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SLOWLY DECAYING SOLUTIONS FOR SEMILINEAR
WAVE EQUATIONS IN ODD SPACE DIMENSIONS

Hmpeo Kuso

Department of Mathematics Hokkaido University, Sapporo 060, Japan

1. Introduction and Statements of Results. In this paper we consider the initial value

problem to a nonlinear wave equation:
uy — Agu=ul’ in R} x[0,00), (1.1)

where u is a real valued function and p > 1. It is a basic problem whether or not the initial
value problem to (1.1) admits a unique global solution. If the initial data is large in a certain
sense, there is no global in time solution to the problem for any p > 1. (See for instance
R.T. Glassey [7]). ‘ |

For small initial data, F. John [10] established a remarkable result when space dimensions
n = 3, namely, he showed there is a ‘critical’ value po(3); where po(n) is the positive root of
the quadratic equation:

(n=1)p*~(n+1)p—-2=0. (1.2)

Here critical means that a unique global solution exists if p > po(n) and any nontrivial classical
solution blows up in finite time if 1 < p < po(n) under suitable assumptions on the initial
data. Glassey [8], [9] also proved that this assertion is still valid when n = 2. For the critical
case p = po(n), n = 2,3, J. Schaeffer [18] obtained the blow-up result. By virtue of these
works, we find a relation between a global behavior of the classical solutions and the power
of the nonlinearity, if the initial data are ‘nice’. As for subcritical case, i.e., 1 < p < po(n),
T.C. Sideris [19] extended the nonexistence result in general space dimensions. When n = 4,
Y. Zhou [25] constructed a unique global solution in a generalized Sobolev spaces provided
p> po(i) and the initial data are rapidly decaying. Moreover there are many works which
contribute to the initial value problem. (See for example [12], [4], [16], [3] and [13]). However
the case where p > po(n), n > 5 and p = po(4) is still open.

Typeset by Ap8-TEX



2 SLOWLY DECAYING SOLUTIONS

On the other hand, the decay rate of the initial data as well as the power p plays an
important role to determine a global behavior of the classical solution to the initial value

problem for (1.1) with prescribed the following initial condition:
u(z,0) = f(z), wu(z,0)=g(z) for zeR", (1.3)

where f € CI*/2H2(R7), g € ClI?/2H1(RP), We supposé either

Do 1gf@N+ D 1829(z)] < (1 + |e])~ (=Y (1.4)
|a|<[n/2]+2 |elL[n/2]+1
or
F=0, g(z)>e(l + o)~ =D, (1.5)

where £ and ¢ are positive parameters. In three space dimensions, F. Asakura [3] found a
critical value of « , namely, if K > ko = 2/(p— 1) and p > po(3), a unique global solution
exists by assuming (1.4) with ¢ sufficiently small and if £ < ¢ and (1.5) holds, any classical
solution blows up in finite time. This remarkable phenomenon was also studied for two
space dimensional case. The existence part is proved by K. Kubota [15], K. Tsutaya [23]
independently. Moreover when & = &g and n = 2,3, the problem admits a unique global
solution, provided (1.4) holds and ¢ is sufficiently small. (See for instance [15], Tsutaya [22]
and [24]). On the other hand, the blow-up part is established by R. Agemi and H. Takamura
[2], [23], independently. The critical value is the same number as in [3]. When n > 4,
Takamura [20], [21] proved that if & < kg and (1.5) hold, the blow-up occurs in finite time for
radially symmetric case. Moreover the following upper bound of the lifespan is obtained by
[2], [22], [24], [20] and [21]:
T. < Ce~(P=1/(2=(p-1)x)

where lifespan means the maximal time interval where classical solutions exist uniquely and
C = C(n,p, &) > 0.

Then the following question naturaﬂy arises : Whether or not the value g is also ‘critical’
for the higher space dimensional case. The aim of this paper is to answer this question
afﬁrmatiﬁely, prdvided the initial data are radially symmetric, the space dimensions is odd
and p > po(n) = max(po(n),(n — 3)/2). The last assumption implies that there is a gap

between the critical number po(n) and po(n) except five space dimensional case.
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We now rewrite the equation (1.1) and the initial condition (1.3) as follows:

n—1

Ut — Upy — u, =[uff in RxJ[0,00), (1.6)

u(r,0) = f(r), u(r,0)=g(r) for r€eR, (1.7

where f and g are even functions such that f € C™*1(R), g € C™(R) and n = 2m + 3 with

m a positive integer. Moreover we assume that

F )"+ D {5+ gD () )+ <, (1.8)
j=0 |

. d’
where k, € are positive parameters. Besides, we have set (r) = /1 + 12, gU)(r) = (—d ) g(r).
r
As to the power p, we suppose

n—3
2

We slightly modify the differentiabilty of solutions in the definition of T, as follows:
u € C(R x [0,T)) and r?u € C*(R x [0,T)), particularly, u € C2((R\{0}) x [0,T)).

p>po(n) and p>m= (1.9)

Then our main result is

Theorem 1.1. Suppose that (1.8), (1.9) hold. Then there is a positive number eg =
eo(n,p, k) such that for 0 < e < g

T, = o0 if k>ke=2/(p-1),

T, > Ce—(p=1)/(2=(p-1)x) if 0< k< ko, (1.10)

where C = C(n,p, &) > 0.

One can easily generalize Theorem 1.1 as follows. We consider the following equation:

n—1

Ut — Uypr —

u, = G(u) in Rx[0,00). (1.11)

We impose the following hypothesis (H) on G:
G(A) € C™(R) and there are constants p > pg(n), A > 0 such that

' (Hy)
IG(I)(/\)I <AMPY i I<p, I<mand A <1
Moreover there are constants B > 0 and 0 < § < 1 such that for |A], || <1
; BIA = N[(JAP=CmH) 4 (NP =(m ) i p>m 1,
|G™ () — G < ¢ BlA = X[p-m | if m<p<m+1, ()

B|A =X : if p<m.
A typical examples is G(u) = u? f m > 2 and G(u) = [uf? if m =1 and p > po(5).
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Theorem 1.2. Suppose that (1.8), (H) hold. Then there is a positive number £1 = &1(n, G, &)
such that (1.10) with C replaced by C' = C'(n,G,k) > 0 holds for 0 < ¢ < €.

This paper is organized as follows. First we shall study a solution to a linear wave equation
in Section 2. Section 3 is devoted to obtain basic a priori estimates. In the final section
we shall construct a global solution by employing the iteration method and obtain the lower
bound of the lifespan.

Throughout of this paper, we shall denote various constants, depending only on n, G and

& by C, Cy, C; and so on.

2. Linear Wave Equations. The aim of this section is to obtain preliminary decay
estimates for a solution to a linear wave equation:

n—1

Ut — Upp — u,=0 in R x[0,00). (2.1)

To begin with, we define
1

o(r,t) = / Ht +10)p(@)do, $(@) = (1~ o)™, m=(n—3)/2. (2.2)
-1

If H(p) belongs to C?(R), then v(r,t) belongs to C#(R x [0, 00)) and satisfies (2.1). (See e.g.

