HOKKAIDO UNIVERSITY

Title Dilation Method and Smoothing Effect of the Schrdinger Evolution Group
Author (s) Hayashi, N.; Kato, K.; Ozawa, T.
Citation Hokkaido University Preprint Series in Mathematics, 243, 2-10
Issue Date 1994-05-01
DOI https://doi.org/10.14943/83390
Doc URL https://hdl. handle.net/2115/68994
Type departmental bulletin paper
File Information re243. pdf

kaido
\;\0\‘ U”/Ls

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




DILATION METHOD AND
SMOOTHING EFFECT OF
THE SCHRODINGER
EVOLUTION GROUP

- N. Hayashi, K. Kato and T. Ozawa

Series $243. May 1994



i 216‘:
§217:
f 218:

f 219:
i 220:
i 221:
i 222:
i 223:
f 224:

i 225:

f 226:
f 227

i 228:
§ 229:

i 230:
f 231:
f 232:
§ 233:
f 234:
i 235:
i 236:
f 237
{238
f 239

i 240

1241
i 242

HOKKAIDO UNIVERSITY
PREPRINT SERIES IN MATHEMATICS

Y. Giga, N. Mizoguchi, Existence of periodic solutions for equations of evolving curves, 45 pages. 1993.

T. Suwa, Indices holomorphic vector fields relative to invariant curves, 10 pages. 1993.

S. Izﬁmiya, G. T. Kossioris, Realization theorems of geometric singularities for Hamilton-Jacobi equations,
14 pages. 1993. |

Y. Giga, K. Yama-uchi, On instability of evolving hypersurfaces, 14 pages. 1993.

W. Bruns, T. Hibi, Cohen-Macaulay partially ordered sets with pure resolutions, 11 pages. 1993.

S. Jimbo, Y. Morita, Ginzburg Landau equation and stable solutions in a rotational domain, 32 pages. 1993.

T. Miyake, Y. Maeda, On a property of Fourier coefficients of cusp forms of half-integral weight, 12 pages.
1993.

I. Nakai, Notes on versal deformation of first order PDE and web structure, 34 pages. 1993.

I. Tsuda, Can stochastic renewal of maps be a model for cerebral cortex?, 30 pages. 1993.

H. Kubo, K. Kubota, Asymptotic behaviors of radial solutions to semilinear wave equations in odd space
dimensions, 47 pages. 1994.

T. Nakazi; K. Takahashi, Two dimensional representations of uniform algebras, 7 pages. 1994.

N. Hayashi, T. Ozawa, Global, small radially symmetric solutions to nonlinear Schrdinger equations and a
gauge transformation, 16 pages. 1994.

S. Izumiya, Characteristic vector fields for first order partial differential equations, 9 pages. 1994.

K. Tsutaya, Lower bounds for the life span of solutions of semilinear wave equations with data of non
compact support, 14 pages. 1994.

H. Okuda, I. Tsuda, A coupled chaotic system with different time scales: Toward the implication of obser-
vation with dynamical systems, 31 pages. 1994. _

A. Hoshiga, The asymptotic behaviour of radial solutions near the blow-up point to quasi-linear wave equa-
tions in two space dimensions, 8 pages. 1994. '

Y. Giga, N. Mizoguchi, Existence of periodically evolving convex curves moved by anisotropic curvature, 12
pages. 1994, |

C. Dohmen, Y. Giga, N. Mizoguchi, Existence of selfsimilar shrinking curves for anisotropic curvature flow
equations, 13 pages. 1994, |

T. Nakazi, M. Yamada, Invertible Toeplitz operators and uniform algebras, 14 pages. 1994.

C. Dohmen, A Pohozaev-type inequality for a quasilinear Haraux-Weissler equation, 6 pages. 1994.

T. Mikami, Large deviations for the first exit time on small random perturbations of dynamical systems, 32
pages. 1994,

T. Ozawa, Characterization of Trudinger’s inequality, 7 pbages. 1994,

T. Hibi,r Buchsbaum complexes with linear resolutions, 12 pages. 1994.

Y. Giga, N. Mizoguchi, On time periodic sdluvtions of the Dirichlet problem for degenerate parabolic equations
of nondivergence type, 23 pages. 1994.

