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PREFACE

This volume is intended as the proceedings of Sapporo Symposium on Partial
Differential Equations, held on July 23 through July 25 in 2003 at Faculty of Science,
Hokkaido University.

Sapporo Symposium on PDE has been held annually to present the latest devel-
opments on PDE with a broard spectrum of interests not limited to the methods
of a particular school. Professor Taira Shirota started the symposium more than
25 years ago. Professor Koji Kubota and Professor Rentaro Agemi made a large
contribution to its organization for many years.

We always thank their significant contribution to the progress of the Sapporo
Symposium on PDE.

T. Ozawa. Y. Giga, S. Jimbo, K. Tsutaya, Y. Tonegawa, G. Nakamura
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Interior regularity of L3 .-solutions to the
Navier-Stokes equations

G. Seregin

In this talk, we are going to discuss the following result.

Theorem 0.1 (L. Escauriaza, G. Seregin, V. Sverik) Consider two func-
tions v and p defined in the space-time cylinder Q = Bx] — 1,0[, where
B(r) C R® stands for the ball of radius r with the center at the origin and
B = B(1). Assume that v and p have the following differentiability proper-
fres:

v € Lyoo(Q) N La(=1,0:W3(B)),  p€ Ly(Q),

and satisfy the Navier-Stokes equations
or+dive v —Av=-Vp, dive =0

i Q) in the sense of distributions.
Let, in addition,
ll0]ls.00.0 < 420

Then the function v is Hélder continuous in the closure of the set
Q(1/2) = B(1/2)x] — (1/2)%.0[
Remarks 0.2

1. The Lj.-case is the limit case of the so-called Ladyzhenskaya-Prodi-
Serrin condition (v € Ly (...) with 2+ 2 < 1) which provides uniqueness and
smoothness of solutions to the corresponding initial-boundary value prob-
lems. A local version of such kind of results was proved by Serrin for 2+% < 1
and Struwe for % + % =]

2. The theorem stated above improves Struwe result proved under the con-
dition that Lj ..-norm is sufficiently small.

3. The theorem implies that, under “reasonable” conditions, Lj ..-solutions
to the Cauchy problem for the Navier-Stokes system are smooth.



4. Moreover. if. under “reasonable” conditions, Ly -solutions to the initial-
boundary value problems for the Navier-Stokes equations develop singulari-
ties, then the corresponding singular points must be on the boundary.

The main interest of the above result comes from the fact that they seem
out to be of reach of “standard methods”. By those methods, we mean
various conditions on (local) “smallness” of various norms of v which are
invariant with respect to the natural scaling

u(z,t) = Au(Az, A%), plz.t) = Np(Az, \*t)

of the equations.

We note that finiteness of a norm ||f||,; with s,/ < oc implies “local
smallness” of f in this norm. This is not the case for L3 -norm (which is
still invariant under the scaling). This possible “concentration effect” was
the main obstacle to proving regularity. To rule out concentration. we use a
new method based on the reduction of the regularity problem to a backward
uniqueness problem, which is then solved by finding suitable Carleman-type
inequalities. The backward uniqueness result is new and seems to be of
independent interest. It can be formulated as follows.

Proposition 0.3 Assume that we are gwen a function u : (R" \ B)x]0,1[—
R which meets the conditions:

uwe WH((B(R)\B)x]0,1[). VR >1,

lu(z,t)] < eMEF Y(z,t) € (R"\ B)x]0, 1],
|0y — Au| < M(|u| + |V ul) i (R™\ B)x]0. 1],
u(-,1)=0 in R"\B.
Then, o
u=0 in (R"\ B)x]0.1][.

In turn, the proof of this proposition is based on two Carleman-type
inequalities. The first of them is of the form

J h=2a(t)e= 5 (ﬂu]2 - ]Vn|2) dadt
27 x]0.2]
. —2a _l=2 / o
<cp [ hTP(t)e”wr |Qu + Aul® dxdt.
2o 2 ]0.2]



It is valid for any function u € C§°(R"x]0. 2[: R) and for any positive number
a. Here, ¢y is an absolute positive constant and h(t) = te's.
The second inequalities is in a sense anisotropic:
t2e2é(=1) (n%ﬁ + jV_::E) drdt
(B} +en ) x]01[
<e, I 22250 |9 + Aul? dudt.
(R? +en) x]0.1

Here
6= oV + ¢,

where ¢! (z,t) = —L%F and ¢ (z,t) = a(l — t)fé,i, ' = (21,225 0y Ty—1) SO
that = = (2',z,), and e, = (0,0,...,0,1), ¢, = ¢,(a) is a positive constant
and o €]1/2.1] is fixed. This Carleman-type inequality holds for any function
u € CP((RY + e,)x]0,1[;:R) and for any number a > ag(a).

Our methods can be probably easily adopted to other parabolic problems
with critical non-linearities. In fact, one could speculate that the general
idea of the approach might be applicable to an even larger class of inter-
esting equations with critical non-linearities, such as non-linear Schrodinger
equations or non-linear wave equations. However, the local regularity issues
arising in these cases would be slightly harder than in the parabolic case.



Heat Convection Problems and
Computer Assisted Proofs

Takaaki NISHIDA

Kyoto University

We consider the Rayleigh-Bénard problem for the heat convection using the Boussinesq

equations for the velocity, pressure and temperature in the dimensionless form :

1 00 . . _ 3 g o . ., B
—,ﬁ(§+u—Vu)+Vp—Au~p{T}V.-,, Vid =0, ~a—t+u-VT—AT

in the horizontal domain { r€ R, ye R, 0 <z <1 }. where p(T") = G —RT is assumed

for the density of the fluid, P is the Prandtl number and R is the Rayleigh number.
When the temperature T' = 1 is given on the lower boundary and 7" = 0 on the upper

boundary, the equilibrium state is the purely heat conduction solution, which exists for

all parameter values P >0, R >0 :
1
i=0, T=1-z, p=G-R(1—-2), p=G(1-2)-R(;—-=z+

We first assume the stress free boundary condition for the velocity on the both bound-
aries ( 2 =0, 1), and the Dirichlet boundary condition for the temperature.

We will consider the bifurcation problems from this equilibrium state under the as-
sumption that all perturbations are periodic in the horizontal direction, especially with
the periodicity 0 < 2 < 2/a, 0 <y < 2/b . The system for the perturbation to the
equilibrium state is given by

1,00 o8

e Bl P (O ¥ ) n = AU A =0, = :
'P( +@-Vi)+Vp = Au+ROVz, V-i 0 i

T vV = Af+w .

Also we assume usual even- or odd-ness for the unknown functions to avoid the multiplicity

of the eigenvalue. Then for example the temperature has the representation :

0(t,,y,2) = Y. Bumn(t) cosalmz cosbmmy sinnwz .

Ionn

The other unknowns have similar expressions.



The linearized system is selfadjoint and has real eigenvalues. Therefore when the
biggest eigenvalue becomes A = 0 at a critical Rayleigh number for fixed a and b and
it is "simple”, the usual stationary bifurcation theory can be applied and the stationary
bifurcation occurs at the critical Rayleigh number.

However if we choose a = 1/2v/2 and the aspect ratio = b/a = V3 , which is one of
the most interesting case, the critical Rayleigh number R, = 6.75 x 7! and the biggest
eigenvalue A = 0 has a two-dimensional eigenspace. One eigenfunction corresponds to
the roll type solution, the other eigenfunction does to the rectangle type solution, and a
linear combination of them does to the hexagonal type solution. Thus we can not apply
the usual bifurcation theory. However if we restrict the function space for solutions to the
subspace such that it corresponds to any one type of those eigenfunctions, we can apply
the local bifurcation theory for the simple eigenvalue in the corresponding subspace and
can obtain each type of solution respectively in a neighbourhood of the same bifurcation
point.

Here we will obtain roll type solutions, rectangular cell and hexagonal cell solutions on
the extended bifurcation curves numerically to have a better global bifurcation diagram
for the full system. Then we consider the stability of them in the original function space
as the time evolution problem, and propose an approach to prove the existence of those
solutions and secondary bifurcation points as a computer assisted proof.

Then we consider similar problems with another boundary condition that the upper

surface is stress free and the bottom surface is non-slip for the velocity.

T. Ikeda, H. Yoshihara and T. Nishida

" Pattern formation of heat convection problems ”,

Proc. Internat. Symp. Math. Modeling and Numer. Simul. in Cont. Mech., Lecture
Notes in Compui. Sci. Engin., Springer Verlag, ed. by T. Miyoshi, 2001, pp.209-218

Y. Watanabe, N. Yamamoto, M. T. Nakao and T. Nishida

” A numerical verification of bifurcated solutions for the heat convection problems ",

to appear in Journal of Mathematical Fluid Mechanics, 2003



MODIFIED WAVE OPERATORS FOR
MAXWELL-SCHRODINGER EQUATIONS

AKIHIRO SHIMOMURA

Department of Mathematics,
Gakushuin University
1-5-1 Mejiro, Toshima, Tokyo 171-8588, Japan

1. INTRODUCTION

We study the scattering theory for the Maxwell-Schrodinger equations in three
space dimensions ([7]). We consider those equations under two gauge conditions,
that is, the Coulomb gauge and the Lorentz one. In this talk, we construct mod-
ified wave operators to the Maxwell-Schrédinger equations with above two gauge
conditions for small scattered states without any restrictions on the support of the
Fourier transform of them.

The Maxwell-Schrodinger equation in the Coulomb gauge is as follows:

iGu = H%(V —iA)%u + g(|u*)u,

OA = P(Im(a(V — i4)u)), (MS-C)
V-A=0,
where
oy 1 1 2 1112
o(luf) = - (E o Jul ) u=(-A)"ful?,
O=68%-= A,
P=1-VA~'V..

Here u and A are complex and R*- valued unknown functions of (t,z) € R x R?,
respectively. The last equation in the system (MS-C) is called the Coulomb gauge
condition.

The Maxwell-Schrédinger equation in the Lorentz gauge is as follows:

1
i0u = —5(V - iA)u + ou,

de — lu["!, (MS-L)
OA = Im(T(V — i4)u),
o+ V-A=10.

Here u, ¢ and A are complex, real and R3- valued unknown functions of (t,z) €
R x RB*, respectively. The last equation in the system (MS-L) is called the Lorentz
gauge condition.

According to linear scattering theory, it seems that the equations (MS-C) and
(MS-L) in three space dimensions belongs to the borderline between the short range
case and the long range one, because the solution of the three dimensional free wave
equation decays like t=! in L™ as { — oo. (The two dimensional Klein-Gordon-
Schrodinger equation and the three dimensional Wave-Schridinger equation also
belong to the same case). There are some results of the long range scattering for
the coupled systems of the Schridinger equations and the second order hyperbolic



ones. that is, the Klein-Gordon-Schridinger equation in two space dimensions in
[4, 6], to the Wave-Schrodinger equation in three space dimensions in [1, 3, 5]
and to the Maxwell-Schrodinger equation under the Coulomb gauge condition in
three space dimensions in [2, 9]. In [1, 4, 9], the restriction on the support of
the Fourier transform of the scattered state ¢ of the Schrodinger part is assumed,
and in [2], the vanishing scattered states for the Maxwell part are considered.
(Note that in Ginibre and Velo [1, 2], no size restriction on for data is assumed).
Recently, the existence of wave operators for the two dimensional Klein-Gordon-
Schridinger equation and the three dimensional Wave-Schrodinger equation with
the Yukawa type interaction have been proved in [6] and [5], respectively, for small
scattered states without any restrictions on the support of the Fourier transform
of them. Furthermore combining idea of [1] with that of [5], Ginibre and Velo [3]
have proved the existence of modified wave operators for the three dimensional
Wave-Schrodinger equation with restrictions on neither size of the scattered states
nor the support of the Fourier transform of them.

In this talk, we construct modified wave operators to the equations (MS-C) and
(MS-L) in three space dimensions for small scattered states with no restriction on
the support of the Fourier transform of them. This talk is mainly based on [7].

Notations. For s,m £ R, we introduce the weighted Sobolev spaces H*™ corre-
sponding to the Lebesgue space L*:

H*™ = {9 € 8"t [l o = |I(1 + [2*)™3(1 = A)**9l| 12 < 00}

We also denote H*9 by H*. For 1 < p < oo and a positive integer k, we define the
Sobolev space WI‘:‘ corresponding to the Lebesgue space LP by

Wy =gwell: [Yllws = Y I10%llu < oo

[ <k

Note that for a positive integer k, H* = W§ and the norms || - | g« and || - llwx

are equivalent. For s > 0, we define the homogeneous Sobolev spaces H* by the
completion of S with respect to the norm [jw| 4. = [[(—A)*2w| z2.
We set for t € R,

Ut)=e¥2, w=(-A)Y2

2. Maix RERSULTS

We state our result for the case of the Coulomb gauge.

Let (u$, AS, AS) be given scattered states, where u§ is complex valued, and A

and A'f'_ are BY- valued. Hereafter we assume that Af and Ag satisfy the divergence
free condition, that is,

V-AS =V.AY =0.
Our result for the Conlomb gauge case is as follows.
Theorem 2.1. Let u§ € H%7, AS € H*3, A € HY® and

6 = ||uS || yor + | AS | usa + | AL || e (2.1)



be sufficiently small. Assume that AE and Ag satisfy the condition (2). Then there
exists a unique solution (u, A) of the equation (MS-C) satisfying

1
(= ﬂ C* ([0, 00); H3~2¥),

k=0

2
A€ C((0,00); H' N HY), A€ () C*([0,00); H*¥),
k=0

t : ' ad. - 8/3 0
fgg[(log—t)z{g 1072(t) — G ()l a5 + ( [ 1) - g dv) }] Lot
R 43/2 )
sup | e (1400 = 4510) - AT Ol

3" (0A() — 9 AS(0) - AT (W) )

i=1
t ? "
! (og? (“A( — AF(®) — AT Ol
£ 3" 1A ~ 01T ()~ ATl )| <o
j=1

Here
A§(t,z) = ((coswt)AT)(x) + ((w™" sin u.rt).‘if)(:r:),

AY' is the solution of the following linear equation:
; -1 Zl.ofT\? ‘
2 A0 D & sl % (112
RAT - AAS = 2P [:. la (3)] ] 2(t)2,
AT ()l 11 ggs + [18eAT () |12 = 0,

as t — +oo, where z € C(RB;R) such that z(t) = 0 for [t] < 1/2, 2(t) = 1 for
[t| = 1, and we define

il-2 i ¢
uf(t,2) =(U(t)e” = e O Vug)(a)

1 (! Hzl” eC tx
R (r)‘ﬂ_ i

where
t
SC(t,x) = (g(|aS|*))(z) logt — :r/ A¥ (s, s1) ds,
1

fort>1and x € B3,
A similar result holds for negative time.
Let
VE = {(u$, AS, AD)|uS | o + | AS s + [|AS |l res < 6,
V- A = V- AY =0},
where 4 is defined by (2.1).

