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On Commutativity of Diagrams of Type II; Factors
By

Jerzy Wierzbicki*

Abstract
- Q C K |
We show that a diagram U U of type II; factors, with the relative commu-
S C R

tant S’ N K = C, must be a commuting square, if we only impose some conditions
g sq

on the inclusion S C Q.

§1. Introduction

Q C K
The object of our study are diagrams of von Neumann algebras U u.
S C R

This kind of situation was first considered by S.Popa ([P1],[P2],[P3]) and appeared
later in other papers, for example [GHJ],[P4],[P5],[SW],[K],[S]),[WW]. When the
von Neumann algebra K is equipped with a finite tracial weight 7 and Eg , EX
and EX are 7 - preserving conditional expectations of K onto @, R and S, then

a special situation may occur:

ESEF = EKEE = EX.

Q C K .
Then the diagram U U is called a commuting square. At present, this con-
S C R

cept plays important role in the theory of subfactors. In the special case, when
S = C, the subalgebras @ and R were called by S.Popa orthogonal ([P1]). This
case, in the classical probability theory, corresponds to the condition of indepen-

dence of two o - fields.
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*Department of Mathematics, Faculty of Science, Hokkaido University, Sapporo 060,Japan.

Typeset by ApS-TEX



Everywhere in this paper, the von Neumann algebras, which form such a
diagram, are type II; factors. This situation was considered by T.Sano and
Y.Watatani in [SW], where the authors introduced the notion of angles between
two subfactors @ and R. Our paper is, in a sense, an extension of the study

presented in [SW]. It may seem a little surprising that for certain inclusions, say

Q@ C K '
S C @, adiagram U U, with (as always in this work) [K : S] < oo and
S C R .

S' N K = C, must be a commuting square. We will show several results of this
kind. The notion of commuting square of type II; factors is strictly connected to

the concept of so called co-commuting square of type II; factors, which will be

, C K
described in the next section. There are plenty of diagrams U U which are
S C R

completely irregular in the sense that QV R = K, QN R = S and they are neither
commuting nor co-commuting squares. We can construct them, like in [SW], by
”tensoring” degenerated (in the sense of S.Popa’s [P5]) diagrams. However, when
the index [@ : S] is "small” or the second relative commutant of the inclusion
"S C Q" is only 2 - dimensional, then the situation is different. For example, we

can prove such property:

Q C K ‘
Let D = U U be a diagram of type IL, factors with S'N K = C and
S C R

(K :S] < oco. If[Q: 5] =4cos? £ for a prime number n, then the diagram D i3 a

commuting square.

The' crucial observation is that Ocneanu’s convolution Eg * EX is a scalar
multiple of a projection. Then, we can use results from [SW] or [P3] to show that
the "right angle” between two subfactors is not so special in certain situations.

T.Sano and Y.Watatani ([SW]) showed that commutativity of a diagram is
equivalent to co-commutativity of some other related diagram. Therefore, suf-
ficient conditions for a diagram to be, for example, a co-commuting square can
immediately be reformulated in terms of a commuting square. We will try then
not to repeat ourselves and we will keep rather to the co-commuting square ter-

minology.



§2. Fourier Transform and convolution.

We recall here the Ocneanu’s Fourier transform and convolution in the third
relative commutant. We prove also a few properties which will be useful later. We
believe that most of them are known to other persons working in this area. It is
convenient to keep in mind a lemma which is an immediate consequence of [P2,
Lemma 1.2.2.] and [PP1, Corollary 4.5]. If 7 is a faithful, normal and finite trace
on a von Neumann algebra B and A is its von Neumann subalgebra K C L then
by "EZ we denote 7 preserving conditional expectation of B onto A. When there

is no risk of confusion we will write it simply Ef or just E4.

Lemma 2.1. Let K C A C B C L be all type IL, factors and let the inclusion
K C L be eztremal with [L: K] < co. If T and 7' are the traces on L and on K',
then for anyz € K'NL

"Ef(2) = "EfnZ () = " BERS (2) and T Ef(c) = " ESOE(2) = "EE k().

We will often use the lemma without referring to it.
Let S C K be an irreducible inclusion of type II; factors with [K :Sl=7"1<

oo. Consider corresponding Jones’ tower
SCKC*™ LcC** L.

Note that by [PP2] the inclusion S C L; is extremal, and so Lemma 2.1 can be
applied.

Definition 2.2. The mapping F : K'NL; — S’ N L given by
F(z) = 7'%EL(xeseK)

will be called the Fourier transform of K’ N L; into S’ N L. By the inverse Fourier
transform we mean the mapping F* : §'N L — K' N L; defined by

F (y) = 7_%E1('0L1(y6}(65).



We show that the name "inverse Fourier transform” is justified. The algebra
S'NL; has canonical Hilbert space structure determined by the trace TL, = TS'AL,-

Let us consider S’ N L and K' N L as its Hilbert subspaces.

