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Copula fields and its applications

Toshio Mikami
Department of Mathematics
Hokkaido University

Sapporo 060
JAPAN

ABSTRACT.
We define the concept of the copula field, and give the applications to the
stochastic quantization and to the stochastic control.

1. Introduction.

Let 9(t,z) (¢ = 0, = € R?) be the solution of the followmg Schrodinger
equation;

(=10Y(t,2)/0t = —Aa9(t,2)/2+ V(2)y(t,z) (¢ >0,z € RY),

/ 1(0, 2)|%dz = 1, (1.1).
Rd

for some function V(-) : R% — R. Here we put A, Z 92 /0z2.
One of basic problems in stochastic quantizations 1s to construct a
stochastic process {X(t)}:>0 such that

P(X(t) € dz) = [ip(t, z)|2dz (1.2).

for all ¢ > O(see [15], [16]).
From (1.1), for any infinitely differentiable function f : Rd — R with
a compact support,

dl /R 1@l 2)dz) de (1.3).
= [ |8ef@)/2+ < bt,2i9), V.S (@) e, ) ds,

where we .put

b(t,z; ) . (1.4).
{Re(sz,[}(t @) [Y(t,2)) + Im(Veyp(t, ) /(8 2)) if () # 0,
if ¥(t,z) = 0.

Here we put V, = (8/8z;)L,, and < -,- > denotes the inner product in
R4,



It is known that one can construct a Markov process {X(t)}:>0 such
that (1.2) holds under the following condition; for all ¢ > 0,

/ ds / 1b(s, 23 ) Pib(s, ) Pdz < oo (1.5).
0 R4

(See [5]'[7]’ [13]’ [14]’ [20])

In section 2 we show the following; for any flow of Borel probability
measures {p(t,dz)}:>0 on R, there exists a real valued stochastic process
{X(t)}t>0 such that

P(X(t) € dz) = p(t,dz) (1.6).

for all # > 0. Stochastic processes {X(t)}:>0 can be taken to have any kinds
of dependence in time, to be a Markov process, or to be a one dimensional
local Markov field, etc.(see Theorem 2.3 and Proposition 2.4). Main idea is
that of copula in the multivariate analysis(see [8], [18], [19]). We give the
- definition of a copula field, extending the idea to the path space directly.

In section 3 we consider the application to the one dimensional stochas-
tic quantization and show that Nelson’s example in [17] does not deny, in
the stochastic quantization, the approach to construct stochastic processes
from given flow of marginals (probability measures). We also give the ap-
plication to the stochastic control theory.



2. Copula fields.

In this section we show how to construct a real valued stochastic process
from a flow of Borel probability measures on R, extending directly the
idea of copula, to the path space. We also give the definition of the copula
field, and its characterization. In this section we denote by I the parameter
space.
Let us first introduce the definition of copulas.

Definition 2.1.(see [18], [19]). C : [0 1)2 — [0, 1] is called a 2-copula if the
following holds; for all u € [0, 1 ' ~

C(u,0) = C(0,u) =0, - (2.1).
C(u,1)=C(1,u) = v, (2.2).

and for all uy,us,v;,ve € [0,1] for which u; < v1, us < vo,
C(’Ul,’vz) + C(Ul,’U2) — C(Ul,UQ) - C(ul,vg) > 0. (23)

Forn >3, C:{0,1]" ~ [0,1] is called a n-copula if the following holds; for
all i(1 <4 <'n) and all uy,-++,uim1,Uit1," -+, us € [0,1],

Clut,++ ui1,0,%i41, - ,un) =0, (2.4).

and Cluy, -+ uim1, 1, Uiq1, 0+, uy) is a (n — 1) copula; for all {ug, vk =
1, ,n}C[O 1]forwh1chuk<vk(k-—1 yn),

> (~D)FEa=uDC(e, ) 2 0. (25).

€x=up OT vg(k=1,--,n)

Remark 2.1. It is known that copulas are continuous(see [18], Lemma
- 6.2.3).
‘The followmg result is known and crucial in this paper.

Theorem 2.1. ([18], Theorems 6.2.4, 6.2.5).

(). For any n > 1, and any distribution function F(z1,---,2,) on R™(see
[2]), there exists a n-copula C(uy,---,un) such that for all z4,---,z, € R,

F(zy1, - zn) = C(Fi(z1), -, Fu(zn)), - (2.6).
where we put for k (1 <k <n)

Fr(zp) = '_#klizr.n_’ooF(:zzl, Ce,Tp) (2.7).

