is
a result among the various consequences of Lemma (2.1), together with the

formula (3).

(4.1) LEMMA. H;(A;k) = Hi(Av_w; k) for every subset W of V and
for eachi < d—1—§(W).

Proof. Tirst, fix € V' and let A" = linka({z}). Since A" is Cohen-
Macaulay of dimension d—2, we have H;(A’; k) = 0 for every ¢ < d—2. Thus,

8



the long exact sequence of Lemma (2.1) guarantees H;(A; k) & Hi(Av_(); k)
for every i < d—2. Now, let §(W) > 1 and fixy € W. Set W’ = W—{y}, and
we may assume that H;(A;k) = Hi(Av_w; k) for each i <d —1— §(W') =
d — §(W). Let A’ = linka({y}). Then, by Lemma (2.2), Hi(A}_w.; k) =0
foreacht: < d—2—~§(W') = d—1—~H#(W). Thus, if we replace A with Ay_y»
and z with y in Lemma (2.1), then I-:T,-(AV_W';k) &~ ﬁ;(AV_w;k) for each
i <d—1—#(W). Hence H;(A;k) = H;(Av_w;k) for each i < d—1— (W)
as required. Q. E. D.

We now turn to the proof of Theorem (1.7). By virtue of the formula (3),
we have

BAR[A) = 3 dimg Hyoywymio1(Avow; k).
wcv

Moreover, if i > v — d then
v— (W) —i—1<d—1-HW),

thus

~

Hyoyowy—ict(Dvowi k) = Hy_ywy—im1 (A k)

by Lemma (4.1). Hence, for each i > v — d, we obtain

BiA(k[AD = Z dimkﬁv—ﬂ(W).—i._l(A;k‘)
wecv

= Z ( ;) ) dim; H —i—j—1(A; k).

=0

as desired.

5 Some examples

(5.1) Let A be a Cohen-Macaulay complex of dimension d — 1 on the
vertex set V = {ay,22,...,7,} and k[A] = A/l the Stanley-Reisner ring of
A. Then k[A] has a ¢-linear resolution if and only if every subset o of V with
#(o) < ¢ belongs to A and a(A) = —(d—q+1). Let f(A) = (fo, fiy+--»fiz1)
be the f-vector and h(A) = (ho, hy, ..., hy) the h-vector of A defined in (1.5).

Then k[A] has a g¢-linear resolution if and only if f; = i—:l for every



i< g—2and hy_y #0, by = --- = by = 0. In other words, k[A] has a ¢-linear

resolution if and only if &; = v d;!_ -1 forevery 1 <:<¢g-—1and

hy=--+ = hy = 0. Thus, in particular, ¥[A] has a 2-linear resolution if and
only if h(A) = (1,v - d,0,...,0).

(5.2) Let A be the simplicial complex (cf. [Rei]) on the vertex set V =
{1,2,3,4,5,6} whose maximal faces are {1,2,4}, {1,2,6}, {1, 3,4}, {1,3,5},
{1,5,6}, {2,3,5}, {2,3,6}, {2,4,5}, {3,4,6} and {4,5,6}. If char(k) # 2,
then A is Cohen-Macaulay over k£ with A(A) = (1,3,6,0). Hence k[A] =
A/I has a 3-linear resolution. On the other hand, if char(k) = 2, then A
is not Cohen-Macaulay (but Buchsbaum), and a minimal free resolution of
k[A] over A is not linear.

(5.3) Let A be a Cohen-Macaulay complex of dimension d — 1 on the
vertex set V = {z;,2,,...,2,} and suppose that a finite free resolution (1)
of k[A] over A is minimal with A = v —d. Let BA(k[A]), 1 < ¢ < v —d,
denote the set {s € Z | a;; = s+ for some 1 < j < B;}. Then, if follows
from the inequalities ¢; < ¢i41 and €; < €;41, 1 < 7 < h, in the proof of
Lemma (2.3) that BY(k[A]) C {1,2,...,d} for every 1 <i < v—d. Thus, in
particular, k[A] has a g-linear resolution if and only if BA(k[A]) = {¢ — 1}
for every 1 <i<wv—d.