[13], Lemma 2.1). However we modify it as follows:
Lemma 2.1. Suppose that H(p) € C(R) and m € N. Then v(r,t) is even in r and
8% (riv)(r,t) belongs to C(R x [0,00)), 0 < j < m + 1. Moreover we have

1
& (v o) (r,1) = /;1 H(t +ro) (=Y ¢U)(o)do, 0<j<m, (2.3a)

ot (pmt1ly)(r, 1) = / 11 H(t + ro)(—o)™ 19+ (5)do
+ (——l)mH(t + 7)™ (1) + H(t — 7)™ (-1). (2.3b)
Furthermore r?v(r,t) belongs to C2(R x [0,00)) and satisfies
rloy —rlv,, —(n—1rv, =0 in R x [0,00). (2.4)

Proof: It is easy to see that v is even in r. Next we consider (2.3). If we change the

variable by p =t + ro, the result is

ttr
rv(r,t) = H(p)¥(o)dp, r#0. (2.5)

t—r
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Since (1) = 0, we have

pttr 1
O, (ro)(rt) = [ H(p)pW(0)ordp= /_ 1H(t+r<r)(—cr)¢“’(a)cza, (2.6)

t—r

because o, = —o/r. Therefore (2.3) holds for j = 1.
We shall show (2.3) by employing the induction, namely, we assume the following identity

holds for some j with 1 < j < m:

t+r
()= [ Hp)=oV$D(o)dn, 740,

t—r

By Leibnitz’ rule, we have
| OI¥(r - i v)(r,t) =rd* (1 0)(r,2) + (j + 1)8] (r v) (r, 1)

=0, (0% (9 0))(r,) + 181 () (1, 1).
Using the assumption of the induction, we have
- . t+r . I
0,(roi(Fo)(rt)= 0, [ H(p)(=0) $9)()dp
t—r

t+4r

oY 50t ()
[ ()oY 4940 (0)ordp 2
t4r

+3j H(p)(=oY 9 (0)(=0),dp

t—r

+ (1Y H(t +r)pD(Q) + H(E — r)pd(-1).
Since %)(£1) = 0, 1 < j < m — 1, combining this with (2.7) together with the assumption

(2.7)

of the induction, we obtain (2.3).

Finally we shall show (2.4). We note that
(1= 0*)pP(0) + (n ~ 5)o M (o) + (n = 3)p(0) = 0, (2.9)

which is easily checked by a simple calculation. In a similar way to get (2.6), we have

& (rv)(r,t) = — B H(p)pM(a)dp, 70,

t—r
which yields

t4r
2(ror)(nt) =~ [ H(WP(o)(~>)do

- —;I(t-i-r)gb(l)(l) + H(t —r)pV(=1)
_ / " H (4 ro)® (0)do

— H(t+ )M Q) + H(t — r)pM(-1).

(2.10)
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Since
r292v(r,t) — r28%v(r,t) — (n — 1)rd,v(r,1)

—r388u(r,1) — {82(r30)(r,2) + (n — )8, (r0) (r2) — (m — 3)o(r D)},
by virtue of (2.10), (2.3) and (2.9), we obtain (2.4).

We now define a function u° by
1 1
u(r,1) = / H,(t + ro)y(o)do + 0, / H;(t + ro)y(o)do.
-1 -1

" where we have set v'gb(a) =(1—0?%)™ and

11d

) =55, 3,

—)"(p*"g(p)), m=(n-3)/2.

(2.11)

Then u? satisfies the initial condition (1.7). (See e.g. Courant and Hilbert [6], p.699-p.703 or

[13], Lemma 2.1).

Here we introduce a Banach space X in which we will construct a solution of the initial

value problem (1.11), (1.7):

X = {u(r,t) € C(R x [0,00)); & (rFu)(r,t) € C(Rx [0,00)) for 1 < j < m, ||u|| < oo},

where the norm ||u|| is defined according to the size of « given in (1.8):

(B I<e<li+1l, 0<LI<m:

m
nun=Zsuglai(rfu>(r,t>|<t+|r|>“<r>m'“""""’ with p=r—1;

(1) w=1+1, 0<I<m:
lull = 3 sup 107 (rFu)(r )t + IrNry ™72 (o)

(#5) k>m+1:

m

|lull = Zsuglai(TjU)(r,t)l(t +r)(r)" =1l with v =k —(m+1),

j=0\"

where we have set ¥, (r,t) = (1+log s I)) fora > 0and ¥,(r,t) =1 for @ < 0. Applying

(t

Lemma 2.1 as H(p) = H,(p) + H}»l)(p) to u®, we obtain the following proposition.
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Proposition 2.2. Suppose (1.8) holds. Then u® € X and r?u® € C*(R x [0,00)). Moreover

u satisfies (2.4), (1.7) and is even in r. Furthermore we have
|[u]] < Ceoe, (2.12)

where C is a numerical constant depending only on m and k.

Proof: The assertions of the proposition except (2.12) are direct consequences of the
preceding lemma, because H, € C(R) and H; € C'(R).

In the rest of this section, we shall show (2.12). Since u° is even in r, we may assume r > 0.
First we consider the case? > 2r > 0 or 0 < r < 1 by making use of the identity (2.3a). Using

the assumption (1.8), we have
|5,y (p) + B ()| < Celp)™", (2.13)

because
m m+1

Hy(p) + BV (p) = Y Cip* g () + 3 Co £9)().
j=0 : j=0
Then it follows from (2.11), (2.13) that for r» # 0
. e Ce [it7,  _. 2Ce [t
197 (" u®)(r, ¥)| < - (p) "dp < -

t—r

(o) ™" dp,

(t-r)+
where we have set o) = max(e,0). Since {p) is equivalent to (t +7) for (t —r)4 < p <t 47
if either t > 2r > 00r 0 < r < 1, we get

|03 (9 u®)(r,t)| < Ceft +1)7", 0<j<m. (2.14)

Next we consider the case where 0 < ¢ < 2r and r > 1. Changing the variable by p = t4+ro
and integrating by parts m times in (2.11), we obtain
t4r t4r A
u®(r,t) = / g(p)K(p,r,t)dp + 8, f(p)K(p,r,t)dp, r#0, (2.15)
t—r ) t—r

where

-1\ 2m+1 5 1. ™ :
K(p,'l‘,'t)='('""1];l)!_(’§) ¥ ('a_p'z_p') (}Sm(p,r,t),

- $(pymt) = (r—t+p)(r+1t—p).

If we set v(r,t) = r?™+140(r,¢), then the desired estimates for u° is transformed into the fol-

lowing estimates for v by making use of Leibnitz’ rule as 8/ (r’ up)(r,t) = 8 (r 2™~ i y(r,¢t)).
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Lemma 2.3. Let 0 <t < 2r and r > 1. Suppose (1.8) holds. Then we have
(1) I<e<l+1l, 0<I<m, p=c-1:
|83 v(r,2)| < Celt + r)! ~Hpmimax(m=l=i0) for 0 <j<my
(i) k=1+1, 0<I<m:
|8iv(r,t)| < Cermtmex(m=I=iOg; . n(rt) for 0<j<m;
(ii)) m4+l<g, v=x-(m+1):

|0iv(r,t)| < Cer™{t—1)"" for 0<j<m.