The following corollary is an immediate consequence of Theorem 2.1.
Corollary 2.1. For the equation (MS-C)., the modified wave operator W : (u, A, 4$) —
(u(0), A(0), 8, A(0)) is well-defined on V©, where (u, A) is the solution to the equa-
tion (MS-C) obtained in Theorem 2.1. Similarly the modified wave operator W€
for negative time is also well-defined on V.



Next we state our result for the case of the Lorentz gauge.

Let (ul, ¢k, ¢k, AL AL) be given scattered states, where uf is complex valued,
¢k and ¢L are real valued, and A% and A% are R*- valued. Hereafter we assume
that %, ¢%, AL and A% satisfy the condition

oL +v-AL =0,
A¢k +v-AL =0

Our result for the Lorentz gauge case is as follows.

L epial ! ] "y - ' 2 ! ? i - ]
w A . E H ! ' w A I G H B aﬂ.d

n=lukllges + 9% s + 105N ez + | A% s + AL s

_ (2.2)
+ [lw™t Ak || goa + [[w™ A [l o2

be sufficiently small. Assume that ¢%, ¢%, A% and AL satisfy the condition (2).
Then there exists a unique solution (u,¢, A) of the equation (MS-L) satisfying

1
uEe n C*([0, 00); H32%),

k=0

2
o € C([0,00); H' N HY), o€ [ CH((0,00); H*F),
k=0

2
AeC(j0,00); H' N H?), dAc€ () C([0,00); H**),

k=0
sup [—f—{fj l67u(t) — B ubs (E) 525 + ( | 1) - a1 ds)m}] 2,
1>2 (kﬂ{t)z =0 t t Wi
g L L
sup| g (1660) = 10— 0 Ol

2
+3 " [076(t) — ok (t) - af‘es{'(t)uﬁz-:)

=1

b (Ioét)? (”d’{t) — &5(t) — &1 ()l s

3
+ 3 16i6(t) — B ok (t) — Dok ()l mrs-s )] 260

i=1

t3/2
fg!z) [m (HAU) — Ak(t) — AL )l s

2
+ 3 I8 A(t) — 8 Ak (t) az'A{-tt)um_,)
i=1

¥ (logt t)z'("’“‘) — A () — AL ()]0

3
+ S 107 AQ) - 0l Ak (1) - afAi‘(t.)nm—:)] <%,

i=1



Here
@5 (t,) = ((coswt)ol ) (z) + ((w™ sinwt)éf)(z),
Ak(t,z) = ((coswt)AL) () + ((w™ ' sinwt) A% )(2),
é¥ and A} are the solutions of the following final value problems of the linear
equations:
oot - ot = g |ak ()| =02,
l6F () s + 18e0F (Dllz — 0, ¢ — +o,
and
ol - aat = Z|at (3)| 202,
IAF @) s + 18 AT @) |2 — 0, ¢ — +oo,
respectively, where z € C(R;R) such that z(t) = 0 for |t] < 1/2, z(t) = 1 for
[t| > 1, and we define

up(t,z) E(U(t)e'Bﬂie'ish("_iv}'ui){w)

il=1? .
— 1 ﬂ;‘[‘ -:E e_]_ﬂr__'SL“"fl
(it)3/2 "+ \ 1 '

where
t
St(t,z) = / (0¥ (s, 8z) — x - Ak (s, 7)) ds,
1

fort>1 and z € R3.
A similar result holds for negative time.

Let
VE = {(uk, ok, ¢k, AL, AL);
[uk || gor + 0% || o + 165 | a2 + | A% | ss + | AT || pras
+ lw™ AL || o + [lw™ A 5o < m,
¢t +V-AL =0, A¢L+V- AL =0},

where 7 is defined by (2.2).
The following corollary is an immediate consequence of Theorem 2.2.

Corollary 2.2. For the equation (MS-L), the modified wave operator

wE: (Tﬁi1¢i,¢i,ﬂi,ﬂi) — (u(0),#(0), 3,¢(0), A(0), 3, A(0)) is well-defined on
VL where (u, , A) is the solution to the equation (MS-C) obtained in Theorem 2.2.
Similarly the modified wave operator W for negative time is also well-defined on
VE,

3. IpEA oF Proor

Our main idea of proof is as follows. We begin with the equation (MS-C), that is,
the Coulomb gauge case. First we determine an asymptotic profile for the Maxwell
part AS + A, where A§ is the free wave solution and Af is a sunitable second
correction term of the asymptotic profile. Secondly, we determine the asymptotic
profile u$ for the Schridinger component. Since the time decay estimate of A
is not sufficient to prove the existence of ordinary wave operators, that is, the
long range effect (A - (z/t) — g(|uS|*))ul appears, we introduce the modified free
dynamics uS of the Dollard type for the Schrodinger equation such that (i, +
YAWE + (AS - (2/t) — g(|uS [?))u$ decays faster than (AS - (z/2) — g([uC?)JuS by



using the method of phase correction. On the other hand, another effect A (z/t)uf
appears. In general, this decays slowly as t — oo and brings difficulty. Furthermore,
since all the derivatives with respect to x of the function (z/t)- A§ decay as fast as
itself, we can not apply the method of phase correction to (z/t)- A§ uS . Fortunately
in the Coulomb gauge case A§ - (z/t)ul decays faster than in general case, since
DAS =0 and V- A§ =0 imply O(z - AF) = 0, that is, 2 - A is also a solution for
the free wave equation under the Coulomb gauge condition.

We next explain idea of the proof for the equation (MS-L), that is, the Lorentz
gauge case. As in the case of the Coulomb gauge, we first determine an asymptotic
profile for the Maxwell part (¢f + ¢¥, Af + AL), where (¢f, Af) are the free wave
solution and (¢}, A¥) is a suitable second correction term of the asymptotic profile.
We construct a modified free profile uf; of the Dollard type by the method of phase
correction in order to overcome difficulty from the long range effect ulf;(A{' -(z/t) —
o¥), which appears later, as in the case of Coulomb gauge. {u;" is a principal term
of the asymptotic profile for the Schrédinger component). Finally, we note that
since all the derivatives with respect to x of the function V - A§ decay as fast as
itself, we can not apply the method of phase correction to the slowly decaying term
(i/2)V - A{,‘u;‘ which appears later. To overcome this difficulty, we construct a
suitable second correction term u’ of the asymptotic profile for the Schrodinger
part such that (i9, + $A)ul — (i/2)V - Afu}, decays faster than (i/2)V - Apuy so
that the Cook-Kuroda method is applicable. This method is also used in [3, 5, 6, 8].
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We consider the Cauchy problem for

{ (0 + m?)u = F(v),

O+ iBe= G, t>0, zeR (1)

with sufficiently small, smooth, compactly-supported initial data. Here O = 9} — 92,
m, j are positive constnats, F', G are smooth functions of unknowns and they are
cubic nonlinear terms in the sense that

|F(w)| +|G(w)| < Clwl® if |w| <

for some constants C' and ¢ > 0. Though it is possible to consider much more general
situations (including derivative nonilenar or quasi-linear cases), we do not go into
such directions for the sake of simplicity.

Recently, much efforts are made for study of the large time behavior of solutions
to the Cauchy problem for the systems of critical nonlinear Klein-Gordon equations
with possibly different masses (see e.g. [14], [11], [12], [3], [4]). It is known that
if (m — p)(m — 3u)(3m — p) # 0, the Cauchy problem (1) admits a unique global
classical solution which tends to a free solution as t — oo. On the other hand, the
case (m — p)(m — 3p)(3m — p) = 0 turns out to be more delicate and the previous
works leave the problem open except a few partial results. (The scalar case has been
extensively studied by Delort [2], after partial results [9], [7], [10], [5], [1] etc. See
also the remark after Theorem 1.)

In this talk, we concentrate our attention to the following example:

(O 4+ m?)u = ar?,
(O+ p?)v = pu’,
(1, Byu, v, Gyv) |t:0= (eug, €Uy, £V, €V ), r €R,

t>0, zeR,
(2)

where o, 3 € R, £ > 0 is a small parameter, and uy, uy, vo, v; € C§°(R). Our
purpose is to show that the amplitude of v in (2) is modulated in the logarithime



order when p = m or u = 3m, whereas, when p # m, p # 3m, the influence of
nonlinearity disappears eventually and v behaves like a free solution as ¢ — oc.
More precisely,

Theorem 1 For any uy, uy, vg, v; € C°(R), there exists 9 > 0 such that (2) ad-
mits a unique global classical solution if € €]0,&0]. Moreover, the following asymp-
totics 1s valid as t — oo, uniformly with respect to x € R :

gimit2—z[?)}/*
u(t,r) = Re| —————
(t,) [ —

in(t?—|z|%)y?

u(t,z) = Re [eT{A(:::/t) logt + b(:c/t]}] + O,

a(z/t)] + O(t119),

Here (- )4+ stands for max{-,0}, i = v/—1, & is an arbitrary small positive number,
a(y), b(y) are C-valued smooth functions which vanish when |y| > 1, and A(y) s
guwen by

4 8 )
e e W) aw)* i p=23m,
! 3 _
A= ﬁ(l — [y laly)Paly) i p=m,
0 if p# 3m,p#m.

Remark It is interesting to compare this result with the corresponding one to the
scalar case

O+ VDw=pw, t>0 z€R. (3)
According to [2], w has the following asymptotics:

1/2
+

w(t, z) = Re [\/l—qe‘{(‘i'l”lz) +elz/t) l°3‘}a(3:/t)] +0@t ), t>

with 34
1/2
oY) = —— (1= ) lat)P
Roughly speaking, this shows that the long range character of nonlinearity appears
at the level of the phase of oscillation of the solution for the scalar equation (3),
while our main result claims that the long range character appears at the level of
the amplitude of the solution for the system (2).



The same proof is available for a bit more general systems, such as

(O + m¥)uy, = Fi(u,0u),
(O + m2)up = Fy(u,0u),

(T4 midyug = Fa(u, 8u), >0, =R, (4)
(O + m?)uy = yuiupug + Fy(u, 0u),
with the initial data
(‘LLJ', 3:15_,—) |t:0= (S‘U.(}J‘, sulj), j — 1., 2., 3,4. (5)

Here u = (u;)1<j<a, @ = (0, z), ¥ € R and Fj(u, 0u) = O(|u[* + |0ul*) (1 < j < 4).
When we put

A:= {()\1,/\2,/\3) e {£1}° 1 my = \my + Agmg + f\ama}:

the corresponding result to Theorem 1 is stated as follows:

Theorem 2 For any ug;j, uy; € C3°(R), there exists £o > 0 such that (4)—~(5) admits
a unique global classical solution if € €)0,&0]. Moreover, the following asymptotics
is valid as t — oo, uniformly with respect to x € R :

eimi (2 -s1)Y?
u;(t, x) = Re[————
mj\/E

. 1/2
ima(2—z]?)}/

aj(x/t)] +O(), §1=1,2,8,

€

g \/E

Here, & is an arbitrary small positive number, a; (j = 1,2,3) are C-valued smooth
functions which vanish when |y| > 1, and A(y) s given by

i A .

—L—a-pp® Y oMW we ) i A#D
18mMyMe g

A(y) = (A1,A2,Az)EA

0 if A=0,

ug(t,x) = Re[ {A(s:/t) logt + a.d:r/t)}] +0 (t—1+a) _

where " (y) = a;(v), o5 (¥) = 4;(v)-

Remark We can also show the analogous result for two-dimensional case, such as

B o il
{(D+”‘)”‘ O 150, z€ R, (6)

(O + p?)vp = ot



where a, 8 € R, or

(O + m?)uy = Fy(u,0u),
(O + m2)uy = F(u,0u), t>0, z€R? (7)
(O + m3)ug = yuyup + Fi(u, 0u),

where u = (uy, u2, us3), 8 = (04, 0y,,0x,), v € R and Fj(u, 8u) = O(|u* + |0ul*). For
the solution v, of (6) (resp. us of (7)), the long range effect as in Theorem 1 (resp.
Theorem 2) is observed if and only if y = 2m (resp. m3 = Aym; + Agmy for some
AL g € {£1}).
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The curved traveling front of the
Allen-Cahn equation
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and
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In this talk we consider the Allen-Cahn equation:
w=Au+ f(u) (z,y,t) eER*x R, (1)

where f is of “bistable type”. The typical example of the nonlinear term f is

flu) =u(l —u)(u—a), D<a< -% (2)

The constant states 0 and 1 are stable under the diffusion-free system. By the as-
sumption of a, the region of the state 1 is getting larger and larger and finally it
covers the whole space. When the state 1 propagates, we can observe the char-
acteristic profiles. In the one-dimensional space, one of the typical solutions is a
traveling wave solution which never changes its shape without translation. Substi-
tuting u(z,t) = ®(z — ct), we have

(:)Ef ch)f +f(q>) =0.

Actually for the nonlinearity (2), we have

q>(€)=%(1—tanh2%), czﬁ(%_ ).

As the appropriate singular limit, the interface between two states 1 and 0 becomes
sharp and we can get the interface equation (see e.g. [4]):

V=H+k (3)

where V is a normal velocity, H is the curvature, and k is a given constant. This
equation is also observed in the filamentary vortex of the Ginzburg-Landau equation
confined in a plane [3] and the BZ reaction [6].



