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On time periodic solutions of the Dirichlet problem
for degenerate parabolic equations

of nondivergence type

YOSHIKAZU GIGA

Depdrtment of Mathematics, Hokkaido University,

Sapporo 060, Japan
AND

NORIKO MIZOGUCHI

Department of Mathematics, Tokyo Gakugei University,
Nukuikit;a—machi, Koganei-shi; Tokyo 184, Japan

Abstract. In this paper, we are concerned with the existence of periodic solutions of a

quasilinear parabolic equation
yu=u"(Au+u+f) ImOQxR

with thle, Dirichlet boundary condition, where 2 is a smoothly bounded domain in RY and f is
a given function periodic in time defined on Q x R. Our results depend on the first eigenvalue
A1 of —A in Q with the Dirichlet boundary condition. If A} > 1, then there exists a unique
positive periodic solution for a positive f (v € R). In the case of A\; < 1, we construct a

nonnegative periodic solution for a negative f (1 <y < 3).



1 Introduction.

We are concerned with the following quasilinear parabolic equation

Uy = 'zﬁ(Au +u+f) in @ xR,
u=20 on 90 x R, (1)
w(t+T) = u(t) in 2 xR, |
where {2 is a smoothly hounded domain in R¥ and f is a given function on Q x R which
is T-periodic in time. ‘

Degenerate parabolic equations of the form (1) are often studied in the literature.
When N = 1, the equation (1) with v = 2, f = 0 describes the evolution of curvature
of convex curves moved by curvature under the Gauss map parametrization. Since the
space variable x is actually the argument of normals of curves, 27 -periodic boundary
condition (instead of the Dirichlet condition) is imposed to describe closed curves. If
initial data is positive, solution blows up in a finite time and its profile is studied in
Gage [6] and Gage and Hamilton [8]. Geometrically speaking, they proved that a convex

embedded curve moved by curvature shrinks to a "round point” in a finite time. Blow

up profiles of convex immersed curves were classfied by Angenent [2] based on Tesults of

Abresch and Langer [1] and Epstein and Weinstein [4], where 2rm -periodic boundary
condition is imposed (m = 1,2,---). The Dirichlet condition arises when the curve is
complete but non-closed and its curvature equals to zero at the end. The initial value
problem of general dimension N for (1) with v = 2 and f = 0 was investigated in
Friedman and Mcleod [5] and Gage [7] for positive initial data. These results contain
the one dimensional case. For an open set D C RY, let A\;(D) denote the first eigenvalue
of —A in D with the Dirichlet houndary condition. In particular, we write AL = A (9).

It was proved in [5] that
i) If Ay > 1, then there exists a unique global solution which decays to zero as t — oo
i) If Ay < 1, then there exists a unique solution which blows up in a finite time.
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The estimate of the blow up set in [5] was improved in [7]. Recently, results of type i)
and ii) are extended by Wiegner [12] for general . Tliere are nonuniqueness results for
7 =1and f =0 by Ughi [11] (for one dimensional case) and Dal Passo and Luckhaus
[3]. They showed that weak solutions may not be unique if initial data takes zero in
some open set of the domain because of degeneracy of the equation and discussed a class
of solutions so that uniqueness holds.

It seems that there is only one result for the periodic problem for (1) in [9], where the
one-dimensional case of 27— periodic boundary condition is considered. Since they treat
motions of closed curves, their solution satisfies the certain constraint. The constraint
vields a positive lower bound for the class of all positive solutions, so the equation in
[9] is actually nondegenerate. However the equation (1) in this paper is degenerate.
When the Dirichlet boundary condition is imposed, the relation between A1 and 1 also

gives a serious effect on results. The purpose of this paper is to prove the following two

theorems.

Theorem 1. Assume that v € R and that f is a continuous positive function on
Q x R which is T-periodic in time. If A1 > 1, then there exists a unique positive solution

wof (1) in [ T’V;",LC(Q x R) N C(Q x R). Furthermore, if f is Hélder continuous, then
r>1

the solution w belongs to C*****(Q x R) N C( x R) with some 0 < « < 1.