Proof: For the sake of simplicity, we assume f = 0. From (2.15) we have

t4r -
lo(rt)= [ a(p)olKalp,t)dp+ R} (ryt) + By (1,1,
t—r
where we have set Ko(p,r,t) = r>»+1K(p,r,1), R(")h(r,t) = 0 and for 1 <j<m
j—1 -
Bf(nt) =3 0![(9(p)0] " Kolp,m,1))| 1. (2.16)
s=0 p=txr
Since 8! Ko(p,r,t) is odd in p (see for instance [13]), we get
. t+r .
8 o(r,1) = /I 9(0) Ko(p, 8)dp + B (r,8) + B (n,1), (2.17)

t—r|

In the following lemma and corollary, we prove preliminary results for Ko(p, r,1).

Lemma 2.4. Let 0<i, k <m and a = 0,1 and set vy =i+ o+ k. Then we have

0 if 0<y<m-lorvy>2m+1
5501 0% § (o1, 1 { S = ’ 2.18
¢(p’ 7', )l -—t:hr Cr2m—-1 .if m S 73 2m, ( )
Moreover when [t —r| < p <t +r, we have
|679;8; 4™ (p, 1) < CT*™7, (2.19)
- |030.0%¢™ (p, 7, 1) < CT™p™ 7 if 0<y < m. (2.20)

Proof: For|t—r| < p<t+r,wehaveboth0<r—t+p<2r,2pand0<r+t—p<2n
Therefore we have (2.20). The others can be shown less hard. O
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Corollary 2.5. Let 0 < i < m and a = 0,1. Suppose that both [t —r| < p < t+r and
" p < 3r hold. Then we have

070} Ko(p,r,t)] < Crmpm¥1-64e) for Jt—r|<p<t4m (2.21)
Proof: Note that .
Ko(p,ryt) = ) Crp't*85¢™ (o, 7,1), (2.22)
k=0

hence we have m
ataa:KO(pa ryt) = chp1+k6f‘aia§¢m(p,r,t).
k=0
Set y =i+ a+k. When 0 < 4 < m, by (2.20) we have

|p1+kataa;:a§¢m(p’ rt)| < C"mP1+m—(i+a)-
When m +1 < v < 2m, by (2.19) we have
|P+E07 005 4™ (p, 1, 1)] < Cp*hram= < Gptm=Gitalym,

because r™~7 < (p/3)™~7. Thus we have proved the corollary. 0O
Applying (2.18) withi=j —1—sand a =0 to RJ-i defined in (2.16), we obtain

Corollary 2.6. Let1 < j < m. Suppose that 0 < ¢ < 2r. Then we have

i-1
RF rt)| < Cr™|t & o|mH1- tr)ttegl)(t £ ). 2.23
j

s=0
End of the vProo'f of Lemma 2.3: Let 0 <t < 2r and r > 1. By (1.8), |p°¢®*)(p)| <

Celp)™ 17", 0 < s < m. It then follows from (2.17), (2.21) with i = j, « = 0 and (2.23) that

t4r
om0 < Cerm [ (™ d,

t—r

. t+r .
oinr 0l < Cer™ [ (o) (2.24)

[t-r]

4+ Cer™(t + 1) 7F L Cer™t — )T 1< i< m.

First we deal with (7). Let 0 < j < m — . Since {p)™~7=* < (3r)y™=I=Hp)~# for |t —r| <
p <t+r < 3r, we have by (2.24)
: t+r
3 v(r,t)| < Cer?™—i- / ~#d
|07 v(r,2)] < - () "dp (2.253)
+ Cer?™ ==t 4 p)17# . Cer®™—i=l(g — p)17H
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which implies the desired estimate, because 1 — g > 0. When m — [+ 1 < j < m, we have
m — j — & < —p. Therefore we have by (2.24)
. t+r
|82 v(r,t)] < C’er"‘/ (p) " #dp + Cer™(t + r)' ™% 4 Cer™(t — 1) ¥, (2.25b)
[t—r
hence we obtain (7).
Next we consider (ii). If we take § > 0 so small that m — I — § > 0, we have
. . t+r .
[#v(rt)| < C’er2"‘"""5/ (p)'1+5dp+ Cer?™ =1 for 0<j<m-—1I-1. (2.26a)
[e—rl
When m — I < j < m, we have
. t+r
|82 v(r,t)| < Cer"‘/ (p) " 'dp + Cer™ - (2.26D)
[t~r]
hence we obtain (ii). One derive (iii) less hard, so we omit the detail. g

End of the Proof of Proposition 2.2: Lemma 2.3 and (2.14) yield (2.12), hence we

have shown the proposition. O

3. Basic A Priori Estimates. As will be seen later, a solution to the initial value
problem (1.11), (1.7) is furnished by a solution of the following integral equation associated
with the problem:

u(ryt) = u®(r, ) + L(u)(r,t) in R x [0,00), (3.1)
where u? is given by (2.11) and we have set for u € X
t 1
L(u)(r,t) = / dr/ H(t — 7+ ro,7)¢¥(0)do,
=) (G, (o) = (L o?),
2p ap ? )

G is the function in (1.11) and X is defined above Proposition 2.2.

H(p1) =5~ (

In this section, we examine basic estimates of the above integral operator for v € X. Since
p > po(n) by (H1), we have kg = 2/(p—1) < (m+1)p—1. Therefore without loss of generality
we may assume

£ < (m+1)p—-1, (3.2)

because if (1.8) holds for some &, then (1.8) necessarily holds for ény k < k. To begin with,
we shall show the following:
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Lemma 3.1. Suppose (H;) holds. If we set F(p,7) = G(u)(p,7) for u € X, then
p 83 F(p, 1) is continuous on R x [0,00), 0 < j < m. Moreover we have for ||u|| < 1

(i) I<k<l+1l, 0<LI<m, p=x-1I:

m~—l
Y 1P 8 F(p,7)| < CllulP{r + [ol) " (0) 7,
j=0 ,
3 1P8F (e, ) < CllullP(r + [ol) TP (o) TP,
j=m-I+1 .

(i) w=1+1, 0<I<m, ¢g=max(p,m):

m-1-1
S~ 1/8F ()] < CllulPtr + 1)),
2 1P F(p )™ < CllulP(r+ |p|>“*’<p>""' ™+ (log f +||5|>>)
j=m=l

(ii) m+l<sk, v=k—(m+1):

3168 F(p, (o) < ClalPér + 1ol)™ (o)™ — Iy ™"

Proof:  First we shall show the regularity result for F(p,7). Let p # 0. By the chain
rule, we get for 1 < j<m

D F(p,7) = ZG<’°><u)(p, Y cﬂHa"'u(p, 7))
BENF  i=1

where 8 = (81, , Bk) with E?zl B; = j, Cp is a constant and N denote the set of positive

integers. Therefore we have
PO F(p,7) = ZG”“)(U (p,7) > Co Hpﬂ'aﬂ' u(p, 1),
BENk i=1

hence pja-};F(p,T) €C(R x [O,oo)) for u € X.
Moreover since |u(p, )| < ||u|| < 1, by (H1) we obtain

| p,r)|<cZA|up )| PR+ 3 Hlpﬂ‘aﬂ‘ u(p, 7|,

BENki=1
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where we have set oy = max(c,0) for « € R. We shall only show the estimates (i), be-
cause the others are proved analogously. When 0 < j < m — I, since |p?i0%iu(p,7)| <
Cllull(r + |pl)"#{p) ™" for any f;, we obtain the desired estimate. Moreover since the estimate
for pP*18i*1F(p,) is not worse than p/ 8 F(p,7), one can derive the desired estimate for

m — 1+ 1 < j < m. This completes the proof of the lemma. O
Since H(p,7) = 3 1%, Cjp'+i 8] F(p, ), we can easily derive the following:

Corollary 3.2. Under the assumption of Lemma 3.1, H(p,7) € C(R x [0,00)) for u € X.