The typical solutions of (3) are the circles and lines. In the case k # 0, unfortu-
nately, some interfaces may possess some self-intersection points eventually, even if
the initial interface has none. If the interface is represented by the graph y = v(z, 1),
the equation (3) is reduced to

Vg
U'=1+v§+k 1+ v2 zeR,t>0, (4)

Deckelnick et al in [3] proved the existence of the traveling curved front and studied
the stability of the front under some restricted assumptions for uy. The authors
relaxed the assumption for the initial data and classified all the traveling fronts in
[7, 8]. They proved the following (see (7, Proposition 1.1, Theorem 1.2]).

Theorem 1 Any traveling front of (3) with velocity *(0,c) is one of the three, after
appropriale translalions,

(i) lines y = m.x, and y = —m.x
(ii) a traveling curved front T'.(t) which possesses two asymptotes y = tm,z,
(iii) stationary circles with radius 1/|k| only in the case ¢ =0,

where m, = \/c® — k2/k. Moreover the explicil form of the traveling curved front
T (t) = {y = p(z) + ct} with speed c(> k) is given in

c+k (/]
z(0;¢) = 2+ i lo, o C_kt 2
’ e eJE-k2 g _\/c+afct f_)'
c—k 2
1 ccosl — k
y(0ic) = —-1 — .
y(0:¢) p; og( po— )

for @ € (— arctanm,, arctanm,).

The traveling curved front I'.() is “V-shaped”, which connects two asymptotes.
The existence of this traveling front is also reported in [2, 3] and in a liquid BZ
reaction [6].

The asymptotic stability of the curved traveling front in (4) is discussed in [3, 8].
It is proved that the traveling curved front is asymptotically stable, if the initial
perturbation is restricted to

BCl:={veC'R)| sup (Jv(z)|+ |v:(2)]) <00, lim w(z)=0}.

— o< T< 0 || —oe



and that if you take the perturbation space

BC':={veC'(R) | _sup (jv(@)l+ uz(z)]) < oc},

instead of BC}, the traveling curved front is not asymptotically stable (see [8, The-
orem 1.1 and Theorem 4.1]).

By the above observation, we can expect that a “V-shaped” traveling wave so-
lution of (1) exists. Actually we have the following theorem.

Theorem 2 There erists a traveling wave solution u(z,y,t) = U(z,y — ct) of (1)
such thal

lim sup
R—=2¢ (s y)eDp

Ula,y) - @ (’fty = m.IzD)‘ =0

where
Dg:={(z,y) | > +¥* > R*}.

Bonnet and Hamel [1] showed the existence of the “V-shaped” traveling wave
solutions, if f is of the “ignition temperature” type (mono-stable type) instead of
(2). Hamel and Monneau [5] shows the uniqueness of the traveling front of the
corresponding singular limit problem.
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UNIQUENESS IN INVERSE SCATTERING PROBLEMS WITH A
SINGLE INCIDENT WAVE

J. CHENG AND M. YAMAMOTO

1. INTRODUCTION

Let D © R? be a bounded domain and k € R. For z € R?, we set r = |z]. We

consider a scattering problem with sound-soft obstacle:

(1.1) Au+k*u=0 in R?*\cl(D)
(1.2) u=0 on 8D
(1.3) lim NG (B%us(:c) = ikus{z)) =0.

Henceforth cl(D) denotes the closure of a domain D, and we set i = /-1, d €
S' = {z € R?; |z| =1} and

uS(z) = u(z) — e*=4,

Under suitable conditions on D, for k € R and d € S, there exists a unique
H'-solution u(z) = u(D)(z) to (1.1) - (1.3), and we can define the far field pattern
Ueo (D) (£):

eikr

(1.4) u5(D)(z) = = {u,,,(p) G) +0 G)} as T — 0.

Inverse scattering problem: Determine D from the far field pattern u. (D)

for given k and d (possibly by changing them).
This inverse problem is also physically significant and has been studied by many
authors. We refer for example to Colton and Kress [1].

The first basic topic for this inverse problem is the uniqueness: Does
(1.5) Uso(D1)(Z) = use(D2)(2), |z =1

(for possible several d and k) imply Dy = D,?
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There is a classical uniqueness result within smooth Dy, D; if (1.5) holds for an
infinite number of d € S!, which is proved based on Schiffer’s idea (see Theorem 5.1
in [1)). For the uniqueness by means of a finite number of d € §*, see Colton and
Sleeman [2], Theorem 5.2 in [1]. Moreover the uniqueness is known with a single
d, provided that Dy, D, are contained in a ball of radius p such that kp < . See
Corollary 5.3 in [1], [2].

An important open problem is the uniqueness in the inverse scattering problem
with a single (d, k). This problem is interesting from the theoretical point of view,
because the far field patterns with many d are overdetermining data for determina-
tion of D and we can expect the uniqueness with a single far field pattern. Moreover
the formulation with a single (d, k) is helpful for justification of numerical recon-
struction of D, because one can usually use far field patterns observed by taking a

single or a finite number of d.

2. MAIN RESULT

Let k € R and d € S' be arbitrarily fixed. Henceforth, for P,Q € R?, we
understand that PQ is an open segment (not including the end points P and Q).
Moreover for a polygonal domain D and P € 8D, @ ¢ cl(D) such that PQ €
R? \ ¢l(D), by £(PQ,8D) we denote the least angle among the two angles in
R?\ cl(D) formed by PQ and 8D. By a polygonal domain D, we mean that 9D is

composed of a finite number of segments.

Definition 2.1. Let D C R? be a bounded polygonal domain. Let é-points
P, ...., Py, £ > 2, satisfy the following conditions (i) - (iv) :

(i) Py,..., Pr € 8D.

For 1 < j < £, we set

the exterior angle of D at P;, if P; is a vertex of a polygon D,
m, otherwise.
(ii) PjPj+1 C R2\cl(D) for 1 < j < L.
(i) é(P_,._lP_,-,é‘D) = ./_'(Pij...,,BD), 1<j5<¢if F’J‘._.lpj does not bisect Gj at
P;.
(iv) For 1 < j < £, we have ZT_&‘F','a_m €Q.
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Here we set Py = F; and FPpyy = P, and

a closed broken line Py — Py — -+ = Py — P
TR(D : Py,...,Pt) = { if P, P; does not bisect #; at Py,
a non-closed broken line P, — P; — --- — Py, otherwise.

We call TR(D : Py, ..., P;) a trapped ray of D with rational angles.

By TR(D), we denote the sum of all the trapped rays of D with rational angles.
If TR(D) # 0, then we call D trapping with rational angles.

In other words, if TR(D) = 0, then there are no rays in R?\ ¢/(D) which go out
to oo after finite times reflecting on D subject to physical law (iii) with stricter
constraint (iv) for angles of incidence.

We can state our main result:
Theorem 2.2. Let k € R and d € S* be arbitrarily fized and let
(2.1) OD\NTR(D;)=0 and 8D;NTR(D;)=0.
Then teo(D1)(z) = Uso(D2)(z), |z| = 1, implies Dy = Ds.

Corollary 2.3. Let Dy and D, be star-shaped polygons. Then uw(Di)(z) =
Ueo(D2)(z), |z| = 1, implies Dy = D,.

By the definition, the break of condition (2.1) happens rarely. However we do
not know the uniqueness if (2.1) does not hold. In fact, we have the following

trapping Dy, D, where our proof does not work.

Example 1. Let us form Dy, Dy as follows.

(1) We take a square AyA2A3As. For convenience, we set Ay = (0,0), Az =
(1,0), A3 =(1,1), A4 = (0,1).

(2) In the interior of the square A1A3A3A,, we take a regular triangle B B2 B;
(i.e., the lengths of the sides are equal). Here we choose vertices By, Ba, By such
that By — By — By is counterclockwise and that B, B, || A1 4s.

(3) Take the midpoints Py and Py of the sides By B3 and By B3 respectively.

(4) Take a point Q, on the segment B3 P, arbitrarily.

(5) Take two points Qa, Q3 on the side A3A3 such that B3Qs || A1 Az and
Q102 || A1 4.
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(6) By Dy we denote the interior bounded by the closed broken line A} A3Q2Q By By B3Q3A3A,
(which is a non-conver polygon with those vertices). By D> we denote the interior
bounded by the closed broken line Ay A2Q2QPoP\B3Q3A3A4 (Figure 1).
Then Dy is trapping with rational angles. In fact, let P3 be the midpoint of the
side B1Ba. For Dy, we can see that Py P,Ps satisfies conditions (i) - (iv), and we
have TR(Dy) N 8Dy D PiP; # 0, that is, condition (2.1) does not hold. In this
ezample, we note that TR(D, : Py, Ps, P3) is a closed broken line Py — P, — P3 —

P,. For these Dy and D3, our proof does not work.

A, A,

Figure 1
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Asymptotic behavior of spherically symmetric solutions
to the compressible Navier-Stokes equation
with external forces

Shinya Nishibata*

Department of Mathematical and Computing Sciences
Tokyo Institute of Technology
Tokyo 152-8552, Japan

We study the large time behavior of an isentropic and spherically symmetric motion
of compressible viscous gas in a field of external force over an unbounded exterior domain
in R™ (n > 2). The typical example of this problem appears in analysis of the behavior of
atmosphere around the earth. First, we show that there exists a stationary solution satisfying
an adhesion boundary condition and a positive spatial asymptotic condition. Then, it is
shown that this stationary solution is a time asymptotic state to the initial boundary value
problem with the same boundary and spatial asymptotic conditions. Here, the initial data
can be chosen arbitrarily large if it belongs to the suitable Sobolev space. Moreover, if the
external force is attractive, it also can be arbitrarily large. This condition inclndes the most
typical external force, i.e., the gravitational force. In the proof of the stability theorem, it is
the essential step to obtain the uniform positive lower bound for the density. It is derived
through the energy method with the aid of a representation formula for the density.

The Navier-Stokes equation with external force for the isentropic motion of compressible
viscous gas in the Eulerian coordinate is the system of equations given by

pe+ V- (pu) =0, (1a)
plue + (- VYuy = mBu + (u1 + 1) V(Y - w) = Vp(p) + pf. (1b)

We study the asymptotic behavior of a solution (p, 1) to (1) in an unbounded exterior domain
Q:={£ e R"; |§| > 1}, where n is a space dimension larger than or equal to 2. Here p > 0

*The author’s work was supported in part by Grant-in-Aid for Scientific Research (C)(2) 14540200 of the
Ministry of Education, Culture, Sports, Science and Technology Science and Technology.



is the mass density; u = (uy,...,u,) is the velocity of gas; p(p) = Kp" (K >0,y 2 1) is
the pressure; f is the external force; p; and pp are constant viscosity-coefficients satisfying
y > 0 and 2py + npg > 0.

It is assumed that the external force f is a spherically symmetric potential force and the
initial data is also spherically symmetric. Namely, for r := [£]

r—toQ T

(Al) f:=—-VU= gUr(r), U, € C'[1,00), WUy = lim U(r) = lim Uy (n)dn,
1

(A2) m(z) = folr). wo(8) = Sitlr).

Under the assumptions (A1) and (A2), it is shown in [4] that the solution (p, u) is spherically
symmetric. Here, the spherically symmetric solution is a solution to (1) in the form of

o€ 1) = plr), u(6,1) = Silr, 1), (2)

Substituting (2) in (1), we reduce the system (1) to the equations for (p,)(r,t). Hereafter,
we omit the hat to express a spherically symmetric function without confusion. Then, the
spherically symmetric solution (p, u)(r,t) satisfies the system of equations

n-1 )y
oot B, (31)
(r"‘"'u),
plue +uny) = p g~ ¢ — Pl — AU, (3b)

where 1 := 2p1y + pa is supposed to be positive. The initial data to (3) is prescribed to be
asymptotically constant in space:
p(r,0) = po(r) >0, wu(r,0) = up(r), rii{t;‘(p(r,t),'u(r,t)) = (P4 ug), P+ >0, (4)

As we interested in the behavior of gas around a solid sphere, an adhesion boundary condition
is adopted:

u(l,t) =0. (5)

In addition, it is assumed that the initial data (4) is compatible with the boundary data
(5). Since the characteristic speed of (3a) is zero on the boundary due to (5), one boundary
condition is necessary and sufficient for the wellposedness of the initial boundary value
problem (3), (4) and (5).

This problem is formulated to study the behavior of compressible viscous gas around
the solid sphere in a field of external force. We show that the time asymptotic state of the



solution to the initial boundary value problem (3), (4), (5) is the stationary solution, which
i a solution to (3) independent of time t, satisfying the same conditions (4) and (5). Hence,
the stationary solution (5(r), (r)) satisfies the system of equations

L), =0, (63
n—1-
Pttty = J1 {[T,“—j:]r} = p(p)r — PU: (6b)

and the boundary and the spatial asymptotic conditions
(1) =0,  lim (p(r), u(r)) = (p4,14). (7)

Solving (6), we obtain an explicit formula of the stationary solution (5(r),u(r)):

u(r) =0, (8a)
vy, =il —
Hir) = {P+ + I‘IT‘T(U+ — U(T)]} for v>1, .
"+“”‘P{f(U+ —U(r))} for y=1.

Due to (8a), the spatial asymptotic data in (7) must satisfy u, = 0 for the existence of the
stationary solution.The stability theorem on the stationary solution in (8) is summarized in
the next theorem, which is the main result in the present research.

Theorem 1. Suppose the initial data satisfies that for a certain o € (0,1)

o E B,Lt“ [1, o), g € Bﬁtd[l, 00), (9a)
P75 (po — B)y 77T uo, 77T (o — P 7T ugr € L2(1,00) (9b)

and the compatibility condition holds. In addition, if there exists a positive constant o, de-
pending only on the initial data, such that —6 < U,(r). then the initial boundary value prob-
lem (3), (4) and (5) has a unique solution (p,u) globally in time and the solution converges
to the corresponding stationary solution. Precisely, it holds that

lim sup |(p(r,t) — (r), u(r,#))] = 0. (10)

i
% re(1,00)

Notice that any smallness assumptions on the initial data is not necessary for the above
stability theorem. Moreover, if U, > 0, then U, can be arbitrarily large. This is the case that

the external force is attractive like the gravitational force. The Hélder continuity of the initial



data (9a) is necessary to ensure the validity of the transformation between the Eulerian and
the Lagrangian coordinates. (See (11) below.) Actually, we show the asymptotic stability of
the stationary solution in the Lagrangian without the Holder continuity. In translating this
result to that in the Eulerian coordinate, we need the differentiability of solutions. This is
the reason we assume (9a), which gives the Holder continnity of the solution with the aid of
the Schauder theory for parabolic equations. The remainder of the present paper is devoted
to a brief outline of the proof of Theorem 1. The readers are referred to the paper [11] for
the detailed discussions.

