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Abstract. In this paper we study smoothing effects of solutions to the Benjamin-Ono
equation

8iu +uf,u+ HO2u=0, (t,z)c RxR,
(80) { NI,

where H is the Hilbert transform defined by

(Hf)(=z) = p.v.% / %dy.

We prove that if ¢ € H* and (z82)%$, then the solution u of (BO) belongs to
L2 (R\{0}; H®~*), where

H™ = {f € L%|(1 +2%)3 (1 - 82)F || 2 < oo}.



81 Introduction. The purpose of this paper is to study smoothing properties
of solutions to the Benjamin-Ono equation

(BO) { Ou+udu+ HPu=0, (t,z)eRxR,

u(0,z) = 4(z), z€R,

where 0; = 8/0t, 8 = 8, = 3/8:1:, u = u(t,z) is real valued and H denotes the
Hilbert transform

(Hf)(z) = =p.v.= / ) —=—dy = lim /|z—y|>e Mdy.

e—0 T z—y
H can be written as follows :
H = F~(~isgn(§))F = —(-6%)}s,
where

1 £>0

FNO = 7= [ 1@etta, sy = {1 220

Hence the initial value problem (BO) is equivalent to

{ Oyu + udu — (—62)20u = 0,
u(O,:z:) = ¢(m)

The integro-differential equation in (BO) arises in the study of long internal gravity
waves in deep stratified fluids [2],[19]. The existence problem of solutions of (BO)
in Sobolev spaces H* is studied by [1,4,7,13,21-23]. Roughly speaking, the previous
results concerning smoothing properties say that if ¢ € H*, then there exists a
solution u of (BO) such that

u € Do([=T, T); Hype )
for some time T, for details see [18, Theorem 1.1] in which their results concerning
(BO) are gathered.
In [18] the generalized Benjamin-Ono equation

Ou+u*0u + H®u =0, k> 2

was studied in lower order Sobolev spaces. They established the local well-posedness
result [18, Theorem 1.2] by making use of the smoothing effect of solutions to the
associated linear problem

6tu+H02u= f
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[18, Theorem 2.1]. Their results also say that the solution u gains the 1/2 spatial
derivative, namely if ¢ € H*, then

(2 - 32)&“”@%; < oo

for some s which is a decreasing function of k. These results mentioned above were
similar to those known for the (generalized) KdV equation in Sobolev spaces H* (see
[17] and references quoted therein).

However there is a remarkable difference concerning the existence result of the BO
equation and the KdV equation which was found by Iorio [13] and [14]. He proved
a global existence of solutions to (BO) in the weighted Sobolev space F, = H? N L2
where L? is defined by

Ti={f € Llfl = [+ (@)Pda < oo},

More generally for r > 0 let 7, = H" N L2. Then he showed that there exists a
solution of (BO) in F3 if and only if ¢(0) = 0, and in this case it is global in time
and of course unique. Furthermore he also showed that if « € C([0,T}; %), T > 0,
is a solution of (BO), then it must be identically zero by using a combination of the
non-smoothness of the symbol of the Hilbert transform and the nonlinearity.

On the other hand, the global existence of solutions to the KdV equation in F,
for any n > 2 was shown in [16],[24]. A similar result was also proved in [12],[24] for
the nonlinear Schrédinger equations

(1.1) | i0u + -;-’Au = h(u), (0, :z:) = ¢(z)

under appropriate hypotheses on A(-).
G.Ponce [20] considered the Cauchy problem for the nonlinear dispersive equations
of the form

(12 - | Owu 4+ iP(D)u = F(u), u(0,z) = ¢(z),
where D = (1/i)(8/0=z1,- -+ ,8/0x,), P(D) is defined by its real symbol p(¢), i.e.,
P(D)u(t, ) = F 7 (p()Fu(t, ))(e) |

and F is a nonlinear function of u and its derivatives. The initial value problem (1.2)
includes the (generalized) KdV, nonlinear Schrédinger, BO equations as examples.
He studied the regularity of solutions of (1.2) under decay assumptions on the deriva-
tives of the data and obtained conditions which guarantee that this solution has the
same regurarity as that of the associated linear problem. His method is based on a

3



classical energy estimate and the fact that the linear operator 8; + iP(D) commutes -
with the operators

(13) I‘,-=I‘_,-(t,:z:)=a:j+t-ai—_P(D), j=12,... y 1.
i

When P(D) = A this commutation property was first used in [5],[6] to deduce the
so-called psuedo-conformal identity for the nonlinear Schrdinger equation (1.1) with
h(u) = g(|u|*)u. For the same equation this idea was further developed in [10],[11]
-to obtain the smoothing property of solutions.