C. Dohmen, Existence of Fast Decaying Solutions to a Haraux-Weissler Equation With a Prescribed Number
of Zeroes, 12 pages. 1994.

K. Sugano, Note on H-separable Frobenius extensions, 8 pages. 1994.

J. Zhai, Some Estimates For The Blowing up Solutions of Semilinear Heat Equations, 11 pages. 1994,



DILATION METHOD AND SMOOTHING EFFECT
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**Department of Mathematics, Osaka University, Toyonaka 560, Japan
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ABSTRACT. We reexamine the mechanism of smoothing effects of the Schrédinger
evolution group in the weighted Sobolev spaces by using the generator of space-time
dilations instead of Galilei transformations.

1. Introduction

In this paper we prove smoothing effects of the Schrédinger evolution groups in
the weighted Sobolev spaces on the basis of the commutation relations for the
generator of space-time dilations instead of Galilei transformations. Let H =
—(1/2)A + V be a Schrodinger operator in L? = L2(R"™) with potential V, the
multiplication operator by the real-valued function ¥V on R™. Qur main attention
is concentrated on the smoothing effects of the unitary propagator e~*H in L2,
Looking through an extensive literature on the smoothing effects for Schrédinger
evolution equations(1-4, 7, 9-13, 15, 16, 20-27, 29-31, 33-36, 38-42], we find that
the methods are classified into three categories. The first method is related to the
Strichartz. type estimate, which is formulated in the L? setting and depends es-
sentially on the mapping properties of the Fourier transform with respect to the
space variables. It implies in particular that for any data in L? the corresponding
solution belongs for almost all times to L2 N L? for all p with 2 < p < 2n/(n — 2).
The second method originates in the Kato smoothness estimate, which is formu-
lated in the L? setting and depends essentially on the mapping properties of the
Fourier transform in the time variable. It implies in particular that for any data
in L? the corresponding solution belongs for almost all times to the local Sobolev
space H ,10/62. Roughly speaking, both results above ensure that for almost all times
propagators for Schrédinger evolution equations improve the spatial local regularity
of the initial data. As for the time variable, we remark here that the restriction
of almost everywhere convergence cannot be reduced to the pointwise convergence.
In contrast, the third method holds pointwisely in time and depends exclusively
on the commutation relations between the unperturbed operator L = i8; + (1/2)A
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and the generators of transformations which leave the associated Lagrangean in-
variant. To be specific the only operator that has been used for that purpose is
the generator J = z + itV of Galilei transformations, which commutes with L and
provides the spatial local regularity through the formula (z + tV)U(t) = U(t)z,
where U(t) = exp(i(¢/2)A). It implies in particular that for any data ¢ € L? with
|z|™$ € L%, m being a positive integer, the corresponding solution belongs to the
local Sobolev space H[. away from the initial time. In other words the last method
reveals the connection between the spatial decay at infinity of the data measured by
the position operator z and the regularity of the corresponding solutions measured
by the order of local Sobolev spaces. Despite the fact that smoothing effects of
pointwise times have been recognized as implications of the spatial decay at infin-
ity, it does not logically mean that the decay at infinity is the only source of the
local regularity of solutions. In fact the purpose of this paper is to prove that this
is the case. We prove in particular that for any data ¢ € L? with (z - V)™¢ € L?,
the corresponding solution belongs to H2™ away from the initial time. This reveals
the connection between the regularity of the data with respect to the self-adjoint
operator A = (1/2¢)(z-V +V-z) and that of the corresponding solutions measured
by the order of local Sobolev spaces. As a corollary, it turns out that the propaga-
tor e~#*H maps C'*-vectors for A into smooth functions for any ¢t € R\{0}. Our
argument exploits the generator P = z - V + 2¢0; of space-time dilations, which
satisfies the commutation relation [L, P] = 2L. In this sense our method falls into
the third category. We derive the local regularity from the time dilation part of
P in the associated a priori estimates. To this end we prove that in the L? space
with weight of negative index the effect of the space dilation part of P amounts to
an infinitesmally small perturbation with respect to the time dilation part. As is
expected by equation, the time derivative deserves the second derivatives in space,
so that actually we prove that (z)~2z . V is infinitesmally small with respect to
(z)~2A. The description of the resulting smoothing effect is therefore efficiently
given by the use of the weighted Sobolev spaces, which traces back to Jensen[20].
The operator P has recently been used in the study of the nonlinear Schrédinger
equation[5, 8, 9, 12]. To state our result precisely, we introduce several notations.