Proposition 2.3. The mappings F and F* are Hilbert space isomorphisms
between S'NL and K' N L,. Moreover,

f}-* = IdlS’ﬂL a.nd ,7:*]'_= IdlK’ﬁLl.-

In (W] was shown a property of the Pimsner-Popa basis, which is very useful in

proof of the above proposition.

Lemma 2.4. Let N C M be a finite indez inclusion of type I factors. If
{mi}i is a Pimsner-Popa basis of N' over M', then the trace preserving conditional

ezpectation EY of M onto N is ezpressed as follows:

EM(z)=[M: N Zm;mm’;.

Proof of Proposition 2.9. We show first that FF* = Idisinp. Let {mi}r, be
Pinisner—Popa basis of K over S such that mg = 1. The preceding lemma gives:
EIS(I,(y) = v >, m;ym} for trace preserving conditional expectation EIS;,. From
Lemma 2.1,

" ERE (vexes) = Ef(yexes) =7 Y miyexesm},

1

for y € S'N L. Hence

Y FF(y) = 1EL()_ miyexesmiesex) =

= vEL()_ miyex Es(mimo)esex) = vEr(yexesex) = v Er(yex) = 1°y.

We show now that F* is a contraction. Fory € $'N L

IFW)Il3 = 7~BT(EK'0L1(yel(éS)EK’nL‘(yel(es)*) =



41 Z T(miyeKesmfmjegeKy*m;) =
i,j
-1 ® %k -1 *_ %
=7 Zr(miyexesexy m;) + 77 T(mayexpesexy my),
i<n

where p = Es(mjm,) is a projection, cf.[PP1]. Since [p,ex] =0,

IFWI3 = D r(miyexy*m]) + r(mayexpexy™my) < r(miyexy*m}) =
i<n ' i<n

=Y m(Br(miyexy*m})) = 17() r‘niyy"‘m,?) =yr(yy* ) mimi) =

i<n i<n i<n

IylZ= (D mimi) = llyll3-

i<n
Similarly, using a Pimsner-Popa basis of L' over L} we obtain that F is a con-
traction too. So F and F* are isometries and the standard polarization argument

completes the proof.

Q.E.D.

We will always use notation (K, S, e}, for an algebraic basic construction ([PP2])
of a finite index inclusion S C K of type II; factors, where e is the corresponding
Jones projection, i.e. exe = Eg((a:)e, for £ € K and (K, S, e) is generated, as a von
Neumann algebra, by K and e. If (K, S, e) is represented on L2(K, 7) and e is just
an extension of E¥, then, as in [J], we will write simply (K,e). Let us consider
an intermediate subfactor @ between S and K, with indices [Q : S] = o™ and
[K : @) = A~1. By [J] we know that a) = . Let M = (K, eq) and M; = (L, epr)

be Jones’ basic constructions. We have
SCQCKCeMCcCLC™ M, C L,

where, as before, L = (K,es) and L; = (L,ek). Obviously, eg € S' N L and

em € K'NLy. Also eges = eg and epex = ek

Proposition 2.5.

f(a_lfeM) = /\_%eQ and f*(A"%eQ) = a"Tey.



Proof. We will show only the second equality. First, we remark that egexeq =
Aepeq. Indeed, let us represent all these operators on L2(L,7) and let the vector
sign denote the canonical embedding of L in L?(L,r). Then for any aesh €
L*(L,7), a,b € K we have: ‘

queraesg = quK(eQaesbj = quK(eQaeQesbj =

= eqEq(a)Ex(es)b = veqEq(a)b =

= /\Eq(a)aeql; = AEM(EQ(a)eSb5 = /\eMeQaesZ.
In the last line we used the property Ep(es) = aeq, cf. [SW, Lemma 7.1].

Now,

F(eq) = 7_%EK’F1L1(€Q€KCS) = ’Y—%EK’nLl(/\eMeS) =

A
7—%/\3MEK’0L1(35) = \/;eM,

where we used [PP1, Corollary 45]
Q.ED.

Definition 2.6. For z,y € S' N L we set
zxy = F(F(«)F(v))-
Simila;ly, for z,y € K'n L,
gry = F(F(z)F(y))

Following [O], we call the operation ”+” or ”%” convolution. The convolution ”%”
in K' N Ly should not be confused with the convolution ”*”, which we define by
building up another basic construction, say L, = (L;,er), and putting z *y =
Fi(F(z)F;(y)), where F; and F} are the shifted Fourier and inverse Fourier
transforms: " : K'NL, — L' ﬂLgb, Fi(z) = 7‘%EL:(a:eLeK) and F; : I'N Ly —
K'N Ly, Fi(y) =y~ ?EL (yexey). Similarly, we may define ”%” in S’ N K.



Proposition 2.7.

Forz € S'NL, \/geq *z = Ep(z).

