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Li-L" estimates of solution to the parabolic Maxwell
equations and their application to the magnetohydro-
dynamic equations®

Norikazu Yamaguchi

Department of Mathematical Sciences, Graduate School of Science and Engineering,
Waseda University, Ohkubo 3-4-1, Shinjuku-ku, Tokyo 169-8555, Japan.

1. Introduction and main results

Let 2 be a simply connected and unbounded domain in the three dimensional Euclidean
space R? whose boundary 012 is a compact and sufficiently smooth hypersurface. Suppose
that there is some Ry > 0 such that 92 C Bg,(0) = {x € R*||z| < Ro}. In this paper
we are concerned with the initial boundary value problem of the magnetohydrodynamic
equations in {2 x (0, 00) concerning the velocity vector field v = (vy(x,t), va(x, t), v3(z, 1)),
the magnetic vector potential H = (H;(x,t), Hy(x,t), H3(x,t)) and the scalar pressure
p=p ("L‘w t):

(v, —Av+ (v-V)o+Vp+HxcurlH=0 in 2 x(0,00)

Hy+curleurl H + (v-V)H — (H-V)v=0 in 2 x(0,00),

dive=0, divH=0 in {2 x(0,00)

v=0, cwlHxv=0, v-H=0 on 002 x(
v(z,0)=a, H(z,0)=0b in (2.

\

Here a = (a1(z),az(x),a3(z)) and b = (by(z),ba(x),bs(z)) are prescribed initial data
and v is the unit outward normal on 0f2. We impose the perfectly conducting wall
condition on the magnetic vector potential on the boundary. The perfectly conducting
wall condition means that the obstacle, R?\ 2, is the perfect conductor body. The
magnetohydrodynamic equations were proposed by Cowling [3] or Landau and Lifshitz

*This is joint work with Prof. Y. Shibata of Waseda University.



[10]. They are known to be one of the mathematical model describing the motion of
viscous incompressible resistive fluid.

The main purpose of this paper is to show the global solvability of (MHD). The
initial boundary value problem of the magnetohydrodynamic equations was treated in a
bounded domain by the Galerkin method. However, in general the Galerkin method does
not work well in the unbounded domain case. Thus we shall take another approach. On
the other hand, there are some works in exterior domain. Zhao [17] considered (MHD)
with nonperfect conductor body, that is the boundary condition of the magnetic vector
potential is replaced by the homogeneous Dirichlet condition. However from a physical
viewpoint, the case of the perfectly conducting wall is also important. The author knows
only the result by Kozono [9] concerning the perfectly conducting wall case, where the
weak solution was dealt with. There has been no work on the global strong solvability
to the (MHD) in the exterior domain.

Our approach is based on the argument of T. Kato [8]. Kato proved the global
solvability of the Cauchy problem of the Navier-Stokes equations in RY (N > 2) with
small initial velocity with respect to L¥-norm. The argument of Kato is based on the
estimates of various L?%-norm of the Stokes semigroup. In particular L-L" type estimates
play crucial role in it. The argument of Kato was extended to the case of exterior domain
by Iwashita [7]. Our aim of this talk is to show the global solvability of (MHD), by use of
the argument of Kato and Iwashita which is known to work well in exterior domain. In
order to do this, one of the main points is to study the linearized problems corresponding
to (MHD). They are consisted of two systems of equations. First is the system of well
known nonstationary Stokes equations and second is the system of the Maxwell equations
of parabolic type with perfectly conducting wall condition:

(u; +curlcurlu =0 in 2 x (0,00),
divu=0 in £ x(0,00),
curlu x v =0 on 0802 x (0,00), (PM)
v-u=0 on 01 x(0,00),
u(z,0)=0>b in {2

\

Here u = (uy(x,t),us(x,t),us(x,t))) is unknown vector valued function and b is a pre-
scribed initial function. In order to derive good linear estimates, we have to study the
parabolic Maxwell equations (PM). The parabolic Maxwell equations are important not
only for (MHD) but also for another equations involving the Maxwell equations. For
example, the time dependent Ginzburg-Landau-Maxwell superconductivity model and
the magneto-micropolar fluid equations.

Before stating our main results we shall introduce some notations. Let 1 < ¢ < co.