Moreover we have for ||u]| < 1

(i) I<k<l+1l, 0<KI<m, p=x—1I:
|H(p, 7)] < C|lu||? (r + |p]) P4 {p) P +*1;

(i) w=1+1, 0<I<m, q=max(p,m):

{1+ |p) )q,

|5 (p,7)| < CJlullP{r + o]y ™2 (o) "?"* (1 + log =)’

(#55) m+1<k, v=x—(m+1):

[H(p, )] < CllullP {7 + o) (o) 7+ (7 ~ o) 7.

Our goal of this section is the following:
Proposition 3.3. Suppose (H1) and (3.2) hold. Let u belong to X and be even in r. Then
L(u) € X and r* L(u)(r,t) € C*(R x [0,00)). Moreover L(u) satisfies

"Ly )Ew) = 176() i Rx[0,00)

r*(0F - 0 -
and zero initial data. Besides L(u)(r,t) is even in r. Furthermore if ||u|| < 1, we have
IZ(u)[| < CallullP@2-(p-1)x (¢ + I7]); (3-3)

where C; is a numerical constant depending only on m, , p and A. In addition, we have set

®,(s) = max(1,(s)*) for s, € R.

Proof: For 0 <7 <t we set

E(r,t;7) = /_ (=410, 7)9(0)do, (3.4)
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Since H(p,7) € C(R x [0,00)) by Lemma 3.2, applying Lemma 2.1 to E(r,t;7), we have
& (r E)(r,t;7) € C(R x [0,00) x [0,00)), 0 < j < m and 87,(r?E)(r,t;7) € C(R x [0,00) x
[0,00)) for |a| < 2. Besides E(r,t; 7) is even in r. Moreover for any fixed 7, E(r,t; 7) satisfies
both (2.4) and at 7= ¢

E(r,t;t) =0, 08:E(r,t;t) = G(u)(r,1). : (3.5)
Note that (3.5) implies
.
0 L(r,t) = / 0, E(r,t;7)dT,
0

82L(r,t) = /t O E(r,t;7)dT + G(u)(r,1).

Hence all these facts lead to the assertions of the proposition except the estimate (3.3). (See
also [13], Proposition 3.4).

In what follows we concentrate on proving the estimate (3.3). At first, we prepare Lemma
3.4 through Corollary 3.8 below which will are refined version of Lemma 4.8 in Kubo and K.
Kubota [14]. Here we also note that po(n) > (n+1)/(n — 1) = (m + 2)/(m + 1).

‘Lemma 3.4. Suppose (3.2) and p > (m +2)/(m +1) hold. Let y > 0, ¢ = max(p, m) and
v=k—(m+1). When & # 2/(p — 1), we have

/ (= +y)t =0~ 1’“(2+log(
-y

))qdm < Cey_ -(p- l)n(y)a (3.6&)

v
/ (21 + y)m+2—(m+1)P (m)—Plldz S C(y>_y§2_(p_1)n(y) if v > 0
- (3.7a)

Moreover when k = 2/(p — 1), we further assume p > po(n), accordingly £ < (m +1)p— 1.
Let 0 < 8y <1 be so small that (m+ 1)p—k—1—8y >0 and (m + 1)p — (m +2) — § > 0.
Then we have for 0 < 6 < &g

/<z+y> T2 4 log( s < 0w, (3.6)

/ (2 4 )RR P g < G iy > 0, (3.7b)

where C is independent of y.

Proof: First we shall show (3.7a). To begin with, we claim that for a, b > 0 witha+b #1

/ Y (@) + )t dr < OBy (ary (8), (3.8)
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where C is a constant depending only on a + b. Indeed, (3.8) immediately follows from
(2) (2 +9) 7 < (&) (e )T
We now divide the z-integral into I; and I,:

-y/2 ’ :
I = / (2)7P"(z + y)m+2f(m+1)sz’ I = / (z)™""{z + y)m+2-(m+1)pdm.
| v -v/2

Then we have
BB [ @ g yrrimiing,,
-y

Since (p—1)v > 0, (m+1)p—(m+2) > 0 and (p—1)v+(m+1)p—(m+2) = (p—1)s—1 £ 1,
by (3.8) we get (3.7a) for I;. As to I3, we have

BB [ @y g,
it

Since pv > 0 and (m + 1)p — (x + 1) > 0 by (3.2), we obtain (3.7a) as above.
Next we consider (3.6a). We divide the z-integral into I; and I,:

R 1-(p~1)x
Il—[.y (2+ og(1+| I)) (z + ) dz,
v
— 1-(p-—1)x
Iz—/_y (2 +log (1+| l)) (z + y) dz.

Then we have ,
_ v
I, < (2+log2)? / (@ +y) """y,
-y

which implies (3.6a). As to I3, we have

L<® / 2+ log(7 )

We note that z-integral is majored by Cy as in Tsutaya [24], Proposition 4.3. Indeed, let k

be a positive integers such that ¢ < k and set

A= [ " (24 log(

Integrating by parts, we then have

fe(y) =l=(2+ log( "] + k/

<2by+ k.fk—l(y)-
Therefore we obtain fi(y) < Ciy, because fo(y) = y. Hence we obtain (3.6a).
Aralogously to obtain (3.6a), (3.7a), we get (3.6b), (3.7b) respectively. This completes the

1+y kg
TTa )rdz.

1+y))k ld

og(

proof of the lemma. O
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Corollary 3.5. Suppose (3.2) and p > po(n). Let 0 < r < lort > 2r > 0 and set

p+ =t —7+xr. Then we have

(1) l<e<l+l, 0<LI<m, p=«-—-1
‘ P+ 14141
L =‘/ dr (r+ o)) () ?" " dp < Crit + 1) By (1)t +7);
4] p—
(u) k=1+1, 0<I<m, q=ma.x(p,m):
L= / dr / (4 o))~ ()P (1 + log I”B)"dp < Cr{t 1) gy 1yalt + 1),

(i) m+l<e<(m+1l)p-1, V=K—(m+1).:

t o+
fo= [Car [ o I (o dp < Orle 1) B ageli 4 ).
1] -

Proof: First we shall show (7). Setting 5_ = max(p_,0), we get

t + | ¢ -- ENES I
n<a [ar [Tea o s [T e [ EEDT a @)
P- -

(t-r)+

t+r

where we have changed the variables by £ = p+ 7, n = p — 7. Note that
—pl+1+1l=pp—p+1—(p—1)x. (3.10)

Since pp — p > 0, the n—intégral is dominated by C(€)"* #®y_(,—1)(§) if 1 — (p— )& # —1.
Otherwise, we slightly modify the above procedure as follows: Taking § > 0 so small that
pp— pp— & > 0 and employing —pl +1+1=pu—p—6+1— (p— 1)k + & instead of (3.10),
we get the same upper bound of the 7-integral. Therefore we have
- t+r .
hs C/u_,),, (€)™ a-(p-1)x ()€ < Orlt + 1) By ponpat +7),
because (£) is equivalent to (t +7) for ({ —r)y <E<t+rifeither0<r<lort>2r>0.
Next we consider I; (resp. I3). Noting that

—

—pl+l+1=p—-1+1—(p—1)k (resp.—pm+m+1=p—-1+m+2—(m+1)p) (3.11)

and using (3.6) (resp. (3.7)), we obtain the desired estimate. a
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Corollary 3.6.  Suppose (3.2) and p > po(n). Let 0 < ¢ < 2r. Then we have

(z) I<e<l+1, 0<I<m, p=cx-1:
I <O+ 8 (poq)e(t+1);

(i) w=1+1, 0<I<m:

(t+r1)
&li—r)

(i) m+l<a<(m+1l)p—-1, v=k—(m+1):

I, < C(1+log )‘I>2 (-1t +7);

L<Cl—7)""® (p-1)e(t +7),

where I, 1 < k < 3 are equal to I} with p_. replaced by |p_]|.