(II). For any n-copula C(ui,---,u,) and any distribution functions Fk(zk)
(1<k<n)onR, the functmn F(:vl, <, zq) = C(Fi(z1), -, Fn(zn)) is a
distribution function on R™ which satisfies (2.7). ~

Let us give the definition of a copula for a real valued stochastic process
which is well defined from Theorem 2.1.
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Definition 2.2. For any real valued stochastic process {X(t)}ter on a
probability space (2, B, P), the family {C§(u1,-,ugca))}acr, #(4)<oo Of
copulas which sat1sﬁes the following is called a copula for {X(t)}¢er ; for
any A = {tl, . #(A)}CIand any z,---,Txc4) € R

P(X(tf) < z1,- -+, X (thay) < Tarqa)) = Cf(FtiA((xl), e ,Fé(A)(w#(A))),
| (2.8)
where we put FX(:L‘) P(X(t) < :1:)

Before we give the definition of a copulas field for a real valued stochas-
tic process, let us give some notations. Denote by DF(R) the set of all

continuous distribution functions on R. For F' € DF(R), we can define the
functions F*(u)(0 < u < 1) by the following; put

* max{z; F(z) =0} 1if 0 € Range(F),
F(0)= { oo{ (=1=0) if0¢g RangeEFg,
F*(u) =min{z; F(z) =u} forO<u<l, (2.9).

«r1\ _ J min{z; F(z) =1} if 1 € Range(F),
F1)= {oo ( iflg RangegF)

(see [18], p. 49). Put DF(R)* = {F* F € DF(R)}; DF(R); = {{F:}1er;
F. € DF(R)(t € I)}; DF(R)} = {{F{ }ter; Ft € DF(R)(t € I)}.

Definition 2.3. For any real valued stochastic process {X(t)}ter on a
probability space (2, B, P), the copula field {C¥*(¢,F*)},er 5+ €DF(R);

for {X(t)}ter is defined as follows; for all ¢ € I and F* = {F}}icr €
DF(R)3,

cX (t F*) = F}(FX(X(1))). (2.10).

Remark 2.2. The copula for a real valued stochastic process {X(t)}ier is
uniquely determined if and only if FX(z) is continuous in z € R for all
t € I. Copula field for a real valued stochastlc process is unique. F* is a
quasi-inverse of F(see [18], p. 49), and our choice in (2.9) is convenient as
we show in the next proposition.

Proposition 2.2.

For any F' € DF(R), F* is strictly increasing, left continuous and has a
right hand side limits, and the following holds; for any u € (0,1), and any
y € R,

F*(u) <y ifandonlyifu< F(y) (2.11).
Proof. Since the first half of the prop031t10n is trivial, we only show that
(2.11) holds.
— Suppose that F*(u) < y. Then
u= F(F*(s)) < F(y) (2.12).
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(see [2]). This is true. In fact, since F is continuous, (0,1) C Range(F).
Therefore for any u € (0,1),
F(F*(u)) =u (2.13).
(see [18], (4.4.4)). v
Suppose that u < F(y). Then
F*(w) < F*(F(y)) <, (2.14)
from (2.9), which completes the proof.
Q.E.D.
The next theorem shows that a copula field for a real valued stochastic
process is a path space version of the idea of copula.
Theorem 2.3.

For any {Fi}ter € DF(R);, and any real valued stochastic process {X(¢)}
ter on a probability space (2, B, P) for which {F};c; € DF(R);, the
stochastic process {Y(t) = CX (¢, {F}ter)}ier satisfies the following; for
anyn>1,%;, -, ta € I(ti #t;if ¢ #j), and y3, -+ ,yn € R,

P(Y(tl) < Yiy: ’Y(tn) < yn) = C{}gh...,tn}(Ftl(yl)7 e ’Ftn(yn))- (215)
In particular, for any y € R,

P(Y(t) <y) = Fi(y) foralltel (2.16).

Proof. Since (2.16) is a special case of (2.15)(see Definition 2.1), we only
prove (2.16).
Since

P(0 < FX(X(t)), -, FX(X(ta)) < 1) = 1, (2.17).

we have

P(Y(t1) <y1,--- ,Y(tn) < yn) (2.18).
= P(F(F{(X(4)) Sy1,---, Fr (FE(X(20))) S yn)

= P(F{{(X(t1)) < Fy(y1), -, FiX (X (ta)) < Fi, (yn))
(from Proposition 2.2.) '

= Cﬁl,---,tn}(Ft)f(zl)’ Tty Ft),,((zn))
= Cf, oty (Fr(w1), -+, Fe, (yn))-
Here we put for 1 <: <n,

zi = sup{=; F{{ (z) < Fy,(v:)}- (2.19).
_ Q.E.D.