For the linear equation associated with the Benjamin-Ono equation the operator
T given by (1.3) is written as

I'=T(tz) =z — 2tHO = = — 2t(-8%)'/2,

and the symbol is given by
p(€) = £lél € Wie™.

Since I'(0,z) = =z, the use of the operator I' suggests the gain of one derivative
of solution to (BO) for ¢ # 0. In view of the proofs of [13, Theorem 5.1] , [14,
Theorem 1.1] and [20, Theorem 3.2] we could use the operators I' and I'? to study
the smoothing effect of solutions to (BO). However the operator I'"® is useless since
p(£) is not smooth at the origin. This fact implies that the gain of three derivatives
of solutions is not realized through the use of the operator I' in general.

We now state our main result in this paper.

THEOREM 1. Let m be an integer with 2 < m < 4 and let ¢ € H™, (zd)™¢ € L2.
Then there exists a unique global solution u of (BO) such that

u € C(R; H™) N L2, (R\{0}; H2m—2lm/2)),
where [m /2] is the integer less than or equal to m/2 and

H™ = {f € ;|1 +2%) (1 = 8%)3 |1 1a < oo}.

Remark 1. Theorem 1 says that the solutions gain the spatial derivatives up to the
order 4. We note here that our result can be extended to the generalized Benjamin-
Ono equation easily.

Remark 2. For any iriteger m > 1 and ¢ € H™, the condition (z8)™¢ € L? is
equivalent to (28)’¢ € L? for all § with 1 < j < m and to 2™8™¢ € L2. This fact is
verified by integration by parts.



Instead of I', we use the dilation operator of the linear equation associated with
the Benjamin-Ono equation to obtain Theorem 1. The dilation operator P is given
by o

P = P(t,z) = 20 + 2t0,

which is the same as that of the Schrodinger equation i8; + %A and has the commu-
tation property that
[6: + HB?, P) = 2(8; + HH?).

The dilation operators were used to prove analyticity in time of solutions [8], Gevrey
smoothing effect in space of solutions [3] to nonlinear Schrédinger equations (1.1)
and the (generalized) KdV equation
{ Ou + 83u = u*du,

u(0,z) = ¢(=),

where & € N. In the same way as in the proof of [3], we easily get the followmg
results for (1.1) and (1.4).

(1.4)

THEOREM 0.1. (1) We assume that ¢ € H™, (z8)™¢ € L?, m > 3. Then there
exists a unique solution u of (1.4) and a positive constant T' such that

u € L=([-T,T)\{0}; Hs2 (R)).

(2) We assume that n =1, ¢ € H™, (z8)™¢ € L?*, m > 1 and the nonlinear term
h(u) is a polynomial of u and @. Then there exists a unique solution u of (1.1) and
a positive constant T' such that

u € L®([-T,T)\{0}; H{Z(R)).

For the linear Schrédinger equation with real potential V'

{ idu+Au=Vu, (t,z)eRxR",
u(0,z) = ¢(z), z€R"

we have obtained the following result [9] through the dilation operator.

THEOREM 0.2. We assume that m > 1 is an integer, (z-V)’¢ € L*(R™) for all j with
0 <j <m, 0%V € L*(R") for all multi-indices oo = (et , ) with |a| < 2m — 2
and (z - V)V € L®(R") for all j with 0 < j < m. Then the solution u satisfies the
following estimate

(&)l r2m-2m(mmy < CAL+ ™) D7 (2 - V) bl 22(m),

3=0



where A
H™(R") = {f € S'R"); [|(1 + |2|*)3(1 — A)3 f|| Lamn) < o0}

However it seems unlikely that the similar result as above holds in the case of the
Benjamin-Ono equation since the Hilbert transform is a nonlocal operator.

