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SOME ESTIMATES FOR THE BLOWING UP
SOLUTIONS OF SEMILINEAR HEAT EQUATIONS

JIAN ZHAI

Department of Mathematics,Hokkaido University,Sapporo 060 Japan

ABSTRACT. We prove an above and a below differential inequality for the solutions
of semilinear heat equation.From them,we obtain the estimates of critical initial
date,which guarantee that the solution will blow up or be bounded globally.We also
get the estimates of the growth rate of blowing up solution and the blowing up time.

0. Introduction.
This paper is concerned with some estimates for the behavior of the solutions of

semilinear heat equation

g =Au+ [uP~lu in Q

(0.1) u=0 on 90

u(z,0) = uo(z)

whear  C R",u is scalar-valued,and p > 1.1t is well known that for a large class of
inital date ug,the solutions u(z,t) blow up in finite time.It is very interested to re-
search the behaviour of blowing up solutions and obtain the estimates of the blowing
up time and the rate of blowing up solutions.When  is convex,many results have
been known while we still know fewer in general domains.For example,assuming
that Q is convex,

Aug+ul >0 and wuy >0

[7] get following estimate

(0.2) u < C(T —t) 71
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2 ESTIMATES FOR BLOWING UP SOLUTIONS

In the case of that Q is star shape about blowing point and p > 1inn =1 or
2,1 < p < 22 in n > 3,[5,6] get more precise conclutions:assuming that a € Qis a

blowing up point,T' > 0 is blowing up time,then
(0.3) lim (T - )7 Tu(a + y(T — t)3,8) = (p— 1)1

uniformly on compact set

lyl<C

In this paper we consider the problom in general domain,i.e.,we only assume
that:

(D) The volume of Q is bounded and on which Divergence theorem can be
applied.
~ As being pointed in [3],there is a critical value such that if some norm of the
initial date uo is less than it then the solution exists globaly.In this paper,we give the
estimates of the critical value from above and below.We also obtain the estimates
of the growth rate of blowing up solution and blowing up time.

There are extensive articles for the blowing up behavious of the solutions of
semilinear heat equation recently.We refer to [5,6,8] and references cited there.

Notation We will use vol({2) to denote the volume of domain {2, and for v(z) €

L1(Q) (g = 1),use following notations

1o lly=( /Q (o(2))7dz) b

and
v llq (2) = (/Q(v(a:,t))qu)l/q

when v also depends on time t.

The main conclution of this paper is following theorems

Theorem 0.1. Assume that 1 <p<1+4/nu€ H}*(Q) and Q satisfies (D).
(1) If uo(z) satisfies E(0) 2 0 and

(0-4) I wo 52 (vol(Q))TrvD (E@%@)
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or E(0) <0 and
| wo [|l2# O

when E(0) = 0 then || u ||2 (t) can not be bounded in (0, o).
(2) If uo(z) satisfies E(0) 2 0 and

Il uo ll2 R
then
(0.5) lull2(t) SR

in the existence time of solution u(z,t). Where

1 1
E(0) = = Vuo(z)]?d -———/ Ptlq
(0) 5 /Q |Vuo(z)|*dz P71/, luq(x)l z

R is defined as

R = maxr;
) 1

where r; are the solutions of equation (0.6):

(06) 2(0317'71 + 0327'72)73 — C27‘2 =0
where
Cs = (— ()77
T Cg/e vol(2)
9
— - 12/8
C31 - p + 160

2-6(p+1) 2-8(p+1)

Cso = (2C3°) = (E(0)) 7

= (2/8) =2,y = (% -1D)2-0p+1),1n= 3’_‘8_'('3'('%')‘1_)
_nlp-1)
2Ap+1)




4 ESTIMATES FOR BLOWING UP SOLUTIONS

Theorem 0.2. Letl1<p<1 + 4/n and Q satisfy (D).Assume that the solution
u(z,t) of (1.1) blows up at some finit time T and u € Hy'*().Then

(1)

(0.7) T (T - )77 [ |13 () < Ko
(0.8) ~ lim (T - )77 | u [} () 2 K>
t—T

with K; < o0, K5 > 0.In fact,we can take

Co= 9TET Q(IJ_H_).FZ—rvo = K(n, p)vo
1 = 27 (Z2ED)™ val(@) = Ky, pvol(@)

Iy = Ks(n, p)vol(R2)