Proof: Here we shall indicate only the point which is different from the proof of Corollary
3.5. We have instead of (3.9)

t4r —pl4i+1
ne [ / EEN T

|t—r| t—r)

hence we obtain
t+r

t+r
L< C/l (6)"H @, (p-1)~(€)d€ < C®;_(p-1)s(t+ 7')/ (€)4de.

t—r| jt—r]
We omit the further detail. * 0O

The following two corollaries will be used only for the case r > 1.

- Corollary 3.7.  Suppose (3.2) and p > po(n). Let t > 2r > 0. Then we have

() I<e<l+1l, 0<i<m, p=x-1I
3 = [ (pa) P < Ol Py el
(i) k=1+1, 0<I<m: |
JE = /0 t (p2) P dr < Clt £ 7Y 718y (pp)e(t £ 7);
(#)) - m+1<e<(m+1l)p—1, v=k—(m+1):

. .
= / (p:h>_pm+m+1(‘r - lpil)—pyd‘r < C(t + r>p-1—u(p2_(p_1)n(t + 7').
0 .
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Proof: We shall consider only J;, 1 < i < 3, because the others can be handled less hard.

First we deal with J; . Changing the variable by p =% — v — r, we have
t—r t—r
I < / (B P+ *dp < 2 / (p)~?"+!+dp,
—r 0

because ¢ > 2r. By (3.10), we get the desired estimate. Similarly one can deal with J; by
virtue of (3.11).

Next we consider J; by dividing it as follows:

t—r t
J3'=/0 d'r+t dr=Q_ + Q.

-r

Changing the variable by p =¢ — 7 — r, we have

t—r

Q= / ()P e gy Py, (3.12)
0

Qr=(t—r)"" [ (o)™ Hdp.

-r

By (3.11) we have

t—r
Q- <= [ (a2,
0

S C(t e T)p—l—”q’2_(p_1),c(t - 7‘),

(3.13)

where we have used (3.7) as 2 = 2p — ¢ + r. On the other hand, noting that —pm+m+1=
1+v)(p—1)+1-(p—1)«, we obtain |

Qs < (t—1)7" /0 T, < oft - ry P AN, et =),
which implies the desired estimate for J3 , hence we have shown the corollary. 0O
Corollary 3.8.  Suppose (3.2) and p > po(n). Let 0 < ¢ < 2r. Then we have

() I<k<l+1, .OSISm, p=r-—1:
I = /Ot (7 + o2y P (o) P dr < Ot + 1)1 By porye(t + 1)

(i) k=1+1, 0<I<m:

(t+7r)
(t—r)

t

I = / (T +lp£) P {p4) P+ 2dr < C(1 + log ) B (p-1)s(t +7);
0

((i)) " m+1<e<L(m+1l)p—-1, v=k—(m+1):

t+r
I = / (o)) 7P (pa) PN = |pal) P dr < Ot 1) By oyt 4 7).
0
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Proof: We shall consider only Jf':', 1<1<3. It follows

) t r
1= [o <z [ (g,

where we have changed the variable by p =t—7—r. Since —pe+1+2=1—p+1—(p—1)x,
we get the desired estimate.
Next we consider J; " by dividing it as follows:

, (t-r)+ ¢
Jy =/ d1'+/ dr=Q_ + Q.
0 (

t—r)4

Changing the variable by p =¢ — 7 — r, we have
t—r
QL=-n7 [ (),

o tmr=(t=r)+ —p) \—=pl+i+2
Q+=/ (t—r—2p)"7(p) """ "dp.

-r

Since {t — )2 < (t —r)"%(p) 7P for 0 < p < ¢t — r, we have

t—r
@ -n [ (eI,

where if 2 — (p — 1)k = 0, we take § > 0 so small that —p 4+ § < 0, otherwise § = 0. This
inequality yields Q" < C®;_(p—1)x(t—r). On the other hand, since t—r—(t—7r) 4 = —(r—t),,
we get '
Q4 < / 2 T T < By one(r) [ (=207,
(r=t)+ (r=t)+
because —pl +14+2=2—(p—1)k+p—1andt—r+p > 0 for p > (r —t)4. Therefore we

have @', < C(1+1log (—1:-—_*-—:;)<}[>2_(,,__1),c (r), hence obtain the desired estimate for J; .

G

Finally we deal with J; .
h) (t—r)+ ¢ " "
J3-'=/ d‘r+/ dr=Q_+Q,.
0 (t—7)4
Changing the variable by p = ¢ — 7 — r, we have Q. = (t—r)"?Q_, by (3.12). Since (3.13)
is still valid for r <t < 2r, we get Q. < (t — r)_l_”<1>2_(p_1),c(t —r). As to Q'_;_, we have

¢

— Qii,- < (t - r)_pV] <p_)—(m+1)1’+m+1d7_ < (t _ r)—pu’
(t=r)+

because m + 2 — (m + 1)p < 0. Therefore we have J;' < C(t — ) By (p-1)s(t — 7). 0

We are now in a position to estimate L(r,t).
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Lemma 3.9. Suppose (H,) and (3.2) hold. Let 0 < r < 1. Then we have for u € X with
|lull <1

(1) I<k<l+1l, 0<I<m, p=cr-I:
| 181 (" Z)(r, )] < CllullP(t) ™ @a_p-1)e(t), 0<j < m;
(4) n=l+1,>0515m:
18 (+ L) (r, )| < CllullP (&) @2-p-1)s(), 0<j <my
(#8) m+l<e<(m+1l)p-1, v=k—(m+1):

187 (' L)(r, )] < CllullP )™~ &3 p-1)s (), 0<j<m.

Proof: It follows from (3.4) and (2.3a) that for 0 < j <m
1
3 (F B)(r,t;7) = / H(t — 7+ ro,7) (=0 ) 9 (0)do,
-1
hence for r # 0 we have 7
. . t . - t p+
om0l < [ 1ol B mlar <ot [ar [T 18I,
0 0 o

where we have changed the variable by p =t — 7+ ro. Employing Corollaries 3.2 and 3.5, we

~ obtain the desired estimates. This completes the proof of the lemma. O

When r > 1, setting Lg(r,t) = r>™+1L(r,t), the desired estimates for L(r,t) are trans-

formed into Lefnmas 3.10 and 3.12.

