HOKKAIDO UNIVERSITY

Title On the resonance equations of long and short waves
Author (s) Ozawa, T.
Citation Hokkaido University Preprint Series in Mathematics, 266, 1-8
Issue Date 1994-10-01
DOI https://doi.org/10.14943/83413
Doc URL https://hdl. handle.net/2115/69017
Type departmental bulletin paper
File Information re266. pdf

kaido
wo¥ U"/Ls

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP




ON THE RESONANCE
EQUATIONS OF LONG
AND SHORT WAVES

Tohru Ozawa

Series 266. October 1994



i 240

§ 241
§ 242
§ 243

§ 244

§ 245
§ 246
§ 247

i 248
§ 249
§ 250

i 251

i 252

§ 253
§ 254
i 255
§ 256
§ 257

i 258

§ 259
i 260
§ 261
i 262
i 263
i 264
§ 265

HOKKAIDO UNIVERSITY
PREPRINT SERIES IN MATHEMATICS

C. Dohmen, Existence of Fast Decaying Solutions to a Haraux-Weissler Equation With a Prescribed Number
of Zeroes, 12 pages. 1994.

K. Sugano, Note on H-separable Frobenius extensions, 8 pages. 1994.

J. Zhai, Some Estimates For The Blowing up Solutions of Semilinear Heat Equations, 11 pages. 1994.

N. Hayashi, K. Kato and T. Ozawa, Dilation Method and Smoothing Effect of the Schrddinger Evolution
Group, 10 pages. 1994. .

D. Lehmann, T. Suwa, Residues of holomorphic vector fields relative to singular invariant subvarieties, 26
pages. 1994,

H. Kubo, Slowly decaying solutions for semilinear wave equations in odd space dimensions, 30 pages. 1994.

T. Nakazi, M. Yamada, (Ag)-Conditions and Carleson Inequalities, 27 pages. 1994.

N. Hayashi, K. Kato and T. Ozawa, Dilation Method and smoothing Effect of Solutions to the Benjamin-ono

Equation, 17 pages. 1994.

H. Kikuchi, Sheaf cohomology theory for measurable spaces, 12 pages. 1994.

A. Inoue, Tauberian theorems for Fourier cosine transforms, 9 pages. 1994.

S. Izumiya, G. T. Kossioris, Singularities for viscosity solutions of Hamilton-Jacobi equations, 23 pages.
1994.

H. Kubo, K. Kubota, Asymptotic behaviors of radially symmetric solutions of Ou = |u|? for super critical

values p in odd space dimensions, 51 pages. 1994.

T. Mikami, Large Deviations and Central Limit Theorems for Eyraud-Farlie-Gumbel-Morgenstern Processes,
9 pages. 1994.

T. Nishimori, Some remarks in a qualitative theory of similarity pseudogroups, 19 pages. 1994.

T. Suwa, Residues of complex analytic foliations relative to singular invariant subvarieties, 15 pages. 1994.

T. Tsujishita, On Triple Mutual Information, 7 pages. 1994.

T. Tsujishita, Construction of Universal Modal World based on Hyperset Theory, 15 pages. 1994.

A. Arai, Trace Formulas, a Golden-Thompson Inequality and Classical Limit in Boson Fock Space, 35 pages.
1994.

Y-G. Chen, Y. Giga, T. Hitaka and M. Honma, A Stable Difference Scheme for Computing Motion of Level
Surfaces by the Mean Curvature, 18 pages. 1994.

K. Iwata, J. Schiafer, Markov property and cokernels of local operators, 7 pages. 1994.

T. Mikami, Copula fields and its applications, 14 pages. 1994.

A. Inoue, An Abel-Tauber theorem for Fourier sine transforms, 6 pages. 1994.

N. Kawazumi, Homology of hyperelliptic mapping class groups for surfaces, 13 pages. 1994.

Y. Giga, M. E. Gurtin, A comparisonr theorem for crystalline evolution in the plane, 14 pages. 1994.

J. Wierzbicki, On Commutativity of Diagrams of Type II} Factors, 26 pages. 1994.

N. Hayashi, T. Ozawa, Schrédinger Equations with nonlinearity of integral type, 12 pages. 1994.

-



ON THE RESONANCE EQUATIONS
OF LONG AND SHORT WAVES

T. Ozawa

Department of Mathematics, Hokkaido University
Sapporo 060, Japan

ABSTRACT. We study the Cauchy problem for the equations describing the resonant
interactions between long and short waves. Global well-posedness of the problem is
proved in the space H1/2 x L2, the first and second component of which correspond
to the short and long waves, respectively.