In the proof of Theorem 1, we show the uniform a priori estimate by employing the
energy method. For this purpose, it is convenient to adopt the Lagrangian coordinate rather
than the Eulerian coordinate. The transformation from the Eulerian coordinate (r,t) to the
Lagrangian coordinate (r,t) is exeented by the relation:

2= [ o, o=, re= - (11)
where v = 1/p is the specific volume. Using (11), we deduce the system (3) to
v = (r"u)s, (12a)
w = ™! ((Tn—:@f—) —r"tp. - U.. (12b)
P

The initial and the boundary conditions for (v, %) are derived from (4) and (5) as
v(2,0) = vo(x) := 1/polx),  ulx,0) = ug(x), :11"30 vo(x) = vy = 1/py, (13)
u(0,t) = 0. (14)

The spatial variable r in the Eulerian coordinate is regarded as a function of (x,1) in the
Lagrangian coordinate. Thus, the density p in the stationary solution also depends on (x,1),
that is, p(x,t) := p(r(x,t)). Also, let py(x) := p(r(x,0)).

Define the energy form £ by

1
Ei= 51;2 + ¥ (v, v),
V(v,0):=p0)(v—10) —p, @:= f pimdn, p):=Kv", v:=1/p
If ¢ < v(z,t) < C for positive constants ¢ and C, then W(v, ) is equivalent to |[v — 9|2
Namely, clv — 9]* < ¥(v,9) < Clv — 9|? for positive constants ¢ and C. Then the energy

form £ is equivalent to |u|* + v — ?%.
We state several a priori estimates for the solution (v, u) without detailed proofs.



Proposition 2. (Basic estimate) Suppose that vg — 7, ug € L*(0,00). Then the solution
satisfies

2n—-2

< t oo P o0
E(x,t)dr + ,u,] (n — 1):—;152 + u? dedr < / E(x,0) du. (15)
0 Jo 0

0

Applying the Sobolev inequality on (15), we have
Corollary 3.

[ie-mdymlear <c, (16)
0

where C is a positive constant depending only on the initial data.

In order to obtain the pointwise bound for the specific volume v(x, t) uniformly in time,
we employ a “cut-off-function” defined by

1, r <k,
Nz)=<¢ k+1—z, k<z<k+1, for k=12,...
0, k+1<z
By using (12) with the cut-off-function 7(x), we have a representation formula of the density.
Lemma 4. v(x,t) is represented by

w(@)? + 52 [ A(x, 7)B(x, )dr
A(z,t)B(x,t) '

v(z, i) =

forx € [k —1,k) and t > 0, where

k+1 oo
A(z,t) :=exp(K'} / / v Vdxdr + — / / = lndxdr)
k+1
B(z,1) ==€xp(’}‘/ ( :il - 301) f f (n—l)—-nd:z:d'r— / logidm).
Hiz \T To k Vo

Proposition 2 and Lemma 4 yield the upper and the lower bounds of v(z,1).

Proposition 5. There exist positive constants ¢ and C, depending only on the initial data,
such that

c<u(r,t)<C (17)

forz >0 andt > 0.



The estimate (17) immediately gives the pointwise bounds for the density, 0 < ¢ < p < C.
To obtain the a priori estimate for the derivatives of the solution, it is convenient to use the
function

@(z,t) :=/ p(n) dn.

Proposition 6. Suppose that vy — v, ug. 7{,‘_2(vu — )z Ty “2uge € L*(0,00). Then we have
/ (r*g2) (= t)rLr+r'// (r*¢2) (z,7) dzdr < C, (18)
‘/ (r¥Hu?) utfu+c/:[ rin=6y2 ) (z,7) dedr < C, (19)
0

where ¢ and C' are positive constants depending only on the initial data.

The estimate for (v — ), follows from (18);
] (r"~4(w — 5)2) (2, t)dz < C. (20)
0

Using the estimates (15), (18), (19) and (20), we show the global existence of the solution
(v,u) in the Lagrangian coordinate. Moreover, these estimates give the asymptotic stabil-
ity of the solution in (10). In these discussions, the Holder continuity of the solution is
not necessary. It is used to ensure the validity of the translation of these results to those
in Eulerian coordinate. Actually, we show that, by applying the Schauder theory for the
parabolic equations (see [2]), the solution (p,u) is also belonging to the Holder space if the
initial data satisfies (9a). It immediately gives the corresponding stability theorem in the
Eulerian coordinate.

Related results. The Navier-Stokes equation has been attracting interests of a lot of
researchers in the fields of not only physics but also mathematics for these decays. Thus, we
have so many preceding researches and have to restrict ourselves to a certain problem. Here
we mainly state several results on the spherically symmetric motion of compressible viscons
fluid in an exterior domain.

The first of all, we need to mention the book [1] written by S. N. Antontsev, A. V.
Kazhikhov, and V. N. Monakhov, which gives comprehensive introduction to the mathemat-
ical theory of the compressible and viscous fluid. The first notable research in the equations
on the exterior domain is given by A. Matsumura and T. Nishida in [9], where the stability
of the stationary solution is first proved under the smallness assumptions. Note that this
research covers more general solutions on more general domain than the present research,
studying the spherically symmetric solution on the exterior domain.



Another pioneering work is given by N. Itaya [4], which establishes the existence of
the spherically symmetric solution globally in time on a bounded annulus domain without
smallness assumptions on the initial data. This paper has drawn attention of the researchers
to the spherically symmetric solution. Then, A. Matsnmura in [8] shows that the spherically
symimetric solution to the isothermal model with external force on the annulus domain exists
globally in time and it converges to the corresponding stationary solution as time tends to
infinity. Moreover, it shows that the convergence is exponentially fast. The research by
K. Higuchi in [3] extends this result to the isentropic model. In addition, it considers the
equations of heat-conductive ideal gas on the annulus domain. The present research aims to
extend the results in [8] and [3] to those on an unbounded exterior domain.

The study of the spherically symmetric solution over an unbounded exterior domain is
started by S. Jiang in [5], where the global existence of the solution is established for the
model of heat-conductive ideal gas. Moreover, the partial result on the asymptotic state is
obtained. Precisely, it shows that, for the space dimension n = 3, ||u(t)||2; — 0 as t — oo,
where j (= 2) is an arbitrarily fixed integer.

In the case of one dimensional space n = 1, the problem on the unbounded exterior
domain is coincide with the half-space problem. A. Matsumura and K. Nishihara in [10]
start to investigate this problem for the compressible Navier-Stokes equation. In [10], several
kinds of boundary conditions are proposed. Namely, inflow, ontflow and no flow boundary
conditions. Then, it classifies the asymptotic behaviors of the solution into the several
cases subject to the relation between the boundary data and the spatial asymptotic data.
Moreover, it proves the stability theorem for some cases by using the Lagrangian coordinate.
The research [6] by S. Kawashima, S. Nishibata and P. Zhu also studies the same one
dimensional half space problem. It obtains the a priori estimates directly in the Eulerian
coordinate and proves the stability of the stationary solution. The Holder continuity of the
solution is also discussed in [6].

Notation. For a region 0, an integer [ and 0 < ¢ < 1, B"*(Q) denotes the space of Holder
continuous functions over 2 which have the [-th order derivatives of Hilder continuity with
exponent o. B/17(9) is the space of functions belonging to B'*“ (w) for an arbitrarily compact

set w C 2. For 1 < p < oo, L7(92) denotes the standard Lebesgue space over Q2 equipped
with the norm [ - [|,. ¢ and C denote several generic positive constants.

Acknowledgment. The present result is obtained through the joint research with Dr.
Tohru Nakamura at Tokyo institute of Technology and Prof. Shigenori Yanagi at Ehime
University. The details are published in the paper [11].
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Conical Shock Waves in Supersonic Flow

Dening Li
Department of Mathematics, West Virginia University, Morgantown, USA

Abstract

Physical background of shock waves

. A steady shock front is produced as supersonic flow passes a solid projectile. The

most important two typical configurations of the flying projectiles:

e Long wing: two dimensional object;

e Conical head: three dimensional object.

. Depending upon the shape of the leading front of solid object, the shock front will

be

e detached from the projectile if the projectile has a blunt head;

e attached to to the head of the projectile if the projectile has a narrow and sharp
pointed head.

It is of practical importance because the sharp jump of pressure across shock front
produces great resistance to the flying object and therefore is to be avoided.

We study the case of steady shock wave attached to sharp pointed front of projectile.



2 Mathematical models

1. Euler system of equations: quasi-linear, hyperbolic.

8 3
dhp+ Z O, (pv;) =0,
=1
3
L Apu:) + 3 0., (puiv; +0;5p) =0, i=1,2,3 (1)
=
3
A (pE) + Z 0z, (pv; E + pv;) = 0.
L i=1

p- density, v- velocity, E = e + 1|v|>- total energy, p = p(p, E)- pressure.
2. Various simplified models to (1) can be introduced.

(a) Linearization: small perturbation.
(b) Geometrical simplification:

¢ One dimensional model: shock transition relations and Lax shock inequality.
o Geometrically symmetric model: cylindrical and spherical model.

(¢) Steady flow model: time-independent flow.
(d) Thermodynamical simplification:

e Polytropic gas model: p = Ap™;

e Isentropic model: p = p(p):

e Irrotational model: V x v = 0.



(S}

-

Conical shock wave for steady irrotational and isentropic flow

. Irrotational flow: V x v = 0 implies v = V¢, ¢- velocity potential.

Second order scalar equation for ¢

vt : v3 vi
{? =l Q12 + Ei' =1 ¢¢g:g + Ej ~1 Dzszs (2)

2,09 20 vy 2vyu3
+'GT¢:;:;- + a_zd’zla:g + T@rzzs = (.

(2) is hyperbolic in the region of supersonic flow (|v| > a), and is elliptic in the region
of subsonic flow (|v| < a).

. Symmetric conical shock wave:

e shock polar and apple curve;

e weak and strong shock.
Theoremss: Linear stability of conical shock wave and existence.

Mathematical tools: conical coordinates, energy estimate for linearized problem,
linear iteration

. Generalized hodograph transformation: to transform the domain with free boundary

into a fixed annular region.



4 Stability for oblique shock wave

My current work on the stability of oblique shock waves for isentropic system of Euler
equations.

1. Boundary value problem for m x m hyperbolic system:

6;u+ZAjaxju+Cu =f, in z; >0

i=1 (3)
Pu=g¢g on x; =0.
2. Well-posedness of (3): if there is energy estimate
. 1 .
ol + 1l < o A1 + ok (@
2:;: 2
llull, = (fm fR / lu(t, 21, 2')[Pdz, da’ dt) ,
2!1! 2
|ty = ([Rl/;ﬂ] |u(1‘0.r|d.rdt)
3. Kreiss’ condition for well-posedness:
®
ﬂ'!(s._'!'u.a') = —.-4.1_1 (‘;I +1 ij‘4'j) ; (5)
j=2

with s = p+i7 and w € R"\.
e Eigenvectors and generalized eigenvectors with negative eigenvalues: u;.

e Kreiss' condition: Pu; are uniformly linearly independent.
4. Analysis of stability of oblique shock front.

e Oblique shock front is stable for weak shock.

e Mathematical condition and its physical implication.



Remarks on global solvability of 2-D Boussinesq equations with nondecaying ini-
tial data

Yasushi TANIUCHI Shinshu Uni. Matsumoto 390-8621, taniuchi@math.shinshu-u.ac.jp

1. INTRODUCTION

We consider the natural convection in a viscous incompressible fluid described by the Boussi-

nesq equations:

Ou— Au+u-Vu+ Vp = gb in t>0 and z € R",
(B) 00— A0 +u-VO=0 in t>0 and z € R",

divu=0 in t>0 and z € R,

ule=0 = uo, Oli=0= 0o in z€ R",

where u = (u!(z,t),u*(z,t),...,u"(z,t)), @ = 6(z,t) and p = p(z,t) denote the unknown
velocity vector field, the unknown temperature and the unknown pressure of the fluid at the
point (z,t) € R™ x (0, 00), respectively. (uo,0p) is a given initial data and g is the given constant
vector which denotes acceleration of gravity.

Many researchers have investigated the Boussinesq equations. See e.g. Cannon-DiBenedetto(1],
Fife-Joseph([5], Foias-Mainley-Temmam[4], Morimoto[14][15], Oeda[16]([17], Hishida[6], Hishida-
Yamada/[7], Kagei[10], Kagei-von Wahl[11] and papers cited there.

These results, however, are imposed the integrability condition on the initial data wug, 0y € L9
for some ¢ < oo. This condition implies that ug(z) and 6g(z) decay at infinity in some sense.
On the other hand, Giga-Inui-Matsui[8], Cannon-Knightly[2] and Cannone[3] showed the time-
local existence of solution to the Navier-Stokes equations:

(N-S) {agu-Au+u-Vu+Vp=0, divu=0 in t>0 and z € R",

=0 = up in ze R"
with nondecaying initial data ugp € L. It is notable that in the two dimensional case Giga-
matsui-Sawada[9] proved the unique global solvability of (N-S) with ug € L*®(R?).
In (18], we proved the unique local existence theorem for the Boussinesq equations with
nondecaying initial data. To be precise, we showed that if ug € L* with div v = 0 in D’ and

0o € BY,;, then there exists the strong solution

(1.1) (u,6) € Cu ([0, T); L®(B™)) x C([0,T); Boo,1(R™))

to the Boussinesq equations with Vp € C((0,T); B, ;(R™)). We note that the space BY ,
includes some nondecaying functions, for example, sin(a - z) + (1 + |z1]?) ™. Moreover, in [18]
it was shown that there exists a unique global solutions to the 2-D Boussinesq equations when
the initial data (ug,fp) € L®(R?) x LP(R?) for some p € (2,00). Although the initial velocity
need not to be decay at infinity, the initial temparature 6y was restricted to decay at infinity.



The purpose of this paper is to remove this decay condition on 6p. Now we state our main

Theorem.