Theorem 2. Assume that 1 <+ < 3 and that f is a continuous positive function
on 2 x R'with f, € C(Q x R) which is T-periodic in time. Then there is a nonnegative

solution n € C(Q x R) of (1) such that v € N W2 (2 xR), v > 0 in O, x R,

ploc
p>1

: k .
w=0on (Q\Q4) x R and Vu = 0 on (02,\00) x R, where £y = J Qi with a class

1=1
{11 <7 <k} of connected open subsets in § with M) <1for1<i<k.

We prove Theorem 1 in Section 2 and Theorem 2 in Section 3. We seek for a

solution of (1) as a limit of its approximate solutions. The Leray-Schauder degree
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theory is adapted to solve the approximate equations. We need an a priori upper bound
for positive approximate solutions. To do that, inequalities of Harnack type play an
important part. We refer to the reference in [9] for literatures on applications of the

Leray-Schauder degree theory and Harnack’s inequality.

2 Proof of Theorem 1.

We first assume that f is smooth and solve an approximate equation which is nondegen-
erate. Take positive constants aj, ay such that a; < f<ayon xR, Let ©p; € C’°°(Q)

be the solution of
Ap;+pi+a; =0 in 0

w; =0 on 0.

Since A; > 1, there is no point such that () < —a;; otherwise there is a domain

(2)

D C Q such that A\ () < X((D) < 1 which leads a contradiction. The maximum
principle implies that ¢; cannot take a minimum of the value > —a; in Q so w; > 01in

1. For £ > 0 and 7 € [0, 1], we consider

uy = a{u)(Au + uy + 7f) in xR,
u=0 | ' on 90 x R, | (3)
w(t +T) = u(t) in 2 xR,

where a : R — R is a smooth function such that

N
- Sa(r)<(2m+e)? forr€eR,

2
a(r) =(r+¢) for0<r<m

with m = max,. Then each solution of (3) is smooth and positive by standard reg-

ularity theory and maximum principle (see [10]) Letting u be a solution of (3) and

U= 9 — u, we have
v =a(u)(Av+v+a—7f) inQxR.
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Since ap — 7f > 0, we observe that v > 0 in Q x R. Indeed, solution of the linear
equation

we = a(u)(Aw + w + g) (4)

is unique for given g. To see this we may assume g = 0. Multiplying w,/ a(u) and
integrating over @ by parts yields w; = 0. Since A; > 1 and Aw+w = 0, we see w = 0.

By the maximum principle solution v of
vy = a(u)(Av + vy + g)

is positive provided that g > 0. The existence of solution is not difficult to show so this
implies v > 0 for

v=a(u)(Av+v+a—7f) in QxR

In other words, v < ¢, in @ x R. Therefore it follows from [10] that there is C =
C(&, | flleosp) > 0 such that |[ul|‘,‘,;,x(q) < C for each solution u of (3) with p > N + 1,
where Q = Q x (0,T). Choose o > 0 such that W2H(Q) is compactly embedded into

Cco/2(G). Put X = C**/2(Q) and define S(v,7) by the unique solution of

e = a(v)(Au+uy + 7f) in O xR,
©=0 on 90 x R, (5)
uw(t+T) = u(t) / in 2 x R.

It is eésily seen that S is a compact continuous operator from X x [0,1] into X and
S(v,0) =0 for all v € X. According to the Leray-Schauder fixed point thoerem, there

exists « € X with S(u, 1) = u. By u < ¢, u is a smooth positive solution of

= (u+e)"(Au+u+ f) in 2 x R,
w=0 on 99 x R, (6)
u(t +T) = u(t) in Q x R.

It is immediate that « > ¢; in  x R in the same way as the proof of u < s.
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For continuous function f not necessarily smooth, take dj,d, > 0 such that a <
f < dy in Q x R and a positive smooth solution @i (i =1,2) of (2) with a; = d;. Choose

a sequence {f.} C C*(Q) x R) of T-periodic-in-time functions such that
fe=f mCQxR) ase -0,
a1 < f.<dy inQxR foreach e>0.
By the first paragraph of this proof, for each ¢ > 0, there exists a 'p‘ositive' smooth
solution u, of (6) with f = f. such that
S <u <Jy, inlxR.

Then we may assume that {u.} converges weakly to some  in N sz,},c(ﬂ x R) as
. " p>1
¢ — 0. It is clear that u satisfies

w=u"Au+u+f) inQ xR,
u(t+T) = u(t) in 2 xR.
Furthermore, we bsee that « is positive in 2 x R, zero on 90 x R and continuous in
Qx Rsince ¢ <u<Py.
It remains to show the uniqueness of positive solution of (1) in N w2 fy oe(0 X R)NC(f

Put .

