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A sufficient condition for the uniqueness of solutions
to a class of integro-differential equations

Toshio Mikami
Department of Mathematics
Hokkaido University
Sapporo 060
Japan

ABSTRACT
We give a sufficient condition for the uniqueness of solutions to Cauchy
problem for a class of integro-partial differential operators related to the
stochastic analysis, by way of the large deviations technique.

1. Introduction.
Fix T > 0 and uo(-) € C(R"™, R), and consider the following PDE (see [13));
for t € (0,T) and z € R",

Bu(t,x)/0t = Y a'(t,2)0%u(t,x)/Ox:0x;

i,j=1

n 1.1).
+Zb'(t,x)8u(t,w)/ax,~+ ft, @, u(t, z)), (L1

u(0, ) = up(z).
As a uniqueness theorem for (1.1), the following can be proved from
[7], p- 140, Corollary 4.2.

Theorem 1.1. Suppose that (aij(t,:c))zj=l is bounded and nonnegative
definite, and that f(t,z,u) is differentiable in u, and that the following
holds; '

sup{(9f(t,z,1)/0u)/(1 + |2|2);t € [0,T],z € R*,u € R} < oo, (1.2).
sup{limsup |b'(¢,2)|/(1 + |2]);0 <t < T,i=1,---,n} < co. (1.3).

Then any solutions u;(¢,2) and us(t,z) € C*2((0,T) x R*, R)n C([0,T] x
R™ R) to (1.1) coincide with each other if the following holds;

r—0o0

limsup |z|"%log{ sup |u)(t,2) — ua(t,z)| +1} < +oo. (1.4).
0<I<T

As an example of nonunique solutions to (1.1), the following is known
(see also [12]).



Theorem 1.2. ([1], Theorem). Suppose that n = 1 in (1.1) and that
a“gt,m) =1,b'(t,z) = f(¢,2,u) = 0. Then there exists a solution u(t,z) €
C*%((0,00) x R,R) N C([0,00) x R, R) of (1.1) for which u(0,z) = 0, and
which is not identically zero for t > 0, and for which for any € > 0, there
exists a constant C' = C(g) > 0 such that

lu(t,z)] < C(e)exp(e/t) on (0,00) X R. (1.5).

In this paper, we generalize Theorem 1.1 by considering a class of
integro-differential equations. In a special case our equation becomes (1.1),
and our result gives a probabilistic proof to Theorem 1.1.

In section 2 we state our results. In section 3 we prove them.

2. Main results.
Let us introduce our integro-differential equation.

Fix T > 0 and wo(-) € C(R", R), and consider the following integro-
differential equation; for ¢t € (0,T) and = € R™,

Bu(t,z)/0t = Y  ai(t,2)0%u(t, )/ d2:0z;

i,j=1

+ Z b'(t, 2)0u(t,z)/0z; + / [u(t,y) — u(t,:v)

y#z,yeR

n
- Z(yi — 2;)0u(t, &)/ 0zl (dy) + f(t, z,u(t, z)),
=1
u(0,2) = ue(z).
(2.1).
In this section we assume the following.
(A.1). a(t,z) = (a'ij(t,:v))'i"’j__:l is a symmetric, nonnegative definite n x n-
matrix. v, :(dy) is a nonnegative Borel measure on R"\{z}. b(t,z) =
(bi(t,z))™, is globally Lipschitz continuous in &, uniformly in ¢. For any
s 2 0, there exist strong Markov processes (X(t), Ps,z)s<t,zerr Whose in-
finitesimal generator L, is given by the following; for any infinitely differ-
entiable function g; R™ — R with a compact support, t > s, and z € R",

Lig(z) = Z b(t,x)0g(x)/0z; + Z a’(t,2)0%g(z)/0z:0z;
1=1 t,7=1
F o)~ o) = 3o - 0092/ 0x v ()
y#xvyeR" i=1

2.9).
(see [9] and [14]). (
(A.2). For any » > 0

O]



H(r) =sup{< a(t,z)z,z > +/ [exp(< z,y —z >)—1 (2.3).
y#r,yeR"

- < z,y—a >v(dy);t € [0,T],z € R",|z| £ r} < o0,

where < -, > denotes the inner product in R"™.
(A.3.1). f(¢,z,u) has a continuous 9f(¢,z,u)/0u, and

C(f) =sup{(0f(t,z,u)/0u)/(1 + |z|);t € [0,T],z € R™,u € R} < co.
' 2.4).
(A.3.2). f(t,z,u) has a continuous Of(t,z,u)/0u, and 24)

C(f) = sup{(df(t,z,u)/0u)/(1 + |z|*);t € [0,T),z € R",u € R} < oo.
(2.5).
Remark 2.1. From (2.3), for t > s, and 2 € R",

t
X(t)==z+ / ba, X(a))ds + M) + MUty P, —as., (2.6).

where M!4(t) and M{4(t) denote square integrable, continuous and purely
discontinuous martingales, respectively (see [10]).
Before we state our main result, let us give some notation. Put

Cy = 2sup{limsup |b(t,z + k) — b(t,z)|/|R[;t > 0,2 € R™},(2.7).
h—o

Cy; = nexp(C1T/2), (2.8).
C(f;r) =sup{0f(t,z,u)/du;t € [0,T], |z| £ r,u € R}, (2.9).
L(r) = sup{zr — H(2);z > 0}, (2.10).

forr > 0.
The following is our main result.