It is well known that the Banach space L?(£2)® admits the Helmholtz decomposition:
LU(0Q)* = L) ® GYN2), @ : direct sum.

Here

Lg(Q) = {f c C’go<_(2)3‘ div f = 0 in Q}||'||Lq<g)37
GQ(Q) = {f S Lq(Q)3 | f — Vp for some pe LY (ﬁ)}

loc

By the assumption that 042 is sufficiently smooth, the space LL({2) is characterized as
(see e.g., Galdi [6, Chapter 3])

L) ={f e LY 2| divf=0in 2, v- f =0 on 012}.
Let P = P, be a continuous projection from L9(£2)% onto L4(£2) and let us define the
operators A and B as follows:

D(A) = LL(2) nW21(2)* N Wy "(£2)%,

Av=—PAv for v € D(A),
D(B) = LL(2)N{H € W*1(2)*| curl H x v = 0 on 92},
BH = P(curlcurl H) = curlewrl H  for H € D(B).

From Akiyama, Kasai, Shibata and M. Tsutsumi [1], Borchers and Sohr [2] and Miyakawa
[12, 13] both —A and —B generate bounded analytic semigroups {e~*4} and {e"*Z} in

L1(£2), respectively. By use of operators A and B, (MHD) is converted into the following
system of integral equations:

v(t) = e a — / e’(t’T)AP[(U(T) -V)u(r) + H(T) X CUI‘IH(T)} dr,
0 (INT)
H(t) =e P~ /0 e_(t_T)BP[(v(T) -V)H(T) — (H(T) - V)U(T)] dr.

In analyzing (INT) we require L9-L" estimates for the semigroup {e~*4} and {e"*Z}.
The first was already proved by Iwashita (see also Maremonti and Solonnikov [11] and
Enomoto and Shibata [5]). Therefore we have to do is to derive LI-L" estimates for the
semigroup {e"*5}.

We are now in a position to state our main results. The first result is concerned with
the local energy decay property for the semigroup {e~*}.

Theorem 1.1 (Local energy decay). Let 1 < g < co. For any R > Ry and any integer
m > 0, there exists C' = C(q, R,m) > 0 such that

1078 fllwzagon) < Ct 2| fll o), > 1,

for any f € LL(Q2) N LL(2), where 2r = 2N Br and L%(2) = {u € L1(N2)3|u =
0 for |z| > R}.



By use of Theorem 1.1, one can obtain the following LI-L" estimates for {e~*Z}.

Theorem 1.2 (L9-L" estimates).
(i) Let 1 < g <r < oo and (¢,7) # (1,1),(0c0,00). Then there exists C = C(q,r) > 0
such that
e Flliriey < OF & flzagen, +>0
for any f € Li(12).
(i) Let 1 < g <r < 3. Then there exists C = C(q,r) > 0 such that

11

_3(1_1)_1
Ve fllzrie) < Ct 3673 fllpaa),  ¢> 0
for any f € Li(12).

The basic idea to prove Theorem 1.1 and Theorem 1.2 is similar to that of Iwashita [7]
which deals with the nonstationary Stokes equations. However the boundary condition of
(PM), perfectly conducting wall condition, is quite different from the boundary condition
of the Stokes equations that is homogeneous Dirichlet condition, nonslip boundary con-
dition. Therefore in constructing the parametrix of the resolvent problem corresponding
to (PM) (see (2.1)), we have to introduce a new idea which is based on a theorem due
to von Wahl [16, Theorem 3.2].

The following result by Iwashita is concerning the L?-L" estimates for the Stokes
semigroup, which is refined by Maremonti and Solonnikov and Enomoto and Shibata.

Theorem 1.3 ([7, 11, 5]).
(i) Let 1 < g <r < oo and (q,r) # (1,1),(c0,00). Then there ezists C' = C(q,r) > 0
such that

|f||Lq(Q), t>0
for any f € Li(£2).
(i) Let 1 < g <r < 3. Then there exists C = C(q,r) > 0 such that
_3(1_1)_1
IV Fllirey < O 23 flluay, ¢ 0
for any f € Li(12).

Combining Theorem 1.2 and Theorem 1.3 we obtain the global solvability of (MHD)
with small initial data.

