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Note on H-separable Frobenius extensions
Kozo Sugano

Throughout this paper A will be a ring with the identity element 1,
B a subring of A containing 1, C the center of A and D will be the cent-
ralizer of B in A. We will use the same notation as the author's previ-
ous paper [8]. For any subset X of A and any A-A-module M we will write

Va(X) = {ae Al ax = xa for any xe X}, and

MP={me M| am = ma for any ae A)
respectively. Thus we have D = A% = Va(B) and (A®eA)® = {Z aigbi & AgeAl
T xai@bi =3 ai@bix for any xe& A}. |

A is said to be a Frobenius extension of B in the case where A is
left B-f.g. (finitely generated) projective and there exists a left A and
right B-isomorphism of A to Hom(eA,eB). This is the case if and only if
there exist finite xk, yx& A and he Hom(eAe,eBe) such that x =2 h(xxk)yx
=% xkh(ykx) hold for each xe A. In this case we call the sét {xx, yx, h}
a Frobenius system, and the map h a Frobenius homomorphism, of AIB res-
pectively.

Now for any he Hom(eAe,sBe) we can define a multiplication among
the elements of A®sA by (a®b) (c®d) = ah(bec)®d for any a, b, ¢, de A (See
Proposition 4.1 [2]). This multiplication is well defined, and by this
definition we can make A@eA an associative ring vhich does not always
have the identity element. On the other hand we can define the following
maps |

¢r: A®eA —> Hom(As, Ae)

é1: AQeA —> Hom(BA.BA)
by ¢ r(a@b)(x) = ah(bx) and &1 (a@b)(x) = h(xa)b for any a, b, xe A. Di-
rect calculation shows that ¢r and ¢ are ring, and opposite ring, ho-
momorphisms respectively. Nov we have

Lemma 1. For an he Hom(eAs,eBs) the foliowing conditions are equi-

valent;



(i) A is a Frobenius extension of B with h a Frobenius homomorphism
(ii) ¢ r defined as above is an isomorphism |

(iii) ¢ 1 defined as above is an isomorphisnm

(vi) A@eA has the identity element as a ring defined as above

If = xx@yx is the identity of A®eA, then ({x«, yx, h} is a Frobenius
system of AlB.

Proof. (i)e» (ii) and (i)¥=> (iii) are well known (See e.g. the
‘proof of Theorem 1 on page 94 [4]), and (ii) (vi) and (iii) (vi) are
obvious. Let X xv®yx be the identity of A®eA. Then for any xe& A we have
1ox = (1@x) (= xk@yx)=2 h(xxx)®yr and x®@1 = (= xx@yx) (x®1) =2 xvh(yxx)®l.
Then we have x =3 h(xxx)yx = = x«h{(yxx). Thus we have (vi)}=(i) and the
last assertion.

There are some special maps as follows

7 : A®sA Hom(cD, cA) 7 (a®b) (x) = axb
7 1: D®cA _ Hom(sA,eA) 7 1 (doa) (x) = dxa
7 t: DecD Hom(sAe,ede) 7 t(dpe) (x) = dxe

for a, b, xeA and d, eeD. 7 r: A®D —> Hom(Ae,As) is defined similar-
ly. 7, n1 and 7 ¢ are A-A-maps and 7t is a D-D-map. A is an H-separa-
ble extension of B if and only if » is an isomorphism and D is C-f.g.'
projective. This is the case if and only if 1@l = £ diZ xii®yi; for some
die D and Z xij®yiie (A®sA)®. We call such set {di, Zxi;j®yiil an H;sys—
tem of A|B. In the case where A is én H-separable extension of B all the
above maps are isomorphisms. The next lemma is an immediate consequence
of Corollary 3 [6].
Lemma 2. In the case where A is left B-f.g. projective the follow-
ing cbnditions are equivalent:
(i) A.is an H-separable extension of B
(ii) 71 is an isomorphism and D is C-f.g. projective.
(iii) There exists an A-A-split epimorphism of finite direct sum of co-

‘pies of A to Hom(eA,eA).