1. Introduction.

Long and short waves in a dispersive media strongly interact and exchange their
energles under the resonance conditions on the wave numbers and on the frequen-
cies. The one-dimensional propagation of resonant long and short waves has been
described by D.J. Benney [1], V.D. Djordjevic & L.G. Reddekopp [2], M.Funakoshi
& M. Oikawa (3], R.H.J. Grinshaw (7] under the assumption of weak nonlinearity.
In suitably rescaled coordinates, the resonance equations of long and short waves
take the form

10ru + —;-agu = vu + Nul?u, (1a)
O = 0(|ul?), (1b)

where u and v are complex and real valued functions of (¢,z) € R x R, respectively,
Oy = 0/0t,0 = 0/9x, X € R. The functions u and v are related to the slowly varying
envelope of the short wave and the amplitude of the long wave, respectively. The
equations (1a),(1b) are known to be solvable by the inverse spectral method only
in the case A = 0 (see Ma [15]). Concerning the Cauchy problem for (1a), (1b)
in the usual Sobolev spaces for (u,v), M. Tsutsumi & S. Hatano [18] proved the
global well-posedness in the spaces H**1/2 x H* for all integers & > 1 and, under
the restriction A = 0, the unique global solvability for the Cauchy data in the space
HY/2 x (L* N L*). We note here that the last space seems rather restrictive for the
persistence property.

‘The purpose in this paper is to prove that (1a), (1b) form a dynamical system
on HY? x I? by generating a continuous global flow, namely, that (1a), (1b) are
globally well-posed in H'/2 x L? without the restriction A = 0. The proof uses a
number of estimates associated with smoothing effects in the linear problem and
therefore basically we follow the argument in [18].
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In this paper we combine the estimates of Kato type due to Kenig, Ponce &
Vega (12, 13}, of Strichartz type due to Ginibre & Velo [6] and Yajima [20], and of
maximal functions due to Kenig & Ruiz [14], the last two of which are not used in
(18], however. The combination of these three ingredients eventually leads to the
global well-posedness in H/2 x L2,

In order to state our result precisely, we introduce some notation. The usual
Lebesgue spaces of complex and real valued functions of the space variable z in
R are denoted by LP(R), by LP for simplicity, or by L2 for definiteness. The
usual Sobolev spaces of order m are defined by H™ = (1 — A)~™/2L%. For a
time interval I C R and a Banach space X we denote by C(I;X) the space of
strongly continuous functions from I to X and by LP(I; X) the space of measurable
functions u from I to X such that |Ju(-)||x € LP(I). The abbreviation such as
LYLE = LY(I; LY) = LP(I; LY(R)) and L2LY = LR(LI(I)) = LP(R; LI(I)) will often
be made when this causes no confusion.

Now we consider the Cauchy problem for (1a), (1b) in the following integral
form:

u(t) = U(t)ug — i/o U(t — 7)(vu + Mul?u)(7)dr, (2a)

v(t) = v +/0 a(|ul)dr, (2b)

where (ug,vo) is the Cauchy data prescribed at t = 0 and U(t) = exp(i(t/2)A)
is the free propagator which solves the free Schrodinger equation. The equations
(2a), (2b) make a single equation of u with data (ug,vy), which will be solved by a
contraction method in the function space X(I) over the time interval I, defined by

X(I)={ue C(L; H'?)n LY, L) N L(L$(I)); 0u € LS (LE(I)))
with norm

lulll = lull 2o (1, 5172y + lull arpeey + el Laqzee )y + 10Ul oo (£2(1)-
The basic existence and uniqueness result is the following:

Theorem 1. For any (ug,vp) € H/2 x L2 (2a), (2b) have a unique pair of solutions
(u,v) € C(R; HY?) x C(R; L?) such that u € X([-T,T)) for any T > 0. Moreover,
[u(®)llzz = lluoll 2 for any ¢ € R.

Theorem 1 enables us to define the nonlinear propagator W(t) : (ug,vy)
(u(t),v(t)). The nonlinear propagator W(t) forms a group on H'/? x L? under
composition. The map (ug,vp) — W(-)(ug,vo) is well-defined from H/? x L? to
C(R; H/?) x C(R; L?). Moreover, we have:

Theorem 2. For any T > 0 and (ug,vo) € HY? x L? there exists ¢ > 0 such
that the map (ug,vo) — W (-)(ug,vo) is Lipschitz from Be(uo,v0) = {(¢,%) €
HY? x 12 ¢~ uollgrire <&, |l —vollz2 < e} to X([~T,T)) x L=(~T,T; L?).