Q= {ren: dist(z,00) > ¢}
for £ > 0. Let c,:'; > 0 be an eigenfunction corresponding to A(Q). For § > 0, denote by

sgu, the piecewise linear function on R with sgng(s) = —1 for s < —6 and sghg(s) =1

fors > 6 a.nd'deﬁue ws R — R by
ws(s) = /0 sgng(r)dr for s € R.

Suppose that u,v are positive solutions of (1) in [ Ul, (2 x R)NC(Q x R). Then
p>1
it holds that

(F(0), = At +u+ f (7)
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and
(F(v)=Av+v+f, (8)
where F(u) is a priinitive of u~7 such that

ul-—‘y
Fluy=< 1- fory#1

log u for vy = 1.

Subtracting (8) from (7), multiplying sgns(u — v) - ¢, and integrating over @ yields

T T
/0 /Q{(F(u.)),—(F('u)),} sgng(u—v)-@.dudt =/0 /Q{A(u—v)—l-(u——'u)} sghg(u—v)-¢.da
(9)

where we define ¢, = 0 outside Q.. Now integrating by parts, it follows that

/QA(u—v)- sgig(u — v) - gedr < —/Q sgig(u — v)V(u — v)Veda
= /Qg.?,s(u—'u)A(bEda:
= ~/\1(QE)/Q<,9,5(U—'v)qﬁsda:.

Since @s(u —v) = |[u—v] in Qas§ — 0,
/Qcp&(u — V)¢ dx — /Q |4 —v|gedx as§ — 0.

On the other hand, since « and v are T-periodic, we have

T T

/ /ﬂ{(F(u)), — (F(v))¢} sgug(u — v)pedadt — /0 /QIF(u) — F(v)|idedtdz = 0

0

as & — 0. Therefore letting § — 0 in (9), we get
- v -
0< —/\1(95)/ / lw — v|gedadt +/ / |t — v]|pedadt.
Jo Ja o Ja |

From A(©2:) > Ay > 1, it follows that w = v in Q, x R. This impliesu =vin @ x R

since £ > 0 is arbitrary. O
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Remark 1. If f is nonpositive, then the problem (1) admits no positive solutions

in N Wp (X R)N C(QxR). In fact, for any € > 0 there is p, > 0 such that u < ¢
p>1

on €1, x R for each 0 < p < p,, where Q ={x € Q: dist (z,0Q) > p}. Let ¢1, ¢, >0

be the eigenfunctions corresponding to \; and \;(€,) normalized in L!(Q), respectively.

Then {¢,} converges to ¢; in L'(2) as p — 0. Multiplying :—% with (1) and integrating
: u

over 2, X R yields

/ /9 2¢Pd lt"/ / {1=2 )“¢p+f¢p}d1dt / / u——dsdt

Since there is C' > 0 satisfying

[ 124 <c

p

for sufficiently small p, we have

//{1—,\l )ud, + fb,}dadt > —Ce

for sufficiently small p. Letting p — 0, it follows that

_/OT/Q{(I ~ M)udy + fo }dudt > —Ce
and hence
/T/ {(1 = A)uey + for}dadt > 0.

This implies that (1) cannot possess positive solutions in the above class.

3 Proof of Theorem 2.

This section is devoted to proof of Theorem 2, so we assumne that A, < 1 throughout
this section. We suppose that f € C®(Qd x R) except for the proof of Theorem 2. We

start with inequalities of Harnack type in time and in space direction for
v = v (Av + g(v,,t)) in Q xR,
v=c¢ on 90 x R, | : (10)
e(t+T) = () in Q xR,



where g is a smooth function on (0, 00) X OxRandy>1 Letve C=(Q x R) be a
solution of (10) with v > ¢ in @ x R . Putting z = (logv); = v,/v, we observe, in the
same way as in [9], that
:> _(Qu’U - 9)+U7-1 _ (|_9ﬂ)1/2,v(7—1)/2 (11)
v K
at a minimizer of z over  x R, where f, means the positive part of f. Since z = 0 on
9Q, it turns out that (11) holds on © x R.. In the same way as in [9] we have Harnack

type inequalities.
Lemma 1. Assume that there are positive constants ¢; (1=0,1,2) such that
gop—9 <o and g |42 < ey (12)