Theorem 1 (global existence). Let the initial data (ug,6p) € L°(R?) x Bgo’l (R?) with div ug =
0. Then there exists a unique solution (u,0) € Cy([0,00); L®(R?)) x C([0,00); B, (R?)) to
(B) with Vp € C((0,00; BY, ;).

Remark. Bg,‘l contains some nondecaying functions as well as L™. For example, sin(a - z)
and cos(b- z) € Bgo'l, where a and b are constant vectors and b # 0. Furthermore, periodic
functions f € Wh(T') with [ fdz = 0 belongs to BY, ;(R"). We observe this fact by the
Fourier series. We also see that if fi(z1,22," -+, Zn-1) € WH®(R" 1) and fi(z,) € WH°(R) N
LP(R) (p < o0), then f1f2 € B ;(R").

In two dimension, taking rotation to first equation of (B), we get the rotation equation
(Rot) wt — Aw +u - Vw = rot (g6),
where w = rot u is a scalar function. If = 0, the maximum principle yields ||w(t)||co < [|w(0)||oo-
In [9], this estimate plays an important role in proving the global solution to the 2-D Navier-
Stokes equations. We, however, can not apply the maximum principle for the rotation equation

directly, nevertheless, 86 is bounded. To overcome this difficulty, we establish the following
uniformly local L? estimate for the vorticity equation.

Lemma 1.1. Let u € L®(0,T; Wh*(R?)) with V- u = 0 and let v € L*(0,T; L°(R?)) be a
solution to the 2 dimensional vorticity equation

(1.2) %v —Av+u-Vu=f+09;9, inR*x(0,T), wvle=o= 0.
Then there holds for all t € [0,T] and allp > 2
(1.3)

lo(®)llzz, < © (1 +t+ fo t ||u(f)||wd-r)2”’ {llvollr,g, # ]0 g+ 92 ( j t ug(r)ni:,dr)w}

] 1/p
where C is an absolute constant and "f”i'ﬁ: = sup, (flx—yla [f(y)l”dy) :

2. FUNCTION SPACES
Before proving the main results, we first recall definition of the homogeneous Besov space. For
integer j, let p; be the Littlewood-Paley decomposition satisfying ¢;(£) = po(277€) € CP(R™),
supp @o C {1/2 < |€] < 2} and 332 ¢;5(€) = 1 excepting £ = 0.
Definition 1 The homogeneous Besov space B;‘q = B;‘Q(R“) is introduced by

B, ={f € 25 1fllg, <oo}



fors € R, 1 < p,q < oo, where

Ifllgs = {[Zﬁ-m (27%|p; *f"p)q]lf‘i‘ i G2

SUP_so<j<oo 2js”‘Pj * fll if q=o0.

Here Z= {f € S; Def(0) =0, Ya is multi — index}.

If the exponents satisfy the following condition:
(2.1) either s<n/p or s=n/p and ¢=1,

then B;'q can be regarded as subspace of S§’. To be precise, there holds

(s <]
(2.2) B2 {f€8'; |Ifllgy, <00 and f= ) pj*f in S},
j=—o0
if s,p and g satisfy (2.1). For the details one can see e.g. Kozono-Yamazaki[13, Proposition
2.10].
In what follows, we deal with (2.2) as the definition of Bi;.w when s,p and ¢ satisfy (2.1). We
note that any polynomial excepting 0 no longer belongs to B;‘q, when s, p and ¢ satisfy (2.1).

Finally, we give some definitions. Let B(z,r) denote the ball centered at z of radius r and let

1/p 1/p
I7lpa= ([ 1OPa) 17 1a= sup (1flpae) =sup ( [ lf(y)l”dy) ,

zeR

1/p
1lez, = 1 f 151 =sup ( f.z_ma |f(y)|?dy) o LB ={f €L | flp1 < oo},

3. PRELIMINARY
To prove Theorem 1 and Lemma 1.1, we need the followings.
Lemma 3.1 (Sawada-Taniuchi[18]). Assume that the initial data (uo,80) € L®(R")x B, ,(R")

with div ug = 0 in the sense of disiribution. Then there ezists T > 0 and a unique solution
(u,8,Vp) to (B) with

(3.1) u € Cy([0,T); L®(R™) NC*((0,T); L*(R™)) N C((0,T); W (R™)),
(32) 6 € Cu([0,T); B,1) N C'((0,T); L*(R™) N C((0,T); W**(R™)),
(33)  Vpe C((0,T);B,)

(3.4) 8u —Au+ P(u-Vu) = P(g8) in L™,

(3.5) 00 -A0+u-VO=0 in L™

(3.6) Vp=(1-P)(u-Vu+gb).



Here P = {Puh<ik<n = {01 + RiRi}1<i,k<n- Moreover there exists C = C(n) such that

(84
G T ol + Toollzg P +ToT+ 1

Remark. To solve (B) we reduce to construct a solution (u, #) to the integral equations:

(LEB), u(t) = e®uo— [ D8 Pl Tu)(r)dr + f " et=12 p(gf)(r)dr
0 0

(LEB), 6(t) = €®6p— /0 t et="A(y . Vo)(1)dr.
Proposition 3.1. There holds for all f € L™
(3.8) e £l s, SC, )| fle  for t>0 and s> 0.
Proposition 3.2. If m > 1, then
| Floma < @mA)Y9| floa forall f € L (R*),A> 0.

Proposition 3.3. Let 1 < g < o0, j =0,£1,42,---, 6 € S and let f € LI,(R?). Then there
holds

(33} s + £l <{02%”"’" for all j 20,
. J oo =

lelq.l fOTG”jSUs
where C is independent of q,j and f. Here ¢;(-) = 2% p(274).

Proposition 3.4 (Gronwall’s inequality). Let A;, Ay and A3 be nonnegative function on (0,T)
with f‘;r A;j(t)dt < oo for j =1,2,3, and let Ag, 71,72 be positive constants with0 <y <7 < 1.
Assume that z € C([0,T)) and

t t t

0<2(t) < Ao+] A, (T)z(r)1_71dr+/ Ag('r)z(f)l"’zd‘r+f As(7)z(r)dT for all 0 <t < T.
0 0 0

Then

2(t) < {(Ag‘ i fo tAl(r)d-r) % s fu tAz(T)dT}

4. OUTLINE OF THE PROOF OF Lfd ESTIMATE FOR THE VORTICITY EQUATION

3~

t
exp/ Az(t)dr for all0 <t < T.
0

In this section we sketch the proof of Lemma 1.1. We first fix z € R? and X\ > 1. Let
1, <
p € CP(R2) with p(y) = { el <1

0, |z|> 2‘ Vol € 2, ||Aplloe < 4 and let p a(y) = p(yz_”) We
easily see that

(4.10) %(ﬂx.-w) — Apaav) +u- V(pzav)

=perf + P2 209 — 2Vpz )\ - Vv — (Ape a)v +u- (Vg a)v.



Taking inner product in L2(R?) between (4.10) and |p; zv[P~2pz,zv and taking supremum of it

over z € R?, we obtain
t
o p+1 2
100 130 <8 1o 30 [ 171013304 P2 [ 1g12, o135k

(4.11) , T
f(zfze; 2||w(7) oo ( oo Iv(‘r)li,,\df},

where we used to

t t
<8 , and su / f fldydr | <8 sup / / | fldydT ) .
gl - p2A = Lfls PA zeﬁf ( o Jeiwan |fldy ) e \Jo Ja@n

Then Proposition 3.4 with 2(t) = | v(t) |} , and Proposition 3.2 yield

[o(t) Ipn < 10(8) 1o

1/2 t
(4.12) <(2»\2)m’{81fp|”0l 1+8p+ 1! U lg""dr) +f8|f|”'ldr}
. 0

8-264, 16
X exp {Tt +5 fo ||u(‘r)|[mdr} :

Now let s € (0,T] and set A =1+ s+ [ [[u(7)|lcodr. Then there holds

s 2/p B . 1/2 ¢
|v(t)|p.lsc(1+s+ / ||u(=r)||mdf) {lvolp.1+p"'2 ([D |g|p.1dr) + [ 17 e
0

for all 0 < t < s < T. Since s € (0,T] is arbitrary, we get the desired estimate (1.3).

5. OUTLINE OF THE PROOF OF THEOREM 1

In this section we shall sketch the proof of Theorem 1. We use the similar method as in [20].
(See also Serfati[19].) We show that the time-local solution given in Lemma 3.1 can be extended
to a global one. Thanks to (3.1) and (3.2), we may assume ug € W%, gy € BY ; N W2* and
assume (u,6) € C([0,T); W2*) x C([0,T); W2* N BY, ,). It suffices to show

(5.1) sup ([lu(t)lloo + 10()lgo_ ) <00 if T < oo.
0<t<T %0,

By the equations (3.5) and (I.E.B); we have

(5.2) 10(t)lloo < [1Bolloos

(5.3) 16l g0, , < N6ollgo,, + th(oi‘i‘;t llw()lloo) 160l o-

Thercfore for (5.1) we only need to show

(5.4) sup [|u(7)]leo < 00, if T < 0.
0<r<T



Here we recall that the Littlewood-Paley decomposition:
1=9n(E) + Y $5() (€€ R N =0,%1,42,- "),
Jj=N

where ¥y = 22Ny (2V) = F1(1 - Ej=_~ $;). We easily see that

(5.5) [u()lloo < lon *u(t)lloo + Y 65 *u(t)lloo = J1 + J2
J=N
By (I.B.E); and (I.E.B); we have forall 0 < s <t <T
t
B = H;{:N x et~ (s) + / PV -y * "8 (u @ u)(r)dr
§
t T ;
(5.6) + / PN * et-7)Ap (gefbﬂg =0 g/ V.el™T )A(ue)(‘r')d’r’) dr
s 0 oo

IA

lu(s)lloo + C12%( sup. l[u(7)lloo) 2(t — 5)
+C2lglll6oli g, , (8 =) + Cs|g|2N (uilig‘ () lloo) l1f0lloo (t* — 5°),

since |[VPYn|r < IVPYN| < C||VYnllap < C2V. Here H' denotes Hardy space.
To estimate Jo, we use the Biot-Savalt Law (32_2“"1 —gg;w) = —Au, which yields ||¢; * ulloo <
C277||¢j * w|loo. Let p > 4. Then by this inequality and Proposition 3.3 we have

57 Y g *u®lle <C Y 27||¢ xw(®)lloo < C27 max{22"/P, 1}l (t)llz,-
i=N =N

Let s <t < min{T, s+ 1}, (i.e. t —s < 1). Then Lemma 1.1 and (5.7) yield
2/p
68 1< 0N max(22,1) (14 sup fu(r)lee) - (hotedli, + 2726~ )l ol
S5TS
forallp >4 and s <t < min{T, s+ 1}.

Let h(t) =1+t + sup ||u(7)|lec- Then Gathering the estimates (5.6) and (5.8) with (5.5),
0<7<t

we obtain
h(t) <h(s) + (t — s) + C12Vh(2)%(t — s)

(5.9) + Calglllboll o, , (2 — 8) + 2C3|g[2" h(t)[|60]|coh(s) (t — s)
+ G2 max(22V7, 1)) (o)l z, +2(¢ ~ )l Io]c)
forallp>4andall 0 < s <t<min{T,s+1}.
Now we fix s € [0,T). Since h(t) is a continuous function, there holds h(t) < 2h(s) for ¢

sufficiently close to s. Let
Ty(s) =sup{r € (0,7 —s) ;: h(s+7) <2h(s)}, (Ti(s) T —s).
(Since h is a nondecreasing function, h(t) < 2h(s) for all s <t < s+ T1(s).) Then (5.9) yields

(510) A(t) < h(s) + 5 + Cs2Vh(s)*(t — 5) + Co2™ max{22V/7, 1}h(s)7 (o(s)llzz, +P*)



for all s <t < s+ min{}, W,ﬂ(s)} and p > 4. Here C5 = 4C) + 4C3]g|||00|| and
oo.l
Cs = V2C4 - (1 + |9]l160]lec). Now we choose N suitably as follows.

h(s) 7 S-2pIN o __ h'E
When SCE([Iw(s)IIini-p”’) < 1, we choose N > 0 such as 2 P Tl 775" When

-2 -2
h(s)'" 7 _ -N ., h(s)'~®
SCa(Ilw{S}Ell,ﬁ'ﬂ‘”) > 1, we choose N < —1 such as 2 BCa(IIw{s}IILtii—p’”}' Then the last term

of (5.10) is smaller than 1/(8k(s)). Therefore, since 1 < 3h(s), we obtain

(e) < Soh(s) + Crmax { (lw(s)lzz, + 2377, (w(s)lzz, +P"2)h(s)> } hls)(t — 5

for all s <t < s+min{3, E—I_IH%"II_B_’TI (s)} and p > 4. Here C7 = 2C5(8Cg + 1)2. Hence we
00.1

219111%ll 5
have
(5.11) h(t) < }Séh(s) for all s <t < s+ min{d(s,p) Ti(s)},
where
8(s, p) = min 1/(4C7) 1/(4C) b 1
PIEEE Galo)lzz, + /07 B (e)az, +97%)" 4 Calgllollzs, |

Obviously from the definition of T} (s) we obtain Ti(s) > min{d(s,p),T" — s} and hence
(5.12) h(t) < 2h(s) for all s <t < s+ min{d(s,p), T — s}.

We note that this estimate holds for all s € (0,7") and p > 4.
Let px = k + 4 and {#x}22, be the increasing sequence defined by

to=0, tgpr—tx = 0(tk, pr)-
Now we assume that
(5.13) S(te,pr) <T —t forallk=0,1,2,---,(i.e, tyt1 <T forallk=0,1,2,---).

Then by (5.12) we have

(5.14) h(te) < 2h(tx—1) < --- < 2¥R(0)
and hence
(5.15) h(te)2/Px < (281(0))%*+9) < Ch(0)¥*+D < Ch(0)!/2.



Since tx = Y520 8(t;,p;) < ,_oﬂml < CkM? and since [[w(0)l|zz, < 7/P|lwolloo, by
Lemma 1.1 and (5.15) we see

2/px
lotidllzzy < C(1+tk(1+03ugt nu(-r)um)) (looll 2 + 218191 1160lo)
STSik
C[2kM Rt/ (llwoll 2 + k*[g]l160lloo)
C(2kM2)/*+Dh ()7 (|lwoll o + K*/*|g][6olloo)

Ch(0)"/2k3*/4(||woll o= + |g]l|€0lloo)

Therefore we observe that for all large k

| |\ kD) c /1\}
6(tk|pk) 2 C' min { (W) 1 1‘1.3"{4 > "2" (E) 1

k=1

(5.16) te = 8(t;,p;) > CkY*,
3=0

IA 1A

A

which contradicts the assumption T < oo.