Notation. 8, = 0/0t, 0; = 0/0z;, V = (01,...,04), ¢ = (21,... ,2,); 0% =
II7.,0%, 2% = I'I;-‘=1:c;" ; LP? denotes the usual Lebesgue space on R™ with norm
Il llp; Il - || and (-,-) denote the norm and scalar product in L?, respectively; H™*
denotes the weighted Sobolev space defined by H™* = {¢) € &'; ||[¢0||m,s = [I{z)*(1 -
A)™%p|| < 0o} for m, s € R, where S’ denotes the space of temperate distributions
and (z) = (1 + |z|*)'/?; D, = D(A™) = {p € L} AJp € L? for all j with 1 < j <
m} denotes the domain of the m-th power of the self-adjoint dilation operator
A = (1/2i)(z -V + V - z), equipped with the graph norm, which is equivalent to
lollm = 3520 iz - V)9l and to [|9]] + [I(z - V)™9].

With these notations we state our main results. In this paper we prove
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Theorem 1. Let m > 1 be an integer. Suppose that 0°V € L*° for all a with
|o] < 2m — 2 and that (z - V)V € L* for all j with 1 < j < m. Then e™"H
is bounded from D, to H*™~2™ for any t € R\{0} with the associated operator
norm bounded by C(1 + [t|~2™).

Combining Theorem 1 with the results in [27] ( see also [20, 26, 29]), we obtain

Theorem 2. Let m > 1 be an integer. In addition to the assumptions in Theorem
1, if £ - VOV € L™ for all a with |a| < 2m — 2 then e~*H is bounded from
D,, + H%?™ to H?*™=2™ for any t € R\{0} with the associated operator norm
bounded by C(1 + |t|~2™).

Remark 1. The condition that |0°V (z)| < Co{z) =%l for all @ may be the simplest
one that ensures all the assumptions above. The following potentials illustrate other
examples.

(1) V(z) = z/|z|!®l with o # 0 satisfies the assumptions with m = 1, while the
first derivatives are not bounded at the origin. A general example in this
direction is a smooth function on R™\{0} with homogeneity of degree zero.
The asymptotic behavior of propagators for Schrédinger operators with such
a class of potentials is studied by Herbst[17].

(2) V(=) = sinlog(z®) with a # 0 satisfles the assumptions with m = 1, while
the first derivatives need not stay bounded along the axes.

(3) V(=) = cos(|z|/(1 + |z])) satisfles the assumptions with m = 1,2.

(4) V(=) = exp(—|z|?) with o > 0 satisfies the assumptions withm < o /2 + 1.
If o is even, V satisfies all the assumptions.

Remark 2. Let V satisfy all the assumptions in Theorems 1 and 2, respectively.
Then for any t # 0 the propagator e ** maps D, and Do, + H%* into C°,
respectively, where Do, =), 50 Dm Is the space of C*-vectors for A and H%*® =

anO HO™ .

Remark 3. ¢(z) = |z|™/?F¢(1 + |z|)~2¢ with ¢ > 0 satisfies ¢ € Do, while ¢ ¢
HO%¢. By the preceding remark, e~"*#¢ € C™ for any t # 0, provided that V
satisfies all the assumptions in Theorem 1. This example falls beyond the scope of
the previous literature even when restricted to the case V = 0.

2. Proof of Theorem 1
The proof of Theorem 1 requires the following lemma.

Lemma. Let m > 1 be an integer. Then there exists a constant C such that for
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all ¢ € H2m,—2m

(1) -
m—1 1/2 . m-—1
I llzm—1,~2m+1 < C (Z ||Aj¢||o,—2j> IA™ 6 20m +C Y 1A ll0,-25,
j=0 j=0
2m m .
(2) > lli=i < C D Ao, -2z,
j=0 k=0
. ' 1/2
(3) 1% )l m,—m < C|l%||*/ ( ' ||Aj¢”o,-2j) :
j=0

Proof. By density it suffices to prove the estimates for ¥ € S. Let « satisfy |a| =
2m — 2. By the relation |0:0°¢|? = (1/2)8%|0°¢¥|?> — Re(8*¢028°¢), integration
by parts, and the Schwarz inequality, we obtain

1 —-4m o | —-4m [~ 4 a4
1040° I3 —amss = 5 () ™™+, 021078 [%) — Re () ~™+20°9, 030°%)
< ClIO I _omsz + 18 llo,—2m 421020 lo,—2m.