We get the following proposition easily.

)



Proposition 2.4.

For any F* € DF(R)}, and any real valued stochastic process {X(¢)}ter
on a probability space (£2, B, P), the following holds.
(1). If {X(t)}ser is a Markov process, then so is {CX(t,F*)}ser-
(2). If {X(t)}ter is a one dimensional local Markov field, then so is {C*(t,
F*)}ier- ' '

In the following, we give the definition of a copula field.
Definition 2.4. A random field {C(t, F*)}teI,F'eDF(R); on a probability
space (2, B, P) is called a copula field if the following holds; there exists a
real valued stochastic process {c(t)}:er on (2, B, P) such that for all ¢ € I,
all u € [0,1), and all F* = {F}};er € DF(R)},

P(c(t) L u) =, | (2.20).
C(t,F*) = Fy(c(2)). (2.21).

The following theorem can be obtained in the same way as in Theorem
2.3 and the proof is omitted. '

Theorem 2.5.

For any copula field {C(, F*)}scr p- eDF(R)j on a probability space (2, B
, P), the following holds; for any F* = {F}}ter € DF(R)}, n > 1,%1,-+-,t,
€ I(tt #tJ if 4 #])1 and Y1,°*»Yn € R,

P(C(th F*) S Y1, C(tna F*) S yn) = C{ctl,...,t"}(Ftl (yl)a et 1Ft,, (yn))-
‘ (2.22).
In particular, for any y € R,

P(C(t,F")<y)= Ft(y) foralltel. - - (2.23).

The following theorem together with Theorem 2.5 characterizes a cop-
ula field.

Theorem 2.6.

For any random field {C(¢, F*)}teI,F.epp(R); on a probability space (£2, B
, P) which satisfies (2.22) for a real valued stochastic process {c(t)}:er on
(Q, B, P), the probability law of {&(t; F*) = Fy(C(¢,F*)) }ser is independent
of F* € DF(R)}, and the marginal distribitions of {&(; F*)}es is the same
as that of {c(t)}ser, and {C(¢, F*) = F}(&(t; F*))}ier satisfies (2.22). In
particular, for any F* € DF(R)} for which Fi(z) is strictly increasing in
z € Rforall t € I, C(t,F*) = C(t,F*).

Proof. For {C(t,F*)};cr ¥ eprF(R); Which satisfies (2.22) for a real valued
stochastic process {c(t)}:cr, and any F* € DF(R)3}, {é(t; F*)}ier satisfies
the following; for any n > 1, ¢1,---,tn € I(t; # ¢t if1 # 7),and uy,-++,up €
[0,1],



P(&(ty; F*) S upyeoo, 8t F*) Sun) = Cf g y(unyeooyun),  (2.24).

since F € DF(R);. In fact for any y1,---,yn € R,

P(C(thF*) S Fu(y1), -, 8(tn; F) < Ftn(yn))
= C{tl,---,tn}(Ftl (yl)a e aFt,. (yn))7

from (2.22). Continuity of Fy(z) in z € R implies (2.24).

(2.24) means that the probability law of {&(¢; F*)}:cr is independent
of F* € DF(R)}, and that the marginal distribitions of {&(¢;F*)}sers is
the same as that of {c(¢)}ies. It is easy to see that {C(t, F*)}.cs satisfies
(2.22), from Proposition 2.2.

The last part of the theorem can be easﬂy proved, since for any F* €
DF(R)} for which Fy(z) is strictly increasing in z € Rfor all t € I, F} =

F “lforalltel
Q.E.D.

The following proposition shows the relation between the copulas fields
for stochastic processes and copula fields. We omit the proof, since it is
trivial.

Proposition 2.7.

The set of all copula fields is equal to the set of all copula fields for real
valued stochastic processes.

As an application of Theorem 2.3, let us construct stochastic processes
with special time dependence.

Theorem 2.8.

For any T > 0, any flow of distribution functions { F;}o<:<7 on R for which
F, € DF(R) for 0 < t < T, and any 2-copula C(u,v), there exists a real
valued, one dimensional local Markov field {Y()}o<i<T on a probablhty
space (Q B, P) such that for all z,y € R

P(Y(t) < :1:) Fi(z) forall0<t<T, (2.25).
P(Y(0) < 2,Y(T) < y) = C(Fo(), Fr(y)). (2.26).