for all (p,z,t) € (0,00) x  x R and max v > ¢p for each solution v of (10) with v > ¢

in 2 x R . Then there exists Cy = Cy(co, ¢1,¢2) > 0 such that if v solves (10) with v > ¢

in Q x R, then ' . N " |
v(a,t) < u(w, s) exp(—CoM Xt — 5)) (13)

for all (z,t),(x,s) € QO x R with s =T < ¢ < s, where M = glafzé v.
X

In a high dimensional domain, an inequality of Harnack type in space direction
is described in terms of means in balls centered at a maximizer of solution instead of
Lemma 2.4 in [9]. The difficulty of the proof in this case is that maximizers may a.pp'roa.ch
to the boundary of ©, while this difficulty does not happen in the case periodic boundary

condition. To overcome that, we need the following proposition.

Proposition 1. Assume that w € C*() equals some constant e on the boundary
941, where 00 is at least C%. If 1 is the extension of w to RY such that w = « outside

Q1. then g(a) € C*(RY) provided that g € CX(R) and that ¢'(0) = ¢"(0) = 0.



Proof. We may assume « = 0 and ¢(0) = 0. Let x4 be a point in 9. It suffices

to prove g(w) is C? at 29 € RV. We may assume that € is a half space
Q= {(x1,22, -, ax) e RV 1 2y > 0}
and that xo = 0 without the loss of generality. It now suffices to prove that

1 1 dv
11111 -];v(heN) = 0 llﬁlol EE—(MN) =0

for v = g(w), where ey is the unit vector (0,~:-,0,1) € RV,

By the mean value theorein

v(hen) = g(w(hey)) = g(0) = ¢'(n)w(hey)

for some 7 between 0 and w(hey), so we see

a.
lv(heN) — g'(O)l-(O) as h | 0.
h Oxy

Since ¢'(0) = 0, this yields

lU(/ueN) —0 ash |0 and EU—(O) = 0.
h , Oxy

Similarly, since ¢'(0) = 0, we observe that

J , dw
’a—‘ll—)(/ww) = g('w(heN))é—(heN)

- g"(g)w(ne,v) (heN)

for some ¢ between 0 and w(hey). Thus, since g" (0) = 0, we see

1 dv Jw

s o) = g'(0) (o

Oa:N(O))2 =0 ash|0. o

For any w € C*Q) with a constant value on 09, we suppose that 1 means the

extension of w defined in Proposition 1 in the rest of this section.

10



Lemma 2. Assume y > 1 and (12) on g. Then if v € C*(Q x R) solves (10) with

v>¢ein Q X R, then

1

N
Wy p!

. ) 3yCu (M7 —e7)? .
2,t0)7 — £7)3da 2 (14

(M7= ) <
where
Cy = C_OA47_1 + %]\/[(7—1)/2 + ]\47—191”,
| v Y
gar = max{(g(v,2,t)); e <v < M,(z,t) € 2 x R},
max v = v(o, tg)

QxR

and wy means the volume of unit balls in RV,

Proof. Let v € C®(Q x R) be a solution of (10) with v > ¢ in Q x R. Since (11)
implies '

vV A = 2 — vl > —Cy in Q x R, (15)

we have

AQ") =y Av + (v = Do Vol?) > —vCy  in O x R.

Puttting w = v? — &7, it follows that @* = (i7" — ¢7)® € C}(R¥ x R) and
A(?) =0 on (R¥\Q) xR
from P'roposition 1. We also see

Aw?)

I

3(2w| V| + w2 Aw)
> 3*Aw
> 4376},(1\4" —-&? inQxR.

Therefore we get

A(E?) > =3yCp (MY - M) inRY x R,

11



that is,
3’}'01\.{(]\«5[7 - 87)2
2N

Then for each p > 0, the mean value theorem yields

AP+ lv — 20’} >0 in RY xR.

(M7 - ¢&7)3
1 ,' 3’}’CM(M - )
< 0z, t — d:
S o /Bp(ro){w (z,t9) + 5N lv — x0|*}da
1 ’ 3’7CM(1\[7 - 67)2
= v(a, ) — "3 dx + 2
(.UN/)N \/['?p(;rg)( ( . 0) ) 2(N -+ 2)

For ¢ > 0, we consider the following approximate equation of (1)

U =(u+e {Au+——(u+f)} in xR,
u=20 on 90 X R, (16)
w(t +T) = u(t) inQxR.