Theorem 2.1. Suppose that (A.1)-(A.2) hold, and that f(t,z,u) has a
continuous Of(t,x,u)/Ou. Then any solutions ui(t ,z) and us(t,z) €
C12((0,T) x R*, R)yN C([0,T} x R, R) to (2.1) coincide with each other if

1i1‘nsup(i/'“J_Z([9;|/(C'2T)))"1 (2.11).
x {log{ sup |ui(t,a) — ua(t,2)| + 1}C(f;|2|)T} < 1.
0<tLT '

Remark 2.2. Forr > 0 and z > 0,



L(r)/r > z— H(z)/r. (2.12).

Let r — oo and then z — oo, we get the following;
lim L(r)/r = oo. (2.13).

As an easy consequence of Theorem 2.1 and Remark 2.2, we get the
following corollary whoes proof is omitted.

Corollary 2.2. Suppose that (A.1)-(A.3.1) hold. Then any solutions u,(t
,z) and us(t,z) € CH2((0,T) x R*, R)NC([0,T] x R™, R) to (2.1) coincide
with each other if

limsup jz| " log{ sup [|ui(t,2) — ua(t, )] + 1} < +o0. (2.14).
0<t<T

T—00

In the same way as in the proof of Theorem 2.1, we can show that the
following is true.

Theorem 2.3. Suppose that (A.1)-(A.2) and (A.3.2) hold, and that v, .
(dy) = 0. Then any solutions u,(¢,z) and us(t,z) € C12((0,T) x R*,R) N
C([0,T] x R"*, R) to (2.1) coincide with each other if

limsup |2] "% log{ sup |ui(t,z) — ua(t,z)| + 1} < 4-c0. (2.15).
0<I<T

z—00

Remark 2.3. The condition (2.5) and (2.15) are equivalent to (1.2) and
(1.4), respectively.

We close this section by the following example.
Ezample 2.1. Suppose that n = 1, that a(t,z) = 0, and that v, .(dy) =
01+4z(dy). Then for z > 0,

H(z)=exp(z)—1—z, (2.16).

and for r >0,
Liry=(1+r)log(l +7)—r. (2.17).
lim CYTL(r/(C2T))/L(r) = 1. | (2.18).



3. Proof of results.

In this section we prove Theorems in section 2. _

Before we prove them, let us give the technical result whose proof will
be given later.

Forr >0,t>s52>0,and z € R", put

. =inf{t > 0; | X (¢)| > r}, (3.1).

Cs = (16H(1)n?)~1. (3.2).

Then the following result can be proved by way of the idea of Freidlin-
Wentzell theory (see [3], [5] and also [2] for other approaches).

Lemma 3.1. (I). Suppose that (A.1)-(A.2) hold. Then for any = € R",

lim (TL(r/(C2T))) "' log Py z(tr < T) < —1. (3.3).
(IT). Suppose that (A.1)-(A.2) hold, and that v, ;(dy) = 0. Then for any
t>s>0and 2 € R*,

limsupr~2log P, ,(7, < t) < —Csexp(—Ci(t — s))/(t — s) (3.4).

Tr—

(see (2.7)-(2.8) for notation).
Let us first prove Theorem 2.1 from Lemma 3.1, (I).
Proof of Theorem 2.1. For 0 <t < T, z € R*, and u,v € R, put

(b 2 - _ J G aw) = ft2,0)} (u—v) ifuo,
Flte:u0) = { Of (t,x,u)/Ou fu=v (3.5).

which is continuous from the assumption, and put

w(t, @) = uy(t, @) — ug(t, z). (3.6).
Then w(t,z) satisfies the following integro-differential equation; for ¢ €

(0,T) and = € R",

n

Ow(t,z)/0t = Z a'(t,2)0%0(t, 2)/0z:0z; + Z b¥(t, z)0w(t, x)/dz;

ij=1 i=1

f [ ) - ()
y#z,yen"

- Z(Ui — 2i)Ow(t, x)/0z;]vi,z(dy)

=1
+ F(t,auy (8, v), us(t, 2))w(t, 2),
w(0,2) = 0.



Fort € [0,T] and z € R", applying the Ito formula for w(t—s, X (s)) x
exp( [, F(t — a,X(a);ui(a, X(a)),uz(a, X(a)))da)(0 < s < t), we get the
following;

w(t, @) = Eo o[w(0, X(2)) exp( /0 Pl - o, X(a) (3.9).
(0 X (@), ual o, X ()))da)yt < 7.
+ Bualult = X(r))exp( | Flt— o X(a)
1(0 X (0)), a(a, X (a))da)it 2 7
— Bu.fult = rn X(r ) exp( | Flt - 0, X(e)
(0, X (@), wa(e, X (a)))da)t > 7

from (3.7).
Form Lemma 3.1, (I) and (2.11), we get, for 2 € R",

sup |w(t,z)] (3.9).
0<i<T

< swp (bl esp(TCUf; ) Pon(T > 1)

0<t<T yl=r

—0 (asr—o0).
| Q.E.D.
Next we prove Theorem 2.3 from Lemma 3.1, (II).