We now explain our strategy of the proof of Theorem 1. We first obtain the
estimates of PJu in L? space by using the commutation relation '

[3t +H32,P] = 2(6t +H62)

and a classical energy method. Secondly by using the estimates of || PJu|| we derive
the estimates of ¢/ ||3{ ul. Finally we obtain the desired estimates by combining the
estimates of t/]|8{u|| and the commutation relation concerning the Hilbert transform
H and < z >~?™= (1 + z2)~™ given in Lemma 2.1. We prove the theorem only for
the case m = 4, since the proof of the other cases is similar and simpler.

We note here that the final stage of the proof prevents us to obtain the theorem
for m > 5. The difficulty arises from the commutator estimates for the Hilbert
transform and thus, we meet a sharp contrast between the KdV and BO equations
in the smoothing properties. ‘



§2 Preliminaries. In this section we use the notation || - || = || - [|z2. We first
prove the commutator estimate.

LEMMA 2.1. Let m > 1 be an integer. Then there exists a constant C depending
only on m such that ’

IiH, <z >l < C(l <z >7*™ 0f|| + || <= >~ f|)).

Proof. By integration by parts we have

(2.1) w[H,<z>"*™9%f = p.v./(:z: —y) "<y > — <z >7¥)E2 f(y)dy

= p.v. / Oy((z —y) (<& >7P™ = <y >7I™))9, f(y)dy.
We compute
. (22) ay((m _ y)_1(< z'>_2m - Y >—2m))

=(e—y) <z > —<y> ) 4 2m(z—y) L <y >TIm 2y,

(23) <> _<y>T=(1+y)" - (1+2H)™) <z > <y >

m
— Z (T) (y2k _mZk) <z >me y >"2m

k=1 j=0
and therefore
(2.4)
m k-1 m
[H,< T >—2m]aZf — _ZZ ( I ) <z >—2m m2JH <y >—2m ka—ZJ—layf
k=1 j=0

— Z Z (T’) <z >Tim g < y >"im ka—Zj—zayf'*'zmH <y > Yy,



where the multiplication operators acting before and after the Hilbert transform are
denoted with the arguments y and z, respectively. We now prove by induction on !
that

(2.5)
-1

Hy' <y>7 " of =d'H <y > 8f + ) z¥(cH — Hy){8(y' 7% < y >~2™)} 1.
k=0

For | =1, we write
y<y>T'"of =yd(<y > f) —y(8 <y >7*")f
and use the commutation relation
Hyd=zHO |

to obtain (2.5). A similar argument with induction assumption yields (2.5) for all
integer ! > 1. Substituting (2.5) into (2.4), we obtain

(2.6) [H,< z >72™|8*f
m k-1 m
=->> ( s ) (<z > 2 1H <y >=2™ 55
k=1 j=0
2k—2j—-2 .
+ Z <z >7Im ¥t (g H — Hy){(y?F~ 2 < y >7IM)}f)
=0
m k-1 m
- ( . ) (<z > g1 <y >72m of
k=1 7=0
. 2k—2j-3

+ Z <z >—m w2j+l+1(zH _ Hy){a'(yzk-zj—a—z <y >—2m)}f)
=0

+2mH <y >72™"2 y5f

m
=-23" (T) k2?1 < g >7 H <y >72™ 9f + 2mH < y >72™2 yof
k=1

m k—12k—2j-2

_ZZ Z <7Z) <z >-—2m m2j+l($H . Hy){a(ka—Zj—2—l < y >—2m)}f

k=17=0 =0



m k-12k—-2j-3

XX Y () <o>Tm A NEH - EautE <y >y,

k=1 3=0 1=0

where we have followed the convention that ;% (-++) = 0. The first term of the
right hand side of the last equality of (2.6) is rewritten as

—2m<z>"tzH <y>"™of

and estimated in the L? norm as C|| < z >~*™ §f|| by the isometry of H. Similarly,
the second term is estimated as C|| < =z >~2™~1 §f||. The third term has the
factor 227+ with 2j +1 < 2§ + (2k — 2j — 2) = 2k — 2 < 2m — 2 and the weight
O(y?*221 < y >—2™) with 2k — 2§ — 2 — 1 < 2k — 2 < 2m — 2, which is estimated
as |0(y?* 21 < y >7?™)| < C < y >~ . Hence the third term is estimated in the
L? norm as C|| < ¢ >~2 f||. Similarly, the fourth term is estimated in the L? norm
as C|| < 2 >7* f||. Collecting these estimates, we arrive at the required inequality.