We adapt the Leray-Schauder degree theory to get a positive solution of (16). To do

that, an a priori bound of positive solutions for

uy=(u+te (u—i—7f)+(1—r)(u+l)} in Q xR,
u=0 on 002 x R, (17)
w(t+T) = u(t) in2xR

with 7 € [0, 1]. Putting v = u + ¢, v satisfies
vy = v {Av + T"—('u —ct THI+(1-7)(v+1-¢)} inQxR. (18)
Lemma 3. There are positive constants C, C depending only on || f|[s and Il £2|

oo
T T r y?
/ / vdrdt < C;  and / / —tdadt < C,y
0 Jn o Ja vt

for 0 <e<1,0<7<1 aud solution v of (18) with v > ¢ in 2 x R.

such that

12



Proof. Let v be a solution of (18) with v > ¢ in Q x R and put

V(z) =’ /OT v(x,t)dt  for z € Q.
Multiplying ;1; with (18) and integrating over (0,7 yields
AV+V =F inQ, (19)
where

r v—¢ v—¢€ | _
=/0 ( U,Uu)'U+UT—(—Tf+s)—(1—T)(v+l—s)} for z € Q.

Multiplying a positive first eigenfunction ¢; of the Laplacian with (19) and integrating
over {1, it follows that

(1- / Vida = / Féyda + 6T /

an 81/

and lhence

7 da: 7 e da)1/3 7 M2 12:)2/3 A r2/3
/Qx da g(/ﬂx d1da) (/nx ST 2d0)? 3 < KM (20)

for some I > 0 independent of V', where M = maxV =V (z0). On the other hand, it
follows that

AV >-M-1 inQ

from (19) and F > —1. We proceed as in the proof of Lemma 2. Setting W =V — T,
Proposition 1 implies 13 = (V — ¢T)? € C}(R¥) and

A(W3) =0 on RM\Q.

We also see

A3 > =3(M +1)(M —eT)?  in 0,

SO
(M + 1) M - eT)?

i3
AT 4+ N

lo —20)*) 20 inR".

13



‘Therefore for each p > 0, the mean value theorem yields

(M —¢T)3
. 3(M + 1)(M —eT)?
< W3(a v — 20||*}da
Sl IRUMOL SNl = w0} da
1 ~ 3(M +1)(M — eT)?
= V(x) — eT)’dx + 2
wy pV /B,,(zo)( (@) ) 2(N +2)
From this inequality and (20), it follows that
K (M +1)(M —eT)? .
M —eT)P < —— M3 2
(M —<T)® < oo M TR
N +2
Choosing 0 < p < (j + )72, we obtain
(M ~cT)Y < LY + l(M + 1)(M - sT)2
- LdN/)N' 2 '

This yields some Mg > 0 such that
T _
/ v(z,t)dt < My for z € Q.
0

Therefore the first inequality in this lemma holds with C; = My|Q|, where |2 denotes

the volume of Q. Define

B(s) = /s L7—_—§d7‘ for s > «.
&€

Multiplying U% with (18) and integrating over Q yields

N —c

T ’Ultz T 1 & T
——drdt = — —_ At = K T < .
fy Jyrtwde==r [7 [ “=Fusavit =1 [ [ a(0)fazdt < Cil il ©

Coubining Lemmas 2-3, we derive an a priori upper bound for solutions v of (18)

with v > ¢ in 2 x R.

Theorem 3. If 1 <y < 3and f € C(Q x R) is negative on { x R and T-periodic
in time, then there exists My = Mo(]| flloo, || filloo) > 0 such that maxv < M, for each

£ €(0.1),7 € [0,1] and each solution v € C=({ x R) of (18) with v > ¢ in 2 x R.