Proof. From Theorem 2.1 in [11], and the first part of section 3 in [11],
there exists a real valued one dimensional local Markov field {X (t)}o<t<T
on a probability space (2, B, P) such that for z,y € R
P(X(0) £z,X(T) <y) = C(Fo(z), Fr(y)). (2.27).
In fact, put for z,y € R,
F(z,y) = C(Fo(z), Fr(v))  (228).
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- which is a distribution function on R? from Theorem 2.1, and put for 0 <
s<t<u<T,zy,z€R, .

g(s,z5t,y) = (2n(t — 5)) "V exp(—ly — z|*/(2(t - 5))) (2.29).
p(s, 7,954, 2) = q(s, 738, ¥)a(t, y; u, 2)/ (s, 25 u, 2). (2.30).

Then p(s,z;t,y;u,2) is a reciprocal transition probability density func-
tion(see [11], section 3). For F(z,y) and p(s,z;t,y;u,z), there exists
a real valued one dimensional local Markov field (or reciprocal process)
{X(t)}o<i<T on a probability space (2, B, P) such that (2.27) holds(see
[11], Theorem 2.1). In particular, from the construction,

C(u,v) = Cf 1y(u,v). (2.31).
Putting .
— CX(t,{F}}o<icT) ifO<t<T,
Y= {X(t) ift=0o0rT, (2.32).

the proof is over from Theorem 2.3.

Q. E.D.

As a corollary to Theorem 2.8, we get the following.
Corollary 2.9.

For any T' > 0, and any flow of distribution functions {F;}o<:<T on R for
which F; € DF(R) for 0 < t < T, there exists a real valued, one dimensional
local Markov field {Y'(t)}o<:<T on a probability space (2, B, P) such that
(2.25) holds, and that Y (0) and Y(T') are independent of each other. If
Fy = Fr, then there exists a real valued, one dimensional local Markov
field {Y'(¢)}o<i<T on a probability space (22, B, P) such that (2.25) holds,
and that Y(0) = Y(T). :

Proof. Y(0) and Y (T) are independent of each other if and only if for all
T, y € R,

P(Y(0) S 2,Y(T) Sy) = P(Y(0) <a)P(Y(T)Sy),  (2.33).

in which case the 2-copula C?; 7}(u,v) can be taken to be uv(see [18] or
[19]).
Y(0) = Y(T), if and only if for all z, y € R,

Fy'(z) = F{(a),

: (2.34).
P(Y(0) < 2,Y(T) < y) = min(P(Y(0) < z), P(Y(T) < y)),

in which case the 2-copula C{’;,T}(u,v) can be taken to be min(u,v). In

fact if Y/(0) = Y'(T'), then it is easy to see that (2.34) holds. Suppose that
(2.34) holds. Then for any r € R,



P(Y(0) S r < Y(T)) = P(Y(0) < 1) - P(Y(0),Y(T) < r) (235).
= FY(r) - min(F¥ (r), FE(r))
=0. ’

In the same way, -

P(Y(T)<r < Y(0)) =0. (2.36).

From (2.35)-(2.36), we get Y(0) = Y(T).
Theorem 2.8 together with (2.33)-(2.34) completes the proof.
Q. E.D.

For other typical 2-copulas, see 3], [4], [8], [9], [12], [18], [19].



3. Applications.

In this section, we give the application of the results in section 2 to the
stochastic quantization and to the stochastic control.

The next theorem is a generalizations of [5], [7], [13], [14], [20] when
d =1, and can be obtained from Theorem 2.3.

Theorem 3.1. ‘

Suppose that (1.1) has a solution ¥(¢,z) (t > 0, ¢ € R). Then there exists
a Markov process such that (1.2) holds.
Proof. Put

X(t) = X(0) + W), (3.1).

where W (%) is a one dimensional Wiener process(see [10]), and where X(0)
is a real valued random variable which is independent of {W(t)}¢<: and for

which P(X(0) < z) = Ff(a:). Here we put Ft"/’(:z:) = [ 18(t,y)|*dy for
allt > 0.
Put

Y(t) = { ff(f AFD D<) iHO<t, (3.2).

Then the proof is over from Theorem 2.3.