LEMMA 2.2. Let m and k be nonnegative real numbers. Then

| <o >0l <l <z >~k B F] <o > £ 4 O <@ > ).
Proof. Integration by parts with the identity 8%(f2) = 262 f + 2(0f)? gives

| <z >"™ 8| = (< = >=2™ 85, 8f) = %(32(< z >-an),f2)—%(< z >~ 524, f)

SCll<z>1fIP+| <z >™FQf|| <z >~k g
Sl<z>""F "2 <z >™™*F fIY2 L Cl| < 2 >~ F1)%.

This completes the proof of the lemma.



§3 Proof of Theorem 1. We prove the theorem only for m = 4 since the proof
for m < 3 is similar and simpler. The restriction m < 4 in the theorem arises in
connection with the second term on the right hand side of the inequality in Lemma
2.1. The argument irrelevant to Lemma 2.1 proceeds without the restriction m < 4.
Accordingly, we do not restrict ourselves to the specific choice of m before it is needed,
namely Lemma 3.5 below. In this section we use the following notation

™= {feL¥|flx~ =) l(z8) f| < oo}.
j=o0

In what follows, we let M(a,b,c) be a nonnegative, locally bounded, monotone in-
creasing function with respect to a,b and c.

In the same way as in the proofs of the existence results obtained in [13], [15] we
have the following existence theorem.

THEOREM 3.1. We assume that ¢ € H*™ N X™, m € N. Then there exists a unique
global solution u of (BO) such that

VXS ﬂJ_on(R; H2(m=1)  x™—5),
In order to obtain Theorem 1 we prepare some a-priori estimates of solutions
constructed in Theorem 3.1.

LEMMA 3.2. Let u be the solution constructed in Theorem 3.1. Then

1P™ull < MG, [@llam, [Bllxm)s 18l smens < M2, [gllzrm) for m > 2L,

Proof. The second inequality follows from the existence theorem in H™ spaces
([13]). To prove the first one, it is sufficient to prove that the solution v satisfies the
following a-priori estimate

' t
(1) IPmul £ Cexp(C [ 0ulmdr)
0
m—1 . I m-l i m : ‘ o
< 7 LS I e 48 ([ puran,
=0 F=0 k=0 j=0 0
where || - || = || - ||p. A-priori estimate (3.1) is obtained if we prove
' t
(32) 1P™ul < Cexp(C [ 0ullmdr)
0

10



m' I m-l m'+1 m—m'-1

(1S S ooyl 2SS S /ouakaunzdf)Z’"')

=0 3=0 k=0 j=0 k=0

[}

for 0<m' <m-1.

Indeed we see that (3.2) is equal to (3.1) if we put m’ =m — 1 in (3.2).

We prove (3.2) by induction on m'. We first prove (3.2) for m’ = 0. Applying P™
to both sides of (BO), using the fact that [8; + H8?, P] = 2(8; + HH?) and Leibniz’
formula, we obtain '

(3:3) 20+ HO)P™u = —(P + 2)m0(u") = ~0(P + 1)"(u’)
m m k
m k s . . .
> (T> OPH(u) = —ZZ ( k) (1) (8P*Jy. Piy+ P*~Jy. §Py)
k=0 k=0 j=0 |
m~—1 . ) m—1 k . '
= —2udP™u + 2 Z; P™ iy . 9Piyu+2 kzozo (T) (J) P*=iy.8Piy,
J= =0 j=

We multiply both sides of (3.3) by P™u and use the integration by parts to get

d m m
ZIP™ull* < C(l|0u]loo | P™u]?