Let {xx, yx, h} be a Frobenius system of A|B and X a;®b;j an arbitr-
ary in (Ag@eA)®. For 5ny x& A we have 2 xajh(b;) =2 a;h(b;x) and for any
beB T bajh(bj) =X ajh(b;b) == a;h(b;j)b. Thus X ajh(b;) e D, and X a;@b;
=% xxh(yka;)@h(bix1)y1 =% xxh(ykaidh(bix1)@y1 =% xxh(yxaijh(bjx1))aoyr =
T ajh(bix1)@y: =X x1ajh(bj)oyi & = x1Doy:. Thus (A®eA)*CZ xxD®yx. Since
S xk®yk & (AQeA)®, the converse inclusion is clear. Thus we have (AmsA)”
=3 xkDoyx (See page 370 [1]). By this equality we have

Theorem 1. Let A be a Frobenius exteﬁsion of B with a Frobenius
system {xx, ¥yx, f}. Then the following conditions are equivalent;

(i) A is an H-separable extension of B
(ii) There exist finite di, ei & D such that 1®1 =2 dixxei®yx in A@eA

If there exist di, ei & D which satisfy the condition of (ii), then
we have the folloving assertions

(1) T digei & (D®cD)®, and we have h(x) =S dixe:; for each x& A

(2) We can obtain a Frobenius system {di, ei, h} of D|C, where h is
defined by h(d) =2 xxdyx for each d in D.

Proof. Since A is H-separable extension of B if and only if 1®le
D(A®eA)?®, we have the equivalence of (i) and (ii) inmediately by (A®esA)*
=% x«Doyx. Assume (ii). Then = xvei@yx ¢ (A®eA)®, and for each x in A ve
have 1@x =Z diXkBi@&kX =% dixxcei®yx, and 1@h(x) =% dixxcei@h(yx). But
h(yx) e B and d;§ D. Hence we have E(x) =2(1iXXkeiK(Yk) =% dixxxh(yk)ei =
Y dixei &€ B. Nov for each de D ve have X ddixei =X dixeid. Then since 7t
is an isomorphism by (i), we have X ddigei =2 di®eid in D®:D. Thus we
have proved (1). Next we will prove (2). The map h defined in (2) is in
Hom(cD,cC), since & x«DyxCC. Then since ¥ dixei £ Va(D) for each xe A,
ve have 2 dih(eid) =X dixxeidyx =X ddixkeiyk = d2 h(xx)yx = d. Similarly
we have/E h(ddi)ei = d. Thus {di, ei, h} is a Frobenius system of D|C.

Theorem 2. Assume B = Va(D), and let D be a Frobenius C-algebra
with a Frobenius system {di, ei, h}. Then the following three conditions

are equivalent



(i) A is an H-separable extension of B.
(ii) There exist finite xk, Yré& A such that 1@l =% di®xxeiyk in DmcA.
(iii) There exists = xx®yr e (A®eA)"® such that 1@l =X dixxei®yx in AQeA.

In the case vhere there exist Xt, Yx& A vhich satisfy the condition

of (ii), we have the following assertions:

(1) T xx@yx & (A@eA)® and h(d) = Z xwdy: holds for any de D.

(2) A is a Frobenius extension of B with a Frobenius system {xx, yx,
h}., where T is defined by h(x) =% dixe: for each xé& A.