Q. E. D.

Let {X (t)}t>0 be a solution of the following stochastic differential equa- -
tion;

dX () = b(t, X())dt + o(t, X (£))dW (t), (3.3). |

where o(t, ) and b(t,z) : [0,00) X R :— R, are bounded, and are globally
prschltz continuous. We assume that FX (a:) is contlnuously differentiable
in t > 0, and is strictly increasing and tW1ce continuously differentiable in
T € R(see [10] for sufficient condltlons)

The following proposition can be obtained in the same way as in The-
orem 3.1.

Proposition 3.2.

For any flow of distribution functions {F;}¢>o for which Fy(z) is continu-
ously differentiable in ¢ > 0 and is strictly 1nc§easmg and twice contmuously
differentiable in z € R, {Y'()}:>0 which is constructed from {X(¢)}:>0 in
(3.3) as in (3.2) satisfies the following stochastic differential equation;

dY (t) = b(t, Y (£))dt + (¢, Y (2))dW (¢), (3.4).
where we put

10



b(t,y) (3.5).
= {OF{ (F) ™} (Fi(v)))/0t — 8F(y)/ot

+ b(t, (F{) T (Fy))OFF (F{) " (Fu(v)))/ 0=

+ ot (F) T E)) (0P F (F{) 1 (Fu(y))) /02 — 8° Fy(y)/ 0”

x {[OFX (F¥) ™ (Fu(y)))/0=]/10F(y)/92]}*]/2} / [0F:(y)/ b=,
a(t,y) ‘ (3.6).
= o(t, (FX) (Fy))OFF (F) 7 (Fi(v)))/9<])/[0F (y)/ dz].

Proof. Put for t > 0,

®(t,z) = Ft_l(FtX(x))- (3.7).
Then Y (t) = ®(¢, X(t)) and by the Ito formula(see [10]),

Ay () = (03 (t, X(t))/0t + b(t, X(£))03(t, X(1))/0z - (3.8).
+ [o(t, X (£))20°®(t, X (1)) /0<"] /2] dt
+ [08(¢, X (t))/0z)o (t, X (1)) dW (2).

Since

87 (t,2) = (FX)H(R(2)), (3.9).

the proof is over from the following;

03(t,z)/0t = [0F(z)/0t — 5Ft(<b(t, 2))/04/[0F(8(t, z))/dz], (3.10).
8%(t,z)/0x = [OF (z)/8z)/[0F(®(t, 2))/0z), (3.11).
8%®(t,¢)/8z® = [0°FX (2)/92? — O*F(3(t,z))/Dz? (3.12).
x ([0F{* (z)/0z]/[0F(®(t, z))/82])*]/[OF.(®(t, z))/Bz].

Q.E.D.
Remark §.1. The above approach can be generalized to non Markov
semimartingales.
The following theorem shows that Nelson’s example in [17], pp. 441-
442 does not deny, in the stochastic quantization, the approach to construct
stochastic processes from given flow of marginals (probability measures),
and can be obtained from Corollary 2.9.

Theorem 3.3.

Suppose that (1.1) has a solution ¥(¢t,z) (¢ > 0, z € R), and that there
exists T' > 0 for which [4(0, )| = [¢(T, z)| (z € R). Then there exists a real
- valued, one dimensional local Markov field {X(¢)}o<i<T on a probability

space (2, B, P) such that (1.2) holds, and that X(0) = X (T).

11



Next we give the application to the stochastic control.
Fix T > 0 and ¢ € [0,T]. Let

k(t,z):[0,T] x R+ R, ' (3.13).
G(z):R— R ’ - (3.14).

be bounded measurable, and put for a real valued stochastic process { X (¢)}
0<t<T»

J(X) = B /0 "k X (0)dt + G(X (1)) (3.15).

The following theorem can be obtained in the same way as in Theorem
3.1, from Proposition 2.4.

‘Theorem 3.4.

For any real valued stochastic process {X(¢)}o<:<7 on a probability space

(,B, P) for which F¥ € DF(R) for all ¢ € (0,T), there exists a Markov
proces {XM (t)}o<t<T such that forallz € R, and all (0 < ¢t < T,

P(X(t) < z) = P(XM(¢t) < z). (3.16).

In particular, for any A C DF(R)(,1 and any subset B of the set of
all distribution functions on R, the infimum of J(-) over all real valued
stochastic processes {X(t)}o<t<T for which {F7*};¢(0,11 € A and for which

F§X € B is equal to that over all real valued Markov processes {X(®)}o<i<T
for which {F*}:¢(0,1) € A and for which FX € B.
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