Lemma 3.10.  Suppose (Hy) and (3.2) hold. Lett > 2r > 2 and u € X be even in r. If

llu|]| < 1, we have

(1) Il<e<l+1, 0<I<m, p=cx-1:
163 Lo(r, )] < CllullP(t 4 1) ~Hymsbmeston=i=iOlg, (4 41), 0<j <my
(1) k=141, 0<I<m:
183 Lo(r,8)] < Cllullp(t 4 r) "ty ttmastmet=i®g, (4 0) 0<j<m
(ii7) } m+l<e<(m+1l)p-1, v=s-(m+1):

16/ Lo(r,t)] < CllullP(t + 1) 77 1™ 2y_(p_1)e(t+7), 0<j<m.



20 SLOWLY DECAYING SOLUTIONS

Proof: We split the -integral of 8! Ly(r,t) into
t

t—2r
Aj(ryt) = /o ol (r*™ 1 E(r,4;7))dr, Bj(r,t) = / 0 (r*™*1 B(r,t;7))dr.

t—2r

Analogously to obtaining (2.15), we have by (3.4)
P+
rzm-HE(r’t; T) = / F(p, T)Ko(p,r,t — 7)dp,

where F(p, ) = G(u)(p,7) and Ko(p, r,t) = r*™*+1K(p, r,t) with K a given function in (2.15).
KFwesetfor0<k<m '

r+
wn(rtyr) = [ FHEF(p 100yt = 1), (3.14)
theresultis0<j<m
N t=2r i
400 =30 [ dlut,nir,
k=0 Y
by virtue of (2.22). Note that
p->r for 7<t-2r. (3.15)

We shall show only (i), because the others can be handled analogously. By Corollary 3.5 (i),

it is enough to show for 0 < j<m

o+

|8] w(ryt,7)| < ClJul[prm¥mextn=i=30) f (m+16l) (o) " dp. (3.16)

Case 1: 0<j<m-—1L
When 0 < k <1, we have

_ P+ . :
aiwk(r,t,r)=/ Pt F(p, )01 0% 4™ (p,7,t — 7)dp,

P

= 0 for |o| < -m — 1. By (2.19) and (3.15), we have
P=pk

18,85¢™ (ot — )| S CrP™ i 7F < Cr?™ il for p_ < p<py (3.18a) .

because 97 ,6™ (p,r,t — 7)

When I + 1 < k < m, by integration by parts in (3.14) we have

. s+ .
8l wy(r,t,7) = (—1)*! 6f"(p1+kF(p,r))6i 6},¢m(p, r,t — 7)dp. (3.17b)
p—

By (2.19) we have
|6;i3,',¢m(p,r,t —7)| < Cr?m-i-l, (3.18Db)

As to the factor p'+t* F(p, 1), we have
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Lemma 3.11.  Suppose (H1) holds. Let I< k <1+ 1 with0<I<mand0<i<k<m.
Then we have for u € X with ||u|] <1

105 (p" F(p, )] < CllullP {7 + [p]) #(p) P!~ if 0<i<m—1, :
3.19a)

16, (e ** F(p, ) < CllullP(r + o) (o) """+ if m—1+1<i<h
| (3.19b)

Proof: (3.13a) follows from Lemma 3.1 (i) with 0 < j<m—1I. When m —I1+1<i<k,
we have the same estimate (3.13a) with i = m — [, hence we get (3.13Db). O

Substituting (3.18a) and (3.19a) with ¢ = 0 into (3.17a), we get (3.16) for 0 < k < I. By
(3.17b), (3.18b) and (3.19a) with i=k- [, we obtain (3.16) for I+ 1 <k < m.
Case 2: m—I1+1<j<m. _

First we suppose j + k < m. From (3.14) we have (3.17a). By (2.19), (3.15) and 7 > 1, we
have for p_ < p< p+

0185 8™ (p, 7yt — )| < CrP™i7k <.orm iR < orm (p) TH, (3.18¢)

because 0 < m — j — k < I — k — 1. Substituting (3.18c) and (3.19a) with ¢ = 0 into (3.17a),
we get (3.16) in this case.
Next we suppose j + k > m + 1. By integration by parts in (3.14), we have

. . P+ ; . .
Ol wi(ryt,7) = ('—1)k+1_m/ 65+J-—m(p1+kF(p,T))aﬁaZn-J ¢™(pyryt — T)dp (3.17¢)

By (2.19) we have
|6i 87~ ¢(p, 7, t — )| < CT™. (3.18d)

Noting that k+j—m <k and —pl4+k—(k+j—m)+1< —pl+1for j > m—1+1, we get
by (3.19) '
19577 (6™ £ F(p, )| < Cllull (7 + [6l) ™7 (o)1 (3.20)

By (3.17¢c), (3.18d) and (3.20), we get (3.16). We thus obtain the desired estimate for A;.

Next we consider B;. Analogously to obtaining (2.17), we have for 0 < j < m

3£(T2m+1E(r,t; 7)) = Wj(r,t,7) + R;-*'(‘I‘,t —T;7) + R.;'_("'at —757),
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where Rji (ryt — 73 7) is equal to Rji (r,t) given by (2.16) with g(p) replaced by F(p, ) and

P+ .
Wj(rt,7) = / Fp, )8 Ko(p, r,t — 7)dp, (3.21)

because F(p,7) = G(u)(p, 7) is even in p and Ko(p,r,t—7) is 0odd in p. Settingfor 0 < j < m

¢

Pj*(r,t) =/ , R_,-*(r,t-fr; T)dT,
t—2r .

we have ,
B;(r,t) = W;(r,t,7)d7 + P,.+(r,t) + P (r,1), (3.22)
t—2r

Note that |ps| < 3r for t — 2r < 1 < 1.
As to Wj, by Corollary 3.5 (i) we have only to show for 0 < j <m

. r+
|W; (r,8,7)| < Clfu|[prm¥mex(m=i=30) / (m+ o) P (p) "+ dp. (3.23)

Let |p—| < p < p+. Then p < 3r, hence by (2.21) we have
Ia::KO(p’ rnt—71)| < Crm|p|m+1—j.

When 0 < j < m—1, p™+1-J is dominated by (3r)™~7~|p|'*!. When m —1+1 < j < m, we
have |p|™*1=J < (p)!. Therefore we have (3.22) by Lemma 3.1 (¢) with j =0 |
Next we consider PJ-"'. By Corollary 3.7 (7), it is enough to show for 1 < j < m

. _ t :
IBE A1 S Cllulprm#smestrmi=iO) ot )0 [ (pu)sieivtar. (3.0
0
Since |p+| < 37, by (2.23) we havefor 1 < j <m
. - ji-1
|BS (r,t — 757)] < Cr™ o™ Y [0k 005 F(ps, 7)) (3.25)
2=0

By Lemma 3.1 (i) we have

_—— Cllu|[P{t £ r) P (pe)~P*1 i 1<i<m—-1+1,
048, F(p+,7)| < Il )_,,,,< lemiei f (3.26)
Cllu||P(t £ ) P#(pg)~?i-mtH if m—-14+2<i<m,
because 7+ |px| >t = for 7 > 0. ;Substituting (3.26) into (3.25), we have
Cllu|[prIm+r=i=lt £ ) "PH(p )~ PHHL §f 1<i<m -1
(Bt = mym) g ObPr e e SPEmTh (e
Cllu|fPr™Fi{t £ ) P {pp)"P!* if m—-I4+1<i<m,
which implies (3.24). This completes the proof of Lemma 3.10. O