This implies (1) since

{ l

@ D 10%%llo,~21 < Cllllat—2: S C Y 1A%llo,—21 < C Y | AT]lo,—2;

|8]=21 Jj=0 j=0

and the norm defined by ||¢[[% , = [|¥lo,s + 20 qj=x 10°¥ll0,s is an equivalent norm
in H** with k € N, s € R[37]. Similarly, (2) follows from (1) and (4). The proof
of (3) proceeds similarly since for |a| = m
10°%115,—m = (8°%, () ~2™0%4)
= (=D)l(y,8°(() " 0°9))
<lllllo* (=) ~*m0°Y)ll < CliYll 1Y llzm,—2m. O

Proof of Theorem 1. We first regularize V' by a mollifier. Let p € C§°(R") satisfy
p >0 and ||p|l1 = 1 and let p(z) = e "p(e~'z) for € > 0. Let V. = V * p, and let
ue(t) = exp(—it(Hg + V)¢ for ¢ € S. Then u, € C°(R;S) since §°V, € L™ for
all a[18, 19, 28, 29, 32]. We prove that

(5.m) 1A7ue(t)llo,~2; S C(L+[t]72)Iélj, 0 < j < m, t € R\{0},
(6.m) [PTuct)] < C+[t)4l;, 0 < j < m, t € R\{0},
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with constant C independent of ¢, t and ¢. We prove (5.m) and (6.m) by induction
on m. The case m = 0 follows from the unitarity of the propagator exp(—:it(Ho +
Ve)). Let m > 1 and suppose that (5.m — 1)and (6.m — 1) hold. We proceed to
the case m. By the commutation relation [L, P] = 2L, we have, omitting the time
variable t,

LP™u, = (P + 2)™Lu, = (P + 2)™(Viue)

m

3 (’:) 9m=i Pi(V,u,)

J=0

. m-1m—k
=V.P™u, + ( ) ( )2'"-1 k(PIV,)P*u,.
0

k=0 j=

Taking the imaginary part of the scalar product in L? between LP™u, W1th the
last form and P™u, and mtegratmg by parts, we have

m—1m-—

k
@ ghemudr =3 3 (F) ("5 52 m v i, P,
0 .

k=0

o,

Noting that (z - V)V % p. = (2 - VV) *xp. + V * V - (zp,), we obtain |
(8) Y PVl < C Y iz - VYV oo
i=0 =0

‘with constant C independent of e. By (7), (8), and (6.m — 1),

m-—1

] 4P + 6)| <0 IP* P

k=0
< CA+ ™ DBllm-1(1P™uelf* + 8)172,

for any 6 > 0. Dividing both sides of (9) by (||P™u.| + 6)'/?, integrating in ¢, and
letting 6 | 0, we obtain (6.m). We next prove (5.m) by making use of (5.m — 1)
and (6.m) . By expanding the m-th power of P, (2¢)™9[" is expressed as

m-—1
(2t)™9™ =P™ — (¢ - V)™ — Z A 1 t*OF

S 1( )(x V)'"“J ((2t)’8’+jzla,,kt’°a‘>

k=1

LN
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with constants a;, 1 < j <m and 1 < k < m — 1, where we follow the convention
Eg=1(" -) = 0. Letting (10) act on u,, using the equation iGiue = (Ho + Ve)u,,
and estimating the result, we have

(11) CIED™I(Ho + Vo)™ uello,—2m
m-—1
SIP™uell + I(z - V)™ uello,2m + C D [tI*II(Ho + Vo) *uello,~2m
k=1
m-j j _
+C D> 1l - V)™ (Ho + Vo) *ucllo,—2m.-

) J=1 k=1
By expanding the j-th power of Hy + V,
(12)  (Ho+V.)