A
Fory e K'n L, \/;eM*y = Ep(y) = Epprar, (y)-
 Proof. Let % = F*(z) € K' N L. By [PP1, Lemma 1.2] and Proposition 2.5,
Er(emiesex) =7 Er(emEL(Fesex)ex) = v Er(emEr(Zesex)emex) =

= v EL(Em(Zesex)ex) = Ep(Fesex) = v Ey(F (%)) = v% Ep(z).

Since $' = (K',L',es) and Q' = (K',M',eq), the proof of the other equality is
almost the same.

Q.E.D.

Lemma 2.8. Let S C Q C K be type I, factors, [K : S] < 00, M = (K, Q, eq)
and S'NQ =C. Then

(1) eq is minimal projection in S' N M.

(2) eq 1s central in S'NM, if SNK =C.

Proof. (1) Suppose e < eq for some non-zero projection e € P(S'NM). Exactly
as in [P3, Proposition 7.3] we obtain a projection f € S'NK such that Ex(e) = Af
(A=[K:Q]™). Now,

e=¢ceq = /\-IEK(CC’Q)CQ = /\_IEK(e)eQ = feQ'

Hence [f, eq] = 0; therefore f € $'N Q = C, which implies ¢ = eg.
(2) "=" Fix q1,¢2 € P(S'N K) and a number 8 € (0, 27] such that ¢; + g5 = 1
and |7(q1) +exp(i6)7(q2)| # 1. u = q1 + exp(if)q2 is a unitary in S' N K and since

eqQ is central, eqg = equequ*eq. Hence |7(u)| = 1, which gives contradiction.
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"4<"Let ¢ = C(eq,S' N M) be the central support of eq in S' N M. For any
projection f € (S’ N M), satisfying 7(f) = ), there is a unitary u € S’ N M such
that f = uequ*. Hence, by [PP1, Lemma 1.2] and Lemma 2.1

ueg = A Eg(ueg)eg = A7 r(ueg)eq.

Thus f = A~%|r(ueg)|?eq. This implies ¢ = eq. .
Q.E.D.
From now on, we consider two intermediate subfactors @, R between S and
Q C K

K: U U . We always consider non-degenerated diagrams, in the sense that

S C R , '
Q ¢ Rand R ¢ Q, but we do not assume, like in [SW], that always K = QV R and

S = Q N R. Throughout the rest of the paper we keep to the notation preceding
Proposition 2.5 and we add the following one: N = (K, egr) and Ny = (L, en) will
be the Jones basic constructions. For brevity we assume that n = [K : R]~! and

B =[R:S]"!. The inclusions

_ N C L ‘ M, C L,
U U and U U
K ¢ M L Cc M

hold true. Jg (or Ji) will be modular conjugation in L%(K,7) (or L*(L,7)). We

always assume that the inclusion S C K is irreducible.

Theorem 2.9. There ezists a projection p in R' N M such that:

(1)
eq*en=T(eqer)y Ip = \/gEM(eR) = \/gER'(eQ),

(2)

: A
er*eQ = Jgeqg xerJg = T(eQeR)‘)/_JfJKpJK = \/—;;-EQI(eR) = \/——gEN(eQ),

(3) p is minimal and central projection in R'N M andp > erV eq,
(4) p= JkpJk is minimal and central projection in Q' NN and p > er V eq.



Proof. Let p = A{f|f = eq,f € P(R' n M)}. Suppose p1, 0 # p1 < p, is
another projection in R’ N M. By Lemma 2.8 egp; = 0 or egp1 = eq. This
implies eq < p—p1 < poreg < p; < p. Sothe minimality of p gives us pr=0or"
p1 = p. Therefore p is minimal in R' N M.

Let Epi(eq) = EISiSH a;p;, a; > 0 be the spectral decomposition. Then, by
eq < p, it follows that > a;p; < p and, in consequence Y p; S p; Therefore, by
minimality of p, we see that n = 1 and Ep/(eq) = 8p, for some scalar §. From |
this and Lemma 2.8 we see that p is also central in R' N M.

Identically we obtain Eq/(er) = &g for a minimal and central projection ¢ in

@' NN and a scalar «. It is easy to check that
Vze S'NL, ENnQr(:z:) = JKERInM(JK:EJK)JK.
Using this we see that for § = JxgJk,

- «
kg = JkEqnn(er)Jk = Eram(JxerJk) = Em(er) = \/—;CQ * eR.

Also, § is minimal and central projection in R'NM. Since eg < g, we have eg < §.

Hence '

O#es<egAer<pAg,
which implies p = §. Computation of coefficients § and « ends the proof. For
example, let us multiply the equality xp = Epr(er) by eg and take the trace:

KeQ =.E'M(eReQ), and so k = A~ !7r(egeg).
Q.E.D.

Let us write [z] for the range projection of an opérator z. Similarly as above,

we obtain the following corollary.