Finally we consider the case 0 <t < 2r and r > 1.
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Lemma 3.12. Suppose (H;) and (3.2) hold. Let 0 <t < 2r,r > 1 and u € X be even in
r. If ||u|| <1, we have

() l<k<l+1l, 0LI<m, p=«-1I
18 Zo(r,8)] < CllullP(t +r) ~Fpmtmextn=i=i®g,_(_y.(t+r), 0<j<m
(i) k=1+1, 0<Ii<m: |
|84 Lo(r,t)| < C|ul[prmtmexm=1=30g; . _n(r#)®s et +7), 0L < m;
(i) m+l<e<(m+l)p-1, v=k-(m+1):

|07 Lo(r, )] < O|[ullP(t — 7)™ @z (pn)u(t +7), 0<j<m.

Proof: Since the proof is similar to the treatment for B; defined in below Lemma 3.10,

we shall indicate only the different point from the case. Instead of (3.22), we have

t
8 Lo(r,t) = / Wj(r,t,7)dr + B (r,) + P (n,1), (3.28)
0

where W; is defined by (3.21) and we have set I-;-*'(r,t) = fot R;-*:(r,t — 7;7)dr. Note that
(3.23) is still valid in this case, because p < 3r for |p~| < p < p4 and ¢t < 2r. Moreover
similarly to obtaining (3.27), we have

CllullPrm™=i=Xr + [ps]) P (p2) P12 i 1<i<m—1,

RE(r,t—137)| <
B (rt=mim)l < { CllulPr™(r + lpx 7" (p£)**+1 i m—1+1<i<m.

Employing Corollaries 3.6 and 3.8 instead of Corollaries 3.5 and 3.7, we get the desired

estimate. This completes the proof of the lemma. v ' O

4. Proof of Theorem 1.2.

Let u(r,t) € X be a solution to the integral equation (3.1). If u is even in r, it then turn out
to be a solution to the initial value problem (1.11), (1.7) by Propositions 2.2 and 3.3. Moreover
the uniqueness for such a solution that u(r,t) € C(R x [0,00)) and r2u(r,t) € C(R x [0, c0))
is derived from a standard argument. (See e.g. John [11], Theorem 4 or Agemi [1], p.156).
Therefore we have only to construct a solution to the integral equation (3.1) which belongs

to X and is even in r.
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‘We shall introduce an auxiliary norm |||u]|| for » € X by

() I<k<l+l, 0<I<m, p=r—L
' m—i o . ‘
llulll = 3~ sup [rd (+F u)(r, )Gt + |y ¢ryintm==;

J.=0 r,t

(1)) k=141, 0<I<m:
m-1 L 0 .
il = 3 euplrddrsa)(r Dl + D)™ 172 0
(##) k>m+1, v=kx—(m+1):

m—1
lulll = sup |78 ( u)(r ) Gt + | ])r)™ 7 e~ )"
j=0 r,t

To apply the iteration method as in [10], we need the Lipschitz type estimates as follows:

Proposition 4.1.  Suppose (H) and (3.2) hold. Let u, v be even functions belonging to X
with ||u]], ||v|| < 1. Then we have

IZ(w) = Z()III < Calllw = ol (P~ + [[9]1P =) @3- (p -1y (¢ + 7), (4.1)
1Z(u) = L) < Csllu = ol[(JulP* + [lo]P~ ") &8s p-ryu(t +7)
+ Callle = ollI°([[wll™ + |[ol|™) @3- -1)x (¢ + 1),

WhereC4=0ifp>m+1,g=p—mifp>ma.nd5=61'fp5mWith6isthenumber1'n
(H3) and P is given below (3.3). '

(4.2)

Proof: First we consider (4.1). Set F(p,7) = G(u)(p,7) — G(v)(p, 7). Since

1
Fp,7) = (u— ) / G (uf + (1 — 6))do, (4.3)
0
we get the following similarly to Lemma 3.1.

Lemma 4.2.  Suppose (Hy) holds. Let u, v belongs to X with ||u||, ||v|| < 1. Then

() I<k<l+l, 0<i<m, p=x-1:

m=1
: Y 1P +185 F(p, 7)| < CM{r + [o])™P#(p) 7',
i=0
m-1 | |
Ly . i .
Z P & F(p, T)(p) ™ < CM (7 + |p|)~2#(p) P/~ +!*L,
j=m-I+1 |
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(#) w=1+1, 0<1<m, g¢g=max(p,m):

m-j-1
> |V EF (o, m) < OM(r+ o) (o) 7,
j=0
R bia B : (T +1p) \a
Y SRR < OMr+ 1) (log 1T 5)
J=m-1
(ii)) m+1<k, v=k-(m+1):
m-1
3 1B F (o, 7o) < CM{r + [pl) P (o) TP (r — |ol) T,
j=0
where we have set M = |||u — vl”(“u”"’1 + |jvljP1).

For the case r > 1, proceeding as in the proof of Lemmas 3.10 and 3.12, we obtain

the desired estimates. From now on, we consider the case 0 < r < 1. Setting H (py7) =
1 o™ .
—(====) (p*™+'F(p, 7)), we have from (3.1)

2m' 2p 0p

E(ryt) = L(u)(r,t) — L(v)(r,2) = / Cdr / Y H(t =7+ o, ) (0)do,
By (2.32) we have for 0 < j <m -1 0 -
6;’(1"1})(1', t) = /: dr /11 H(t — 1 +r0,7)¢; (a)db‘,
where we have set 9;(0) = (—o)/4U)(0). Changing the variable by p =t — 7 4 7o, we have

' raf(rjz)(r,t) = /t dr " ﬂ(p,f)¢j(0)dp

p+116m12m+1~ 01
/dT/ 2m'(2p3p (o F(P»T))(b‘l;é;)%(a)dp,

where o = (p-—(t—T))/r and py =t — 7+ r. It is easy to see that

|(ap 2p)¢’ (@) < C(p~2+r71p7Y) for p_<p<py.
Since Loy 1(p"’"""lﬁ‘(p 7)) = 'Sckpﬂkakﬁ‘(p 7),wehavefor 0 <j<m-—-1
2m!*2p dp ! Pyt poNIT =J =
L m=-1 t
PP D)<Y 6 [ (I
0

k=0
where we have set

Py - P+
- I1=/ |p* 0% F(p, 7))|dp, Iz=’—1/ |6*** 0, F(p, 7)) dp-

Employing Lemma 4.2 and Corollary 3.5, we have the desired estimate.