Hence we see that if T' < oo, there exists some integer m such that
5(tmsPrm) 2 T = tm,  (i-€ctmer 2 T),
which and (5.12) yield
(5.17) h(t) < 2h(ty) for all t € [t, T).

This implies the desired estimate (5.4) and proves Theorem 1.

Remark. Moreover, letting 7' = 0o, we have by (5.14) and (5.16)
h(CKY*) < h(ty) < 2FR(0) for all k = 1,2, -+,
which implies
(5.18) [u(t)lloo < € (luolleo + 1) exp(Ct*)
for all £ > 0.
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LI-L" estimates of solution to the parabolic Maxwell
equations and their application to the magnetohydro-
dynamic equations®

Norikazu Yamaguchi

Department of Mathematical Sciences, Graduate School of Science and Engineering.
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1. Introduction and main results

Let {2 be a simply connected and unbounded domain in the three dimensional Euclidean
space R* whose boundary 82 is a compact and sufficiently smooth hypersurface. Suppose
that there is some Ry > 0 such that 82 C Bg,(0) = {z € R*||z| < Ro}. In this paper
we are concerned with the initial boundary value problem of the magnetohydrodynamic
equations in £2 x (0, 00) concerning the velocity vector field v = (v (1), va(x, t), va(x, t)).
the magnetic vector potential H = (H,(x,t), Hy(x,t), Hy(x,t)) and the scalar pressure
p=p(z,t):

(= Av+(v-Vo+Vp+HxcurlH=0 in 2 x(0,00),
Hy+curlecurl H+ (v-VH—(H-V)v =0 in 2 x (0,00),
4 dive=0, divH=0 in 2 x(0,00), (MHD)
v=0 curlHxv=0, v-H=0 on d02 x(0,00),
v(v.0)=a, H(z.0)=b in .

\

Here a = (a,(2),as(x),as(z)) and b = (by(x),ba(z), bs(x)) are prescribed initial data
and v is the unit outward normal on 9. We impose the perfectly conducting wall
condition on the magnetic vector potential on the boundary. The perfectly conducting
wall condition means that the obstacle, R*\ 2, is the perfect conductor body. The
magnetohydrodynamic equations were proposed by Cowling [3] or Landau and Lifshitz

*This is joint work with Prof. Y. Shibata of Waseda University.



[10]. They are known to be one of the mathematical model describing the motion of
viscous incompressible resistive fluid.

The main purpose of this paper is to show the global solvability of (MHD). The
initial boundary value problem of the magnetohydrodynamic equations was treated in a
bounded domain by the Galerkin method. However, in general the Galerkin method does
not work well in the unbounded domain case. Thus we shall take another approach. On
the other hand, there are some works in exterior domain. Zhao [17] considered (MHD)
with nonperfect conductor body, that is the boundary condition of the magnetic vector
potential is replaced by the homogeneous Dirichlet condition. However from a physical
viewpoint. the case of the perfectly conducting wall is also important. The author knows
only the result by Kozono [9] concerning the perfectly conducting wall case, where the
weak solution was dealt with. There has been no work on the global strong solvability
to the (MHD) in the exterior domain.

Our approach is based on the argument of T. Kato [8]. Kato proved the global
solvability of the Cauchy problem of the Navier-Stokes equations in RY (N > 2) with
small initial velocity with respect to L¥-norm. The argument of Kato is based on the
estimates of various LI-norm of the Stokes semigroup. In particular L9-L" type estimates
play crucial role in it. The argument of Kato was extended to the case of exterior domain
by Iwashita [7]. Our aim of this talk is to show the global solvability of (MHD), by use of
the argument of Kato and Iwashita which is known to work well in exterior domain. In
order to do this, one of the main points is to study the linearized problems corresponding
to (MHD). They are consisted of two systems of equations. First is the system of well
known nonstationary Stokes equations and second is the system of the Maxwell equations
of parabolic type with perfectly conducting wall condition:

((uy+curlcurlu =0 in 2 x (0,00),

divu=0 in 2 x(0,00),

< cuflu x v=0 on 002 x (0,00), (PM)
v-u=0 on a2 x(0,00),

u(z,0)=5b in .

“

Here v = (uy(x,t), us(x,t), us(x,t))) is unknown vector valued function and b is a pre-
scribed initial function. In order to derive good linear estimates, we have to study the
parabolic Maxwell equations (PM). The parabolic Maxwell equations are important not
only for (MHD) but also for another equations involving the Maxwell equations. For
example, the time dependent Ginzburg-Landau-Maxwell superconductivity model and
the magneto-micropolar fluid equations.

Before stating our main results we shall introduce some notations. Let 1 < ¢ < oo.



It is well known that the Banach space L?(§2)* admits the Helmholtz decomposition:
LY(2)* = Li(2) ® GU(£2), & : direct sum.

Here

L4(2) = {f € Co(@P [divf =0in 2} 2",
GI(R2) = {f € LI(R2)*| f = Vp for some p € L] (2)}.
By the assumption that 92 is sufficiently smooth, the space LZ({2) is characterized as
(see e.g., Galdi [6, Chapter 3])
L) ={fe LY (R)*|divf=0in 2, v- f=0on d2}.
Let P = P, be a continuous projection from L7(§2)* onto LZ(§2) and let us define the
operators A and B as follows:
D(A) = LI(2) N W29(2)* n Wy ¥(2)*,
Av=—PAv for v € D(A),
D(B) = LY2)Nn{H € W*¥(2)*| curl H x v =0 on 912},
BH = P(curlcurl H) = curlcurl H for H € D(B).
From Akiyama, Kasai, Shibata and M. Tsutsumi [1], Borchers and Sohr [2] and Miyakawa
(12, 13] both —A and —B generate bounded analytic semigroups {¢~*4} and {¢*%} in

L3($2), respectively. By use of operators A and B, (MHD) is converted into the following
system of integral equations:

'
v(t) = e ta — [ e"““']AP[(f.r(T) -V)e(r)+ H(T) % CurlH(T]] dr,

u{ (INT)
H(t) = B} — f e~ IBP[(y(7) - V)H(r) - (H(r) - V)u(7)] dr.

0

In analyzing (INT) we require L9-L" estimates for the semigroup {e *4} and {e~*?}.
The first was already proved by Iwashita (see also Maremonti and Solonnikov [11] and
Enomoto and Shibata [5]). Therefore we have to do is to derive L-L” estimates for the
semigroup {¢~*%}.

We are now in a position to state our main results. The first result is concerned with
the local energy decay property for the semigroup {e~*#}.

Theorem 1.1 (Local energy decay). Let 1 < ¢ < co. For any R > Ry and any integer
m > 0, there exists C = C(q, R,m) > 0 such that

10778 fllwaaiag < CH™ | flagm, 21,

for any f € LI(02) N LL($2), where 2p = 2N Bp and L(N2) = {u € LI(N2)* |u =
0 for x| > R}.



By use of Theorem 1.1, one can obtain the following L?-L" estimates for {e~*#}.

Theorem 1.2 (L%-L" estimates).
(i) Let 1 < ¢ < r < o0 and (¢q,7) # (1,1),(c0,00). Then there exists C = C(g,7) > 0
such that

1_1

_3f1_1
le™B fllrim < CETED)| fllzagay, ¢>0

for any f € Li(12).
(ii) Let 1 < ¢ < r < 3. Then there ezists C = C(q,r) > 0 such that

.

Ve B f |l ety < CE 37073 fll oy, £ >0
for any f € Li(£2).

The basic idea to prove Theorem 1.1 and Theorem 1.2 is similar to that of Iwashita [7]
which deals with the nonstationary Stokes equations. However the boundary condition of
(PM), perfectly conducting wall condition, is quite different from the boundary condition
of the Stokes equations that is homogeneous Dirichlet condition, nonslip boundary con-
dition. Therefore in constructing the parametrix of the resolvent problem corresponding
to (PM) (see (2.1)). we have to introduce a new idea which is based on a theorem due
to von Wahl [16, Theorem 3.2].

The following result by Iwashita is concerning the LI-L" estimates for the Stokes
semigroup, which is refined by Maremonti and Solonnikov and Enomoto and Shibata.

Theorem 1.3 ([7, 11, 5]).
(i) Let 1 < ¢ < r < o0 and (q,r) # (1,1),(c0,00). Then there exists C = C(g,r) > 0
such that

e fll ey < C73072)]

flleagy, t>0

for any f € Li(12).

(i) Let 1 < ¢ <r < 3. Then there exists C' = C(q,r) > 0 such that
Ve f |l < Ct 3G flsoay, £>0

for any f € Li(12).

Combining Theorem 1.2 and Theorem 1.3 we obtain the global solvability of (MHD)
with small initial data.

Theorem 1.4. There ezxists a constant € > 0 such that if (a,b) € L3(2) x L3(£2) and

ll(a,b)|ls < €, then a unique strong solution (u.H) to (MHD) ezists and satisfies the
follounng properties:

t1-3//2(y, H) € BC([0,00); LL(R2) x L&(R2)) foranygq, 3<g< o0, (L1

"2V (u, H) € BC([0,00); L}(22) x L*(£2)), (1.2)



where BC'(-) denotes the class of bounded continuous functions. All the values in (1.1)-
(1.2) vanish at t = 0 except for ¢ = 3 in (1.1), and in case ¢ = 3, (u(0). H(0)) = (a,b).

2. Sketch of the proof of Theorem 1.1

As stated in the previous section, in view of argument of Iwashita we know that once
obtaining the local energy decay, by cut-off technique we have L-L” estimates. Therefore,
in this section we will give a sketch of our proof of Theorem 1.1.

To prove Theorem 1.1 we have to study the resolvent problem corresponding to (PM).
In view of Miyakawa [12], to do this it is suffices to study the following Laplace resolvent
system with perfectly conducting wall condition:

Au—Au=f in £,

curlu x v =0 on 02, (2.1)
v-u=0 on 0.

Here A€ 5, ={A € C\ {0} ||argA\| < 7 — €, 0 < e < @/2} and f = (fi(z), fo(x), f2(2))

is given function. Our aim of this section is to prove the following theorem.

Theorem 2.1. Let 1 < ¢ < oo and m be a nonnegative integer. There exists solu-
tion operator R(A) € B(Wg'F(2),W™%P(Qp.,)) such that R(\) depends on A\ € .
meromorphically and has the following properties:

(i) The set A of the poles is discrete.

(ii) u = R(A)f is a solution of (2.1) for A € £\ A and f € WZ"P(02).

(iii) R[A) € B(H 2 T(£2), Wm+Er((2)) for each A € £, \ A.

(iv) Let £(8) = {\ € S| |N\| < 0}. There ezists §y > 0 such that S () NA = 0 and
R()) ha.s the following expansion of A € T.(0y) in B(Wg'P(£2), Wm+Ap((25)):

R(A) = A2G, + Gy(X) + AV2Gy( ). (2.2)

Here G, € B(Wg"P(02).W™2P(2g)), Ga(A) is B(WR"P(82), WmH2P(p))-valued
holomorphic function of A € £.(dy) and G3()\) is bounded.

Here W (2) = {f € W™»(2) | f =0 for |«| > R}.

In order to prove Theorem 2.1, first of all we construct the parametrix to (2.1). Choose
a positive number R > 0 such that B > Ry + 3. Here R, is introduced in the previous



section. Let ® be a mapping of f € LI(2g.3) to unique solution u € W2?({2g.3) of the

following problem:
—Au=f in gy,

curlu x v =0 on 0f2p:3.

v-u=0 on 0p:s.

Then ® € B(LY(2p43), W29(2p43)). Put ¢ € CP(R?) such that ¢ =1 for |z] < R+ 1
and = 0 for |¢| > R+ 2. For f € LY2), let fry3 be the restriction of f to 2p,3 and let
fo be the zero extension of f to R?, that is, fy = f in 2 and fo = 0 in R?\ £2. Let us
define an operator A(A) by

AN = (1= ¢)Ro(N) fo + 0P [Rs3- (2.3)

Here Ry(A) denotes the solution operator to Au — Au = f in R? (The properties of Ry()\)
is stated in Murata [14]). For A(A)f we have

(A=A)AAN)f=f+SA)f in £,
curl (A(A) f) x v=10 on d12,
v-(AN)f)=0 on 012,

where
SINF =2V - VRN fo + (Ag) Ro(\) fo + Ap®fres — 2V - VO fars — (Ap)®fras

From the definition of the cut-off function ¢, supp S(A)f C R2g4s. If f € L, ,(£2), then
by the Fourier multiplier theorem and the property of Ry()). we obtain

1Ro(A) follwae(Brys) < ClIf llze(a)-

Lemma 2.2. The inverse (I + S(A))™" of I+ S(A) exists as a B(L%,,(2), L%,,(92))-
valued meromorphic function of A\ € .. The set A of poles is discrete and has no
intersection with .(0y) for some &y > 0. Furthermore, (I + S(A))~' has the same type
of expansion as (2.2).

This lemma will follow from the following lemma.

Lemma 2.3. I + S(0) has the bounded inverse (I + S(0))*.

Before stating the proof of Lemma 2.3, we introduce the following uniqueness result
which will be required in the proof of Lemma 2.3.



Proposition 2.4. Let 1 < q < co. Suppose that u € me“’(Q) satisfies

—Au=0 m 2,
curlu x v=0 on 0§, (2.4)
v-u=0 on 012,

and u(z) = O(|z|™"), Vu(z) = O(|z|7%). Then u =0 in £2.

Remark 2.5. The assumption that §2 is simply connected is essentially required to prove
Proposition 2.4 only.