Let A be a Cohen-Macaulay complex of dimension (d — 1) + 1(> 2) on
the vertex set V' with §(V') = v + 1 such that, for each z € V, there exists a
maximal face o of A with & ¢ o. Suppose that k[A] has a 2-linear resolution
and let W be a subset of V with f[ﬁ(lV)—(v—d)—l(AW; k)#0. FixzceV -W
and define A’ = {¢ € A | §{¢) < d and = ¢ o}. It follows from, e.g.,
[Hs, p- 39] that A’ is a Cohen-Macaulay complex of dimension d — 1 on
the vertex set V' = V — {z} with §(V') = v. Since Hyw)-i—1(Dw;k) =
ﬁu(W)—i-x(A'W;k) for every subset W of V' with §(W) < d + ¢, we have
BAK[ADN{L,2,...,d — 1} = {1} for every 1 < i < v — d. Moreover,
since z ¢ o for some maximal face o of A, we have d € Bf(k[A']). Thus
BA(k[A]) = {1,d} for every 1 <i < v —d.

Fix v and d with v > d > 2. Then, it might be of interest to find all
subsets S of {1,2,...,d} such that there exists a Cohen-Macaulay complex A
of dimension d — 1 on the vertex set V = {z,z,,...,z,} with BA(k[A]) = S
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forevery 1 <i<wv-—d.

(5.4) Let A denote the simplicial complex discussed in (5.2) and set A
A — {4,5,6}. Then A’ is Buchsbaum over an arbitrary field k¥ with ~(A’)
(1,3,6,—1). We easily see that H;(A’; k) = 0 fori = —1,0,2 and H;(A'; k) =
k. Moreover, a(linka/({7}) = 0 for j = 1,2,3, and a(linka:({j}) = —1 for
j = 4,5,6. Since the ideal In/ is generated by square-free monomials of
degree 3, thanks to Theorem (1.6), k¥[A’] = A/Ias has a 3-linear resolution
with the Betti numbers 8; = 11,8, = 18,05 = 9 and B4 = 1. Note that
k[linka:({7})] has a 2-linear resolution for j = 4,5, 6, however, k[linka:({j})]
does not have a linear resolution for 7 = 1,2, 3.

(5.5) Let A (resp. A’) denote the simplicial complex on the vertex set
VvV =1{1,2,3,4,5,6,7,8} whose maximal faces are {1,2,4}, {2,3,4}, {5,6,8}
and {6,7,8} (vesp. {1,2,3}, {4,5,8}, {4,7,8}, {5,6,8} and {6,7,8}). Then,
both A and A’ are Buchshbaum with Hy(A; k) = Ho(A'; k) = kand Hi (A k) =
Hi(A'; k) = 0 for every ¢ # 0. Moreover, both Ix and I/ are generated by
square-free monomials of degree 2. Since a(linka({j}) = -2 fory =1,3,5,7
and a(linka({s}) = —1 for j = 2,4,6,8, by Theorem (1.6), k[A] has a 2-
linear resolution. On the other hand, k[A’] does not have a linear resolution

since a(linka({8}) = 0.

(5.6) We give an example of a Buchsbaum complex with a linear resolu-
tion for v =7, d = 4 and ¢t = 2 in the notation of Theorem (1.6).

Let A be the simplicial complex on the vertex set V ={1,2,3,4,5,6,7}
which has the maximal faces {1,2,3,4}, {2,3,4,5}, {3,4,5,6}, {4,5,6,7},
{5,6,7,1}, {6,7,1,2} and {7,1,2,3}. Then, the f-vector of A is f(A) =
(7,21,21,7) and the h-vector of A is A(A) = (1,3,6,—4,1). The ideal I
is generated by 125, 236, 347, 451, 562, 673, 714, 135, 246, 357, 461, 572,
613 and 724. The maximal faces of A’ = linka({1}) are {2,3,4}, {2,3,7},
{2,6,7} and {5,6,7}. Hence A’ is Cohen-Macaulay with A(A') = (1,3,0,0)
and a(A’) = —2. (Note that linka({j}) coincides with A’ for every 1 <
J < 7. Moreover, k[A'] has a 2-linear resolution.) Thus A is Buchsbaum
(but not Cohen-Macaulay since hy < 0). Let é; denote dimy f[i(A; k). Then
(b0, 61, 62,63) = (0,1,0,0). Hence, thanks to Theorem (1.6), the Stanley-
Reisner ring k[A] = A/I5 has a 3-linear resolution with the Betti numbers
181 = 143:82 = .)Saﬂii = 217/34 =7 and 185 = 1.
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Given integers d and ¢ with d > ¢ > 1, it would be of interest to find a
Buchsbaum complex of dimension d — 1 with a (¢ + 1)-linear resolution.
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