14



Proof. For each solution v € C*(2 x R) with v > ¢ in @ x R, let M = maxv =

(v—c¢

v(xg,tp). Putting g(v,dr,t) = -—U—j(v —e+71f)+(1—=7)(v+1—¢), we easily see

90 ~9 <2+ |fllo=co and gl <)L =

~and hence

Car < 2p-1 4 %Z-M("‘”/Z + MM +1) < KM?
Y v

N+2

K )12 it follows that
\

for some I = K'(cy,¢;) > 0. Taking 0< p <

/ﬂ{v(ﬂf,to)7 = &"Pdu > wnp™ (M7 - 57)2(%1\47 —ey) - | (21)
from Lemma 2. On the other hand, choose so € [0,T) such that |
./U'l S0)d _T//v(?td?dt
Lemma 3 and Holder's inequality yield
/Q’p(:lr,to)(la: = /U T, So)dx —I—/ 10 vedadt
< / v(z, so)dx + / / vTdadt) 1/2 / /Q v; L dadt)!/?

< % + (C,Cp) 20 =1/2

and hence

/U('l fo)”dl < M- 1((; (C'1C2)1/2]\/[7 1)/2) (22)

By (21) and (22), we obtain
N 1 3y—1,Cl 1/2 pr(y=1) /2
wyp (M7~ g7)? (21\[“’ - < M (T (CLCy) M= 1I2y,
This yields our desired upper bound. o

Lemma 4. Assume that a is a positive continuous function on R. Assune that

there are constants A\, A > 0 such that
A<a(r)<A onR.
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Let u € W21(Q),p > n+ 1 be a solution of

ue=a(u)(Du+c(@)u+h(z)) nQx(0,T)=Q,QcRY (23)
u=0 on 9N x (0,7

with continuous functions ¢ and /. Then there are constants 0 < @ < 1 (depending only

on N, A, A, max|c[,max|h|, M) and C = C(ty, N, A, A, max[c|, max ||, M) such that
”‘UrHCa,n/z(Qr) S C, Q7 =X (to,T)
provided that méa.xl-u.] < M.

Remark 2. One can prove that this lemma along the same line of the proof of
the Holder estimate for quasilinear parabolic equation of divergence type [22 , p.419,
Chap.V, Theorem 1.1]. The main ingredient is an energy type 1dent1ty obtained by
multiplying ¢%u/a(u) with the equation (23) and integrating by parts on Q x (tl,t) with

use of u =0 on 99Q; here ¢ € C§(Q2 x (0,T]). The resulting identity is
2300 ( o, . ' il V2020
/Qg B(u.(.z.,t))dl.-i-/“AIVU(.L,T)] Cdudr
. 4 t
-2 o > N — , , .
/Q C2B(u(x,t)))dx + /t /Q 20, B(w)dudr /t /Q 20uV( - Vudzdr

t t
+/ /CCZ'ztzda:dT-{-/ / CChudadr.
t; JO t1

Here B(v) = /U —7_do. Since A <a <A wesee
0

a(o)

,U'Z 112
on S Bl < 5¢

If B(v) = v?, from this identity we apply the embedding lemma [22, Chap.II, §7] to get
the Holder estimate. Since B(v) is comparable with v2, one can modify the proof to get

the desired Holder estimate.
Lemma 5. Assume that a is a positive continuous function satisfying
ALa(r) <A forallr e R

16



with some constant A,A > 0. Let k be a positive number. Then for each i € C(Q)

there is a unique solution « € (1) W2!(Q) of
p>1

e = a(u){Au — ku + h) in O x R,
=0 on I x R,
u(t+T) = u(t) ' in 2 x R.

Moreover for each p > 1 there is C = C(\, A, p) such that
”“”W,?"(Q) < Clih]|co-

Sketch of the proof of Lemma 5.  We appeal to the continuity method by
considering ;
= a-(V)(Au — ku+ h) in 2 xR, _
u=0 on 90 x R, (24)
w(t +T) = u(t) in QxR
with a.(v) = 7a(v) + (1 = 7). Let X = W2}(Q) for some g > n+1 so that X ¢ C(Q)
for @ = Q2 x (0,T). Let S be a mapping from X x [0,1] to X by setting a solution
w=5(v,7) of (24) for given v € X. It is rather standard to see that S is compact and
continuous by LP-theory [10].
To apply tlie Leray-Schauder fixed point theory it suffices to get a estimate for

u = S(u,7), i.e., there is I{ > 0 such that
lullx < forall u= S(u,7),0< 1< 1.
By the maximum principle we have
h
< WPl
By a priori Holder estimate we have
ltellcanrs < C for u = S(u, T),.O <7r<1

17



with €' > 0,0 < @ < 1 depending only on N, Ak, ||Alle. By LP-theory for linear

equations we have
”u”va'l(Q) <

with C’ independent of u and 7. Thus we find a solution u of the original problem is
given by u = S(u,1).
The uniqueness is the same as in [9]. o

Now take k. > 0 such that

®(s) = ks + >

(s+f)>0 foralls>0.

s+e
We suppose that ®(s) = 0 for s < 0.