Corollary 2.10. [eprken] i ¢ minimal and central projection in M' N Ny,

[em*en] > enm Ven and

emken = JpentenJr = t(epen)y lesten] = \/%EM’(CN) = \/gEM(@M)-
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Remark. From the above theorem and corollary, it is easy to see the following
property of the ”shifted” convolution ”*” in K’ N Ly: ey * epr = epr¥eny. Then it
is natural to ask, wether this relation holds true for arbitrary operators in K'NL;.
Right now, it is not clear for us.

For later convenience, we carry out some computations. From [J] we know, that

% =1 We denote this quotient by 6.

Proposition 2.11.

7([eq * r)) _ T(eqer) _ o
T(lem*en]  T(emen)

Proof. From Propositions 2.5 and 2.3 and Theorem 2.9 we have:

af
T(emen) = |lemenlls = || Flemen)||3 = /\—nlleo *eg|)3 =

An

—  _ =4§"r(epeRr).
T(eqer) (eqer)

— ﬁ 2,,—1
=3 T(eqer)™

Q.E.D.

T.Sano and Y.Watatani, cf. [SW], introduced notion of ang‘les between subfac-
Q C K

tors  and R. The diagram U U, with K = QV R and Op-ang(Q,R) =
S C R

{#} will be called co-commuting square. (Cf. [K],[WW],[Wi].) The following

characterization can be found in [SW].

Proposition 2.12. The following conditions are equivalent:

Q C K
(1) Diagram U U of finite factors i3 a co-commuting square.
S C R
R c &
(2) Diagram of their commutants U U forms a commuting square.
K cC QI
M c L
(3) Diagram U U s a commuting square.
K C N
M, c L,
(4) Diagram U U 13 a co-commuting square.
L c N

(5) Eum(er) € C.
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As an application of Theorem 2.9 we give a few other conditions on commuta-

tivity. (Remember that K'NL=Cand [L: K] = [K :Sl=7"1 < 00.)

Corollary 2.13. The following conditions are equivalent:

N c L

(1) u U i3 a co-commuting square.
K Cc M

(2) N'nM; =C.

3) ‘T(CNCM) = af.
(4) en*ep 13 a scalar.

(5) en*epr = epp*ey and NV M = L.

Proof. ”(2) = (1)” follows from Proposition 2.12.

”(1) = (2)” If (1) is satisfied then, from Proposition 2.12, Ep, (en) € C. Hence
and by Theorem 2.9 the identity is minimal in N' N M;.

(1) & (3)” Since, by computation in 2.11, (3) is equivalent to egeg = es, this
is immediate consequence of Proposition 2.12.

"(2) & (4) is obvious because, by Theorem 2.9, epr¥ep is a scalar multiple of
a minimal projection in M' N N;.

"(1) & (5)” is direct consequence of Proposition 2.5.

Q.E.D.

By the remark following Corollary 2.10, we can replace the symbol "#” in (4)
and (5) of the above corollary, by "+,

Ezample. Let pu be an outer action of a finite group G on type II; factor

S. If A and B are subgroups of G with trivial intersection AN B = {e}, then

Q C K
we can consider diagram of crossed products U U, where Q@ = S %, A,
S C R
R=S5x,Band K =5 %, G. The diagram of corresponding basic constructions,
N c L
cf. [SW, Lemma 5.1], can be identified with the following one U U , where

K c M
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M=(SQ®L*(G/A) %, G, N =(SQL>(G/B)) x, G, L = (S ®L®(G)) x, G.
- L*°(G/A) (L*°(G/B)) contains functions constant on left cosets of A (of B) and
the action p is extended in obvious way, cf. [SW]. If xp denotes the characteristic

function of a subset D C G, then
eQq~1Q®xa, erR~1®xB, and es~1® x{-

One can easily verify that R'N M is isomorphic to the subspace of L>°(G) which is
composed of functions constant on double cosets BgA, g € G. Similarly Q'NN =~
L*=(A\ G/B) and we have

[eg *er] ~ xBa and [ep* eq] = xaB-

Q@ C K
Also, since U U is a commuting square, [en*ep] = [eprken] = 1.
S C R '

§3. Angles for subfactors with ”small” second relative commutant.

The following lemma may be considered as a generalization of Lemma 5.3 in

[SW].

Q@ C K
Lemma 3.1. If the diagram U U is not & co-commuting square and
S C R

dim(Q' N M) = 2, then the only non-zero element of spectrum Sp(epenen — ex)
i3 i—i—,\(—r—(%“) - A).