Proof of Theorem 2.3. Denote by C, the quantity on the right hand side
of (2.15). Take t; € [0,T)] sufficiently small so that

'y + tlc'(f) < (s exp(—Cltl)/tl. (310)

(see (2.7), (2.8) and (3.2)).
In the same way as in (3.9), we get, for z € R,

’sup lw(t, 2)] (3.11).
0<t<t
< s ek ylespt O+ ) Pt > )

0<t<ty ly|=r

— 0 (as r — co from Lemma 3.1, (II) and (2.15)).

Fort; <t < min(2t;,T) and 2 € R", consider w(t—t;,z) and Py, »(t >
7r) (r > 0). Then in the same way as above, we can show that w(t —¢;,z)
(t1 £t <min(2¢,T), z € R™) is identically zero. Inductively we can show
that Theorem 2.3 is true.

Q.E.D.

Before we prove Lemma 3.1, let us prove the following lemma.

6



Lemma 3.2. For any t > s > 0 and z € R", the following holds;

sup |X(7)| < (Jz| +(t =) sup [b(v,0)] (3.12).
s<v< s<y<t
+ sup |MU(y) + M ()] exp(Ci(t - 5)/2) P, . —a.s.
s<y<t

(see (2.7) for natation).
Proof. For v > s >0 and 2 € R"

X(y)=z+ / ! b(a, X(a))da + ME(y) + Mld(y) (3.13).
=a+ /7 b, 0)da + MU(y) + M ()
+ [ e, X(a)) - oo, 0)lda,

P, ; — a.s.. By Gronwall’s inequality, from (3.13), the proof is over.

Q.E.D.

Finally we prove Lemma 3.1.
Proof of Lemma 8.1. From Lemma 3.2, for any s < ¢, r > 0 and z(|z| < r),

P, (< 1) (3.14).

= P, a( sup |X(7)| 2 1)
s<y<t

< Pyl < (1= exp(Ci(t = 5)/2)(|z] + (- 5) Sses l6(v, 0)1)/r) ™

x exp(Ca(t —5)/2)/r sup |M3(y) + MUE(y)])
s<y<t

< Py o(1 <27 exp(Ch(t — s)/2)/r sup [MI9(y) + M(y)))
s<y<t
(for sufficiently large r > 0)

< Z P, (1 <27 nexp(Cy(t — 5)/2)/r sup [ME(y) + M (y))

n
< Z sup P, ,(1/2 <27 tnexp(Cy(t = s)/2)/r
1 s<vgtlyl<r

x | M)+ 2y

by the strong Markov property of (X(t), Py 2)s<t,cern (see [5], p. 151 ).
Put



Cs = nexp(Cy(t — 3)/2). (3.15)
Then for each i =1,..-,n, v € [s,t] and y € R", and any R > 0

P, (1 < Cs/r| M) + ME@))) (3.16).
< exp(—rR) E, ylexp(RCs(M1(t)! + M(2)%))
+ exp(—RCs (M) + M)

by the exponential Chebychev’s inequality (see [5], p. 151), and

E, ,[exp(RCs(M(2)t 4 M (1)) (3.17).

t
= E., ,[exp(RCs(M(t)* + M(2)}) - / {a"(a, X (a))(RC5)?
i
+ / [exp(RCs(2i — 2:)) = 1 — RCs(2i — 2i)}va, x(a)(dz) }da
:;é;r‘,:eR"

+ [ Ha(a, X(@)(RCH)’
+ /;,5 e [exp(RC5(z; — z:)) — 1 — RCs(2i — i)]va,x(a)(d2) }da)]
< exp|(t — v)H(RCS))

(see [5], p. 148). In the same way as in (3.17),

E, ylexp(=RCs(MU(¢)' + MU(2)"))] < exp((t — v)H(RCs)].  (3.18).

From (3.14)-(3.18), we get for s < t and z(|z] < r),

log P, (7, < 1) < log(2n) = (t — s)(r/(t — )R — H(RC)).  (3.19),
Taking the infimum in R > 0 on the left hand side of (3.19),
log Py ,(ry < 1) < log(2n) — (¢ — )L(r/(t ~ $)Cs)).  (3.20).
From (3.20),
limsup{TL(r/(TC3))} "log Po (- < T) < -1, (3.21).

70

which shows that (I) is true (see (2.8) for notation).
Let us prove (II). For any t > s > 0 and 2 € R",

8



(t = s)L(r/((t — 5)C2)) = (16(t — s) H(1)n?) "L exp(~Ci(t — s))). (3.22).

(3.20) and (3.22) completes the proof.
Q.E.D.
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