7 .
, J j—
=3 (3o
k=0
j—1

+

: k
> C(j, k,{ai}, B) (H ™ I/e) o°

k=1 |pI<2G-F)-1 I=1
los ek +Bl=2(j— k)

and therefore by (2)
(13) I((Ho + Vo)’ — HiJuello,~2;

Jj—1
<C Y VelliS kIl H uello,—2x
k=0

j=1 ¢
+CZ( > ||0°Velloo) > 10%uclio,-ia

k=1 \|a|<2(i—k) [81<2(5 —k)-1
Jj-1 ,
SC1+ D 110°VIEL | D lIa%uo -2k
lo| <252 k=0

By (13) and (5.m — 1),

(14) 1(¢A) uello,~2m .
SQID™I(Ho + Vo) uello,~2m + CUH™ + [t} 7" )¢l m-1,

m—1 m—1 k
(15) 11 (Ho + Vo) *udlo,—am < C Y 114D 18 ucllo,—2;
k=1 k=1 j=0 '

<™ + 1 ) Iélm-1-
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Combining (6.m), (11), (14) and (15), we have

(16) I(EA) uello,~2m
<CUE™ + 7™ ) 8llm + ll(z - V)™ uello,~2m

+ 03 S I - V) I (Ho + Vo Fudo, am

j=1 k=1-

By (2), (3), (5.m — 1), the middle term of the RHS of (16) is estimated as

(17) C Y 10%udliaj-2m S C Y 110%ucllo,~ o

laj<m |a|]<m
m—1
<C ) lluellj—j + Clluellm,-m
i=0
[m/2) 1z
<C > IIAkueHo 2k + C(It] ™11/ Z 1™ | A wello,~25
k=0 j=0
m-—1
II(tA)"‘uello —2m + C'(l +IE™) D 1A% uello,—25 + ClEI™™ Il
j=0

Szll(té)"‘uello,—zm + O™ + ™) ¢llm-1,

where [m/2] is the largest integer less than or equal to m/2. By (1), (2), (12) and
(5.m — 1), the last term of the RHS of (16) is estimated as

m—-1 j
18) D D> 3 IO (Ho + Ve) uello jaj—2m

J=1 k=1|ca|<m-j ‘
m—1 J

sC Z Z Z |t|k”aﬂue”0,|a|—2m
J=1 k=1 |a|<m—j |B|<L|a|+2k
m—1 J

<CY DT ST DT (tHI0uclo,—ip
7=1 k=1|a|<m—j |B|<|a|+2k
m—=1 j m—j+2k

R Z Itl"lluellz,—z
J=1 k=1 =0
m—-2m-~—1

<c (14 [t el =t + CII™ Yuellam—1,~2m-+1



m-—1

SCA+I™ ) D 1A uello,—2;

=0
1/2
m—1 /2
- : 1
+C | D ™A ulo,—25 | (L) uclloZ2m
j=0

1 -m
Sz IEA) ucllo,—2m + C([H™ + 17 ™) @l m—1-

By (16), (17) and (18), we have ||(tA)™uc]lo,—2m < C([t|™ + |t|~™)||4l|m and hence

(5.m), as required. We note that (5.m) and (6.m) extends to ¢ € Dy, since S is
dense in D,,. By (5.m) we have

(19) lue®)l2m,~2m < C(L+ 7™ ¢lm, 6 € Dm, t € R\{0},

where C is independent of ¢, t and ¢. Finally we consider (19) in the limit € | 0.
For ¢ € L?, Vb — V4 almost everwhere as € | 0 and |(V, — V)¢| < 2|V |leo|®].
This implies ||(Ve — V)9|| — 0 as € | 0, which in turn implies

I(Ho + Ve +3)™" = (Ho+ V +i) ™)y
= |(Ho + Ve + )™ (Ve = V)(Ho + V +4) 19|
SI(Ve—VYHo+V +4)7 [ -0 as e]0.

The Trotter-Kato theorem shows that ue(t) — e *#¢ in L? locally uniformly on
t-intervals as € | 0. Since the operator (z) 72™(1— A)™ is closed in L2, we conclude
from (19) that e~H¢ € H?™ 2™ for t € R\{0} and |le” "7 d|l2m,~2m < C(1 +
172 éllm. O
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