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Introduction

The mutual information of two random variables plays fundamental roles
in many areas of applied mathematics. This quantity can be generalized to
finite sets of random variables by (1). In contrast to the non-negativity of
the usual mutual information, the triple mutual information can be negative
as well as positive and its sign gives us a rough indication of the mode of
mutual dependency among three random variables. The purpose of this note
is to determine the range of the triple mutual information and to examin
when the extremals are attained.

1 Statement of Results

Let (X , B, p) be a probability space. A finite random variable is a mesurable
map defined on X with finite range space.

The entropy of a finite random variablef is defined by

H(f):= > p(f'v)logp(ftv).

v€Image( f)



The multiple mutual information is defined by

I(fls"'vfn) = Z(“l)k+1 Z H(fila"'vfik), (1)

k=1 i1 < <ig

where H(f;,- -+, fi,) denotes the entropy of the finite random variable f;, X
cee X fik .

For example,

I(f1, fo) = H(f1) + H(f2) — H(f1, f2),

I(f1, f2, f3) = H(f1) + H(f2) + H(f3)
— H(f1, f2) = H(f2, f3) — H(f3, f1) + H(f1, f2, f3).

The quantity I(f1, f2) is the mutual information of two random variables
f1, f2 and the following are some of its fundamental properties (cf. [1]):

Proposition 1

0<I(fi,fo) < min{ H(A),H(f)}, @)
I(f1,f2) =0 & f1 and f3 are independent; | ‘ (3)
I(f1,f2) = H(f1) & fa=¢po fi for some map . (4)

The main result is the following theorem which asserts similar properties
for the triple mutual information funciton.

Theorem 1
(i) "'HilyijnH(filfj) < I(f1, f2, f3) < min H(fi)

(1) I(f1, f2, f3) = H(fi)



& fi=;j(f;) = or(fr) a.e. for some maps p; and .

(i)  I(f1, f2, f3) = —H(filf;)

fi=o(fj, fr) a.e. for a map o,

< fi and fi. are independent

Here { 1,5,k } ={1,2,3}.

The avarage conditional entorpy function H(f|g) of finite random vari-
ables , used in the statement, is defined as follows:

H(flg):= >, plg”'2)H(flg™'(2)),

z€lmage(g)

Here, for an event £ C X with p(E) > 0, H(f|F) denotes the conditional
entropy of f defined by

H(f|IE)= Y p(=lB)logp(z|B),
z€Image(f)

with p(z|E) = p(f~'z N B)/p(E).

2 properties of avarage conditional entropy

The following proposition states important properties of the avarage con-
ditional entropy function, which we need in the proof of the main theorem.
See [1] for the proof.

Proposition 2

H(filf2) = H(f1, f2) - H(f2), | (5)
0 < H(filf2) < H(f1), (6)
H(filf2) =0 & fi=¢o fyae. forsomeoyp, (7)
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H(filf:) = H(f1) & f1 and fs are independent, (8)

I(fi. f2) = H(f1) = H(filf2). (9)

We denote

H(fi, s falgt,+gm) = H(f X+ X falgt X -+ X gn)

and we generalize (1) as

I(fl,"',fnlglv"'agm) = | (10)

n

) Z(—'l)k+1 Z H(fila""fiklgla"'agm) .

k=1 i <K

The following lemma follows immediately from the definitions by simple
calculation. ‘

Lemma 3

I(f1, f2, f3) = I(f1, f2) = I(f1, ol f3), . (11)

I(f1, f2 f3) = H(f1) = H(filf2) — H(filfs) + H(filf2, f3).  (12)
We need also the following lemma in the proof of the main theorem.

Lemma 4

0 < I(f1, fo|f3) < min{ H(f1]|f3), H(f2|f3) }, (13)

I(f1, f2lf3) = H(f1|f3) (14)

& f1 = o(fa, f3) a.e. for some map .



Note that the lemma implies that, when the maximum is attained, the

equality H(f1|fs) = H(fa|fs) holds.

Proof. Using (5) we have

I(f1, f2|f3) = H(filf3) + H(folf3) = H(f1, f2f3)
= H(f1|f3) + H(f2, f3) — H(f1, f2, f3)
= H(filfs) - H(filfa f3)

< H(filfs)-
The equality holds if and only if H(fi|f2, f3) = 0, which means f; =
©(f2, f3) a.e. for some map ¢ by (7). q.e.d.

3 Proof.of Theorem 1

Proof of (i). By (11) and (1)

I(f1, fa, f3) < I(f1, f2) <min{ H(f1), H(f2) }

I(f1, f2, f3) 2 —I(f1, folf3) 2 —min{ H(f1|f3), H(f2|f3) }.

Since the left hand side is symmetric, we obtain (i).

. Proof of (ii). Suppose

I(f].’f?af?)) = H(fl)
Then by (11), :
I(f1, f2) = I(f1, folf3) = H(f1).

Hence by (9)
H(f1lf2) = —=1(f1, folf3).



Since the left hand sideis nonnegative and the right hand sideis nonpositive,
we obtain ’

H(filfz) =0, (15)

I(f1, f2lfs) =0. (16)
The equality (15) implies \
fi=p20fs ae. (17

for a map 9. The other equality implies

H(f1, folf3) = H(filf3) + H(f2|f3).

from which we obtain, by (15),
H(fi forf3) = H(fuo f9) — H( f) + H(f) =0 (18)

Now (17) implies by virtue of (5) and (7), '

H(f1, fo, f3) — H(f2, f3) =0,
whence together with (18) we obtain H(fi|f3) =0, \which means
fi=p3ofs ae -
for some map ¢j3. -
Conversely, suppose

fi =20 fa, f3 =30 f3 ae.

for some maps ¢2 and ¢3. Then by 7

H(filf2) = H(f1lf3) = H(f1lf2, f3) = 0.
Hence, by (12), we obtain I(fy, fa, f3) = H(f1).

Proof of (iii). We my assume 7 = 1 and 7 = 2 for simplity. Suppose first
I(f1, f2, f3) = —H(f1lf2). (19)
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By (12)

I(f1, fo, f3) + H(filf2) = H(f1) - H(f1|f3)‘ + H(filf2, f3)  (20)
= I(f1, f3) + H(f1|f2, f3)

Hence (19) holds only if

H(fif2: f3) = 0 and I(f1, f3) =0, | (21)

which mean that

f1 = ¢(f2, f3) for some map ¢
(22)
f1 and f3 are independent.

Conversely suppose (22) holds. Then (21) holds. Then by (20) we obtain

I(f1, f2, f3) = ~H(f1]f2).

This completes the proof of the main theorem.
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