Theorem 1.4. There exists a constant € > 0 such that if (a,b) € L3(2) x L3(2) and
|(a,b)||s < €, then a unique strong solution (u,H) to (MHD) exists and satisfies the
following properties:

t(l_g/Q)/Q(u,H) € BC([0,00); LL(£2) x LL(§2))  for any q, 3 < q < o0, (1.1)
Y2V (u, H) € BC([0,00); L3(2) x L3(£2)), (1.2)



where BC(-) denotes the class of bounded continuous functions. All the values in (1.1)-
(1.2) wanish at t = 0 except for ¢ =3 in (1.1), and in case ¢ = 3, (u(0), H(0)) = (a,b).

2. Sketch of the proof of Theorem 1.1

As stated in the previous section, in view of argument of Iwashita we know that once
obtaining the local energy decay, by cut-off technique we have L9-L" estimates. Therefore,
in this section we will give a sketch of our proof of Theorem 1.1.

To prove Theorem 1.1 we have to study the resolvent problem corresponding to (PM).
In view of Miyakawa [12], to do this it is suffices to study the following Laplace resolvent
system with perfectly conducting wall condition:

Au—Au=f in f2
curlu xv=0 on 012, (2.1)
v-u=0 on 0.

Here A € ¥, ={A € C\ {0} | |arg\| <7 —¢, 0 <e<m/2} and f = (fi(z), fa(x), f3(x))
is given function. Our aim of this section is to prove the following theorem.

Theorem 2.1. Let 1 < q¢ < oo and m be a nonnegative integer. There exists solu-
tion operator R(\) € B(Wg"P(02), W™ 2P(2p.2)) such that R()\) depends on A € ¥,

meromorphically and has the following properties:

(i) The set A of the poles is discrete.
= R(N\)f is a solution of (2.1) for A € L.\ A and f € Wi""(02).
A) € B(WZP(02), Wmnt22(02)) for each A € X, \ A.

Let ¥.(0) = {\ € S| |\ < &}. There exists 69 > 0 such that X.(09) N A = and
R(X) has the following expansion of X\ € $c(dg) in B(WgF(2), WP (2g)):

';UQ

)
i)
i)
iv)

R(\) = MG, + Go(N) + A2G5()N). (2.2)

Here Gy € B(WR"P(02), Wm™2P(Qg)), Ga2(N) is B(WR"P(2), Wm™+2P(Qg))-valued
holomorphic function of A € ¥.(0y) and G3(X) is bounded.

Here W(2) = {f € W"#(2) | f = 0 for [¢| > R}.

In order to prove Theorem 2.1, first of all we construct the parametrix to (2.1). Choose
a positive number R > 0 such that R > Ry + 3. Here Ry is introduced in the previous



section. Let ® be a mapping of f € L(£2z,3) to unique solution u € W?P?(2g.3) of the

following problem:
—Au = f in QR+37

curlu x v =0 on 0f2gy3,

v-u=0 on 0f2g3.
Then ® € B(LY(2r43), W*1(02ry3)). Put ¢ € C(R3) such that ¢ =1 for |[z] < R+ 1
and = 0 for |z| > R+ 2. For f € L9({2), let fry3 be the restriction of f to 2,3 and let

fo be the zero extension of f to R3, that is, fo = f in 2 and fo = 0 in R\ 2. Let us
define an operator A(\) by

AN =1 = @)Ro(A) fo+ ©Pfris. (2.3)

Here Ry(\) denotes the solution operator to Au — Au = f in R? (The properties of Ry(\)
is stated in Murata [14]). For A(X)f we have

A=D)JANf =+ 5N f in £,
curl (AN f) xv =0 on 0f2,
v- (AN f) = on 0f2,

where

SN f =2V - VRy(A)fo + (Ap)Ro(N) fo + Ap® frizs — 2V - VO fris — (Ap) P fris

From the definition of the cut-off function ¢, supp S(A)f C 2g4s. If f € L, ,(£2), then
by the Fourier multiplier theorem and the property of Ry(A), we obtain

[ Ro(N) follw2r(Br.s) < Cllfllze(o)-

Lemma 2.2. The inverse (I + S(X))™" of I 4+ S(\) exists as a B(LY,,(92), L%, ,(12))-
valued meromorphic function of A € X.. The set A of poles is discrete and has no
intersection with ¥..(8y) for some &y > 0. Furthermore, (I + S(\))™! has the same type
of expansion as (2.2).