Remark 1. We have stated Theorem 1 with emphasis on the existence part.
In X([-T,T]) in the statement of Theorem 1, we may replace L{(~T,T; L) by
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L3(=T,T;L%). In fact, we give the proof that works for that purpose with minor
modifications. Here we note that fullzsrs < |[u|]2ﬂ2LN Hu||1L/;,§L2

Remark 2. Nothing is known about the large time behavior of solutions of (1a),
(1b). Since (1a),(1b) are cubic with respect to u in one space dimension, one
could expect the existence of modified wave operators on a dense set of small
and sufficiently regular asymptotic states [4,5,8,9,16,19]. A preliminary argument
proceeds as follows. If one tries to construct an appropriate modified dynamics for
u in the form

wt, z) = (it) "2 exp(iz? /(2t) + iS(t, z/t))ig(z/t)

with phase function S, where 44 is the Fourier transform of the asymptotic state
uy, then the large time behavior of the potential part v + A|u|? are supposedly
approximated by

ol 2 1 ” T " A R T
(v = [ Olular) + Mol = vy ~ (8 P(5) - 6 P0) + Sl (D),

where vy is the asymptotic state for v. The potential is thus of long-range type
and the phase function becomes

S(t,€) = (12417 (€) = |2417(0)) /€ + A4 ]*(€)) logt,

provided that v, is short range. Then we need to solve (1a),(1b) around the
modified free dynamics (w, vy — (|4 |2 (z/t) —|24]%(0))/z) by a contraction method,
though we have not been able to justify this.

Remark 3. The equations (1a),(1b) are regarded as a special case of the coupled
Schrodinger-KdV equations

10yu + -;—OQu = vu + Aul?u, (3a)

O + ad’v + Bvdv = (|u|?), (3b)

where o, € R. When o = § = 1, M. Tsutsumi [17] proved the global well-
posedness of the Cauchy problem for (3a),(3b) in the spaces H**+1/2 x H* for all
integers & > 1. In view of the results in this paper, it might be natural to expect
the global well-posedness for (3a),(3b) in the space H'/2 x L2.

Remark 4. One-dimensional Zakharov equations of the form
1
i0,E + 50°E = nE + )\ E|*E, (4a)

Oin £ On :3(]E|2), (4b)
are equivalent to (1a), (1b) through the relations
E(t,x) = e F== 2yt z £ 1),
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n(t,z) = v(t,z £ 1t).

This shows that the Cauchy problem for (4a), (4b) is globally well-posed in H1/2 x
L%, We note here that the multiplication by e**® leaves H'/? invariant and that
lull Lo (z2(=1.1)) < (2T)1/4|lu|]L4( T.T;L>)- When A = 0, the equations (4a), (4b)
are solvable by the inverse spectral method (see [21]).

‘This paper is organized as follows. In section 2 we prepare some basic estimates
of the free propagator and of the nonlinear term. In section 3 we prove Theorems
1-and 2. For simplicity we restrict ourselves to positive times and the time variable
¢t will often be omitted. Different positive constants might be denoted by the same
letter C. For any r with 1 < r < co we denote by ' the exponent dual to 7.

2. Preliminary Estimates.

In this section we collect some basic estimates related to the free propagator
U(t) = exp(i(t/2)A) and to the nonlinear term.

Lemma 1 ([6,10,11,20]). U satisfies the following estimates.
(1) For any (g,7) with 0 < 2/g=1/2-1/r <1/2

WUl Lo,y < Cligll e

(2) For any (g1,71) and (g2,72) With 0 < 2/q; =1/2-1/r; <1/2,5 = 1,2, and for
any interval I C R with 0 € I the operator G defined by

, ;
A0 = [ Ute=r)i(r)ir
0
satisfies the estimate

16z rzzsy < Ol i,

where C is independent of I. Moreover, Gf € C(I; L*).
Lemma 2([12,13,14]). (1) U satisfies the following estimates.

I(=a)tu () )9l Lo (22(m)) < CllBll L2

IUC)ll s o)) < Cll(—A)l/?(blle-

(2) For any interval I C R with 0 € I the operator G defined in Lemma 1 satisfies
the estimate

(=AY G Fll oo (1,22) < CllfllzrcLzcny
190G fllzeo(2(ryy < Clfll Ly z2eny

where C' is independent of I.



Lemma 3 ([18]). For any f1, f2, f3 € X(I) with I = [0,T]

¢ 3
”/o F(s) fa(s)dsfall iz < Tl|f1HL;°(L$(I)) H | fill Lo 1,22y

7=2
¢
OO P L TN P T P
Proof. By the Schwarz and Holder inequalities, we have

t
||/0 F1(8) fa(s)ds|| oo (1;12)

2
<| H I £ill 2|

7=1

t
||/O F1(s)fa(s)dsfall oy L2y

1z S |\ fillzee zzepllfoll 2z 122y

2
SH(H fillzzcn) fall ez o)
j=1

3 3
=|| H I fillzzenlley < M fill e r2em) H I Fill 21,22
Jj=1

=2

The lemma follows from these inequalities. QED

3. Proof of Theorems 1 and 2.

Throughout this section we put I = [0,7] with T > 0. In view of the results and
arguments in [18], it suffices to prove the local version of the theorems. We begin
with additional notation. For vy € L? and w € X(I) we define

F(w) = Fy(w) + Fy(w) + F3(w)

where

St
(F1(w))(t,z) = w(t,:v)/ O\w|®(s, z)ds,
0
(F2(w))(t z) = vo(z)w(t, ),
(F3(w))(t,z) = Mw|*w(t, z).
In order to carry out a contraction argument, we single out the basic estimates.