(2)In case of E(0) < 0,we have

(09 luoly —C2y + Cay™ ~ luoyi3 —4E(0) + Cry(P+1)/2

luoll?

where
L _2p+1)—-n(p-1)
4—n(p-1)
Pl 1 e
¢ = ’(p +1 )(vol(Q)

C, is same as Theorem0.1,

20(;2/9 8(p+1)

’ ( p+1 )
When E(0) > 0,the below estimate is replaced by
= 1
0.10 .
( ) : /Ilu0||§ —Chy + 2(0313/‘71 + Cs2y72)73 Yy s

RemarkThe estimate (0.8) has been proved in [1,3,10] under the assumption
that the boundary of Q is smooth.This assumption is essential in there because the
strong continuous semigroup method have been used.Here,we get (0.8) only under
the assumption (D),which comes from Propositionl.1(cf.[9] pp.60-63).

1.Differential inequalities

We will establish above and below differential inequalities about || u ||3 (t),which
are the fundamental of the proof of Theorem0.1-0.2.In fact,the below differential
inequality has been used in several papers,for example,[2,5,6]. The above inequality
seems first to be used for the blowing up problom of (0.1).We begin by stating

Gagliardo- Nireberg inequality(cf.[9] pp.62).
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Propositionl.1. For function v € H}*(Q),the inequality
(1.1) v lls< Coll Vo ll3llv ll3~°

is valid,in which
for n=1 or 2,
for n > 3,

8 =n(g—2)/2q

Let u(x,t) be the solution of (0.1),we define the enérgy function E(t) about (0.1)

as
' 1 : 2 1 /
E(t)= = Vu(z,t)|*de — ——— u(z,t)|Pdz
0 =3 [ IVutePde = — [ u(a.t)
Proposition 1.2.

dE
9 =<
(1.2) dt s0

Proof.Multiplying the furst equation of (0.1) by u, and integrating it,we get

/ u%d.’cz/utAud:v-{-/u¢|u|"'1u.cln:
Q Q

Q
_ 4 (1 2 7. 1 +1 ..
== (§L|V1L| (lfb—m'/ﬂ |u]? d:l,)
_dE

dt

O
Now we state below differential inequality.For completion,we give its proof.

Lemmer 1.3. Let u(x,t) be the solution of (0.1).Then we have

l .
(1.3) 7 1wl (8) 2 —4BO) + Gy w I+ ()
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where C, is same as Theorem0.2.
Proof:Multiplying the first equation of (0.1) by u and integrating it,we get

1d

(1.4) 33

Pl @) == 1 Vel @O+ 11w 75 @)

Using (1.2),we have

2
I Vu I () < 2B0) + — | w 233 (0

p+
So
1d 2 . p—'l +1
—— -9 ! P
s 1013 0 2 280 + D 1w iz @
. p—1 1 \e: p+1
> —2F 7
> ~28(0) + (E ) ey T 1w I @

where we have used Jensen’s inequality in last step. O
Next we prove above estimate which is a key step in this paper.

Lemmer 1.4. Let

l<p<l+4/n

.Assume that u(x,t) satisfies (0.1).Then
(1)For E(0) < 0,we have

d 2
(1.5) T lel3s =Collwllf +Cs [l u 3
(2)For E(0) > 0,we have
- d ,
(1.57) T Hel3< =Co [ ulld +2(Car [l w 3" +Cso [ w [137)™

where «;,C; are same as Theorem 0.2.

Proof.Fome Proposition 1.2,we have
1 2 1 n+1
(16) 5 1 VUl (0= — w33} (0 < B(0)

for t > 0.Using Proposition 1.2 to u as the function of x with q=p+1,we get

2/8
RARA

.2/6 2(1—-8)/8
Col? || w 300

(A7) Vel
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So

Null2y
(18) T ﬁ;‘(‘l_g),g (p+1>u u |P31< E(0)

Remark that if p satisfles:
1<p<1+(4/n)

then,from
1 1
o=nG- 771
we have
2
(1.9) 5>p+1

(1)In case of E(0) < 0.From (1.8)-(1.9),we get

6(p+1)

o < 02/6?) T-0(p+1) 2(1=8)(p+1)
» 2 2o Netl)

f| u ”p-l-l = 1 [P
(1.10) ( ) I fl5”
Using (1.4),(1.6)-(1.10),we obtain

d 2 || w ”p-l-l
5 77 ” ” 9/9 2(1/6-1)
w2

( o) w13

Bl 2/8
(m)“w Il w |l3/

2/8 2(1/8-1
Cal® || w |20/

FE) g

C s, C 2
= () e I3+ e [

where we have used Jensen’s inequality to obtain the last inequality.