Proof. Note that our assumption dim(Q' N M) = 2 implies Q VR = NN
M = K. Let us denote Ey = EpEnFE) and E.= Ey — Eg. 1t is sufficient
to show (see [SW, Corollary 3.1]) that E? = li_n(l.(e_N;A) _ n)E. Since E has
the bimodule property, by [PP1, Lemma 1.2], we need only to make sure that

E?(es) = i‘i_,\(m —A)E(es). By [SW, Lemma 7.1] and Theorem 2.9, for the

[+ 4
projection p = [er * eg] € @' N N we have

Eo(es) = EMEN(aeQ) = 7'(6_(;6&)_EM(13)
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Since dim(Q' N M) = 2,

EM(ﬁ) - T(ﬁeQ)e + T(ﬁ(l — eQ)) (1 — eQ) =eq + :@)—_/\(1 — eQ)

7(eq) @ (1 —eq) 1-2A
Therefore, setting
0=T(6Q5R)/n and kK = _;.17__-_1_(.6_@, we get

1-2)
Ey(es) = aEy(eq) = abeg + ar(l — eq).
Hence,

E}(es) = Eo(abeq + ak(l —eq)) = (0 — k)Eo(es) + ax which gives

E*(es) = (Ey — Ex)(Eo - Exc)(es) = (E§ — Ex)(es) = (6 — £)Eo(es) + ax —

= (0 —r)E(es) + (8 — &)y + ax — 7 = (6 — k) E(es)

and
1  7(eger) 1  7m(enem)
— g — — - A .
b-r=g50— N=1307 )
Q.E.D.
Q C K
Theorem 3.2. Let D = U U be a diagram of type type II; factors

S C R

([K:8] <00, NK=C)and let[K:R < [K:Q]. IfdimQ NM =2
(M = (K,Q,eq)), then D is a co-commuting square.

Probf. Suppose that D is not a co-commuting square. From the preceding
lemma, the spectrum Sp(eMeNeM——eK)—{O} = {0}, where o = ﬁ(ﬂ”’a—“’)-—/\)

Since
Splenemen —ex) — {0} = Sp(even — ex)(enem — ex)* — {0}

= Splenvem — ek )" (enem — ex) — {0} = {0},

1t follows that

emMenem ='ex +0g, enemen = ek +of,
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for some projections g,f € S’ N L. Then, by Proposition 2.12, 'r(eMeN) # v
( [K: 8]~ 1), which implies 7(g) = (r(emen) —7)2 = a — 7, but

f <en—ex and 7(f) = (g),

and so o —y < f — «, which gives contradiction with A < 7.

| Q.ED.
Q C K
U U
S C R
[K: Q] # [K : R)], then D is a co-commuting square.

Corollary 3.3. IfD = , dm@Q' N M =dmR NM = 2 and

§4. Angles for subfactors with ”small” indices.

We use here results of S.Popa, cf. [P3], to consider another sufficient conditions
which lead to the same effect. Let us outline some of those results. We assume

the following notations: P,(z) will be Jones’ polynomials,

P.y=Py=1 P,y(z)=Pu(z)=zPa_i,

1fw> then
Ao($)={£:—::g—;l23ks 2}—-{P}l;(l(:;)|0§k§n—4}andA1=(Z),
1f:z:< then

A(z)-{P"(‘(j)lo k}u{P;+g(j)105k}

and A] =[

B

A(z) = Ao(2) UAy(2) and A(z) = A(2)) N (z + Al)).

1—-—+1=4z 1+ +/1—4z
2 ’ 2

If B C Ais a finite index inclusion of type II; factors, then

P(A,B) = {e € P(A)|Eg(e) is a scalar }
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and as in [P3] we denote: A(A, B) = {r(e)le € P(4, B)}.

Theorem 4.1. For a finite indez inclusion of type II, factors B C A,
A(A,B) CA([A: B]™1). Moreover, if[A: B] < 4, then A(A,B) = A([4 : B]™Y).

Next proposition is a slight modification of [P3, Proposition 4.5]. We will set

L(BC A)={F| F isfactor, BC FC Aand [A: F]™' =s}.

Proposition 4.2. Let D C B C A be a triple of type I factors with [A: D] <
o and D'NB=C. Iff e P(D'NA) and 7(f) € Ao(?) = [4A: B]—l), then there
ezists F € L3(D C B), s = %;-, where k > 0 13 determined by 7(f) = tﬁ‘}f(‘—t()ﬂ

P
or by 7(f) = J—;k(‘t()t).

Proof. We may assume that 7(f) = tfff(‘t()—t-)-, for some k > 0. Since evidently
f € P(A, B), exactly as in [P3, Proposition 4.5] we obtain a subfactor ' C B with
[B: F]™! = s. 1t is easy to verify that the additional assumption f € D' yields
DcF. |

Q.E.D.

Let us now come back to diagrams of type II; factors. We keep to all the
notations from the preceding sections as well as to the assumptions [K : 5] < oo

and SN K =C.
Lemma 4.3.

m(leq * erl) € [AQN) N A(m)] U {1} N 6[[A(e) N A(B))] U {1}].