m—1

+ D 1P ul|oo | 0PI u|l| P™u|
j=1 '
m—1 k ) i
+ Y D IP*u|| o [|0Pull] P ul)
k=0 j=0
‘ m-—1
< C(lloulloollP™ull* + > (1P*ulf? + 0P u|*) | P™u])).
k=0
Hence Gronwall’s inequality giveg
) " 1 m—1 ,¢ ) )
64 1Pmul < Cexp(C [ Joulctr)@y el + Y Y- [ 0P ulfan)
’ 7=0 k=0
This implies (3.2) for ' = 0. In the same way as in the proof of (3.4) we have
t 41 m-—1 t )
(3.5) [[8'P™ull < CeXP(C/ [8ullcodr)([|6" (28)™ ¢l + D E/ 187 P*u|*dr).
0 j=0 k=0 VO

11



We assume that (3.2) holds for m'. By (3.5) we have for m’ < m — 2

m'+1 m—m'-1

(3.6) > > ([ 10 Prupran

j=0 k=0

m'+1m—m'—1

<C tx C Tauooda 87 (z8)* ||
S 3 (f (e [ Ioulado)(12w0) 0

§=0

J+1 k-1

HO S [ 187 Prup oy

j'=0k'=0

m'+1m—m'-1

t ' . m! 41
<C) ) e /o loulloodr)t®™ (167 (z0) 4" .

j=0 k=0

m'+1m—m'=2

+C Z Z exP(C/o ||au||md¢)(/0 (/OT ||aa'pkg“2da)dr)zm’»

i=0 k=0

t
< Cexp(C / 8[| dr)e2™
0

m+1 m—m' m'+1m—m'—2

33 19T Y S ( /Otnafpku||2d'r)2’"'“>.

j=0 k=0 j=0 k=0
Therefore by (3.6)
(3.7)
t m' !l m-l
The RE.S. of (3.2) < Cexp(C / |0ulleodr)(>" 1 3 3 167 (20) 4
0 | 1=0 3=0 k=0
’-;_1 m-+1 m—m’—l‘ E o1 m'4+1 m—m'—2 ¢ . hey
HTI S 0@ Y Y ([ 10 PRupany™ )
Jj= k=0 : j=0 k=0 0
¢
SCexp(C/ |0u||codT)
0
m41 L om-l ' iy | MHImemi-2 g s
(DY 3 @)l T TN Y (/ 167 PRl |?dr)™™ ™).
1=0 7=0 k=0 i=0 k=0 0

This implies that (3.2) holds for any m' < m — 1.

12



In the same way as in the proof of Lemma 3.2 we have

LEMMA 3.3. Let u be the solution of (BO) constructed in Theorem 3.1. Then

D107 P™3ull < M2, |Illzm, |6 xm)-
J=0
LEMMA 3.4. Let u be the solution of (BO) constructed in Theorem 3.1. Then

" <z > 8wl < M, ||¢llEm, [ Bllxm)-

Proof. From the identity 2t9, = P — 20 and Leibniz’ formula

m
| <& >"™ (t8)™u]| < C D |l <z >~™ (z8Y P Iu]|.
3=0

Then the lemma follows from Lemma 3.3.

LeEMMA 3.5. Let u be the solution constructed in Theorem 3.1. Then

2
2| <2 >72 8ful + ) | <= >~ 876%ull) < M(t, |l s, [|4llx4)-
| j=1

Proof. By Lemma 3.4 we have

59) (<> 2] S M6 10RO 10,

21l <z >~ 8269u] < M(t, |$llmass, 6] x).
From (BO) we see that

(3.9) dyu(0) = —H8*p — ¢0¢.
Sobolev’s‘inequality, (3.8) and (3.9) yield the lemma.

LEMMA 3.6. Let u be the solution constructed in Theorem 3.1. Then

3
D Pl < > o{a*CNull < ML, (|l me, il xo)-

§=0

13



Proof. From Lemma 3.5 we have the lemma for j = 2,3. We now prove the lemma
for j = 1. We have by (BO)

H <z > 0,0% = [H,< ¢ >2]0%ut < = >2 829,(—Byu — —;—6(u2))

= [H,< z >7%)0*0u— < z >7% 8*6%u
—<z>"2 (u636tu + 30ud?8,u + 30%ubd,u + 63u6tu).
By Lemmas 2.1, 3.2, 3.5 and Sobolev’s inequality
(3.10) 2] <z >72 5,0 < Ct¥(|| < = >~2 8%0,u|

H| <z >7* 8 0pul| + llull || <z >72 8°8pul)) + M (2, |6l s, |6l x9)-

Lemma 2.2 gives
(3.11)
” <z >_2 836tu]| S C(” <z >—2 843tu||1/2|| <z >_-2 azatu”l/z + Ilazatull)

We use Schwarz’ inequality on the right hand side of (3.11) and apply the resulting
inequality to (3.10) to obtain

(3.12) ] <z >7% 8:0%ul| < M(2, [|¢ll e [I¢llx4) (L + || < = >~ 82,ul).