This lemma will follow from the following lemma.
Lemma 2.3. I + S(0) has the bounded inverse (I + S(0))~*

Before stating the proof of Lemma 2.3, we introduce the following uniqueness result
which will be required in the proof of Lemma 2.3.



Proposition 2.4. Let 1 < ¢ < co. Suppose that u € WQ’q(Q) satisfies

loc

—Au=0 1in {2,
curlu x v =0 on 052, (2.4)
v-u=0 on 0f2,

and u(z) = O(|z|™!), Vu(z) = O(|x|™2). Then u =0 in (2.

Remark 2.5. The assumption that {2 is simply connected is essentially required to prove
Proposition 2.4 only.

Proof of Proposition 2.4. By virtue of the local theory for the elliptic equations, one can
take u € W2(£2) for any 7 € (1,00). In particular, now we take u € W2*(£2). We
consider a function ¢ € C§°(R?) with the properties 0 < 9(z) < 1, ¢(z) = 1 for
|z| < 1/2 and = 0 for |z| > 1 and define ¥ g(x) := ¢»(z/R). According to the well known
formula Au = V divu — curl curlu, the divergence theorem and the assumption we get

OZ/Q—Au-wRudx:/QRcurlu-(VwRXu)dx—f—/ (divu)(Vig - u) dx

g

+ Yr[(divu)? + curlu - curl u] dz.
g

Since supp g C {z € R}| R/2 < |z| < R}, we have

C
< —.
R

/ curlu - (Vg X u) dx +/ (divu)(Vg - u) dx
2r

g

Therefore letting B — oo, we have || curlu|[7s(g) + [ divul[Zs(; = 0. This implies that
curlu = 0 and divu = 0 in {2 and moreover by virtue of theorem due to von Wahl [16],
we obtain Vu = 0. Hence v = const in 2. From the assumption that u satisfies v-u = 0
on 92, we have v = 0 in {2 in §2. This completes the proof. 1

Now we shall show Lemma 2.3.

Proof of Lemma 2.3. Since the operator S(0) is compact, by the Fredholm alternative
theorem it suffices to show injectivity of I 4 S(0). Let us pick up f € L% ,(2) so that
(I +5(0))f = 0. Then it follows from (2.3), A(0)f satisfies (2.4) and moreover A(0)f
has the properties that A(0)f = O(|z|™) and V(A(0)f) = O(|z|™?). Therefore from
Proposition 2.4, A(0)f = 0. Namely we have

(1 — (,D)Ro(O)f() + (,Dq)fR+3 =0 in {2



By the definition of the cut-off function ¢ we have ®fr,3 = 0 for |z|] < R+ 1 and
Ro(0)fo =0 for |z| > R+ 2. Put w = ®fry3 for x € g3 and = 0 for x & (2. Then w

satisfies
—Aw=fy in DBprys,

curlw xv=0 on 0Bg.s,
v-w=0 on O0Bpgis.
On the other hand, from R(0)f, = 0 for |z| > R + 2, we also have
—ARy(0) fo in  Bprys,
curl (Ry(0) fo) X v = 0 on O0Bgrys,
v-(Ro(0)fo) =0 on 0OBpgys.

Hence we obtain w = Ry(0) fo in {2z, 3. Therefore

0=A(0)f = Ro(0)fo + ¢(®frts — Ro(0)fo) = Ro(0) fo.
This implies fy = 0 in (2. 1

Proof of Lemma 2.2. Let M = ||(I + S(\))™!||, where || - || denotes the operator norm.
From the fact that S(\) is continuous in . U {0}, there is some d, > 0 such that
|IS(A) = S(0)|| < 1/2M for any A € ¥.(dy). Hence, for A € (o),

[e.9]

(I +SM)™ =D [+ 5(0)71(S(0) = SO (I +5(0)) " (2.5)

j=1

Since S(A) is holomorphic in A € ¥, by analytic Fredholm’s alternative theorem (see
e.g., Dunford and Schwartz [4, p. 592, Lemma 13]) we obtain (I 4+ S(\))~! for any A € %,
as a meromorphic function and we see that the set A of poles is discrete in .. The
expansion of (I + S()\))™! follows from that of the expansion of Ry()), Lemma 2.3 and
(2.5). 1