Proof. (ii)¥» (i) is obvious, since X xxei®yke (A@eA)®. Assume A
is an H-separable extension of B, and consider the isomorphism » intro-
duced above. 7 induces the isomorphism (A®eA)® = Hom(cD,cC). Therefore
there exists = xk@yx & (A@eA)® such that 7 (2 x«k®yx) = h. Then since 1 =
Tdih(ei) ==dixkeiyx and Edixxei e Va(D) = B, we have in Ag@esA that 1@l
= 1pX dikaei)’k = X dixkei®yx, while in D@ A we have 1®l = X dixkeiyr®l =
T di®xkeiyk, since = xkeiyke C. Thus ve have (i)E=>(ii) and (i)E> (iii).
Now assume (ii). Since S digei e (D@cD)®, we have also Z diaxkei & B for
each ac A and k. Hence we can obtain left B-homomorphisms fx of A to B
defined by \fk(a) = S diaxkei for each ae A, which satisfy a =X diaxkeiyx
= ¥ fx(a)yx for each ae A. Thus {yk, fx} forms a dual basis for eA. Now
consider the map 71 of D@cA to Hom(sA,eA) introduced above. For any fe
Hom(sA,sA) and 2ag A we have n 1 (= di@xreif(yx))(a) == diaxkeif(yx) =
T fe(a)f(yx) = £(= fx(a)yx) = f(a). Hence we have 7 1(Z di@xxeif(yk)) =
f, which means that » 1 is an epimorphism. Next suppose X cj®a; & Kern.
Then X cjyka; = 0 and T didxxei & (D@:D)? for each k, and we have X ci@aj
=3 cjdi@xkeiyka; =X di®xkeicjyka; = 0. Thus » 1 is a monomorphism, and
ve see that n 1 is an isomorphism. But D is C-f.g. projective, and A is
left B-%.g. projective. Therefore A is an H-separable extension of B by
Lemma 2. Thus ve have proved (ii)=>(i). Now we will prove (1) and (2)
of the second assertion under the condition of (ii). For any de D we ha-

ve d®l =X ddi®xxeiyx., and h(d) == h(ddi)xveiyx =2 xch(ddi)eiyk =2 xvdyr e



C. Then since X xxDyxCC, we have h =p (I xx®yx) ¢ Hom(cD,cC) = (AmpeA)®.
Therefore we have = xu®yx e (A®eA)”. Since T digei & (D®cD)?, we can de-
fine the map h of A to B (=Va(D)) by Ti(x) = S dixe: for each xe A. Then
S h(axe)yx =X diaxkeiyk =S dixkeiyka = a. Similarly we have = x«h(yva) =
a. Thus {xx, yk, h} is a Frobenius system of AlB.

Proposition 1. Let A be a Frobenius extension of B with a Frobe-
nius system {xx, yk, h}. Consider the following two conditions;

(i) A is an H-separable extension of B.
(ii) There exists S dig®ei & (D@cD)? with 191 = di@xkeiyx in D®cA

(i) always implies (ii). If Va(D) = B, (i) and (ii) are equivalent.

Proof. Assume (i). By Theorem 1 there exists X di®ei ¢ (D®cD)P such
that 1®1 =X dixkei®yk holds in A®sA. Then since X xkeiyr& C, we have
Sdi@xkeiyk =X dixxeiyx®l = 1®1 in D@cA. Thus we have (i)pé>(ii). Next
let B = Va(D), and assume (ii). Then for the completely same reason as
the proof of (ii)=> (i) of Theorem 2 we see that the map # 1 of D@cA to
End(sA) i; an isomorphism. On the other hand we have d =3 ddixkeiyk =
2 dixceidyk for each de D, since 1 =2 dixxeiyx and Zdixkei & Va(D). But
T xkeidyk & C, since = xv@yx e (A@eA)®. Therefore if we define maps gi by
gi(d) =2 xxeidyx for each de D and each i, we have gi e Hom(cD,cC) and
d =X digi(d) for each de D. Hence D is C-f.g. projective. Then by Lenna
2 ve have (i). | |

As is introduced in [8] when we write {A/B, S/T}, ve mean that S is
a ring containing A as subring with the common identity, and T is a sub-
ring of S containing B. In this case we will always write D = Vs(T) and
C = Vs(S), the center of S. There exists also the canonical homomorphism
% of S®TS to Hom(ED,%S) defined by % (sat) (d) = sdt for s, t& S and de
D. {A/B./S/T} is said to have the centralizer property in the case where
Vs(A) = C, Vs(B) = D and T = Vs(D) hold. By the same argument as is sta-
ted on page 602 [7] we have the next lemma

Lemma 3. Let {A/B, S/T} have the centralizer property, and assume



that A is an H-separable extension of B. Then we have

(1) The canonical map i®@i of A®sA to S®tS is a monomorphism, where i
is the inclusion map of A to S. |

(2) If 7 is a monomorphism, then S is an H-separable extension of T,
and we have (i@i)[(A@sA)“]CI(SQTS)S.