Using the below and proceeding as in section 3, we get (4.2).
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Lemma 4.3.  Suppose (H) holds. Let u, v belong to X with ||u||, ||v|| < 1. Then Lemma
3.1 with 0 < j < m — 1 is still valid for F'. Moreover we have

(2) l{n<1+1, 0<Ii<m, p=x-1:
078 F(p, 7)| S CN{r+ o) "*(0) " + D{r + |pl) (o) "+ p,;

() w=I1+1, 0<I<m, g¢=max(p,m):

1970 Fp, )] < ON{r-+ o) ™(5)*! (1og e )¢
+ Dl + a7 7 (1o

(ti]) m+1<k, v=k—(m+1):
P05 F(p, )| < ON(r + [o) (o)™ = 1) ™"
+D(r+ o) (o) P — |]) 7P,
where we have set N = |lu — v||(||[u|]P~! + ||v||P"!) and D = 0 if p > m +1 and D =
e = o}|¥(Jlul™ + ||v||™) if p < m + 1 with § a number in Proposition 4.1.

Proof: The first assertion is dirived from the argument similar to the proof of Lemma 3.1

by virtue of (4.3). Note that

pma;nﬁ:(p,,r) Z{G(k)(u)(p, T) Z Cﬂ Hpﬂ'aﬂ'u(p’ 7)

BEN* i=1

~GP)(p7) Y Cp Hp”‘a,‘?‘v(p, 7)}

BENk ; i=1
,+{G("‘) (u)(p, 7)(pBpu(p, T))™ — G (v)(p, T)(pB,v(p, 7)™}

Using (H;) and the definition of ||| : ||| for the second term, we get the desired estimate. O

Proposition 4.4.  Suppose (H), (3.2) and 0 < & < kg hold. Let u, v be as in Proposition
4.1. Then we have (4.1) and (4.2) with ®3_(,-1)x(t + r) replaced by (8)2- (= 1)x

Proof: Whent>r/2> 0or0<r <1, the conclusion directly follows from Proposition
4.1. So we assume 0 < ¢ < r/2 and r > 1, from now on. Similarly to (3.28), we get

& (Lo(u)(r,t) — Lo(v)(ry1)) = /Ot Wi (r,t,7)dr + E+'(r,t) + f'j"'(r,t), 0<j<m,
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where we have set Lo(u)(r,t) = r2™+1L(u)(r,t) and

- + .
VVJ'(TJ,T) = -l F(p’ T)aiKO(l% Tt — T)dp,
P

B = [ S o ol =)

=0

Jdr

=Pk

with Ky a function defined above (2.16). Since Ko(p,r,t — 7) is 0odd in p, we have

1 -1

t
13J_+l + B (r,1) =/ 2(t—T)dT/ ZB:Q(r,t,T;/\)d/\, | (4.4)
. 0 Y =0
where we have set

Q(ryt,T5A) = 6p[ﬁ(p,7')3£_1_"1{0(p, ¢ — )] with 7= 2Ap; + (1 - A)(—p-).

P=7

As to Wj;, using (2.21) and Lemmas 4.2 and 4.3 with j = 0 and applying the following, we

obtain the desired estimates.

Lemma 4.5. Suppose p > po(n) holds. Let 0 < t < r/2. Then we have

() l<k<l+1l, 0<I<m, p=x-1I:

' : P+ »
/ dr/ (r+ p)_p”(p)—p””ldp < C(t + 7)1 H#(g)2 (D)=,
0 lo-|

(i) k=141, 0<I<m:

t P4 .
/ dT/l | (m+p) 7o) P dp < CO(t)> 1%
0 -
(15) m+l<k, v=k—(m+1):

| / dr /. , (74 p) ()T = )P dp < Ot — 1) ()2 Vs,

Proof: We shall show only (¢). Changing the variables by é = p+ 7,7 =p— 7, we get

t4r ¢ —pl+1+1
() —integral <5 [ (7 ae [ PN
t+r 4 —pl+l
<z [ o ETE T - -0

—pr+i —(p- -
SO+ ) <o) )
because (r — t) is equivalent to (¢t + r) for 0 < ¢ < r/2. Hence we get (i). O
As to f’j'*" + 131-", employing Lemmas 4.2, 4.3 and 4.6 and applying Lemmma 4.7 below,

we obtain the desired estimates.
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Lemma 4.6. Let0<t{<rand0<7<t For0<f<s<j—1anda=0, I, we have

8(030i™1~* Ko(p, 1 — 7)|,_j]| < Crm(pymtiite-piize, (4.5)

=7

where p is defined in (4.4) with 0 < A< 1.

Proof: We consider only the case a = 0. By (2.22) we have

m B
O Koot =), =D G Y CJ,,
k=0

v=0

where we have set

Jy =007 (7" 01 (81 054 oyt =) ), #™(pmt—7)=(p—p-)" (o4 — p)™

P=P

Since 9, (5 — p-) = 2 and 8,(p4 — p) = 0, we have

o
T, = O+~ 3 bl (P~ p-)™"9) (4 — )Y,
¢=0
where we have set v = j—1—s+kand C; = 0if m < g or m < v — g. Note that
0<p—p-<2pand 0<p; -7 < 2r, because 0 < —p_ <p<pyforr>tand 0 <7<,
Therefore we have '

i el
[7,] S C Y Cy(p)eti=(b=ntm=(1=a)=vym=a < o\ (gymt2=its—ptopm—q,
q=0 gq=0

which yields (4.5), because 0 < 7 < 2r in the case. O

Lemma 4.7.  Suppose p > po(n) holds. Let 0 < t < r/2 and P is given in (4.4) with
0 <X < 1. Then we have '

(1) I<ke<l+l, 0<I<m, p=x-1I:
, _ ,
/ (t =77+ ) PHB) P dr < Ot 4 r) 1T ey R
0
(i) ’C=l.+1’ 0<I<m, ¢=max(p,m):
¢ - —pl+i+1 | (7' +7°-) q 2—(p-1
/ E—7Nr+p) " (p)* (1+1log '(}—_57) dr < C(t)2~ (=D,
0 : -

(i) - m+1<k, v=k—(m+1):

| =0 B @ = 3y < O - g,
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Proof: Since (p), (r+p) and (r —p) are equivalent to (¢ +r) in the case, we get the

lemma analogously to obtaining Lemma 4.5. O

End of the Proof of Theorem 1.2: First we prove T. = co if & > kg. We define a

sequence of functions {ux}32, by
upg1 = uo + L(ug) for k>0, wug=1u’,

where 40 is given in (2.11). By Proposition 2.2, we have ||up|] < Cope. Since k > kg, we have

(3.3), (4.1) and (4.2) with ®3_(,~1)x(t + ) Teplaced by 1. Let 3 be so small that
20062 S 1 and 2p+2C5(00€2)p—-1 S 1 ) (4.6)

with Cs = Y, C;. Then we find a solution u € X to the integral equation (3.1) for
0 < € < &2 by following [10], p.257-p.259. (See also [13], Section 5).

Next we treat the case 0 < £ < k9. We take a positive number ¢; satisfying
€1 <& and 2"""205(\/5)2"(""1)”(C’gyel)l”_1 <1
Since 2 — (p — 1)k > 0 by 0 < & < Ko, .there is a number ¢, > 1 uniqely such that
2"""2C5(\/§t)2_.(p_l)'c(C'oé:)”'1 = 1, for 0<e<e. (47)
Then considering (4.6), for 0 < ¢ < ¢; and 0 <t <%, we have
2Coe <1 and 2PY2C;(1)2- P~V (CpeP-1 < 1,

because {t) < v2max(t,1). Hence for 0 < ¢ < €; we get a local solution by iteration and
obtain (1.10) by (4.7), because T, > .. ]
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