Proof. Suppose that p = [eg *ep] # 1. Sincep € R'NM and R'NK =C, by
Lemma 2.1, p € P(M, K), and so 7(p) € A(M,K) C A(\). The same reasoning
applied to the projection p — eq € §'N M also gives 7(p) — A € A(A). Hence
7(p) € A()\). Identically, we obtain 7(p) = 7(JrpJk) € A(n), but 7(p) = 7(p);

therefore,

7(p) € A(X) N A(n).
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Again, the projection g = [epr*en] € P(N;, L) and analogically we obtain:
7(g) € A(a) N A(B)

or 7(g) = 1. Now, by Proposition 2.11, T(p) = 67(q), which completes the proof.
\ Q.E.D.

Remark. Note that the condition 7(p) € A()), which is weaker than the above

lemma, is a kind of generalization (at least in S' N K = C case) of Popa’s [P3,

Q C K
Theorem 6.1]. Indeed, if diagram U U is a commuting square then 7(p) = 6.
S C R

Hence

§=2 e A & B e M) = A,

| >

where the last equality comes directly from the definition of the set A(A).

Remark. Incidentally, with a little extra effort we can make the Popa’s condition

Q C K
a bit stronger. If diagram U U is a commuting square (S’ N K = C) then
‘ S C R

B € {25} UA()) and a € {n, -1-_17_—,7-} U A;1(n). In the proof we use Proposition
4.2 to obtain a factor in L*(N C M;) with "too big” index s~1.

Ezample. It is easy to see that for A\™! < 2 + /5, the set A()) is finite. Let A
be a transcendental and 7 algebraic numbers, 1 < A™%,n~! < 24 /5. Then, by

Q@ C K
the above lemma, the diagram U U 1is a co-commuting square.
S C R ‘

Ezample. It is interesting to see, how some of the above results reflect in
the group theory. Let p be an outer action of a finite group G on a type II;

factor S. Let, for example, H and F be non-trivial subgroups of G such that
CSx, H C Sx,G

HNF = {1}. We can consider diagram U U  and apply [NT],
S C Sx,F

[SW], Proposition 4.2 and Theorem 2.9 to get a property of groups which does

not seem quite trivial. If (G : H] = 3 and G # HF, then |F| = 2 and there is an
intermediate subgroup D such that F C D C G, with [G: D] =3 or [G: D] =4.
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Q C K
Theorem 4.4. Let D = U U be a diagram of type II; factors with
S C R '

S'NK =Cand[K:5)<oo. If[K:Q]=4cos®Z for a prime number n, then
the diagram D is a co-commauting square.

Proof. Let n > 5 be a prime number and [K : @] = A~! = 4 cos? Z. By Lemma
4.3, it is sufficient to prove that the set A(\) is empty. From its definition, it is

not empty, iff there exist integers k, s, such that

Pia()) _ _1(,\)
Pia(X) a—2(>‘)

(*) n—2>s>k>2and

From [J, Lemma 4.2.4], the equation is equivalent to the following one:

1 1 1

2r = Er sT
sin =% tan =% tan =7

From this we see that if k, s satisfy (*) then k' = n —s,s' = n —k also satisfy (%).
" Therefore, we are allowed to assume that k¥ + s < n. Directly from the definition

of Jones’ polynomials
Pr_1(AN)Py_3(A) = Po_y(N) Pi—a(A) = MPi—2(A)Ps_z(A) = Py_a(A\)Pr_z(N)).
Then (#) is equivalent to the following equation
(**) Pk_z(A)Ps_z(X) ~ Pr_2(A)Py_3(A) + Py_a(A)Pr_3(A) = 0.

By [J, Lemma 4.2.4], the degree of the above polynomial does not exceed [-’E—gl] +

[£31]. We show that the degree of minimum polynomial of A is 2=l We use

the terminology and results presented in [ST]. If we denote ( = exp(z—"i) then
A=1_10=¢ T )? is an element of the cyclotomic field Q(¢). By Theorem 2.5 and

Lemma 3.4 in [ST], degree of the minimum polynomial of A is 2=%, where m is

the number of solutions in [, 1 <! <n—1 of the following equation:

1

1+(‘)2

11
r=1al
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It is easy matter to check that m = 2. Now, the inequality [£51] + [ s=1) > 2
clearly contradicts our assumption k +s < n.

. Q.E.D.
Q C K
U U
S C R
SNK=Cand [K:S5)]<oo. If[Q: 5] =4cos®Z for a prime number n, then

Corollary 4.5. Let D = be a diagram of type II, factors with

~ the diagram D is a commuting square.

Proof. This is an immediate consequence from Proposition 2.12 and Theorem
4.4.
Q.E.D.