Proof..We will give the proof very briefly following the same lines

as page 602 [7]. Since DpcC = D via de& —>d%¥ for de D and & ¢ we have a
natural isomorphism ¢ of Hom(ZD,%S) to Hom(cD,cS) such that ¢ (f)(d) =

£(d) for fe Hom(D,&S) and de D and the following commutaive diagranm;

A®ed p : s~ Hom(cD, cA)

l, i®i . | 1= Hom(D, 1)
NI 1, Hon (8D, %S) ——————> Hom(cD,c$)
Since i+-n is a monomorphism, so is i®i.>0n the other hand we have
i-n [(AgeA)®] = i-[(Hom(cD.cA))“]C_[Hom(ch.cS)]“ = Hom(¢D, cVs(A))
= Hom(cD,cC) = ¢ [Hon(ZD,3C)]
Therefore if 7 is a monomorphism, we have (i@i) [(A®sA)P] C (S®@78)%. Then
since DCD each H-system of AIB is an H-system of SIT. Thus we have (2).

Theorem 3. Let {A/B, S/T} have the centralizer property, and as-
sume that A is an H-separable Frobenius extension of B with a Frobenius
system {xx, yk, h}. Then S is also an H-separable Frobenius extension of
T with a Frobenius system {xx, y«, h") such that h"|A = h.

Proof. Since A is left (and right) B-f.g. projective, S is an H-
separable extension of T by Theorem 1.1 [8). By Theorem 1 there exists
‘Sdi®ei & (DocD)® such that 191 =S dixkei®yx in A®eA, and {di, ei, h} is
a Frobenius system of D|C, where h is defined by h(d) =X xxdyx for de D.
Then since D =DC and = xk®yx & (A®sA)?C (S®1S)S by Lemma 3, if we define
a map h;<by h (d) =% Xkayk for 55‘5, we have h* & Hom(ZD,TC) with h"|D =
h, and {di, ei, h"} forms a Frobenius system of D|IC. On the other hand
¥e have 1®1 =% di®xkeiyx in A®eA by the proof of (i)=> (ii) Proposition

3. The same equality holds also in S®S. Then by Theorem 2 we see that

-6-



{iu.yk. B°) is a Frobenius system of SIT., where h*(x) == dixei for any
xeS. ¥We have h"lA = h, since h(x) =S dixei for xe A by Theorem 1 (2).
The next proposition which is the improvement of Theoréms 4 andys
[5] is a modification of Theorems 1 and 2 [3] which were proved‘by using
H-systenm. |
Proposition 2. Let A be an H-separable extension of B. Then we have

(1) Assume that A is a Frobenius extension of B with a Frobenius sys-
'tem {xx, yx, h}, and define a map h by h(d) =X xvdyx for any deD. Then
for any di, ei & D such that nt(S di@ei) = h {di, ei, h} is a Frobenius
system of DlcC.

(2) Assﬁme that D is a Frobenius C-algebra with a Frobenius systenm
{di, ei, h}, and define a map b by h(x) =X dixe: fof each x& A. Then for
any xk, yce A such that 7 (= x«®yx) = h {x«, yx, h} is a Frobenius sys-
tem of A|[B’, where B = Va(Va(B)).

Proof. (1). Let de D. We have £ dih(eid) == dixreidyr =3 ddixkeiyx
=X dh(xk)yx = d. Similarly we have d == h(ddi)ei. (2). Let xe A. Then
¥ve have Z xxh(ykx) =2 xvdiyxxei =2 xxxdiyrei =2 xh(di)ei = x. Similarly

ve have x =2 h(xxx)yx. Ovbiously h is a B'-B'-map of A to B’.
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