The lemma for j = 1 follows from (3.12) and Lemma 3.2. We finally consider the
case j = 0. We have

1
H<z>28% =[H<z>%0%u+ <z >7%*(-0,u - 56(u2))
= [H,< & >7%8%— < z >~% 8*0u— < = >~ 2 (udu + 5Oud*u + 100%ud®u)
Lemma 2.1, the lemma for j = 1, Sobolev’s inequality yield
2 <z >72 8%

<CE(|l <z >72 0%l + flullmll < = > 8°ull) + M2, |8l as, |6]l x+)-

We again apply Lemma 2.1 and Schwarz’ inequality to get the lemma for j = 0. This
completes the proof of the lemma.

LEMMA 3.7. Let u be the solution constructed in Theorem 3.1. Then

4
>t <2 >4 8]a*CNul| < ML, |l ms, 161 x4)-

§=0
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Proof. The lemma for j = 4 follows from Lemma 3.4. By (BO) and Leibniz’
formula we have

(3.13) H<z>*0%0%u=[H,<z > 4020 u+ <z >~* 85(—u — %B(uz))

=[H, <z >"40*0u~ <z >-4 Oiu
- <z >7* (8} ubu + 362ub;0u + 38,ud:Ou + ud}du),

(3.14) H<z>*8*0%u=[H <z >0} ut+ <z >"* 820} (—~du — —;—8(11,2))

=[H,< z >"40%'0%u— <z >"* 8%°8%u
¢ t

— <z > (u8u + 30ud? 02y + 38%udd}u + B*udiu + 600,ud*O,u + 26,u8°8,u),

(3.15) H<z>*8%u=[H,<z>*0%u+ <z>*8*0,(-8,u — —21-6(u2))

= [H,< z >~ 40%0u— < z >~* 8*62u
— <z >"* (8°udu + 50*uddu + 100°ud?d,u + 100%ub8,u
+50ud*8,u + 50ud*d;u + u8°8,u),

and
(3.16) H<z>*0%u=[H <z>*0%u+ <z > 85(—8u - %6(142))

= [H,< z >"*0%u— <z >7* 8%3,u
- <z > (ud"u + 70ud®u + 218%ud®u + 358%ud ).
We apply Lemmas 2.1, 3.5-3.7 and Sobolev’s inequality to (3.13)-(3.16) to get
| <= > 8282 < C(L+ llulls)ll < = >~ 88%u]l + £ M(t, Bz, 6l x4),
. | <z >"*8%*8%u||
SC((1+ llulla)ll <= >7* 800wl + || <= >7* 828ful]) +t7* M3, ||$ll s, [ Bl x+),
| <z >"*8%,ul|
< C(A+lulm)ll <z >~ 8°0u|| + || <z >7* 8*07ul) +t7* M2, || 8]l s, 1]l x+),

| <z >"* 8%
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< C((L+ |lulla)ll <z >~ 8"ul| + || < = > 8°03ul) + 1 M (2, || gl z4, | 6ll x4 )-
Collecting everything, we have

4
Yot <z >t 840 |

j=1

4
S O+ Jlullas) Yt < = >7* 85720 | + M2, |6l s, [l 4)-

i=1

We apply Lemma 2.2 and Schwarz’ inequality to the above to obtain the lemma.
We are now in a position to prove Theorem 1.

Proof of Theorem 1. We let ¢, € H® N X* satisfy

”¢n - ¢“H‘ + ”¢n - ¢”X4 -0 as n— o

By Theorem 3.1 we see that for any n there exists a unique global solution u, of
(BO). From Lemmas 3.2, 3.6, 3.7 it follows that

<z >7* (1= 0" unll < M2, Ignllme, lidnll x4)-

This gives the result.
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