By Lemma 5, for h € C(Q), we can define S() by the unique solution of

Uy = (u+¢)"(Au = keu + h) in xR,
u=0 " : omIN xR, - (25)
u(t +T) = u(t) in  x R.

Then S is a continuous compact operator from C(Q) into itself by Lemma 5. Thus, the

Leray-Schauder degree for I — S0 ® in C(Q) is well-difined.

Lemma 6. If f € C=(Q x R) is negative on } x R, then there is a sufficiently
small 7 > 0 such that the Leray-Schauder degree of I — S o ® of the value zero in B.(0)
equals one, that is,

deg (I — S0 ®,B,(0),0)=1,
where B,(0) denotes the ball with radius » centered at 0 in C(Q).
Proof. For 7 € [0, 1], we consider

we = (u+¢e)(Au—keu+ 70(w)) in 2 xR,
w=0 on 912 x R, (26)
w(t +T) = u(t) © inQxR. |

18
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Multiplying i+ 6)7/with (26) and integrating over Q yields
0= [ [{-Aut (= Dkt r— (ot 1) psdac
o Jot MY £ u+e S

This implies maxu > min(—f) for any € > 0,7 € [0,1] and each positive solution u
of (26). Choose 7 < min(—f) so that S o (@) has no fixed points on 9B,(0) for all

7 € [0,1]. From the homotopy invariance of degree, it follows that
deg (I —So®,B,(0),0) = deg(I,B.(0),0)=1. o -

Lemma 7. If1 <7 <3 and f € C(Q2 x R) is negative on I x R, then there is
R > r such that
deg (I — So®,Bgr(0),0)=0

for0<e< 1.

Proof. Defined:R — R by

- 52

(I)(S) = ]\‘ZES+ +

-+sy+1 forseR.

54
For 7 € [0, 1], we cousider
ue = (u+e){Au — kew + 78(u) + (1 — 7)(w)} in 2 xR,
u=0 on 9 x R, (27)
u(t+T) = u(t) in Q@ xR.
By Theorem 3, there is My > 0 such that maxu < M, for any € € (0,1),7 € [0,1] and
each positive solution of (27). Take R > max(My,r) so that So (7® 4 (1 — 7)) has no

fixed points on dBg(0) for all 7 € [0,1]. It now follows that

deg (I — S0 ®,Bp(0),0) = deg (I — S o &, By(0),0).

P

(4 e)r

Multiplying with (27) with 7 = 0 and integrating over Q yields

T 12 .
o=/U /ﬂ{(l-—,\l)u+ "+ Lidadt > 0.

U+
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This implies that there are no solutions for (27) with 7 = 0. We thus obtain
deg (I — S0 ®, Bx(0),0) = 0.
This completes the proof. ©

Lemma 8. If 1 <y < 3and f € C*(Q x R) is negative on ¢ x R, then for each

¢ € (0,1), there is a positive smooth solution of (16).
Proof. Let 0 <e < 1. From Lemmas 6, 7, it follows that
deg (I — S o ®, Br(0)\B.(0),0) = —1,

which implies the existence of positive smooth solution of (16). o
We are now in a position to prove Theorem 2.
Proof of Theorem 2. Take a sequence {f.} C C=(Q x R) of negative functions

such that each f, is T-periodic in ¢t and
fe=f and fa— fi in C(Q) ase— 0.

Then it follows that

fe=Fllo £ 1|\ fet = fillo <1 for sufficiently small . Let u, be a

positive smooth solution of (16) with f = f. for ¢ € (0,1) obtained in Lemma 8. Define
U, F.: Q= R by

T
U(2) =/0 ue(x, t)dt

and

e Ue

Fz) = /OT{(1 _ £)dt.

e —
Ue + € Ue + €

1
Multiplying tey with (16) and integrating over (0,7 yields
e + ¢

=

AU 4+U, =F, Q. : (28)