(2)In case E(0) > 0.From (1.8),either (1.10) holds or

) —1
e i < | 5T

p+1
(

(1.11) = (Cay || w||3* +Cao || u 32)™

o{p+1)

52 2(5-1 ! 2-0(pt1) \ 2-00PFD)
QCHY ||« 2705 4 Bo) = )

-]
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Because (1.11) is stronger then (1.10),we can use (1.11) to replace (1.10) in the case
of E(0) > 0.From (1.4),(1.7)and(1.11),we get (1.15°). O

2.The Proofs of Theorem0.1 and Theorem0.2

For proving Theorem 1 and Theorem 2,we compare

Il 2 (2)

with the solutions of following ordinary differentional equations

@2.1) %J=—-CQJ+03J"
and
(2.2) %Jl = 4E(0) + C, JPT1/2

Claim 2.1. (l)Equ’a.tion(:Z.l) has tow equilibrium points
Coyr
0,(=) .
(c,

0 is stable while the second is unstable. (2)Equation(2.2) has one equilibrium point

—4E(0)
( Cl

)T
which is unstable.

In fact,in case of E(0) > 0,we must replace (2.1) by

. ) i
(2'1’) . id% = —C2J -+ 2(031J71/2 + C32j72/-)‘73

The similar conclusions can be obtained. We omit it.

Claim 2.2. Let
J(0) = J1(0) =|l wo |I3 .

Then fort € [0,T),we have
(2.3) Ju(t) < i3 (8) < J(2)
where T is the maximum existing time of solution u(x,t).

From above claims and Lemmerl.3-1.4,we obtain the conclusions of Theorem0.1.

To prove Theorem0.2,we first prove following lemmer.
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Lemmer2.3. Assume that Y(t) > 0 satisfies following tow differential inequalities

(2.4) ' %Y < —bY +bY7

d

2¥>b, +b,YEH
th‘3+4 ’

(2.5)

and Y(t) blows up at T > 0.Where b; > 0,b; > b; and v > 1.Then

Tn(T — )77y () < | —2— T2 \F
—_ =1 re &
(26) (T -y < (bz = b1> (64(:0—- 1))
. 2 ___1
(2.7) lim(T—t)leY(t) >( ! )-,lTl(l ),—3—1b;—1 71
t—T "/—1 2b4

Proof. We first consider following differential equation
(2.8) 4 7 81T + by
o dt” 2

Tle=to20 = ¥ (t0)

From the assumption that Y(t) blows up and (2.4),J(t) must blow up at some time
T(to) € (t0,T)

and

Y(t) S J(t) in [to,T(to)).
Without loose anything,we assume
Y(to) > 1.

Notice that v > 1 and
J(t) 2 J(to) =Y (to) 2 1

we have

> dJ
T(tg) —t = —
( 0) /](l) —1)1 J + b'_)'.]‘Y

1
S G0 <))
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So,for
te [t07T(t0))’
we obtain
— ' 1
9 7 _ v-1 <
(2.10) t})@T(T(to) t0)Y 77 (20) < (v — 1)(b; — by)

Second,we consider differential equation

dJ 2L
(2.11) —d-tl = by + byJ; 2

J1li=to>0 = Y(t0)

The solution Jy(t) must blow up at some time
Ta(to)
which is larger then T.That is
T —ty <Ta(to) —to
_ /oo Cl.];
Bto) by 4 by JIE
el dJ]
y
Ji(to) bﬂi,]::'*’ﬂ
, 2 1\
(2.12) ‘ = ( )
by(p —1) \ J1(to)

From (2.9),(2.12),we have

Tt < (g™ (il - 1)

2.13 :
(213) (T(to) — to)™ = ~ “ba(p—1)

From (2.10) and (2.13),we get (2.6).Similarly,we can get (2.7). O

Using Lemmer 1.3-1.4,2.3,we can prove Theorem0.2.
Acknowledgement:The author is grateful to Professor Yoshikazu Giga who

brought this problem to him.
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