Proof of Proposition 2.4. By virtue of the local theory for the elliptic equations, one can
take u € W27 (£2) for any r € (1,00). In particular, now we take u € W22(82). We
consider a function v € C®(R?) with the properties 0 < ¢(x) < 1, (z) = 1 for
|| < 1/2 and = 0 for |z| > 1 and define ¢g(z) := ¥(z/R). According to the well known

formula Au = V div u — curl curl u, the divergence theorem and the assumption we get
0= / —Au - pudz =/ curlu - (Vg x u) dx + f (divu)(Vyg-u)de
n flg g
+ f Vg[(div u)* + curlu - curl u] d.
Ng

Since supp'r C {x € R*| R/2 < |2| < R}, we have

Cf
< =
- R

f curlu - (Vg x u)dz + / (divu) (Vg -u)dz
fIg

g

Therefore letting R — oo, we have || curlul|js ) + || div u/|72(g) = 0. This implies that
curlu = 0 and dive = 0 in £2 and moreover by virtue of theorem due to von Wahl [16],
we obtain Vu = 0. Hence u = const in §2. From the assumption that u satisfies v-u =0
on 942, we have u = 0 in 2 in £2. This completes the proof. ]

Now we shall show Lemma 2.3.

Proof of Lemma 2.3. Since the operator S(0) is compact, by the Fredholm alternative
theorem it suffices to show injectivity of I + S(0). Let us pick up f € L ,(£2) so that
(I + S(0))f = 0. Then it follows from (2.3), 4(0)f satisfies (2.4) and moreover A(0)f
has the properties that A(0)f = O(|z|™") and V(A(0)f) = O(|z|7?). Therefore from
Proposition 2.4, A(0)f = 0. Namely we have

(1 —@)Ro(0)fo+ ¢®friz =0 in £2.



By the definition of the cut-off function ¢ we have ®fp.3 = 0 for 2| < R+ 1 and
Ro(0)fo = 0 for |z| > R+ 2. Put w = ®fpys for € 2py3 and = 0 for = ¢ 2. Then w

satisfies

—Aw=fy in Bpys,
curlw x v =0 on 0OBpys,
v-w=0 on 0Bpgys.

On the other hand, from R(0)f, = 0 for |z| > R + 2, we also have
—ARy(0)fo=fo in Bgrys,

curl (Rg(0)fo) x =0 on OBpys,
V- (Rg(ﬂ)f{)) =0 on 6834.3.

Hence we obtain w = Ry(0)fp in {2g43. Therefore
= A(0)f = Ro(0) fo + ¢(®fr+3 — Ro(0) fo) = Ro(0) fo

This implies fo =0 in §2. i

Proof of Lemma 2.2. Let M = ||(I + S()\))™"||. where || - || denotes the operator norm.
From the fact that S()\) is continuous in I, U {0}, there is some & > 0 such that
IS(A) = S(0)|| < 1/2M for any A € E.(d). Hence, for A € L(dy).

(I+S(\)™' = E[HS 0))1(S(0) — S(A)F(I +5(0))~". (2.5)

j=1

Since S(A) is holomorphic in A € £, by analytic Fredholm’s alternative theorem (see
e.g., Dunford and Schwartz [4, p. 592, Lemma 13]) we obtain (I+S(A))™" for any A € I,
as a meromorphic function and we see that the set A of poles is discrete in ¥.. The
expansion of (I + S(A))~! follows from that of the expansion of Ry(A), Lemma 2.3 and
(2.5). i

With help of above results, we prove Theorem 2.1.

Proof of Theorem 2.1. Define R(A) by
R(A\) = AT+ S(A) 7. (2.6)

Then the assertions are immediately derived from the expansion of Ry(A), Lemma 2.2
and (2.6). 1



In the rest of this paper. we shall state the strategy of the proof of Theorem 1.1. Let
0 <€e<e <m/2and let v be a contour as follows: v =7, U v,. where

Nn={A€C|0< [N <d/2,|argA| =7 — €.},
Y2 = {/\ S C”A] >5“/?.|a1g,\] :‘ﬂ'—fl}.

According to Theorem 2.1, the semigroup e~*#

is represented as
e tB = -—1-— eMR(X) dA + 1 ; _[ A+ B)7HdA,
2mi /., 271 J,,

in L2(2) N L,,(82). To prove Theorem 1.1, we introduce the following well known
lemma concerning the gamma function I'(o).

Lemma 2.6. For ¢ > 0 and t > 0, it holds that

L f A1) — 220 p(g)e
2mi J., T

& Ce™,

Finally combining Theorem 2.1 and Lemma 2.6. we have the local energy decay
property of the semigroup ¢~*8, Theorem 1.1.
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BLOW-UP OF SOLUTIONS OF QUASILINEAR PARABOLIC
EQUATIONS WITH LOCALIZED REACTIONS
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Let R > 0 and
(1) B={.‘1‘.€RN|[;1:[<R}.

We shall consider the initial boundary value problem for the quasilinear parabolic

equation with both a nonlocal source (localized reaction) bu?(xo,t) and a local source

au?®,

(2) uy = Au™ + au? + bu(zo,t), (z,t)€ B x(0,T),
(3) u(z,t)=0, (z,t)€dBx(0,T),

(4) u(z,0) = uo(x), =€ B,

where u, = du/dt, A is the N—dimensional Laplacian, p, ¢ > m > 1, a, b > 0,
2o € B and ug(x) > 0 in B. We assume that ug(x) = uo(r) € C(B) (r=|z|)is a
radially symmetric function in # € B and a non-increasing function in » > 0, and
up(R) = 0.

We shall only consider non-negative weak solutions u = u(x, ).

Under these conditions, a non-negative weak solution of (2)-(4) exists locally in
time (See [4] and [10] for m = 1 and [12] for m > 1 ). When m = 1, non-negative
solutions of (2)-(4) are unique (See [3] and [10]). When m > 1, we do not know
whether or not non-negative solutions of (2)-(4) are unique (But, when b = 0, the
uniqueness of solutions can be proved [1]).

Moreover, we see that the solution u(x,¢) blows up in finte time for large initial

data (see [3], [10] (m = 1) and [12] (m > 1) for a = 0 and see e.g. [7] for b = 0).



Namely, for some T' € (0, 00),
(5) ltlTI},1||u('at)||L°°(s} = 00.

We say this time T the blow-up time.
We are interested in the shape of the blow-up set S of a blow-up solution of (2)-(4):

(6) S = {z € B| there exists a sequence (z,t,,) € B x (0,T)

satisfying z,, = @, t, 1T and u(zpm,tm) = 00 as m — 0o},

Each 2 in S is called “a blow-up point” of w.
When a = 0, we see that the blow-up solution of (2)-(4) blows up in whole domain
B (See [2, 3, 10] for m = 1 and [12] for m > 1). Namely,

(7) S = B.

We call this phenomena “total blow-up”.
On the other hand, when b = 0, it is well known that if u(z,t) is non-decreasing
in ¢t > 0 (When m = 1, this assumption is not required), the blow-up solution goes

to infinity only at the origin (see [13] [5] [6] for m = 1 and [8] for m > 1) . Namely,

(8) S = {0}.

We call this blow-up phenomena “single point blow-up”.

So, we consider the initial boundary value problem (2)-(4) with @, b > 0. Then, we
are interested in the problem whether total blow-up or single point blow-up occurs
according to the relations of the values of p and gq.

On this problem, when m = 1 Okada-Fukuda [9] obtain the interesting results :
When z, =0,

(I) Let p > g+1. Let ®(z) be an eigenfunction corresponding to the first eigenvalue

of —A with zero Dirichlet condition. If for some u > 0
(9) Aug + ul + u¥(z) > pn®

then the blow-up solution of (2)-(4) blows up only at the origin, namely, S = {0};
(IT) Let p < g+1. then the blow-up solution blows up in whole domain B, namely,

S = B;

When x4 # 0,



(I) Let p > g+ 1. If (9) holds then the blow-up solution of (2)-(4) blows up only
at the origin, namely, S = {0};
(I1) Let p < q. Let |zo] <mi < Rand 0 <o < 1. If

(10) 7 >0 inBx(0,T)
and
(11) uo(ry) > €ouo(0) and u(0) is large enough,

then the solution of (2)-(4) blows up in whole domain B, namely, S = B.

Thus, when m = 1, in the case ¢ = 0, they showed that p = ¢+ 1 is the cut off
“straight line” between the cases where single point blow-up occurs and single point
blow-up does not occurs. But, in the case 2 # 0, they can not see clearly which
blow-up phenomena occurs or not, especially, when p —1 < ¢ < p.

So, the main purpose of this paper is to solve these problems completely in the
case xg # 0 and to extend these results to the case m > 1. We summarize our

results as follows :

Theorem 1. Assume a,b> 0 and p, g >m > 1.
(1) Assume p > q. If u(x.t) is non-decreasing in t > 0 for each x € B then the
blow-up solution of (2)-(4) blows up only at the origin, that is, S = {0};
(II) Assume p < q.
(i) If (11) holds then the solution of (2)-(4) blows up in whole domain B, that
is, S = B.
(ii) There exists a solution of (2)-(4) such that it blows up only at the origin,
that is, S = {0}.

Remark 2. When m = 1, in (I) of Theorem 1 we do not need the assumption that

u(z,t) is non-decreasing in ¢ > 0 for each v € B.

Remark 3. There exists a solution u(x.t) of (2)-(4) such that it is non-decreasing in

t > 0 for each a € B, if the inequality
(12) Aul' +ul +up(xg) >0 in B



holds in the next sense : For any bounded domain D C B with smooth boundary

9D, and nonnegative () € C*(D) which vanishes on the boundary 9D,

(13) / {ull Ap + uhp + ud(zo)p} dz — / ugdupdS >0
D

dD

where n denotes the outer unit normal to the boundary.

Namely, in the case where m = 1 and z, # 0, we see that p = ¢ is the cut off
“straight line” between the cases where single pint blow-up occurs and single point
blow-up does not occurs. This result seems to be very interesting, since the cut off

“straight lines” are different between the cases z # 0 and z¢ = 0, when m = 1.
Remark 4. We can not get any result in the case where p = ¢.
Remark 5. If p,q < m then the solution of (2)-(4) exists globally in time [12].

Thus, we completely solve the open problem when 4 # 0 in Okada-Fukuda [9],
except for the case p = q. We note that even if m = 1 (semilinear case), the results
of the existence of single point blow-up solutions where p < g are new. It seems to
be interesting that the problem has both a single point blow-up solution and a total
blow-up solution by only choosing initial data u as in (II), since the other problems
do not have such phenomena.

Our methods which are based on the maximum principle, are essentially due to
Fujita-Chen [6] for the proof of (I) of Theorem 1 and due to Okada-Fukuda [9] for
the proof of (i) of (I) in Theorem 1. But, we can not apply their methods directly,
since our equation is degenerate at u = 0 and some of our results are refinements of
their results.

Finally, we mention the existence, uniqueness and (total) blow-up of local solu-
tions of (2)-(4) more in detail.

The existence of local solutions of (2)-(4) was shown by Cannon-Yin [4] when
m = 1. Souplet [10] extended their results to more general form which contain
various nonlocal problems. But, in quasilinear case m > 1 there are few papers
studying these problems and we show the existence of local solutions of (2)-(4) in
the quasilinear case in [12].

The uniqueness of local solutions was studied by Chadam-Peirce-Yin [3] and Sou-

plet [10] (for more general equations) when m = 1. When m > 1 and b = 0, the



uniqueness of local solutions was studied by Aronson-Crandall-Peletier [1]. When
m > 1 and b > 0, however, there are few papers studying the uniqueness of solutions
and we can not show it. So, our discussions are derived without using the uniqueness
of local solutions of (2) when m > 1.

The existence of blow-up solutions of (2)-(4) was also shown in [3] and [10] in the
case m = 1. It was shown in [3] that if initial data uo(x) is large enough in the
neighborhood of fixed z, then the solution of (2)-(4) blows up in finite time. The
results from [3] was extended in [10] to moving z = zo(t). We note that in [10] the
assumptions that initial data ug(z) is large enough in the neighborhood of zy is not
required. In [12] we also obtain the blow-up results which are the extensions of [10]
to m > 1.

Further, when m = 1 and a = 0, it was also shown in [3] (see also [11]) that
the blow-up solution of (2)-(4) blows up in whole domain B. In [12] we extend the

results from [3] and [11] to quasilinear case m > 1.
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1 Introduction

This is based on the author’s recent work with R. Magnanini. We study the
relation between the initial behavior of solutions of diffusion equations and
symmetries of domains. We deal with the porous medium equation and the
heat equation.

Concerning the porous medium equation, we consider the flow of a gas
into a bounded porous container  with smooth boundary 9. Initially € is
empty and at all times the density of the gas is kept constant on 9€2. Choose
a number R > 0 sufficiently small to have that, for any point z in £ having
distance R from 992, the closed ball B with radius R centered at = intersects
90 only at one point. We show that if the gas content of all such balls B is
constant at each given time, then © must be a ball.

Concerning the heat equation, we consider a convex and polygonal heat
conductor € whose inscribed circle touches every side of 9. Initially 2 has
zero temperature and at all times the temperature is kept constant on 5.
The cold spot is the point at which the temperature attains its minimum
at each given time. It is proved that, if the cold spot is stationary, then
Q must satisfy two geometric conditions. In particular, we show that these
geometric conditions yield some symmetries provided € is either pentagonal
or hexagonal.

First, we consider the porous medium equation. Let € be a bounded
domain in RV, N = 2, with smooth boundary 9. The physical situation
can be modeled as the following initial-boundary value problem for the porous
medium equation:

w =Au" in  Qx(0,00), (1.1)
u=1 on 08 x (0,00), (1.2)
u =0 on  Qx {0}, (1.3)



where u = u(z, t) denotes the normalized density of the gas at a point z €
and at a time ¢ > 0, and m > 1 is a constant. Existence and uniqueness of the
weak solution are guaranteed by the standard theory for the porous medium
equation. Since the duffusivity mu™"" vanishes with u, an important feature
of the solution is that the flow propagates disturbance from rest with finite
speed. See [Ar]. Therefore, it is known that for any point z € §) there exists
a time T'(z) > 0 satisfying

_ =0 forall te[0,T(z)),
“( ’t){ >0 forall £€(T(z),00). (14)
For any point z € Q, define the function d = d(zx) by
d(z) = inf{|z —y| : y € 0N}. (1.5)

This function d(z) denotes the distance between 2 and 9. For each p > 0,
set

Q,={r e : d(z) < p}. (1.6)
Since 99 is smooth and compact, there exists a number 6 > 0 such that
Vz € Q5 3 v = y(x) € 09 with d(z) = |z — y(=)|; (1.7)
1;1;-%%-1 Kily) < ;ls- for any y € 012, (1.8)
where £1(y), -, kn-1(y) denote the principal curvatures of OS2 at y € 9Q

with respect to the interior normal direction to . Let us quote a theorem
from C. Cortdzar, M. Del Pino, and M. Elgueta [CDE] (see Theorem 1.1, p.
134).