Ezample. T.Teruya, cf. [Te], considered characteristic intermediate subfactors.
IS CQCK,SNK =Cis a triple of type II; factors then, analogicélly
to group theory, he called @ a characteristic intermediate subfactor, if for any

automorphism o € Aut(K) such that o(S) = S we have also o(Q) = Q. Also,
| he showed that, if K is an extension of S by a finite group G, then this notion
coincides with characteristic subgroups. By Theorem 4.4 we can easily obtain
examples of characteristic intermediate subfactors. Let n and m, n # m, n,m > 4
be any prime numbers and let K be a hyperfinite type II; factor. Let Q C K, and
S C @ be II; subfactors with [K : Q] =4cos® Z and [Q : ] = 4 cos? Z.. Then, no
matter how we pick up S, the subfactor Q is cha,racterlstlc.

Indeed, from Propos1t10n 4.2 and [J], we get S'N K = C. If for some o €

Q C K
Aut(K, S), @ 75 (@) = R then, by Theorem 4.4, the diagram U U is
S C R

commuting and co-commuting square, which, by [SW, Theorem 7.1], contradicts

the assumption.n # m.

Ezample. Let u be an outer action of the symmetric group S3 on a type I

factor S. Consider the following diagram: :
Suu((1,2)) C Sy
U U .
S C Sx,((2,3)
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Clearly, it is not co-commuting square, and so for n = 6 the statement of Theorem

4.4 is not satisfied.

The prime numbers n are not the only ones for which the set AN, A7 =
4 cos? Z is empty. We can easily check that forn =4 or n = 9 it is empty too.
With a little digital help, we conjecture that it is empty for all odd humbers (= 5)
For n even A()) is not empty, because it conta,ins, {1 — A,2A}. We were only able

to prove the following

Proposition 4.6. Let [K : Q] = A~ = 4cos® Z and let the diagram D =
U U be not co-commuting square. Then n is not a prime number and the
S C R |

following statements hold true

(1) There ezists a factor

Pe U L*(R C K), where s =
0<k<n—4 :

(2) If2A" £ [K: Rl =771 < (A7 — 1), then n must be even, the inclusion
| "R C K7” 1s isomorphic to "Q C K7 and

cos(Op-angc (@, B) = {(—25)7).

(3) If n =6, then the principal graph of the inclusion "Q C K” is As.

Q@ C K-
Proof. (1) If the diagram U U is not a co-commuting square, then the
S C R

projection p = [eq * er] € P(M, K) so, by Proposition 4.2, we obtain a factor
P € L**(R C K), for some integer k € [0,n — 4].

(2) Since (0,(A™! = 1)2) N {s37!] 0 < k < n —4} = {171}, the only possibility
for the factor P in (1) is [K : P] = A7, Since [P: R] = -;} < AATT-1)? < 2,
by [J], [P : R] =1 or [P : R] = 2, with the second possibility eliminated by the

assumption -;\7 # 2. From the construction of the factor P (see [P3, Proposition
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'4.5]), in the case of £k = 0 or k¥ = n — 4, we see that it is a downward basic
construction for the pair K C M. Thus M = (K, R, ég) where &g is mihimal and
central projection in R'N M. By Theorem 2.9 and Lemma 4.3, pég = 0; therefore,
R'NM = Cp® &p. Otherwise, there would be another projection, say f € R'NM,
f+p+eér =1, 7(f) > A, which gives contradiction with A > 1/4. By [PP1,
Lemma 1.8], there is a unitary v € K such that ég = uequ* and R = uQu*,
which gives desired isomorphism. | |

Since eqQ +€r is a projection and Ex(eq+&r) = 2\ < 1, by Theorem 4.1, there
 exists an integer k, 2 < k < n — 3 such that

Bea (1) =2A, hence Pr_3(A\) — APi_2()\) = APg_2, and so
Pr_2(A) :
Pi(A) = —P(A) + Pr—1(\) and consequently %ﬁ(\—?\—) = %

Therefore n can not be odd. Value of the angle is computed in Lemma 3.1.

(3) If the principal graph of "Q C K is Dy, then @'NM = Ceq ® Cf ® Cg for
some projections f and g such that 7(f) = r(g) = M= 3). If f, is a projection
in $' N M, then, since Ex(f,) is a scalar, 7(f;) > A. Therefore, if S'N M #
Q' N M then S'NM = Ceqg & M3(C). Since f and g are Jones projections
(Ex(f) = M\, Ex(g) = A) they are central (see [PP1] or Lemma 2.8). Thus we
have S'NM = Q' N M and, in consequénce,

ROM=RnM)N@Q@NM)=Rn@nNM=KnM=_C.

Then, by Corollary 2.13, D must be a co-commuting square.

Q.E.D.
Almost identically as in (3) above we can prove a little more.
Q ¢ K
Corollary 4.7. If D = U U 13 a diagram of type I, factors, QVR =K
S C R

(K :5]' <00, S'NK =C) and K is a crossed product of Q by an action p of o

finite group G, K = Q %, G, then D is a co-commuting square.
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Ezample. Let S C @ C K be a triple of type II; factors with S'NK = C. Let Q

be a crossed product of S by a finite abelian group and let K be a crossed product
“of Q by any finite group. From the above corollary and by [Wi, Theorem 6.], we
see that if there is another intermediate subfactor R between S and K such that

RNQ =S and RV Q@ = K, then the inclusion ”S C K” has finite depth.

| Q c K - | |
Corollary 4.8. If D= U U is like above, [K : S] # I—th;(;’\q)—z'for 0<k<
S C R

n-—4, K Rl #[K:Q] <2+ /5, Q and R are the only intermediate subfactors
between S and K, then D is co-commuting square.