Lemma 4. For any wy,ws € X(I),
1 () = Fwa)ll oz (ryy < CT +TH2)({llwall® + [lfwaI*)lwy = wwe]]
| + CTY?||up]| 2]
1F(w1) = F(wa)ll gare g, garsy < CT 4+ T2)(|[wn [ + [lwa 1) lwr = wl]
+ CT3 w2y = wol|.

wy — wal||,
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Proof. For simplicity we prove the lemma in the case where w; = w, wy = 0, since
the general case is proved similarly. By Lemma 3 and the Holder inequality, we
have

IF ()l 2y < 2700wl Loo L2y @l Tse 1, 22
t
1FL ()l s g, parsy ST:;/4|I/0 lw|?(s)ds|| Lee (1;22) 1wl Lo (1; 14

< 2740wl e z2ap lwll o=z ol L iz
3/2 1/2
< 2T5/4||aw”Lg°(Lf(I))”w“L/;”(I;L‘;’,)”w”L/;*(I;Lg")‘
By the Schwarz and Holder inequalities, we have

P2 (W)l zaz2(ryy < llvollzzllwllzzzzyy < T voll 2 lwll peeri2y,s
12 (w)ll porr g parsy < T4 |lwol| L2 llwll zorizs)
< T3/4”U0“L2”w“1;°°(1 Lz)“w||[,4([ Lco)'
By the Holder inequality, we have
15 (W)l 2y z2¢ryy < 1MWl s 2oy 1wl 22 22y
< |’\]T1/2”w”2L4 Loe(r))”w|lL;>°(I;Lg),
”Fs(w)“L?/r(I;Ls |/\|T1/2||w||m(1 L3)

3/2 3/2
< TVl Lq)||w||L/4(I;L§°).
Collecting these estimates, we obtain the lemma. QED

We are now in a position to prove the theorems. For (ug,vg) € HY/2 x L? and
w € X(I), we define
®(w) = U(-)ug — iGF(w).

Since (60,2), (4,00), and (8,4) are admissible pairs in Lemma 1, it follows from
Lemmas 1 and 4 that
[2(w)llLeo(r;z2) + 12 (W)l L3100
< Clluollzz + C(T%* + TY2)||lwlf* + CT>*|lwolll [l

By Lemmas 1, 2, and 4, we obtain

(Wl za (e (ryy = NU()(wo — iU GF(w))|l pacree (1))
< CI(=2)Pug| L2 + CI(~A)/BUIGF (w)|| 11,12
< CI(=8)"ugll 2 + Cll (=) *GF (W) 2 1, o) IGF (W) Y2 112

(
S Cl=2)ugllzz + CUP () 2y IF )50 s
( 2+ C(T* + TW Mlwlll® + c<T3/4 +T%) v [l

< Cl(=A) )
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102(w)l oo (22(ry)
< ”(—A)1/4U(')a(_A)_l/4u0”L3°(Lf(1)) + CIF (W)l e 22y
< Cll(=2)Y*ugll 2 + C(T + T2)||[w][|> + CT?||vo| p2 || w],

(=) 4&(w) | oo (1,12
< Clluollze + C(T + TY2)[J[wl||® + CT g ]| 12 ||fw] -

Collecting these estimates, we have

12l < Clluollzi/e + CT* + T2)|[lw]|* + C(T** + T2) wo | 22| .

Similarly, we have for wy, w2 € X(I)

12 (w) = @(w)lll < CT* +TY2)([[|wil* + [llwalI|*)llws — wal]
| + C(T%* + T/2)|lwo | g2 wr — wa]l|.

The last two estimates prove the map & : w — ®(w) is a contraction on a closed ball

n

X (I) provided that T' > 0 is sufficiently small. We denote by u the unique fixed

point of @ and then we define v by the equation (2b). We prove that v € C(I; L2).
Let t,s € I. By the Holder inequality, we have

SO

t t .
H/ Olul*(T)dr| 2 < 2|l(/ |uld7) %) Oul| 21yl L2
S 3
< 28t = slllull = 1,22y 10Ul L2022 (1))

that v € C(I;L%), as was to be shown. This proves the essential part of the

theorems and the rest of the proof proceeds in the same way as in [18]. QED

Remark. After this paper has been completed, the author noticed the reference
[22], where related results on (1) and (4) are obtained by a rather different method

in

(1]

some respects.
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