Theorem 1.1 ([CDE|) There ezists a number ¢ > 0 such that for any
z € Qy

T(z) = d*{Ty — H(y(z))Thd + o(d)}, d=d(z), (1.9)
where Ty, T, are positive constants depending only on m, end H(y(z)) =
2 k().

J=1

Combining this theorem with Aleksandrov’s sphere theorem (see Theorem
3.1) yield

Corollary 1.2 Suppose that there ezists a number p > 0 such that, for any
pair of points x,z € §,, d(x) = d(z) implies T'(z) = T(z). Then Q must be
a ball.



One purpose of this talk is to report another sphere theorem. Take a
number R > 0 with 0 < R < §, where § is the number given in (1.7) and
(1.8). Set

'r={z€Q : d(z) =R}. (1.10)

Then we have from (1.7)

Br(z) N o = {y(z)} forany z € I, (1.11)

where Bg(x) denotes an open ball in R centered at = and with radius R.
Our sphere theorem is the following.

Theorem 1.3 Suppose that there exists a function a : (0,00) — (0, 00)
satisfying
/ u(z,t) dz =a(t) for any x € I'p and for any t > 0. (1.12)
Br(r)
Then Q2 must be a ball.

This theorem is shown by combining the following lemma with Aleksandrov’s
sphere theorem.

Lemma 1.4 For anyx € 'y, ast — +0

5 / u(z,t) dz2 — c(m,!'v'){N]_—[_1 (%—nj(y(m]))} ,  (1.13)

Br(z) 7=l

(S

where ¢(m, N) is a positive constant depending only onm and N, and y(r) €
AIQ is a point given in (1.7).

Next, let us consider the heat equation. Let 2 be a bounded convex
domain in RY. The physical situation can be modeled as the following initial-
boundary value problem for the heat equation:

w=Au in Q x(0,00), (1.14)
=1 on 99 x (0,00), (1.15)
u=10 on §x {0}, (1.16)

where u = u(z, t) denotes the normalized temperature at a point = € Q and
at a time t > 0. Since Q is convex, a result of [BL] shows that log(1 —wu(z,t))
is concave in x, which, together with the analyticity of w in z, implies that
for each time ¢ > 0 there exists a unique point z(t) € 2 satisfying

{reQ : Vu(z,t) =0} = {z(t)}. (1.17)



The point z(t) is the unique cold spot for each timet > 0. Put I = {z € Q :

d(z) = max d(y)}, where d is the function defined by (1.5). Then, we have
y

dist(z(t),I) = 0 as t — +0, (1.18)

since the function —4¢logu(z,t) attains its maximum at = = z(t) for each
t > 0 and a result of Varadhan [V] shows that

—4tlogu(z,t) — d(z)* as t — +0 uniformly on Q. (1.19)

In conclusion, the cold spot z(t) starts from I. Also, ast — oo, z(t) tends to
the point at which a positive first eigenfunction of —A with the homogeneous
Dirichlet boundary condition attains its maximum. There was a conjecture
of Klamkin concerning the behavior of the cold spot. For simplicity, let €
contain the origin. The conjecture of Klamkin [KI] stated that if the origin is
a stationary cold spot, that is, if z(¢) = 0, then {2 must be centro-symmetric
with respect to the origin. This was denied by Gulliver-Willms [GW] and
Kawohl [Ka]. A typical counterexample is an equilateral triangle in the plane.
After that Chamberland-Siegel [CS] posed the following conjecture.

Conjecture 1.5 (Chamberland-Siegel) If the origin is a stationary cold
spot in a bounded convex domain Q, then §) is invariant under the action of
an essential subgroup G of orthogonal transformations.

A subgroup G is said to be essential if, for every z # 0, there exists an
element g € G such that gz # z. Of course, the condition that €2 is invariant
under the action of an essential subgroup G of orthogonal transformations is
a sufficient condition for the origin being a stationary cold spot. Indeed, if §2
is invariant under the action of an essential subgroup G of orthogonal trans-
formations, then by the unique solvability of the initial-Dirichlet problem
(1.14)-(1.16) the solution w itself is invariant under the action of G. Namely,
we have u(z,t) = u(gz,t) (zx € Q, t >0, g € G). This, together with the
assumption that G is essential, implies that Vu(0,¢) = 0 (¢ > 0), and then
it follows from (1.17) that the origin is a stationary cold spot.

Our previous results to Conjecture 1.5 is

Theorem 1.6 ([MS 4]) When N =2, the following hold true.

(1) IfQ is a triangle and the origin is a stationary cold spot, then 0 must
be an equilateral triangle centered at the origin.

(2) If Q is a convexr quadrangle and the origin is a stationary cold spot,
then € must be a parallelogram centered at the origin.



(3) If Q is a non-convex quadrangle, then there is no stationary critical
point of u in Q. In particular, there is no stationary cold spot.

In (1) of Theorem 1.6, G is the cyclic group generated by the rotation of the
angle 3-31, and in (2) G = {I, —I} where I is the identity mapping. The proof
is based on two ingredients; one is the balance law around stationary critical
points of the heat flow (see Theorem 3.2 (ii)) and the other is making use of
the asymptotic behavior as t — 40 of solutions of the heat equation due to
Varadhan [V].

Another purpose of this talk is to report the following results.

Theorem 1.7 Let N = 2 and suppose that 2 is a convex polygon whose
inscribed circle touches every side of Q. Then the following hold true.

(1) IfQ is a pentagon and the origin is a stationary cold spot, then {2 must
be a regular pentagon centered at the origin.

(2) If Q is a hezagon and the origin is a stationary cold spot, then €1 is

invariant under the action of the rotation of one of angles 3, , 55’-3

This theorem is shown by the following general result.

Theorem 1.8 Let N = 2 and let Q be a convex m—polygon with m 2 5.
Suppose that the origin is a stationary cold spot and the sphere OBg(0)
touches every side of 99, say QNIBR(0) = {p1, -+ ,Pm}- Letqu,--- s qe (1 S
k < m) be the nearest k corners of 9 to the origin. Then the following hold.

m k
ij =0 and qu = 0. (1.20)
=1 j=1

The first equation of (1.20) follows directly from Theorem 3.2 (ii), and the
second equation of (1.20) is new.

2 Outlines of proofs

Proof of Lemma 1.4 (an outline) : In [CDE], for sufficiently short time
interval (0,%;) a subsolution and a supersolution for problem (1.1)-(1.3) were
constructed. We use these to know that there exist a number & > 0 and a
nonnegative function F = F(€) (£ 2 0) satisfying F(0) = 1 and F(£) =0
for £ = & such that for sufficiently small ¢ > 0 an approximate formula

u(z,t) ~ F (ii—(\/if)-) (2.1)



holds true, roughly speaking. For any zo € ' and for any t € (0,%,) we
have from the coarea formula

f F (%) dz = 7}? (%) / s, Sds,  (2.2)

BR(J’?[)] 0 T‘,r‘IBR{:“]

where T, is given as in (1.10) and dS, denotes the area element of I';. We
calculate

(S

N-1 -
7 _N-1 _a¥= 1
lim 5772 [ dS, =27 wN-l{H (ﬁ—ﬂj('y(mo)))} . (23)
[sMBg(xg) =1

where wy_; denotes the volume of unit ball in R¥~!. Hence

2R

B;f{[uj F(%) "o E/F(%) T 5_¥r,m§{hu} dsS, pds
= ﬂ/ FE)E™  (Viey ™= / dS, o dé.

L' ieNBr(zo)

Therefore, with the aid of the Lebesgue’s dominated convergence theorem,
from (2.3) we see that as t — +0

- f F(d_f%)) 5 —i c(m,N){ﬁ (%—nj(y(zg)))} ,

Bg(xg) =

=

where ¢(m, N) is a positive constant depending only on mn and N. This,
together with (2.1), gives the formula (1.13).

Proof of Theorem 1.8 (an outline): We introduce a subsolution u~ =
u~(z,t) and a supersolution u* = u*(z,t) for problem (1.14)-(1.16). Denote

by vy, - .Uy the interior normal unit vectors to 952 at the points py, - -+ , Pm,
respectively. Define the function f = f(§) by
1 X 42
fl&) = ——/ e 3 ds forall £ eR. (2.4)
VT Je
Hence u~ and u™ are given by
— _ , (z—pi) -y =
o = s (), 22)
— [z —p))- V-)
utH(z.t) = o f e S 2.6
u* (. 1) Zf ( /i (2:6)



Then it follows from the comparison principle that
v Sulut in Qx (0,00). (2.7)

Let R* = || (= |g2| = -+ = |qx|). Then R* > R. By using the fact
that Q is a convex polygon, with a reflection argument we can extend the
solution u to a solution u* = u*(z,t) of the heat equation in a larger domain
Q% (0,00) D 2x(0,00), where Bg.(0) C Q*. Since the origin is a stationary
cold spot, we see that the origin is a stationary critical point of u*. Therefore,
by using Theorem 3.2 (ii), we get

f zu*(z,t) de =0 for any t > 0. (2.8)
Bg-(0)

Letting t — 40 yields

2/ &.ds =10, (2.9)
Br+ (0\Q

which implies the first equation of (1.20).

Denote by R the region obtained by reflecting Bg-(0) \ Q with respect
to each side of 92, and put E = (Bp-(0) N Q) \ R. Note that R C Q and
E c 9. Denote by z* the reflection of the point « with respect to each side
of Q. Then u*(x,t) = 2 — u*(z*,t) because of (1.15). Therefore it follows
from (2.9) that for any t > 0

= /Bn-{m zu'(z,t) do = / zu(z,t) dr + -/R(:L —x%u(z,t) dz. (2.10)

E

Then, with the help of (2.7), we investigate the limit

1
:liTo ?{ the right-hand side of (2.10) },
and by using the first equation of (1.20), we see that the second equation of
(1.20) holds true.

3 Appendices and Remarks

1. We quote Aleksandrov’s sphere theorem from [Alek].

Theorem 3.1 (Aleksandrov) Let N = 3, and let @ = ®(ky,--- ,Kn-1) be
a C' function defined for k, 2 -+ 2 ky-1 and satisfying % >0 (2 =
1,--+ N —1). Suppose that we have a closed C* hypersurface S embedded
in RN, If on S the function ® of its principal curvatures Ky,--+ ,Kn_1 18

constant, then S must be a sphere.



2. We quote the balance law of the temperature around stationary zeros and
stationary critical points of the heat flow from [MS 3].

Theorem 3.2 (Balance law) Let G be a domain in RY (N 2 2). Fiz a
point zg € G, and set d, = dist(zq,0G). Suppose that v = v(z,t) satisfies
the heat equation in G x (0,00). Then the following hold:

(i) v(zo,t) =0 (¢t > 0) if and only if

w(z,t) dS, =0 ((r,t) € (0,d.) x (0,00)),  (3.1)

B (x0)
where dS, denotes the area element of the sphere OB, (o).

(i) Vo(zo,t) =0 (t > 0) if and only of

f (z— zo)o(z,t) dS, =0 ((r£) € (0,d)  (0,00)).  (3.2)

By (_ﬂ-'ﬂ)

(ii) was proved in [MS 1], and (i) was stated in [MS 2]. In [MS 3], another
proof of (i) and a shorter proof of (ii) were given.

3. For the heat equation, the sphere theorem corresponding to Theorem 1.3
is the following.

Theorem 3.3 ([MS 3]) Let Q be a bounded domain inRY (N 2 2) satisfying
the exterior sphere condition and suppose that D is a domain satisfying the
interior cone condition, and such that D C Q. Assume that the boundary D
is a stationary isothermic surface of the solution u of problem (1.14)-(1.16),

that 1s,
u(z,t) =a(t) ((z,t) € dD x (0,00)) (3.:3)

for some function a : (0,00) — (0,00). Then 2 must be a ball.

The proof in [MS 3] is different from that of Theorem 1.3. The outline is
as follows. The asymptotic behavior (1.19), together with assumption (3.3),

implies that
0D ={z € : d(z) =R} (=Thr) (3.4)

for some R > 0. Then Theorem 3.2 (i) yields that

u(z,t) dS, = b(t) for any x € 'y and for any ¢t > 0 (3.5)

aBg(x)

for some function b : (0,00) — (0,00) (see [MS 3| for details).



For the unique solution u of the initial-Dirichlet problem (1.14)-(1.16),
define the function W = W (xz, s) by

Wi(z,s) = sfu(a:, t) e~stdt ((,s) € Q x (0,00)). (3.6)
0

Then, W satisfies the following.
AW —-sW =0 inQ and W=1 ondQ. (3.7)

By a result of Varadhan [V], we have
1 =
= log W(z,s) — d(x) as s — oo uniformly on €2. (3.8)

In [V], Varadhan first showed (3.8) and then, by using it, he showed (1.19).
Roughly speaking, (3.8) means that for sufficiently large s > 0 we may have
an approximate formula

W(z,s) ~ e VakeY,
This formula, together with Laplace’s method, yields

Theorem 3.4 (MS 3]) Let Q be a bounded domain in RY with piecewise
C? boundary Q. Assume that, for an open ball B, (zg) C Q, the set a0 N
OB, () consists of a finite number of points py, ..., px, and k;j(pr) < 1=
1,....,N=1) forany k =1,...,K. Then, for any continuous functaon @ on
RY, the following formula holds:

K N-1 -3
“ili_nalesif'l / o(x) W(z,s) ds, = (2m)"° 7 Z (px) { [% #;(pe)] } :

OBy (xn)

By setting r = R, yp = ¢ € 'y, K = 1, and p = 1, we use Theorem
3.4. Hence, in view of (3.5) and (3.6), we use Aleksandrov’s sphere theorem
to obtain the conclusion of Theorem 3.3. Remark that we can not use the
function W to prove Theorem 1.3.
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