Proof. If p = [eq * eR)] is like in Theorem 2.9, then p € P(M,K) and p—eq €
P(M, K) and hence 7(eq) is an element of the algebraic difference A(A) — A(X).
Since A~! < 2+ /5 and (in case A7 > 4) Aj(A) — Ay (A) = [-V/1 = 4), /1 = 4],

we can write a little more:

A € (Ao(A) = Ag(A) U (A0(A) = A1 (M) U (A1(A) — Ao(N)).

In any case 7(p) € Ag(A) or 7(p—eq) € Ag(A). If p # 1, then by Proposition 4.2, we
obtain an intermediate subfactor F' between S and K. By éur assumption, F' can
not be §. If F = R then, identically as in Proposition 4.6(2), R is downward basic
construction for pair K C M, which gives contradiction with [K : R] # [K : Q].
If F = Q then 7(p — eg) = A, which implies non-singularity of ”Q C K™. This
means that either there is an intermediate (of index 2) between @ and K or K is
an extension of @ by cyclic group of 3 elements. First possibility is eliminated by

our assumptions and in the second case we may apply Corollary 4.7.

Q.E.D.

'§5. Some consequences of the commutativity of a diagram.

Q C K
We assume in this section that diagram U U is a commuting square, or
' S C R
- N C L _
equivalently, that diagram U U is a co-commuting square.

K ¢ M
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Proposition 5.1. There ezists Jones’ projection f for the inclusion M C L
(i.e. f €L and Ep(f)=[L: M]™! = «) such that

er = erf = [eq * er]f.

Proof. Let p = [eq*er]. Take any Jones’ projection eg € L and the correspond-
ing downward basic construction D so that L = (M, D,eo). Take such unitary
u € M that upu® € D. If we set e; = u*epu and D; = u*Du, then, by [PP1,
Corollary 1.8], L = (M, Dy,e;) and p € D;. Since 7(e1p) = ar(p) =1 = r(er),
we can take such unitary v € M, that epg = v*e;pv. It is easy to check that
f=("+1-=p)es(v+1—p) will do the job.

Q.E.D.

It is natural to ask what the von Neumann algebras A = M N {er} and B =
RV {eq} look like. Obviously, RC B C A C M and if, in addition, the diagram

Q C K : K c¢c M
U U is also a co-commuting square then A = B is a factor and U U
S Cc R R C A

is a commuting and co-commuting square too. (Cf. [K],[P5],[Wi].)
Let f be like in the above proposition and let My be the corresponding down-
ward basic construction, My = M N {f} and L = (M, My, f). For a projection e

and a von Neumann algebra F' we will denote

V(e F) = \/{ueu*l u is a unitary in F' }.

Lemma 5.2. Let p = [eq * eg]. Then
Ap = By = (My), = AegA = BegB = RegR

and p="V(eq,R)=V(eq,B) =V(eg, A).

Proof. First, we show that AegA = RegR. Let z € A. By [PP1, Lemma 1.2],
TeQ = yeq, for y € K. Multiplying the equality yeger = eryeg by es we obtain
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yes = eryes = Eg(y)es which implies y € R. Therefore AegA = RegR =
BegB. | |
Obviously V(eq,R) € R' N M, hence (by Theorem 2.9) V(eq,R) > p. The
equality follows from izeQu"‘ < p which hold for all unitaries u € R. By the first
part of the proof, it follows that also p = V(eq, B) = V(eg, A). Now, it is easy to
see that A, = B, = RegR. _
Proposition 5.1 implies (Mp), C 4,. From Theorem 2.9, A, is a factor. Now,

computation of indices completes the proof.

Q.E.D.

Remark. Let T = RegR be the set characterized above. We remark that T is
a basic construction for pair S, C R, and a downward basic construction for pair

M, C L,. We can write

T =(R,,Sp,eq) and L, = (M,,T,eg).

Finally, we obtain the following decomposition for von Neumann algebras A

and B.

Corollary 5.3. Let as before p = [eg * er]. Then
A=TeM,_, and B=T®R,_,.

Proof. The elements z = r+); aieqb;, with r,a;,b; € R form a dense *-subalgebra
of B. By Theorem 2.9 we see that (1 —p)z(1 —p) = (1 —p)r. Since p is central in
B,

B=B,®B,-,=T®R,_,.

If we apply this equality to the algebra Q V {er}, then, using the modular conju-

gation Jg, we obtain the remaining one.

Q.E.D.
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