With help of above results, we prove Theorem 2.1.
Proof of Theorem 2.1. Define R()\) by

R(N) = AN + S()~. (2.6)

Then the assertions are immediately derived from the expansion of Ry(\), Lemma 2.2
and (2.6). 1



In the rest of this paper, we shall state the strategy of the proof of Theorem 1.1. Let
0 <e<e€ <7/2and let v be a contour as follows: v = v; U 5, where
m={AeC|0<|N <d/2 |arg\| =7 — €1},
Yo ={A € C||N > dp/2,|argA\| =7 — €1 }.

tB

According to Theorem 2.1, the semigroup e~ is represented as

1 1
e P = — / MR AN+ — [ (A + B)ld),
et

211 211 o

in LL(£2) N L}, ,(£2). To prove Theorem 1.1, we introduce the following well known
lemma concerning the gamma function I'(o).

Lemma 2.6. For o >0 and t > 0, it holds that

' .
— / AAT g — I p o
7

, < Ce ™,
27 ™

Finally combining Theorem 2.1 and Lemma 2.6, we have the local energy decay
property of the semigroup e ', Theorem 1.1.

References

[1] T. Akiyama, H. Kasai, Y. Shibata, and M. Tsutsumi. On a resolvent estimate of a
system of Laplace operators with perfect wall condition. Preprint, 2003.

[2] W. Borchers and H. Sohr. On the semigroup of the Stokes operator for exterior
domains in Li-spaces. Math. Z., 196(3):415-425, 1987.

[3] T. G. Cowling. Magnetohydrodynamics. Interscience Tracts on Physics and Astron-
omy, No. 4. Interscience Publishers, Inc., New York, 1957.

[4] N. Dunford and J. T. Schwartz. Linear operators. Part I. Wiley Classics Library.
John Wiley & Sons Inc., New York, 1988. General theory, With the assistance
of William G. Bade and Robert G. Bartle, Reprint of the 1958 original, A Wiley-
Interscience Publication.

[5] Y. Enomoto and Y. Shibata. On the rate of decay of the Oseen semigroup in exterior
domains and its application to Navier-Stokes equations. Preprint, 2003.

[6] G. P. Galdi. An introduction to the mathematical theory of the Navier-Stokes equa-
tions. Vol. I. Springer-Verlag, New York, 1994. Linearized steady problems.

[7] H. Iwashita. L,-L, estimates for solutions of the nonstationary Stokes equations in

an exterior domain and the Navier-Stokes initial value problems in L, spaces. Math.
Ann., 285(2):265-288, 1989.



8]
[9]

[10]

11
12
13
14
15
16

[17]

T. Kato. Strong LP-solutions of the Navier-Stokes equation in R"™, with applications
to weak solutions. Math. Z., 187(4):471-480, 1984.

H. Kozono. On the energy decay of a weak solution of the MHD equations in a
three-dimensional exterior domain. Hokkaido Math. J., 16(2):151-166, 1987.

L. D. Landau and E. M. Lifshitz. Electrodynamics of continuous media. Course of
Theoretical Physics, Vol. 8. Translated from the Russian by J. B. Sykes and J. S.
Bell. Pergamon Press, Oxford, 1960.

P. Maremonti and V. A. Solonnikov. On nonstationary Stokes problem in exterior
domains. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 24(3):395-449, 1997.

T. Miyakawa. The L” approach to the Navier-Stokes equations with the Neumann
boundary condition. Hiroshima Math. J., 10(3):517-537, 1980.

T. Miyakawa. On nonstationary solutions of the Navier-Stokes equations in an
exterior domain. Hiroshima Math. J., 12(1):115-140, 1982.

M. Murata. Large time asymptotics for fundamental solutions of diffusion equations.
Tohoku Math. J. (2), 37(2):151-195, 1985.

M. Sermange and R. Temam. Some mathematical questions related to the MHD
equations. Comm. Pure Appl. Math., 36(5):635-664, 1983.

W. von Wahl. Estimating Vu by divu and curlu. Math. Methods Appl. Sci.,
15(2):123-143, 1992.

C. Zhao. Initial boundary value problem for the evolution system of MHD type
describing geophysical flow in three-dimensional domains. Math. Methods Appl.
Sci., 26(9):759-781, 2003.