Let Ay > 0 be an upper bound for {uc} by Theorem 3. Since 0 < Fr < (2 + || flloo)T
and ||Ucllse < MT, there is C, > 0 such that ||U5|lwz..p(n) < C, for sufficiently small ¢
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N _ .
with p > 5 Then we may assume that {U,} converges to some U weakly in wr(Q)

and strongly in C(Q2) as e — 0. Integrating (13) in Lemma 1 over (s—T,s)and (¢,t+T)

respectively yields some positive constants \, A independent of ¢ such that

- Aue(z,t) S Ue(x) < Aug(z,t) in Q. (29)
Multiplying (“—I_L:AT with (16) and integrating by péu‘ts over (), we get

T
/ /Q IV 2dedt < (My + || flleo + 1)MoT]9.
0

I\Iultlph ing (——:'—)— with (16) and integrating by parts over Q yields

//u e dldt<(l!felloo+1)MOTm]

and hence
L < (o4 270l + DOTIS
Therefore we may suppose that {u.} converges to some u a.e. in Q. From (29), it follows
that
Au(a,t) < U(x) < Au(z,t)  ae. in Q. (30)

Since there is 8 > 0 such that maxu, > &, by the same argument in the proof of Lemma

G, we see maxU > A§p > 0 from (29). Put Oy = {& € Q: U(x) > 0} and decompose
k

Q.= U Q; into its connected components {2;,i = 1,---, k so that U = 0 on 99Q;. Setting

-—/OT f(z,t)dt  forx e
and letting ¢ — 0 in (28) yields
AUHU=F>0 inQ,. (31)
Multiplying U with (31) and integratig over €, we have
/n;(_ |VURde + U2)dz = /Q FUd
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and hence
Jo, IVUPdx
Jo, Utdx

. Since U, — U > 0 uniformly in Q and U, < A, in © x R, we may assume that u, —
weakly in W2 (Q, x R) and strongly in Croo(€24 x R). Therefore v € C(Q4 x R),

b,

A(fh) < <1l fori=1, -k

wt+T)=u(t) mOQxR

and

t=u"(Au+u+f) inQy xR.

By (30), we get w = 0 on (2\Q4) x R and hence v € C(Q x R). We finally derive
Vu =10 on (82;:\99) x R by (30) since VU =0 on 0024 \02. This completes the

proof. O

Remark 3. If f is nonnegative, there are no nonnegative solutions of (1) with

properties stated in Theorem 2 by the same method as in Remark 1.

Remark 4. In the case of \; > 1, (1) possesses the positive solution (Theorem 1),

while in general there are no positive solutions when \; < 1 as the following example

Uy +u—1=0 in(0,37),
w(0) = u{37) =0,

shows.

References

[1] U. Abresch and J. Langer, The normalized curve shortening flow and homothetic

solutions, J. Differential Geometry 23 (1986), 175-196.

[2] S. Angenent, On the formation of singularities in the curve shortening flow, J.

Differential. Geometry 33 (1991), 601-633

22



[3]

[4]

(8]

[9]

- [10]

[11]

[12]

R. Dal Passo and S. Luckhaus, A degenerate diffusion problem not in divergence

form, J. Differential Equations 69 (1987), 1-14.

C. Epstein and M. Weinstein, A stable manifold theorem for the curve shortening

equations, Comm. Pure Appl. Math. 40 (1987), 119-139.

A. Friedman and B. Mcleod, Blow up of solutions of nonlinear degenerate parabolic

equations, Arch. Rational. Mech. Anal. 96 (1986), 55-80.

M. Gage, Curve shortening makes convex curves circular, Invent. Math. 76 (1984),
357-364.

, On thge size of the blow-up set for a quasilinear parabolic equation,

Contemporary Math. 127 (1992), 41-58.

M. Gage and R. Hamilton, The shrinkings of convex plane curves by the heat

equation, J. Differential Geometry 23 (1986), 69-96.

Y. Giga and N. Mizoguchi, Existence of periodic solutions for equations of evolving

curves, preprint.

O. A. Ladyzhenskaya, V. A. Solonnikov and N. N. Ural’zeva, " Linear and Quasilin-
ear Equations of Parabolic Type”, Transl. Math. Monograph no.23, Amer. Math.
Soc., Providence, R. I. 1968.

M. Ughi, A degenerate parabolic equation modelling the spread of an epidemic,

Ann. Mat. Pura Appl. 143 (1986), 385-400.

M. Wiegner, private communication

23



